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Abstract

This thesis addresses the behavior of interfaces between contacting bodies and
provides strategies for their incorporation into numerical models within the finite
element method. In a first step a typical example from civil engineering involving
interfaces, the unreinforced masonry wall, will be studied. Extreme loading result-
ing from explosions has been chosen as external loading conditions and specific
simulation strategies in order to capture the formation of damage are proposed.
The proposed models cover the formulation of an appropriate material law and of
the equation of state based on experimental data, as well as modeling strategies
with an eye on the specific characteristics of the behavior of the interfaces and of
the entire wall under extreme loading conditions.

In a second step the focus lies on the development of a complete three dimen-
sional frictional contact formulation for the modeling of interaction phenomena
which occur on the interface of contact surfaces. A fully covariant approach is
employed for the description of the contact conditions. A Surface-to-Surface al-
gorithm based on a penalty regularization is implemented. Tools from differential
geometry are employed in order to describe the geometry of the surfaces in an
exact manner. A thermodynamic framework for dissipative processes is formed
for the definition of appropriate material laws, which are then incorporated into
the contact formulation. The proposed material model is based on experimental
results and is derived as a simple elastoplastic associative constitutive law with
softening. The validation of the developed formulations is performed based on
the experiments. A return mapping scheme is applied for the definition of the
stick-slip transition and for the computation of the correct tangential traction. This
traction is then used in the consistent linearization which results in a symmetric
stiffness matrix not only for sticking but also for sliding, since the non-associative
nature of the Coulomb friction law is abandoned. By adopting the fully covariant
description, which is applied by introducing appropriate local coordinate systems,
the stiffness matrix has a clear form allowing simplifications. This formulation re-
sults in an interface finite element, which consists of 8 nodes in the case of linear
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or of 18 nodes in the case of quadratic finite element approximations. The thesis
closes with the generalization of the contact formulation for arbitrary anisotropic
surfaces. The case of anisotropy resulting from inherent structural characteristics
of the interface is thoroughly discussed. It is shown that by taking advantage of a
fully covariant description suitable constitutive laws can be introduced straightfor-
wardly. This issue is of great importance when experimental results are available.
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Kurzfassung

Diese Arbeit befasst sich mit dem Verhalten von Zwischenflächen (Interfaces)
zwischen Körpern im Kontakt und bietet Strategien zur numerischen Umsetzung
dieses Verhaltens mittels der Methode der finiten Elemente. Im ersten Schritt, wird
das Verhalten von Zwischenflächen an einem typischen Beispiel aus dem Bau-
ingenieurwesen untersucht, das unbewehrte Mauerwerk. Die Einwirkungen von
außergewöhnlichen Belastungen aus Explosionen werden untersucht und konkre-
te Simulationsstrategien zur Abbildung der lokalen Schädigung werden vorge-
schlagen. Die Entwicklung der Modelle beinhaltet sowohl die Formulierung eines
geeigneten Materialmodells als auch der Zustandsgleichung basierend auf Ver-
suchsdaten. Ebenso werden Modellierungsstrategien mit Schwerpunkt auf dem
Verhalten der Zwischenflächen und der gesamten Mauerwerkswand unter Deto-
nationsbelastung erarbeitet.

Im zweiten Schritt, liegt der Fokus auf der Herleitung einer vollständigen dreidi-
mensionalen Kontaktformulierung zur Modellierung der Interaktion von Flächen,
die sich im Kontakt befinden. Die Randbedingungen des Kontaktes werden mit-
tels einer vollständig kovarianten Formulierung beschrieben. Zur Beschreibung
der Kontaktbedingungen wird basierend auf dem Penalty-Verfahren ein Surface-
to-Surface Algorithmus implementiert. Mit der Anwendung von Verfahren aus der
Differentialgeometrie wird die exakte Beschreibung der Geometrie der Flächen
ermöglicht. Zur Herleitung eines geeigneten Materialgesetzes wird ein thermody-
namischer Ansatz für dissipative Prozesse formuliert. Das Materialgesetz wird im
Anschluss in die Kontaktformulierung integriert. Das vorgeschlagene Materialm-
odell basiert auf Versuchsdaten und wird in Form eines elastoplastischen, asso-
ziierten Materialgesetzes mit Entfestigung entwickelt. Die Versuchsdaten dienen
zur Validierung der hergeleiteten Formulierung. Der Übergang von Haft-Zustand
zum Gleit-Zustand (Stick-Slip-Effekt) und die Berechnung der aktuellen Kontakt-
kraft wird mittels eines return mapping Verfahrens durchgeführt. Die Kontaktkraft
wird dann in der konsistenten Linearisierung verwendet, die zu einer symmetri-
schen Steifigkeitsmatrix führt. Da das nichtassoziierte Coulombsche Reibungsge-
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setz entfällt, gilt die Symmetrie der Steifigkeitsmatrizen nicht nur für das Haften
(Stick-Zustand), sondern auch für das Gleiten (Slip-Zustand). Die Anwendung der
vollständig kovarianten Formulierung, die den Einsatz geeigneter lokaler Koordi-
natensysteme erfordert, führt zu einer Steifigkeitsmatrix mit einer anschaulichen
Form, die Vereinfachungen zulässt. Diese Formulierung führt zu einem Interface-
Element, das 8 Knoten für lineare bzw. 18 Knoten für quadratische numerische
Approximationen besitzt.

Diese Arbeit endet mit der Erweiterung der Kontaktformulierung für beliebige
anisotrope Flächen. Der Fall der, infolge inhärenter Struktureigenschaften der
Kontaktflächen hervorgerufenen, Anisotropie wird ausführlich diskutiert. Es wird
gezeigt, dass mittels der vollständig kovatianten Formulierung passende Material-
gesetze überschaubar in die Kontaktformulierung eingeführt werden können. Dies
ist von großer Bedeutung, wenn Versuchsdaten zur Verfügung stehen.
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Περίληψη

Η παρούσα διατριβή πραγματεύεται, αφενός τη συμπεριφορά διεπιφανειών

μεταξύστερεώνσωμάτων, τα οποίαβρίσκονται σε επαφήκαιαφετέρουπαρέχει

στρατηγικές για την ενσωμάτωση των διεπιφανειών σε αριθμητικά μοντέλα,

μέσω της μεθόδου των πεπερασμένων στοιχείων. Αρχικά, από την επιστήμη

του πολιτικού μηχανικού, επιλέγεται μία τυπική κατασκευή, η άοπλη τοιχο-

ποιία, στην οποία ο ρόλος τωνδιεπιφανειών είναι σημαίνων.Ωςσυνθήκεςφόρ-

τισης της τοιχοποιίας επιλέγονται ακραία φορτία, προκύπτοντα από εκρήξεις

και προτείνονται συγκεκριμένες τεχνικές προσομοίωσης, οι οποίες αποσκο-

πούν στην αποτύπωση της, προκληθείσης από την έκρηξη, φθοράς της κα-

τασκευής. Ταπροτεινόμενααριθμητικά μοντέλα καλύπτουν αφενός τα θέματα

του καθορισμού των παραμέτρων αντοχής και της καταστατικής εξίσωσης του

υλικού, βάσει πειραματικών δεδομένων, αφετέρου τα πρωτεύοντα ζητήματα

μοντελοποίησης, έχοντας ως βασικό αντικείμενο μελέτης την περιγραφή τόσο

της συμπεριφοράς των διεπιφανειών, όσο και της συνολικής κατασκευής, υπό

ακραίες συνθήκες φόρτισης τέτοιου είδους.

Εν συνεχεία, το ενδιαφέρον επικεντρώνεται στην ανάπτυξη τρισδιάστατων

πεπερασμένων στοιχείων στο πλαίσιο της θεωρίας της μηχανικής επαφής

και τριβής (frictional contact mechanics). Τα εν λόγω πεπερασμένα στοι-

χεία αποσκοπούν στην αριθμητική προσομοίωση μηχανικών φαινομένων, που

αναπτύσσονται σε διεπιφάνειες, οφειλόμενα στην αλληλεπίδραση σωμάτων

που βρίσκονται σε επαφή. Οι συνθήκες επαφής καθορίζονται μαθηματικά σε

ένα πλαίσιο συναλλοίωτης περιγραφής, ενώ η αρχή της μη εισχώρησης του

ενός σώματος στο άλλο επιβάλλεται με συνάρτηση ποινής. Για την ακριβή

περιγραφή της γεωμετρίας των επιφανειών εφαρμόζονται οι αρχές της δι-

αφορικής γεωμετρίας. Καθορίζοντας το θερμοδυναμικό πλαίσιο απώλειας

ενέργειας λόγω τριβής, δίνεται η δυνατότητα ανάπτυξης κατάλληλων νόμων

υλικού, οι οποίοι εν συνεχεία ενσωματώνονται στα πεπερασμένα στοιχεία της

θεωρίας επαφής και τριβής. Ο νόμος υλικού που αναπτύχθηκε στα πλαίσια

αυτής της εργασίας, βασίζεται σε εργαστηριακά αποτελέσματα και έχει τη
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μορφή ενός ελαστοπλαστικού νόμου. Η εγκυρότητα των προτεινόμενων πε-

περασμένων στοιχείων επιβεβαιώνεται μέσω της σύγκρισης των αριθμητικών

αποτελεσμάτων με τα αντίστοιχα πειραματικά αποτελέσματα. Η μετάβαση

από συνθήκες προσκόλλησης σε συνθήκες ολίσθησης, καθώς και ο υπολο-

γισμός των εφαπτόμενων δυνάμεων τριβής επιτυγχάνεται μέσω αλγορίθμου

return mapping. Οι εφαπτόμενες, στις επιφάνειες επαφής, δυνάμεις συμπε-

ριλαμβάνονται στη συνέχεια στη γραμμικοποίηση, από την οποία προκύπτει

ένα συμμετρικό μητρώο δυσκαμψίας, όχι μόνο για σύνθηκες προσκόλλησης,

αλλά και για συνθήκες ολίσθησης. Αυτό οφείλεται στην αποφυγή χρήσης του

νόμου τριβής κατά Coulomb. Με την εφαρμογή της πλήρως συναλλοίωτης πε-

ριγραφής , η οποία επιτυγχάνεται με τον προσδιορισμό κατάλληλων, τοπικών

συστημάτων συντεταγμένων, το προκύπτον μητρώο δυσκαμψίας κατέχει μία

ξεκάθαρη μορφή, ούτως ώστε να επιτρέπει απλοποιήσεις. Τα πεπερασμένα

στοιχεία της θεωρίας επαφής και τριβής, σε περιπτώσεις γραμμικής προσέγ-

γισης, αποτελούνται από 8 κόμβους ενώ η εφαρμογή προσέγγισης δευτέρου

βαθμού οδηγεί σε πεπερασμένα στοιχεία αποτελούμενα από 18 κόμβους. Η

εργασία ολοκληρώνεται με την επέκταση των στοιχείων, αποσκοπώντας στην

περιγραφή γενικών ανισότροπων επιφανειών και εξετάζει περαιτέρω την

περίπτωση ανισότροπης συμπεριφοράς, εξαιτίας εγγενών κατασκευαστικών

χαρακτηριστικών των επιφανειών. Αποδεικνύεται πως εφαρμόζοντας τη συ-

ναλλοίωτη περιγραφή, διευκολύνεται σε μεγάλο βαθμό η ενσωμάτωση νέων

ελαστοπλαστικών καταστατικών νόμων. Αυτό το γεγονός έχει εξέχουσα ση-

μασία όταν είναι διαθέσιμα πειραματικά αποτελέσματα.
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1 Introduction

1.1 Motivation

Interfaces appear in numerous applications of Civil and Mechanical Engineering.
Reinforced concrete structures, masonry, glass constructions, composite beams
and plates, assemblies of mechanical parts connected with bolted or shrink con-
nections represent typical examples of structures in which interface phenomena
have a significant influence on the overall structural behavior. In some of these
applications (e.g. reinforced concrete, composite beams) large relative displace-
ments on the interface can occur before the interface fails. Capturing these relative
displacements and the corresponding forces is a significant feature, which strongly
influences the overall performance of the model. However, under extreme load-
ing conditions such as detonation loads leading to broad structural damage, re-
searchers debate weather in certain situations is the proper material modeling of
the structure of greater importance as the detailed modeling of the interfaces.

A major approach for capturing interface phenomena and incorporating them in
numerical models is offered from computational contact mechanics. In particular
the fully covariant approach, firstly presented in [50], offers the advantage of ex-
act geometrical description of the contact problem independent from the finite el-
ement approximations. It results in stiffness matrices with a clear structure which
allows a direct interpretation of each part (constitutive, rotational, curvature) and
thus, enables important simplifications. Furthermore, due to the precise geometri-
cal structure of the resulting formulation, it is possible to introduce material laws
for the interface, which dominantly depend on the inherent structural character-
istics of the contact surfaces. Exactly this possibility within the fully covariant
description becomes very attractive when suitable experiments offer qualitative
and quantitative insight into the behavior of the contact interface. In this case, it
seems appealing to introduce proper constitutive laws for the interface and avoid
the application of the Coulomb friction law, which undoubtedly has been proven
suitable in a wide range of applications, but is attached to disadvantages concern-
ing the non-symmetry of the resulting stiffness matrices and the imposed difficulty
of describing complex phenomena on the interface with just one parameter, the
coefficient of friction.
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1 Introduction

1.2 State of the art

The variety but also the importance of applications in which interfaces play a
dominant role, have motivated an intensive research effort originating from di-
verse areas of mechanics over the last years. Within the finite element method
several techniques have been developed for the modeling of such problems. De-
sir et. al. [16] and Romdhane and Ulm [89] considered interface finite elements
with a degree of freedom explicitly dedicated to describe the relative slip of the
steel in a two dimensional scheme in order to model the concrete-steel interaction.
Needleman [77] used a cohesive interface model to describe decohesion of adja-
cent materials. The constitutive model in this approach assumes that the forces on
the interface increase as the materials separate and after a threshold they decrease
and vanish. Tvergaard and Hutchinson [98] introduced a dimensionless separa-
tion measure into a cohesive material model, in order to take into account the
interaction between the relative displacements in the normal and the in-plane di-
rections. Ragueneau et. al. [87] developed a two dimensional interface model for
RC structures incorporating a damage model in the constitutive law. Alfano and
Sacco [1] proposed a cohesive-zone model with a linear elastic undamaged part
and a frictional damaged part. Lorentz [65] presented a mixed interface element
with additional degrees of freedom in the form of displacements and density of
cohesive forces for solving crack propagation problems within an augmented La-
grange formulation. Spada et. al. [95] derived a two phase interface model which
distinguishes between a cohesive-undamaged and a frictional-damaged phase for
the modeling of composite structures as masonry. Papoulia et. al. [80] discussed
from a mathematical point of view the numerical problems arising from cohesive
interface models which assume an initially rigid phase in their formulation, due
to the imposed time discontinuity. Guiamatsia and Nguyen [31] divided the inter-
face into a frictional area and an area where damage can occur, in order to model
mixed-mode debonding within a cohesive interface material model. Additional to
those numerical schemes De Lorenzis et. al. [15] derived an analytical solution
for debonding, based on a mixed-mode cohesive zone model, by imposing certain
geometrical and material simplifications as well as loading restrictions.

Contributions from the area of frictional contact mechanics offer in a more gen-
eral scheme another robust technique for modeling interactions on the interface
of different materials. For a general overview see also the monographs by John-
son [43] and Kikuchi and Oden [46], which includes a thorough discussion on the
variational formulation in contact mechanics. The books of Laursen [59], Wrig-
gers [103] and Konyukhov and Schweizerhof [54] focus on the assessment of a
variety of computational issues. Concerning physical and theoretical aspects of
frictional mechanisms the interested reader is referred to to Bowden and Tabor
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1.2 State of the art

[10], Oden and Martins [78], Rabinowicz [86] and Popov [83]. Already in early
publications, e.g. Drucker [20], the analogy of the frictional part of the contact
problem to plasticity was observed and discussed. In this publication a detailed
discussion on the application of limit theorems on contact problems is presented.
A further discussion on the analogy of plasticity and frictional contact with the
incorporation of associated and non-associated models was described in [76] and
[75]. Curnier [14] presented a general model for frictional contact restricted to
moderate amounts of slip, in which adhesion is represented by the elastic part
of the formulation. Strömberg [96] explores the analogy of contact to plasticity
within a model which describes friction and wear. The transition from "sticking"
to "sliding" in a frictional response is formulated analogously to the transition
from an elastic to a plastic material response. Wriggers et. al. [104] applied
the widely used in computational plasticity return mapping scheme in order to
obtain the real tangential frictional forces. Laursen and Simo [61] applied convec-
tive coordinates in a penalty formulation, deriving non-symmetric stiffness matrix
since the linearization was performed with global coordinates. In a subsequent
contribution Laursen and Simo [60] achieved symmetry of the stiffness matrix
by using an additional augmented Lagrangian procedure. Heegaard and Curnier
[36] proposed a contact element in an augmented Lagrange formulation to han-
dle contact between smooth surfaces in which large slip can occur. Jones and
Papadopoulos [44] developed a Lagrange multiplier formulation, in combination
with a predictor-corrector algorithm, in order to describe possible sharp stick-slip
transitions and to compute the real tangential forces. Krstulović-Opara et. al. [56]
working with global coordinates, applied Bézier surfaces as a smoothing tech-
nique in a frictional contact formulation, in order to overcome difficulties in the
computation of normal vectors when lower order elements are used. Hüeber and
Wohlmuth [41] extended the mortar method with dual Lagrange multipliers for
the description of thermo-mechanical effects on contact surfaces. Liu and Borja
[63] developed frictional contact elements by employing the polynomial pressure
projection technique within the extended finite element method, in order to deal
with oscillations of the contact pressure. One can observe the exhaustive litera-
ture in the area of frictional contact mechanics. A common characteristic of those
contributions is the deployment of a Coulomb-type friction law for the description
of the contact interaction on the interface. Furthermore global coordinate systems
are at least partially used in the derivation of the stiffness matrix.

Anisotropic behavior on the tangent plane of contact interfaces has been also con-
sidered in a number of publications. Zmitrowicz in [109] and [110] investigated
in a theoretical framework the structure of the friction tensor taking into account
the relative sliding velocity. He and Curnier in [35] studied the interaction of or-
thotropic surfaces and derived thermodynamic characteristics of the friction ten-
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sor. Jones and Papadopoulos in [45] presented a strategy considering anisotropic
behavior and enforcing the transition from sticking to sliding via Lagrange multi-
pliers. These contributions focus the anisotropic behavior only on the sliding part.
Konyukhov and Schweizerhof in [51] and [52] presented a theoretical and numer-
ical framework considering anisotropy for sticking as well as for sliding within
the Coulomb friction law.

In this dissertation masonry walls are chosen as the first example for investigation,
since they represent a typical structure in which the presence of interfaces dom-
inantly influences the global behavior. The development of appropriate numeri-
cal strategies for the modeling of masonry walls has gathered increased interest
from researches over the last decades. The increased research interest is moti-
vated on the one hand due to the extremely frequent incorporation of masonry
walls into building constructions and on the other hand due to the complex nature
of masonry. A number of publications focusing on experimental work contributed
significantly to the deeper understanding of the behavior of masonry and of the
occurrence of its failure mechanisms. The two main components of masonry are
bricks and mortar. Bricks are characterized by an elastic-brittle behavior which
is strongly influenced from their chemical composition. Similar to concrete mate-
rial, bricks perform differently in compression and in tension. Simple compression
tests, as for example in the work of Bergami [7], and tensile strength tests, as for
example the splitting tensile strength tests of Grabowski in [29], are conducted in
order to define the main properties of the bricks. In [58] Larcher et al. in addition
to standard static experiments, conducted dynamic tests with a Split-Hopkinson
bar, in order to determine not only the static material characteristics of the bricks,
but also the influence of the strain rates on their dynamic behavior. Furthermore,
Larcher and Gebbeken proposed in [57] a technique for defining parameters of the
equation of state based only on numerical results. Linse et.al. in [62] presented
a material model for bricks based on a series of experimental investigations on
several types of bricks. With similar procedures one can determine the charac-
teristics of mortar. Another important constituent of masonry is the brick-mortar
bond. The interaction of bricks and mortar through the bond along their interfaces
strongly influences the global behavior of the wall. This was investigated and
shown among others in [91] and [30]. Additional experiments are required for the
determination of the properties of the bond. These incorporate tensile and shear
strength tests, as for example those conducted in [4], [3] and [99].

Regarding the numerical modeling of masonry several techniques have been pro-
posed covering a wide range of computational methods (finite elements, SPH,
etc.) as well as phenomenological approaches (macro models, micro models).
The most detailed approach, in which the bricks as well as the mortar are modeled
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with continuous elements and, additionally, their interfaces are modeled through
contact elements and springs, is the detailed micro model. Within the simplified
micro model the bricks are defined in the same way as in the detailed micro model,
while mortar and the interfaces are merged together in order to form the contact
surfaces between the bricks. The contributions from Lorenço [66], Barraza [5],
Giambanco and Gati [28], Burnett et al. [11] propose numerical techniques within
the micro model approach. Alternatively, researchers have proposed homogenized
macro models suitable for masonry, as Lopez et al. in [64], Anthoine in [2], Chen
et al. in [13]. An approach implemented within a SPH framework was presented
in [8]. In the last few years some contributions addressed the modeling of ma-
sonry walls under high dynamic loads. Wei and Stewart in [101] tested walls
under far-field blast load within the micro model. Wang et el. in [100] investi-
gated the ejection distance of wall parts due to far-field detonation by applying a
homogenized approach for the masonry.

1.3 Goals and outline of this work

The main goals of this thesis can be summarized as follows:

• To investigate the behavior of the interfaces in a masonry wall structure
under loading resulting from different detonation scenarios and to define in
which cases is the detailed modeling of the interfaces of major importance
and in which cases are the characteristics of the material of the bricks of
dominant significance.

• To set up the thermodynamic and numerical framework for the incorpora-
tion of elastoplastic material laws into contact formulations, by exploiting
the advantages of the fully covariant description.

• To derive, numerically implement and validate a simple elastoplastic con-
stitutive law based on experiments, in order to describe the tangential inter-
action of contact surfaces.

• To extend the above formulation for arbitrary cases of anisotropic behavior
of the interface, with a special focus on anisotropy imposed from the inher-
ent structural characteristics of the surfaces (structural anisotropy) and thus,
on anisotropy which influences the sticking (elastic) as well as the sliding
(plastic) part of the contact interaction.

In chapter 2 the general aspects of the contact problem are established. Firstly
the necessary tools from differential geometry are provided. Subsequently the
essential operations, such as variations of contact measures and their linearization,
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in order to prepare the contact formulation within a fully covariant description are
performed.

In chapter 3 the structural behavior of masonry walls under detonation loads is
studied. Aspects of proper material modeling for the bricks, covering issues also
about the corresponding equation of state, numerical strategies and validation ex-
amples are presented. The chosen numerical examples try to answer the question,
if in certain cases is the description of the interfaces of secondary importance.

Chapter 4 presents a complete contact formulation with an elastoplastic material
law for the tangential interaction. After shortly discussing the experimental and
theoretical framework of the derived elastoplastic model, the numerical model is
fully defined: the return mapping algorithm, linearization of the tangential force
and issues on implementation are thoroughly discussed. The chapter closes with
the validation of the proposed formulation.

In chapter 5 the formulation presented in chapter 4 is enriched with the capability
to consider anisotropy of the contact surfaces. The main interest lies in considering
structural anisotropy. The dissipative procedure will be firstly defined and then,
similar to chapter 4, the elastoplastic problem of the tangential interaction will
be fully defined. The special case of structural anisotropy in the form of spiral
orthotropy on the surface of a cylinder will be considered.

The thesis is concluded with a brief summary of the main derivations presented,
a short discussion on their performance and finally a brief outlook to further im-
provements and developments of the contact formulation is provided.
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2 Computational contact mechanics

Computational contact mechanics address the issue of modeling and numerically
solving problems which incorporate contact of deformable bodies. The standard
equations of continuum mechanics governing the behavior of deformable bodies
under external loading are being enriched along the contact surfaces of the bodies,
in order to consider the influence of their interaction on the global kinematics and
on their mechanical behavior. Usually during the evolution of a contact problem
the contact interfaces are not known a priori. Hence, contact problems are in
their nature nonlinear boundary value problems and they are, therefore, classified
among the complicated classes of general computational mechanics.

The full establishment and numerical treatment of a contact problem requires the
solution of a rather wide range of aspects such as:

• kinematics of contact,

• constitutive laws defining the contact interactions,

• enforcement of the contact conditions,

• weak form of governing equations,

• solution methods.

For each of the above mentioned issues several techniques have been developed
over the last decades and it can be stated that each of these aspects has been treated
in the literature as a separate field of research.

In this chapter firstly the general contact problem will be stated. Subsequently
a brief discussion will be presented, concerning different approaches for the en-
forcement of the contact conditions and how these approaches influence the nu-
merical solution of the problem. In section 2.2 the focus will lie on addressing
important issues of the covariant description of the contact problem. By providing
some basic elements of differential geometry the foundation of the description of
the contact problem within a fully covariant approach will be established. The
chapter will close with some necessary operations, such as variations of contact
measures and their linearization, in order to prepare the proposed model for its
inclusion into a numerical scheme.
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2 Computational contact mechanics

2.1 General formulation of the contact problem

n

1

t = t1 t = t  + t  1

R
2g > 0

Figure 2.1: General contact problem

For the definition of the contact problem two bodies are considered, as shown in
Fig. 2.1. At time instance t = t1 the two bodies are not in contact and the distance
between them, or the gap g, has a positive value, g > 0. The gap is measured in
the direction of the normal vector n referenced to the surface of the body in the
lower position. The vectors ρ1, ρ2 are the tangent vectors on this surface. At this
point and as long as g > 0 holds, there is no interaction between the two bodies.
At a time instance t = t1 + ∆t and under the influence of certain external loads the
gap g vanishes and it is considered that contact occurs. The contact is considered
to take place over the surface S . As a consequence of the occurrence of contact,
a contact force R develops on the interface S . The vector of the contact force can
be decomposed in components in the direction of the normal vector n and in the
directions of the tangent vectors ρ1, ρ2 as

R = Nn + Tiρ
i. (2.1)

The interaction due to contact leads to the generation of forces and deformations,
which contribute to the global equations of equilibrium of the entire system. A
very significant aspect in the formulation of the contact problem is that interpen-
etration along the interface is not allowed, which forms the condition of impene-
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2.1 General formulation of the contact problem

trability stating that

g ≥ 0. (2.2)

Three widely used approaches for the enforcement of the above impenetrability
condition will be shortly discussed in sections 2.1.1-2.1.3. The occurrence of
contact as a consequence of the elimination of the gap g in combination with the
impenetrability constraint can be expressed in geometrical terms by employing
the Karush-Kuhn-Tucker conditions as follows:

• if g > 0 −→ N = 0;

contact does not occur.

• g = 0 −→ N , 0;

occurrence of contact and impenetrability.

• g · N = 0,

which is the complementary condition stating that the contact force can
appear N , 0 only when the gap g vanishes g = 0, while in the case that
g > 0 the contact force vanishes N = 0.

As it has been already mentioned the contact formulation, which will be presented
in this dissertation, aims to a numerical implementation within the finite element
method. Extensive information regarding theoretical and implementation issues
in the finite element method can be found in the work of Zienkiewicz and Taylor
[107], [108] and in the monograph of Hughes [42]. Therefore, the weak form
of the integral expression describing the contact procedure is necessary. Fur-
thermore, throughout this work it is assumed that the "Master-Slave" approach
is adopted, see also [32], in which points from the slave surface are being pro-
jected on the master surface, in order to check for the occurrence of contact and
define the contact kinematics. On the master surface the local curvilinear coordi-
nate system will be established, while the evaluation of the integration procedures
will take place on the slave surface.

Hence, if in the contact problem described in Fig. 2.1 the virtual displacements
δξi, i = 1, 2, in the two tangential directions and δξ3 in the normal direction
are considered, the weak form of the virtual work which is being done from the
contact traction has the form

δWc =

∫
s

Nδξ3ds +

∫
s
T jδξ

jds, (2.3)

where ds is the slave surface on which the integral is evaluated.

The weak form in equation 2.3 has to be linearized, in order to incorporate the
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2 Computational contact mechanics

formulation into a numerical solution procedure. The full time derivative serving
the linearization of the weak form is introduced as follows

DL [δWc] = DL

[∫
s

Nδξ3ds
]

+DL

[∫
s
T jδξ

jds
]

=∫
s
DL

[
Nδξ3

]
ds +

∫
s

Nδξ3DL [ds] +

∫
s
DL

[
T jδξ

j
]

ds +

∫
s
T jδξ

jDL [ds] .

(2.4)

In the above expression the surface ds belongs to the slave surface, which is con-
structed from a set of slave points. The points of the slave surface are then pro-
jected on the master surface. Their relative motion on the master surface, observed
from the origin of the local coordinate system located on the master, is then studied
and the slave surface ds is assumed to be constant. Therefore during the lineariza-
tion holdsDL [ds] = 0. Taking into account these assumptions equation 2.4 takes
the form

DL [δWc] =

∫
s
DL

[
Nδξ3

]
ds +

∫
s
DL

[
T jδξ

j
]

ds =

∫
s

dN
dt
δξ3ds +

∫
s

N
dδξ3

dt
ds︸                              ︷︷                              ︸

Normal part

+

∫
s

dTi

dt
δξids +

∫
s
Ti

dδξi

dt
ds︸                             ︷︷                             ︸

Tangential part

.
(2.5)

The above linearization will be performed for the traction as well as for the contact
measures without imposing yet any finite element approximation. The linearized
weak form will then lead to the corresponding stiffness matrices by introducing
the finite element formulation. The first two terms, involving the normal force
N and the displacement in the normal direction ξ3, correspond to the normal part
of the contact, while the last two terms to the tangential part. After formulating
the entire problem within the fully covariant approach the measures δξi and δξ3

will be substituted with the actual measures of contact referring to the local co-
ordinate system. All operations will be conducted in a suitable local coordinate
system within the fully covariant description, as it will be shown in the follow-
ing sections. The linearization of the contact measures and of the normal force
will be shown in this chapter, after providing the necessary tools from differential
geometry, which are essential for these derivations. The linearization of the tan-
gential contact force will be performed in chapters 4 and 5. Before focusing on
the necessary steps for the formulation of the contact problem in a fully covariant
description, firstly the penalty method for the enforcement of the impenetrability
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2.1 General formulation of the contact problem

condition, which will be used throughout this dissertation, will be presented. The
methods of Lagrange multipliers and the augmented Lagrangian technique will be
also briefly addressed.

2.1.1 Penalty method

The enforcement of the impenetrability (non-penetration) condition, as presented
in the previous section, with the penalty method is rather straightforward. By in-
troducing the contact penalty parameter for the normal direction εN , the expression
of the normal compressive contact force has then the form

N =

0 if g > 0 −→ contact does not occur
εNg if g ≤ 0 −→ contact and small penetration occurs.

(2.6)

Even though the impenetrability condition requires that g ≥ 0 the inequality g ≤ 0
in equation 2.6 results from the fact that within a penalty regularization of the
normal contact condition, non-penetration is only approximately and not exactly
fulfilled. A certain amount of penetration will occur and its magnitude depends on
the penalty parameter εN . Impenetrability is exactly fulfilled as εN → ∞. Small
values of εN will lead to large penetrations, while very large values of εN can result
into numerical instabilities. A detailed discussion on issues of ill-conditioning
accompanying penalty regularization is conducted in [68]. The contact force N
has a simple expression, it is proportional to the magnitude of penetration g. A
graphical representation of the penalty method is shown in Fig. 2.2. For positive
values of penetration is the contact force equal to zero. Depending on the penalty
parameter, contact force occurs for small penetrations. The relation N vs. g is
shown for four values of εN . As εN → ∞ the diagram approaches the N-axis
tending to fulfill the impenetrability in an exact manner. The physical meaning
of the penalty parameter εN can be described by imagining a simple elastic spring
placed on the contact point, in order to prevent penetration. εN is the stiffness of
this spring, which when is large enough fulfills the impenetrability condition.

Penalty regularization is a widely applied technique for the enforcement of con-
tact constraints both in academic research as well as in commercial finite element
codes. It offers the advantage of simplicity concerning the implementation and
most importantly does not introduce additional variables and unknowns. The for-
mulation remains displacement-based. The main disadvantage results from the
fact that only an approximate fulfillment of the impenetrability constraint can be
achieved and thus, the formulation is subject to penalty sensitivity.
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εN = tan(φ)

φ

N

g

Figure 2.2: Penalty regularization for normal contact

2.1.2 Method of Lagrange multipliers

The method of Lagrange multipliers is widely used in optimization problems
when, for example, the energy of a system is constrained by an inequality. Within
the method of Lagrange multipliers an additional term is introduced in the en-
ergy of the system. This term consists of the constraint multiplied with the La-
grange multiplier. The Lagrange multiplier is an additional unknown which must
be computed. In the case of contact in the normal direction this constrained is the
impenetrability condition, expressed in terms of displacement, g, of the penetra-
tion. Therefore, the Lagrange multiplier, which appears in the energy equation
multiplied with the displacement constraint, is a force and is equal to the normal
contact force N. This method fulfills exactly the non-penetration condition. Its
main disadvantage is that converts a purely displacement-based problem into a
mixed problem, in which displacements and forces are defined as the unknowns.
For more information about the employment of this method in computational con-
tact mechanics applications see also [94]. In [40] a special method with dual
multipliers within the Mortar approach was presented.

In this dissertation the method of Lagrange multipliers will be used in chapters 4
and 5, not in order to enforce contact conditions but as the solution technique to a
minimization problem in an elastoplastic formulation.
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2.2 Covariant description

2.1.3 Augmented Lagrangian method

The augmented Lagrangian method aims at combining the advantages of the two
methods described in sections 2.1.1 and 2.1.2. It is a method which starts with a
penalty regularization and applies augmented Lagrangian procedures in order to
improve the penalty regularization. The introduced Lagrange multiplier possesses
the specific characteristic that does not vary during the solution. The solution
starts with a Lagrange multiplier equal to zero and by applying an iterative pro-
cedure converges to the fulfillment of the impenetrability condition. Augmented
Lagrangian methods have been derived and applied in applications of contact me-
chanics in the works of Pietrzak and Curnier in [82] and of Simo and Laursen in
[93].

2.2 Covariant description

In the previous sections some very general aspects of the contact problem have
been established. Now it can be proceeded to a more detailed discussion about
the formulation within the covariant description. The main goal here is to define
appropriate local coordinate systems, which are suitable for the description of the
contact kinematics. This will involve operations on the tangent plane of contact
and the derivation of covariant derivatives, which will be expressed in terms of the
tangent vectors of the local coordinate system.

2.2.1 Elements of differential geometry

ξ
2

ξ1

ρ

ρ
1

2

n

ρ(ξ,ξ )

X

X

X

1

2

3

1 2

C

Figure 2.3: Local coordinate system

A point C on a surface is considered, see Fig. 2.3. The surface, as a 2D manifold,
is parameterized with the surface coordinates ξ1, ξ2, which as it will be shown later
can be the convective coordinates of the finite element discretization. The surface
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vector ρ, based on the global Cartesian coordinate system X1 X2 X3, defines the
point C on the surface. At this point two surface vectors are introduced

ρ1 =
∂ρ

∂ξ1 , ρ2 =
∂ρ

∂ξ2 . (2.7)

With the cross product of the surface vectors ρ1, ρ2 the normal unit surface vector
is defined

n =
ρ1 × ρ2∣∣∣ρ1 × ρ2

∣∣∣ . (2.8)

In this way a local surface coordinate system ρ1, ρ2, n has been introduced at the
point of interest of the surface. For further formulations it is necessary to define
the two fundamental tensors of the surface: the metric tensor mi j and the curvature
tensor hi j. The metric tensor mi j is a positive definite tensor, see [55], and enables
the computation of angles, lengths and areas on the surface. The curvature tensor
hi j expresses the curvature of the manifold. The dot product of the surface vectors
ρ1, ρ2 delivers the covariant components of the metric tensor

mi j = ρi · ρ j, i, j = 1, 2. (2.9)

The inverse matrix of the covariant metric tensor represents the contravariant met-
ric tensor, which will be also used in further formulations

mi j =
1

det(mi j)

[
m22 −m12

−m12 m11

]
. (2.10)

The contravariant base vectors can be defined via the covariant base vectors as
follows

ρi = mi jρ j (2.11)

and finally the metric tensor is expressed via covariant, contravariant and mixed
components

mi jρi ⊗ ρ j = mi jρ
i ⊗ ρ j = m j

iρ
i ⊗ ρ j. (2.12)

Considering a curve on a surface with the parametric representation described
above, an element of arc length of this curve is defined as

dl2 =
(
ρ1dξ1 + ρ2dξ2

)
·
(
ρ1dξ1 + ρ2dξ2

)
=

ρ1 · ρ1

(
dξ1

)2
+ 2ρ1 · ρ2dξ1dξ2 + ρ2 · ρ2

(
dξ2

)2
.

(2.13)
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2.2 Covariant description

By applying the definition of the metric tensor from equation 2.9, equation 2.13 is
rewritten as

dl2 = m11

(
dξ1

)2
+ 2m12dξ1dξ2 + m22

(
dξ2

)2
, (2.14)

which finally leads to the definition of the arc length of the surface in terms of the
covariant components of the metric tensor

dl =

√
m11

(
dξ1)2

+ 2m12dξ1dξ2 + m22
(
dξ2)2. (2.15)

The curvature tensor hi j in its covariant form is obtained as follows

hi j = ρi j · n, ρi j =
∂2ρ

∂ξi∂ξ j , (2.16)

where ρi j is the second derivative of ρ with respect to the convective coordinates
ξ1, ξ2, as described above. The contravariant and mixed components of the curva-
ture tensor are computed as follows

hi j = h j
kmik = hknmikmn j, (2.17)

an expression which also serves as a rule (the index-rising rule) how to obtain
contravariant components from covariant, by using the contravariant metric tensor.

As it was mentioned at the beginning of the section, within the covariant approach
the description of the entire contact problem refers to and all resulting operations
are performed on the local surface coordinate system. In order to fully define the
kinematics of contact in the local surface coordinate system, it is necessary to de-
fine the derivatives of the base vectors. This will be achieved with the application
of the Weingarten formula and of the Gauss-Codazzi equations, see also [55].

By constructing a linear combination of the base vectors ρ1, ρ2 and n one can ob-
tain their partial derivatives. The derivatives of the unit normal vector are obtained
from the Weingarten formula

ni =
∂n
∂ξi = −h j

iρ j = −mk jhikρ j. (2.18)

For the derivatives of the vectors ρi the Gauss-Codazzi formula is applied

ρi j =
∂2ρ

∂ξi∂ξ j = Γk
i jρk + hi jn. (2.19)

In equation 2.19 Γk
i j are the Christoffel symbols of the second kind which are
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defined via the metric tensor as

Γk
i j = ρi j · ρ

k = ρi j · ρnmnk (2.20)

and connected to the Christoffel symbols of the first kind with the expression

Γi jn = mknΓ
k
i j. (2.21)

As it will be discussed in following sections, it becomes necessary to derive ma-
terial and covariant derivatives of vectors in the local surface coordinate system,
in order to define the contact measures as well as the evolution equations within
the covariant description. Firstly, based on the derivations presented in [55], the
covariant derivative ∇ jT i of the vector T in its contravariant form T i

T = T iρi, (2.22)

is given as

∇ jT i =
∂T i

∂ξ j + T kΓi
jk. (2.23)

If vector T is considered in its covariant form the covariant derivative has an anal-
ogous expression

∇ jTi =
∂Ti

∂ξ j − TkΓ
k
i j. (2.24)

Now the material time derivative of tensor T in the local surface coordinate system
can be defined by taking

dT
dt

=
∂T i

∂t
ρi +

∂T i

∂ξ j ξ̇
jρi + T iξ̇ jρi j. (2.25)

Considering the Gauss-Codazzi formula from equation 2.19 the above expression
takes the form

dT
dt

=
∂T i

∂t
ρi +

(
∂T i

∂ξ j + T kΓi
jk

)
ξ̇ jρi. (2.26)

Finally, by taking into account the definition of the covariant derivative in equation
2.23 the final form of the material time derivative obtains the form

dT
dt

=

(
∂T i

∂t
+ ∇ jT iξ̇ j

)
ρi. (2.27)

16



2.2 Covariant description

Having determined some basic geometrical characteristics and properties of the
surface in three dimensional space it is possible to proceed to an essential step of
the definition of the entire contact problem: the occurrence of contact between
two surfaces. The necessary tool for this is the Closest Point Projection (CPP)
procedure. As a result of the CPP procedure, beside the occurrence of contact,
the contact measures in normal and tangential directions will be obtained. The
"master-slave" approach, see also [32], will be applied. Another field of appli-
cation of the CPP procedure is the field of computational plasticity, where it is
employed within radial-return algorithms for the projection of trial stresses onto
the yield surface. An extensive discussion about the existence and uniqueness of
the solution of the CPP procedure can be found in [53].

ξ
2

ξ1

ρ

ρ
1

2

n

ρ(ξ,ξ )

X

X

X

1

2

3

1 2

ξ3
Slave -Point S

r

Master

s

Slave

C

Figure 2.4: CPP-Procedure

Two bodies are considered as shown in Figure 2.4, S being a point on the slave
surface, defined by the position vector rs in the global Cartesian coordinate system
X1 X2 X3. C is the projection of S on the master surface, which as described
previously, is parameterized with the Gaussian coordinates ξ1, ξ2

ρ = ρ
(
ξ1, ξ2

)
. (2.28)

The convective coordinates ξ1, ξ2 of this projection are obtained via the CPP pro-
cedure. Firstly the extremal problem is formulated∣∣∣∣∣∣rs − ρ(ξ1, ξ2)

∣∣∣∣∣∣→ min, → (rs − ρ) · (rs − ρ)→ min. (2.29)
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Within a computational scheme the increments ∆ξ j of the convective coordinates
of the projection will be computed by applying an iterative Newton procedure on
the function

F
(
ξ1, ξ2

)
=

1
2

(r − ρ) · (r − ρ) . (2.30)

Assuming that the master surface is C2-continuous the increments ∆ξ j are com-
puted from the derivatives of the function F as

∆ξ(n) =

∆ξ1
(n)

∆ξ2
(n)

 = −(F
′′

)−1
(n)F

′

(n), (2.31)

where the subscript (n) denotes that the variables refer to the previous iteration
step. The derivatives of the function F are with respect to the Gaussian coordinates
ξ1 and ξ2. The first is defined as follows

F
′

=


∂F
∂ξ1

∂F
∂ξ2

 = −

ρ1 · (r − ρ)

ρ2 · (r − ρ)

 , (2.32)

while the second has the form

F
′′

=

ρ1 · ρ1 − ρ11 · (r − ρ) ρ1 · ρ2 − ρ12 · (r − ρ)

ρ2 · ρ1 − ρ21 · (r − ρ) ρ2 · ρ2 − ρ22 · (r − ρ)

 . (2.33)

Finally, the convective coordinates of the projection in the current computational
iteration (subscript (n + 1)) can be updated

ξ
j
(n+1) = ξ

j
(n) + ∆ξ

j
(n), i, j = 1, 2. (2.34)

As it is shown in Fig. 2.4, the vector rs can be expressed in the local surface
coordinate system placed on the master surface as

rs(ξ1, ξ2, ξ3) = ρ(ξ1, ξ2) + nξ3. (2.35)

It is obvious that by describing all parameters in the local coordinate system the
amount of penetration between the two bodies in Fig. 2.4 is directly expressed
by the convective coordinate ξ3. If the definitions of the metric and the curvature
tensors are applied from equations 2.9 and 2.16 respectively, then by substituting
equation 2.35 into the expression of the second derivative of F from equation 2.33
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2.2 Covariant description

the following form is obtained

F
′′

=

m11 − ξ
3h11 m12 − ξ

3h12

m21 − ξ
3h21 m22 − ξ

3h22

 . (2.36)

Equations 2.31-2.34 describe the steps which are performed during the application
of the CPP procedure.

2.2.2 Kinematics of contact

Within the framework, which has been presented in section 2.2.1, the measures of
contact interaction between the contacting bodies and the resulting contact kine-
matics will be derived. An essential characteristic of the following derivations is
that henceforth all observations and all mathematical operations are assumed to
take place on the tangent plane, for which the coordinate ξ3 vanishes, ξ3 = 0.
In the coordinate system presented in equation 2.35 the third coordinate ξ3 is the
measure of penetration (measure of the gap g):

ξ3 = (rs − ρ) · n. (2.37)

In order to define the measures of tangential interaction, the motion of the point
S of the slave surface in the local surface coordinate system ρ1, ρ2, n, which is
established on point C of the master, is considered. All geometric and kinematic
parameters will be formulated within this local coordinate system. Assuming a
moving master surface with time-depended position vector ρ(t, ξ1, ξ2) and unit
normal vector n(t, ξ1, ξ2), the time derivative of the motion of the slave is as fol-
lows

d
dt

rs

(
t, ξ1, ξ2, ξ3

)
=

d
dt
ρ +

d
dt

(
nξ3

)
=

∂ρ

∂t
+
∂ρ

∂ξ j ξ̇
j +

∂n
∂t
ξ3 + nξ̇3 +

∂n
∂ξ j ξ

3ξ̇ j =

∂ρ

∂t
+ ρ jξ̇

j +
∂n
∂t
ξ3 + nξ̇3 − hi

jρiξ
3ξ̇ j, i, j = 1, 2.

(2.38)

The velocity measure
∂ρ

∂t
= v appearing in the above equation corresponds to the

translational velocity of the master at point C. Similarly the velocity of the slave

is expressed with
d
dt

rs

(
t, ξ1, ξ2, ξ3

)
= vs. Finally the full time derivative of the
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2 Computational contact mechanics

motion of the slave takes the form (see also [54])

vs = v + ξ3 ∂n
∂t

+ nξ̇3 +
(
ρ j − ξ

3hi
jρi

)
ξ̇ j, i, j = 1, 2. (2.39)

By formulating in equation 2.39 the relative velocity vs − v of the slave point S as
it appears to an observer positioned on point C of the master and forming the dot
product of this relative velocity with the surface tangent vectors ρi, it leads to

(vs − v) · ρi =
(
mi j − ξ

3hi j

)
ξ̇ j + ξ3

(
∂n
∂t
· ρi

)
. (2.40)

Evaluating equation 2.40 on the tangent plane, on which ξ3 = 0 holds, the measure
of tangential interaction incorporating velocities can be defined as

ξ̇ j = mi j (vs − v) · ρi. (2.41)

In this work a continuous numerical integration scheme will be adopted, in order
to overcome the numerical difficulties in the computation of the relative distance
∆ρ traveled by the projection point C between the time steps (n) and (n+1). These
difficulties arise from the fact that the convective coordinates ξ j are not continuous
when the projection point C crosses element boundaries during the computation.
This scheme enables the computation of problems in which large sliding occurs.

Concerning the normal direction, the rate of penetration is derived from equation
2.39 via the scalar product of vs − v with the normal vector n and has the form

ξ̇3 = (vs − v) · n. (2.42)

2.2.3 Variation of contact measures and their linearization

In this section the measures of contact interaction in the normal and in the tangen-
tial directions as obtained in equation 2.37 and in equation 2.41 respectively, will
be further exploited, in order to derive the corresponding variations. Subsequently,
the linearization of these variations will be performed and the linearized form of
the virtual energies in the normal and tangential directions will be computed. The
resulting linearized virtual energies can finally be incorporated into a numerical
scheme leading to the stiffness matrices of the contact finite elements.

Starting from the normal direction, equation 2.37 can lead to the variation of the
third coordinate ξ3, which as mentioned in section 2.2.2 corresponds to the pene-
tration. The variation of ξ3 has the form

δξ3 = (δrs − δρ) · n. (2.43)

20



2.2 Covariant description

For the linearization of the variation in equation 2.43 the full time derivative is
derived as follows

d
dt

(
δξ3

)
=

d
dt

((δrs − δρ) · n) =

∂

∂t
(δrs − δρ) · n +

dξi

dt
∂

∂ξi
(δrs − δρ) · n + (δrs − δρ) ·

(
∂n
∂t

+
∂n
∂ξi

dξi

dt

)
.

(2.44)

By taking into account that

∂

∂t
(δrs − δρ) = 0, (2.45)

substituting
∂δρ

δξi with

∂δρ

δξi = δ
∂ρ

δξi = δρ,i (2.46)

and applying the Weingarten formula from equation 2.18, in order to get the
derivative of the normal unit vector n with respect to ξi, finally the following
expression occurs

d
dt

(
δξ3

)
= −δρ,i · ξ̇

in + (δrs − δρ) ·
∂n
∂t

+
[
− (δrs − δρ) h j

i · ξ̇
iρ j

]
. (2.47)

The first term in equation 2.47, by taking into account the expression of the con-
vective velocities from equation 2.41, can be rewritten as

−δρ,i · ξ̇
in = −δρ,i ·

(
(vs − v) · ρ jm

i j
)
· n = −

(
δρ,i · n

)
mi jρ j · (vs − v) . (2.48)

For the second term, one has to consider the fact that the unit normal vector n is
orthogonal to any of its derivatives, see [54], as well as that n is orthogonal to ρi.
Hence, the second term takes the form

(δrs − δρ) · ρ j

(
n · v,imi j

)
, (2.49)

in which v,i is defined as

v,i =
∂v
∂ξi . (2.50)

For the last term of equation 2.47 again the expression of the convective velocities

21



2 Computational contact mechanics

from equation 2.41 is introduced leading to

− (δrs − δρ) h j
i · ξ̇

iρ j = − (δrs − δρ) · h j
i · (vs − v) · ρkmkiρ j =

(δrs − δρ) · h jkρ j ⊗ ρk (vs − v) .
(2.51)

Summarizing the results from equations 2.48-2.51, equation 2.47 takes the final
form

d
dt

(
δξ3

)
=

δρ,i ·
(
n ⊗ ρ j

)
mi j (vs − v) + (δrs − δρ) ·

(
ρi ⊗ n

)
mi jv,i (2.52a)

− (δrs − δρ) · hi jρi ⊗ ρ j (vs − v) . (2.52b)

Equation 2.52 after the introduction of the finite element approximation will rep-
resent the geometrical portion of the stiffness matrix in the normal direction for
the contact element. One can recognize that it consists of a symmetric rotational
part (2.52a) and a symmetric curvature part (2.52b).

Proceeding now to the tangential direction, the variation of the contact interaction
ξi is based on equation 2.41 of the convective velocities and has the form

δξ j = mi j (δrs − δρ) · ρi. (2.53)

Considering the full time derivative of δξi it occurs

DL

(
δξi

)
=

(
∂

∂t
+

∂

∂ξ j ξ̇
j

) (
δξi

)
=

dmik

dt
(δrs − δρ) · ρk + mik d

dt
[
(δrs − δρ) · ρk

]
.

(2.54)

The expression in equation 2.54 requires the linearization of the metric tensor in its
contravariant and covariant components for the first term and the application of the
Gauss-Codazzi formula from equation 2.19 for the second term. The operations
required are rather complicated and they were presented in [54]. Here only some
important steps and the final result will be shown. The linearization of δξi results
in nine parts in the form

d
dt

(
δξi

)
=

−mimmnk (
vm · ρn

) (
(δrs − δρ) · ρk

)
(2.55a)

−mimmnk (
ρm · vn

) (
(δrs − δρ) · ρk

)
(2.55b)

22



2.2 Covariant description

−mimmnkΓl
m j

(
ρl · ρn

)
ξ̇ j ((δrs − δρ) · ρk

)
(2.55c)

−mimmnkΓl
n j

(
ρm · ρl

)
ξ̇ j ((δrs − δρ) · ρk

)
(2.55d)

+2mimmnkhmnξ̇
3 (

(δrs − δρ) · ρk
)

(2.55e)

+mik
(
(δrs − δρ), j · ρk

)
ξ̇ j (2.55f)

+mik (δrs − δρ) · vk (2.55g)

+mikΓl
k j

(
(δrs − δρ) · ρl

)
ξ̇ j (2.55h)

+mikhk j ((δrs − δρ) · n) ξ̇ j. (2.55i)

Considering all operations on the tangent plane the above expression can be signif-
icantly simplified. Summing the parts 2.55a and 2.55g the result is zero. The same
holds for the sum of the parts 2.55c and 2.55h. By taking into account equation
2.41 and summing parts 2.55b and 2.55f one gets

− mimmnk (
ρm · vn

) (
(δrs − δρ) · ρk

)
+ mik

(
(δrs − δρ), j · ρk

)
ξ̇ j =

− (δrs − δρ) milm jkρk ⊗ ρlv j − δρ, jm
ikm jlρk ⊗ ρl (vs − v) .

(2.56)

In a similar way working on parts 2.55e and 2.55i leads to

hi
nξ̇

3δξn + hi j (δrs − δρ) ·
(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) . (2.57)

A last simplification in achieved by substituting equation 2.41 into part 2.55d re-
sulting into

−mimmnkΓl
n j

(
ρm · ρl

)
ξ̇ j ((δrs − δρ) · ρk

)
= −Γi

k jξ̇
jδξk. (2.58)

The last operation finalizes the linearization of the contact measure in the tangen-
tial direction. The linearized form of the corresponding virtual energies has the
expression

d
dt

(
δξi

)
=

− (δrs − δρ) milm jkρk ⊗ ρlv j − δρ, jm
ikm jlρk ⊗ ρl (vs − v) (2.59a)

+hi j (δrs − δρ) ·
(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) (2.59b)

+hi
nξ̇

3δξn − Γi
k jξ̇

jδξk. (2.59c)
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2 Computational contact mechanics

When the finite element discretization will be introduced, the above expression
will result into the geometrical part of the stiffness matrix in the tangential di-
rection. Part 2.59a is the symmetric rotational part, while part 2.59b is the sym-
metric curvature part. The full stiffness matrix for the tangential interaction will
be formed after the definition of the evolution equations defining the material be-
havior on the plane of the interface. Depending on the applied material law, these
parts of the stiffness matrix (the main or constitutive parts) will be derived in chap-
ters 4 and 5. Then it will occur that the last part 2.59c in the above expression,
will disappear during the assembly of the full stiffness matrix. The full stiffness
matrix consists from parts 2.59a, 2.59b and the constitutive parts, which will be
obtained in chapters 4 and 5.

2.2.4 Linearization of the normal force

For the linearization of the normal force N firstly its expression is used

N = εNξ
3H

(
−ξ3

)
, (2.60)

with H
(
−ξ3

)
being the Heaviside function

H (x) =

0 if x < 0

1 if x ≥ 0.
(2.61)

Subsequently, the time derivative of N, by taking into account the rate of penetra-
tion from equation 2.42, takes the form

Ṅ = εN H
(
−ξ3

)
ξ̇3 = εN H

(
−ξ3

)
(vs − v) · n. (2.62)

After deriving the linearization of N and of δξ3, which was conducted in the pre-
vious section, the linearized form of the virtual energies of the normal part (cor-
responding to the first two terms) of the contact integral in equation 2.5 has been
fully defined and has the form

DL
[
δWc,Normal

]
=

∫
s

dN
dt
δξ3ds +

∫
s

N
dδξ3

dt
ds =∫

s
εN H

(
−ξ3

)
(δrs − δρ) · (n ⊗ n) (vs − v) ds (2.63a)

−

∫
s

N
(
δρ, j · m

i j (n ⊗ ρi
)

(vs − v) + (δrs − δρ) · mi j
(
ρ j ⊗ n

)
v,i

)
ds (2.63b)
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−

∫
s

N (δrs − δρ) · hi j
(
ρi ⊗ ρ j

)
(vs − v) ds. (2.63c)

With this expression the full contact matrix for the normal contact will be derived
after introducing the finite element approximation.

2.2.5 Discretization with finite elements

The discretization of the linearized virtual energies, which have been obtained
in the previous section, will lead to the formation of the corresponding stiff-
ness matrices. Assuming a finite element discretization, in which the master has
a parametrization with the convective coordinates ξ1, ξ2 of the type ρ

(
ξ1, ξ2

)
,

while the slave is parametrized with the convective coordinates η1, η2 in the form
rs

(
η1, η2

)
, the matrix operator A, involving the shape functions of the finite ele-

ment approximation of the master as well as of the slave, is defined so that

ρ
(
ξ1, ξ2

)
− rs

(
η1, η2

)
= A

(
ξ1, ξ2, η1, η2

)
x⇒ (2.64a)

δρ
(
ξ1, ξ2

)
− δrs

(
η1, η2

)
= Aδx⇒ (2.64b)

v
(
ξ1, ξ2

)
− vs

(
η1, η2

)
= Av, (2.64c)

and

δρ,i =
∂A
∂ξi δx = A,iδx. (2.65)

By substituting the above expressions involving A into the parts 2.63a-2.63c, the
stiffness matrix for the normal part of the contact is obtained as

KN = Km
N + Kr

N + Kc
N =∫

s
εNAT (n ⊗ n) Ads (2.66a)

+

∫
s

N
[
AT
, jm

i j (n ⊗ ρi
)

A + AT mi j
(
ρ j ⊗ n

)
A,i

]
ds (2.66b)

+

∫
s

N
[
AT hi j

(
ρi ⊗ ρ j

)
A
]

ds. (2.66c)

The main part (2.66a) results from the linearization of the normal force, while the
rotational and curvature parts (2.66b and 2.66c respectively) from the linearization
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2 Computational contact mechanics

of the δξ3. The structure of the matrix operator A will be defined in chapter 4, in
which the full stiffness matrix including the tangential part will be derived.
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3 Interfaces in civil engineering applications:
Masonry under detonation loads

Masonry walls represent one of the most common applied constructions in civil
engineering and architecture. The inhomogeneous nature of masonry imposes
a challenge in the development of robust modeling techniques especially under
high dynamic loads. In this chapter some modeling strategies will be discussed
which are suitable for the simulation of unreinforced masonry walls under explo-
sion loads. The damage formation of the wall under loads resulting from far-field
as well as contact explosions will be investigated. An important aspect lies in
capturing the local damage formation and the resulting debris due to a contact
detonation. Small parts of the wall in the proximity of the explosion separate from
the main body of the wall and travel at high velocities. They can establish an ad-
ditional danger for persons and infrastructure which theoretically lie in a secure
distance from the target of the explosion. The two main issues of this chapter are
a)to suitably formulate a material model in order to be in position to capture in
the simulations the behavior of the walls under extreme dynamic loading and b)to
properly define the contact interfaces between the bricks, regarding their geometry
as well as their mechanical characteristics. As it will be shown in the section of
the numerical examples, these two matters significantly determine the adequacy
of the numerical models to describe the dynamic behavior of the walls.

Firstly the issue of an appropriate material model for bricks under high strain rates
will be discussed. Through a proper adaptation of a material model initially de-
veloped for concrete under blast loads all the necessary parameters for the bricks
are derived. The adaptation of the material parameters will be based on exper-
imental results and all necessary steps of the procedure will be provided. Sub-
sequently it will be pursued with the description of the contact interfaces of the
bricks. Some important aspects of their numerical implementation and mechan-
ical characteristics will be addressed. Before presenting the numerical examples
a short discussion on the numerical modeling of walls under far-field detonations
will be conducted. The models for walls under far-field detonations will be then
refined resulting to the models for walls under contact detonations. Four exam-
ples and their validation will close this chapter. This chapter is based on the work
presented in [71].
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3 Interfaces in civil engineering applications: Masonry under detonation loads

3.1 Material model for bricks under blast loads

The material model RHT is applied for the modeling of the bricks. This mate-
rial model was developed, see [88], with the main purpose of modeling concrete
structures under high dynamic loads, by taking into account strain rate effects. It
computes a strain-based accumulated damage and is accompanied by an equation
of state.

3.1.1 RHT model

The RHT material model incorporates an equation of state in order to define the
dependence of the hydrostatic pressure of the material to its specific volume and
specific internal energy. The internal variable λ is introduced which describes the
current porosity of the material under the current pressure conditions. If υ is the
specific volume of a material with pores and υs is the specific volume of the same
material without pores under the same pressure P, temperature T and internal
energy E conditions, the porosity is defined as follows

λ =
υ

υs
. (3.1)

The applied equation of state has the form of a Mie-Grüneisen equation with a
Hugoniot curve. Gebbeken et al. in [26] determined the properties of the Hugo-
niot curve based on a series of suitable experiments for a concrete material. The
coupled P − λ relation takes into account the porous compaction of the material.

Three limit surfaces define the strength behavior of the RHT model: the yield
surface, the failure surface and the residual surface. With the material being in an
elastic state increasing stress will lead to a stress state on the yield surface. Further
increase of stress leads to plastic strains and hardening of the material is observed.
When the stress reaches the failure surface the accumulative plastic strains define
the evolving damage formation in the material. After the formation of damage the
material enters a reduced stress state, defined by the residual surface. The damage
D is defined as the sum of the plastic strains accumulating over all time steps

D =
∑ ∆ε

p
eff

ε
p
f (p∗)

, (3.2)

in which ε p
f (p∗) is the pressure dependent ultimate plastic strain at failure and ∆ε

p
eff

is the plastic strain increment. It must be noted that only the deviatoric part of the
stress tensor contributes to the evolution of the damage D.
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3.1 Material model for bricks under blast loads

3.1.2 Adaptation of the RHT model for bricks

In this section the definition of the parameters of an appropriate equation of state
and of the strength model will be described. Based on the RHT model a proper
adaptation will be performed, according to the work in [19], in order to derive a
model which is able to represent the behavior of the bricks under blast loads. The
adaptation which will be presented in this section is based on experimental data
for loam bricks. With an identical procedure an adaptation has been performed
in [19] for bricks of type VMz20. The results of the above adaptation will be
shown at the end of this section, since the numerical examples incorporate walls
consisting of this type of bricks (type VMz20). The theoretical derivation of all
equations will not be discussed in detail and therefore when necessary a reference
to the corresponding literature will be given. A more detailed description of the
entire procedure can be found in [19].

In order to define the parameters of the equation of state, firstly a material with-
out pores is considered and subsequently its behavior is correlated through the
porosity λ with the behavior of the actual porous material. Based on the work of
Hermann presented in [37] the hydrostatic pressure P is defined as follows

P = f (υs,E) , (3.3)

in which E is the specific internal energy. Taking into account equation 3.1 the
general definition of equation 3.3 for a porous equation of state is reformulated

P = f
(
υ

λ
,E

)
. (3.4)

An appropriate Mie-Grüneisen equation of state for the material without pores has
the form

P = f (υs,E) = PH + (E − EH)
Γ0

υs0
. (3.5)

With equation 3.5 the relation of a state, which is defined by the pressure P, the
specific internal energy E and the specific volume υs0, to the pressure PH and the
specific internal energy EH of a point on the Hugoniot curve is established. Γ0

represents the Grüneisen Gamma and is defined as follows

Γ0 =
υs0 · κ · K0

Cp
, (3.6)

in which κ is the volumetric thermal expansion coefficient, K0 is the bulk modu-
lus and Cp is the specific heat capacity at constant pressure. By introducing the
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parameters A and B

A = PH − EH
Γ0

υs0
, (3.7)

B = Γ0, (3.8)

equation 3.5 can be rewritten in the form

P = f (υs,E) = A + B
E

υs0
. (3.9)

For the complete definition of the parameter A it is necessary to determine the
pressure PH and the specific internal energy EH of the Hugoniot curve. This is
achieved by starting from the equations of the conservation of mass and impulse.
The following expression is then obtained

PH =
C2

s0

υs0

η

(1 − η · S)2 , (3.10)

in which S is the slope of the linear relationship between the velocity of the shock
front and the velocity of the material particles. Parameter η represents a measure
of the compression of the material and is defined as follows

η = 1 −
υs

υs0
. (3.11)

Parameter Cs0 is the velocity of the compression wave in the unloaded material
without pores. Similarly, starting from the equation of the conservation of energy,
the expression of the specific internal energy can be obtained

EH =
1
2

PH (υs0 − υs) =
1
2

PH · η · υs0. (3.12)

With equations 3.10 and 3.12 the expression of A in equation 3.7 takes the form

A =
C2

s0

υs0

η

(
1 −

1
2
η · Γ0

)
(1 − η · S)2 . (3.13)

Within a numerical scheme all the necessary equations will be written in an in-
cremental form. By introducing the superscript (n + 1) for variables of the current
time step and the superscript (n) for variables of the previous time step, equation
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3.9 is reformulated

P(n+1) = A(n+1) +
Γ0

υs0
E

(n+1), (3.14)

with

A(n+1) =
C2

s0

υs0

η(n+1)

(
1 −

1
2

Γ0 · η
(n+1)

)
(
1 − S · η(n+1))2 (3.15)

and

η(n+1) = 1 −
υ(n+1)

s

υs0
. (3.16)

Within an isentropic compression one can express the specific internal energy with
the following equation

E
(n+1) = E(n) +

1
2

(
P(n) + P(n+1)

) (
υ(n)

s − υ
(n+1)
s

)
= E(n) +

1
2

(
P(n) + P(n+1)

)
∆υ(n+1)

s .

(3.17)

According to equation 3.17, the current specific internal energy is computed as the
sum of the corresponding energy of the previous time step and the energy growth
of the current time step. This energy growth is expressed as the product of the
change in the specific volume ∆υ(n+1)

s with the average pressure of the two time

steps
1
2

(
P(n) + P(n+1)

)
. Substituting equation 3.14 into equation 3.17 will deliver

the specific internal energy of the current time step

E
(n+1) =

E(n) +
∆υ(n+1)

s

2

(
P(n) + A(n+1)

)
1 −

1
2

∆υ(n+1)
s · Γ0

1
υs0

. (3.18)

Similarly, by substituting equation 3.18 into equation 3.14 the current pressure
takes the form

P(n+1) = A(n+1) +
Γ0

υs0
·

E(n) +
∆υ(n+1)

s

2

(
P(n) + A(n+1)

)
1 −

1
2

∆υ(n+1)
s · Γ0

1
υs0

. (3.19)
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Equations 3.15, 3.16, 3.18 and 3.19 describe the current state of the material with-
out pores. Finally by considering a material with pores the measure of compres-
sion η of the material can be redefined

η(n+1) = 1 −
υ(n+1)

λ(n+1) ·
1
υs0

, (3.20)

which incorporates the current porosity λ(n+1) of the material. Based on this new
definition of η equations 3.15, 3.18 and 3.19 can be rewritten for the material with
pores by taking into account its porosity. The current porosity λ(n+1) is a function
of the current pressure P(n+1). Hence a simultaneous solution for both variables
requires the application of an iterative procedure.

By observing the equations which define the current state of the material (equa-
tions 3.15, 3.16, 3.18, 3.19 and 3.20) it becomes clear that for a complete determi-
nation of the shock characteristics the following parameters must be defined: the
velocity of the compression wave Cs0, the slope S of the linear relationship be-
tween the velocity of the shock front us and the velocity of the material particles
up, the Grüneisen coefficient Γ0 and the initial density %s0. In order to calculate
these parameters for the loam bricks used in this adaptation procedure, it is es-
sential to determine the chemical composition of the material of the loam bricks,
which will be subsequently used in the derivation of the individual parameters of
the equation of state. The composition of five types of loam bricks (one from India
(I) and four from the United States of America (US)) were taken as basis. Details
about the performed experiments concerning the chemical composition of each
type of bricks can be found in [27] and [38]. In Table 3.1 the mass fractions of the
compounds of each type of brick are presented. For those compounds and based
on the work presented in [69], the above mentioned four necessary parameters
can be defined. These parameters are shown in Table 3.2. If these parameters are
defined it can be proceeded to the calculation of the rest of the shock parameters.
The Grüneisen coefficient Γ0 is derived according to the approach in [70] as

Γ0 = 2 · S − 1. (3.21)

The author of [70] indicates nevertheless that equation 3.21 describes a rather
practical approximation of Γ0. This equation will be applied at this stage and later
an adaptation will be performed, in order to obtain a more reasonable value for Γ0.

Following the method proposed by Meyers in [70] it is possible to determine the
shock parameters of the bricks by means of the parameters of the individual com-
pounds of the bricks. Taking into account the mass fraction of each compound
from Table 3.1 and the value of its shock parameter from Table 3.2, one can cal-
culate the corresponding parameter of the entire brick as the mass weighted sum
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3.1 Material model for bricks under blast loads

of the parameter of its compounds

S P =
∑

mi · S Pi, (3.22)

in which S P represents any of the four shock parameters of Table 3.2. Within this
approach the velocity of the compression wave for a brick of type I is calculated
as follows

Cs0(I) =
∑

mi(I) ·Cs0i(I) =

= 0.66 · 1361 + 0.27 · 8896 + 0.015 · 3935+⇒

= 3359.21 m/s.

(3.23)

Adopting this approach for all four shock parameters and for all five types of
bricks, the values of the parameters for each brick are obtained as well as their
average value and the corresponding standard deviation. The latter are shown in
Table 3.3. The values presented in Table 3.3 represent the input parameters

Table 3.1: Mass fraction of each compound of the loam bricks

Substance
Type of brick

I US1 US2 US3 US4
Mass fraction %

SiO2 66 66.90 75.61 78.99 76.55
Al2O3 27 18.04 12.82 11.03 13.16

Fe 1.5 6.11 5.29 4.45 3.52
Total 94.5 91.05 93.72 94.47 93.23

Table 3.2: Shock parameters of individual compounds of bricks
Substance Cs0[m/s] S [-] Γ0[-] %s0 [kg/m3]

SiO2 1361 1.875 2.750 2650
Al2O3 8896 0.932 0.864 3977

Fe 3935 1.576 2.152 7838

for a Mie-Grüneisen equation of state for the material without pores. Based on
these values now a further adaptation of Cs0 and S can be performed. Appropriate
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Table 3.3: Average values of the shock parameters

Parameter Average Standard
deviation

Cs0[m/s] 2615.02 ± 460.11

S[-] 1.58 ± 0.06

Γ0[-] 2.23 ± 0.12

%s0 [kg/m3] 2909.25 ± 55.59

experiments were conducted on the porous bricks in order to determine their initial
porosity λ0. These experiments delivered a value of λ0 = 53.8%. With this initial
porosity the initial density of the corresponding material without pores is equal to
%s0=2599.57kg/m3. This value is significantly lower than the one in Table 3.3. For
this reason the adaptation of Cs0 and S according to the ratio of the initial density
from the experiments %exp

s0 to the average initial density from Table 3.3 %aveg
s0 will

be conducted

Cs0 = Caveg
s0

%
exp
s0

%
aveg
s0

= 2615.02
2599.57
2909.25

= 2336.66 m/s, (3.24)

S = Saveg %
exp
s0

%
aveg
s0

= 1.58
2599.57
2909.25

= 1.42. (3.25)

Regarding the Grüneisen coefficient Γ0 it was mentioned above that the up to
this point applied relation Γ0 = 2 · S − 1 constitutes only a rather practical ap-
proximation. At this point and based on the chemical composition of the bricks
it is possible to obtain a more reliable value for Γ0 from the work of Salmang
et al. presented in [90]. Firstly the volumetric thermal expansion coefficient
κ = 5.0 · 10−6[1/ (m K)] and the specific heat capacity Cp = 1050[Nm/(kg K)]
are obtained. Subsequently the bulk modulus is calculated as follows

K0 = C2
s0 · %

exp
s0 = 2336.662 · 2599.57 = 1.42 · 1010[N/m2]. (3.26)

Now equation 3.6 delivers

Γ0 =
5.0 · 10−6 · 1.42 · 1010

2599.57 · 1050
= 0.026. (3.27)
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Table 3.4: Final values of the equation of state of the loam bricks
Parameter Symbol Value Unit

P−λ relation
Density of the porous material %0 1201 [kg/m3]

Pressure elastic limit Pe 3 · 106 [Pa]
Pressure at the transition to λ = 0 Ps 1.2 · 109 [Pa]

Compaction exponent CN 3 [-]
Shock parameters - material without pores

Grüneisen coefficient Γ0 0.026 [-]
Velocity of the compression wave Cs0 2336.66 [m/s]

Slope of us-up relationship S 1.42 [-]

Materials, particularly brittle materials, perform significantly different in static
experiments in comparison to their behavior in experimental procedures which
involve high strain rates, as is the case in loading conditions resulting from ex-
plosions. A factor of three or even higher increases the static bulk modulus, for
example, when the material is subjected to high strain rates. In the experimental
framework documented in [18] the pressure Pe at the elastic limit and the pres-
sure Ps at the transition to the material state without pores (state with λ = 0)
were measured for the loam bricks, by conducting static experiments. In order to
fully define the equation of state the values of Pe and Ps of the loam bricks under
high strain rates are needed. Due to lack of appropriate experiments a dynamic
increase factor equal to three is assumed at this point in order to obtain the corre-
sponding values of pressure under high strain rates. These pressures are equal to
Pe = 3 · 1 · 106 = 3 · 106Pa and Ps = 3 · 400 · 106 = 1.2 · 109Pa. Table 3.4 presents
the final values of the parameters for the loam bricks. The Table is divided in two
parts: the first part contains the parameters of the P− λ compaction relation of the
porous material, while the second part shows the values of the shock parameters
of the material without pores. The density of the porous material was determined
experimentally.

The determination of the parameters of the equation of state is followed by the def-
inition of the parameters of the strength model. For the definition of the strength
within the RHT model it is necessary to describe the effective deviatoric stresses
σe f f on the compressive meridian of the failure surface. The compressive merid-
ian (normalized with the compressive strength fc) for the loam bricks up to the
point of their compressive strength is shown in Fig. 3.1. One can recognize two
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3 Interfaces in civil engineering applications: Masonry under detonation loads

regions of the meridian. The first linear region which lies between the hydro-
static tensile stress state HT L∗ and the shear strength and the second linear region
between the shear and the compressive strength. For hydrostatic pressure states
above the compressive strength, the behavior of the loam bricks is defined through
a power function. In order to entirely define the compressive meridian for the
loam bricks the experimental data documented in [17] are applied. The principal
stresses σ1, σ2, σ3 are transformed into the hydrostatic coordinate p∗ = p/ fc and
the deviatoric coordinate σ∗e f f = σe f f / fc with the following expressions

p∗ =
σ1/ fc + σ2/ fc + σ3/ fc

3

σ∗e f f =

√
1
2

(σ1

fc
−
σ2

fc

)2

+

(
σ2

fc
−
σ3

fc

)2

+

(
σ1

fc
−
σ3

fc

)2. (3.28)

The power function for the calculation of the effective deviatoric stresses under
pressures which are beyond the compressive strength has the form

σ∗e f f (p∗) = AF · (p∗ − HT Lp∗)NF , (3.29)

in which p∗ is the normalized hydrostatic pressure and HT Lp∗ is the projection of
HT L∗ on the compressive meridian. The parameters AF and NF are form factors
of the failure surface. The adaptation of equation 3.29 based on experimental data
was performed in order to obtain the values of AF and NF as they appear in Table
3.5. The corresponding value of HT Lp∗ is equal to 0.2899. The corresponding
factors AR and NR of the residual surface were assumed equal to those of the
failure surface. The final compressive meridian for the loam bricks including the
adaptation of the function in equation 3.29 to the experimental results is shown in
Fig. 3.2.
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Figure 3.1: Compressive meridian up to the compressive strength

Parameters g∗t and g∗c in Table 3.5 are form factors of the failure surface. They
are defined as the ratio of the stress at the elastic limit of the material to the stress
at failure. They are determined in uniaxial tension (g∗t ) state and uniaxial com-
pression (g∗c) state and their values are obtained from the experimental results in
[18]. The definition of the failure surface in the RHT model is completed with the
introduction of the parameter R3

R3 =
2
(
1 − Q2

)
cosθ + (2Q − 1)

√
4
(
1 − Q2) cos2θ + 5Q2 − 4Q

4
(
1 − Q2) cos2θ + (1 − 2Q)2 . (3.30)

With equation 3.30 the dependence of the failure surface on the Lode angle θ and
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on the ratio Q, of the radius of the tensile meridian to the radius of the compressive
meridian, is described. Q is a linear function of the normalized pressure p∗

Q = Q0 + Y p∗ (3.31)

and with this equation the transition from brittle to ductile behavior is defined.
In the deviatoric plane this transition describes the change from a triangular to a
circular contour of the failure surface. A brittle behavior corresponds to a value of
Q = 0.5 while the ductile behavior corresponds to a value of Q = 1.0. Admissible
values for Q must lie between these limits. In Table 3.5 the used values for Q0

and Y are shown. For the loam material of the bricks under consideration it is
expected that brittle behavior occurs under hydrostatic tensile stress states and
under moderate hydrostatic compressive stress states.

An important aspect of the RHT model is the fact that it incorporates within its
constitutive law strain rate effects. This is a central issue for material models
which are applied to simulate structural behavior under detonation loads and is
one of the major characteristics suggesting the suitability of the RHT model for
modeling brittle materials under severe loading conditions. In order to be able to
capture how strain rates affect the material behavior the RHT model introduces
the parameter Fr

Fr = min


1,

(
ε̇p

30 · 106

)bc

, for p∗ >
1
3

1,
(

ε̇p

30 · 106

)bt

, for p∗ < −
1
3

ft

fc

, (3.32)

which is a function of the plastic strain rate ε̇p. Equation 3.32 is based on experi-
mental results. Parameters bc and bt are given from the following expressions

bc =
4

20 + 3 fc
, bt =

2
20 + fc

, (3.33)

in which fc is entered in MPa. With the definition of bc and bt all material param-
eters for the strength constitutive law within the RHT model are determined. The
values of all parameters are shown in Table 3.5. In the last column of this table the
source of each value is declared. Some of the values are obtained directly from
the experiments, while others are derived through the adaptation procedure which
is described in this section. This adaptation has as basis again the experimental
results.
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Figure 3.2: Entire compressive meridian of the loam brick

It must be reminded that the detonation experiments which also serve as reference
solution for the validation of the numerical models in section 3.3 were conducted
with the bricks of type VMz20. The parameters of the equation of state and of the
strength model for the VMz20 bricks were derived in the work presented in [19] by
applying an adaptation procedure similar to the procedure presented in this section
for the loam bricks. The adaptation technique presented in [19] is the basis for the
procedure described in the current work for the loam bricks. The corresponding
parameters of the VMz20 bricks as they are applied in the numerical models are
shown in Table 3.7 for the strength model and in Table 3.6 for the equation of
state.
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3 Interfaces in civil engineering applications: Masonry under detonation loads

Table 3.5: Parameters of the strength model of the loam bricks
Parameter Value Unit Source

Shear Modulus G 73 · 106 Pa Experiments
Compressive strength fc 1.4 · 106 Pa Experiments

Tensile/compressive strength ft/ fc 0.2143 [-] Experiments
Shear/compressive strength fs/ fc 0.3214 [-] Experiments

Failure surface parameter AF 1.46 [-] Adaptation
Failure surface parameter NF 0.91 [-] Adaptation

Brittle/ductile dependency factor Q0 0.76 [-] Adaptation
Brittle/ductile dependency factor Y 10−5 [-] Adaptation

Yield surface parameter g∗t 0.2142 [-] Experiments
Yield surface parameter g∗c 0.4285 [-] Experiments

Residual surface parameter AR 1.46 [-] Adaptation
Residual surface parameter NR 0.91 [-] Adaptation

Exponent bc 0.1653 [-] Adaptation
Exponent bt 0.0935 [-] Adaptation

3.2 Modeling strategies for masonry

In this section the numerical concept for modeling masonry walls under detona-
tion loads will be presented. The concept is based on the simplified micro model.
According to the simplified micro model the bricks are explicitly included in the
numerical model. The mortar joints are not directly modeled. In their geometrical
position contact surfaces between the bricks are defined, which aim at reproduc-
ing the interaction between bricks and mortar. Firstly the mechanical and material
properties of the contact interfaces will be described. Subsequently the numerical
schemes adopted in the modeling of unreinforced masonry walls under explosive
loads will be presented. Since scenarios including contact detonation can invoke
failure mechanisms (for example small sized debris), which are uncommon in the
case of far-field detonations, the two cases (far-field and contact detonation) will
be studied separately. Furthermore the necessity of creating different models for
far-field and contact detonations is also imposed from the fact that in the modeling
of the former the Kingery-Bulmash equations can be adopted for the loading in-
put. That is not the case when contact detonations are considered, since the scaled
distance is below the limit of validity of these equations. The developed strategies
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Table 3.6: Values of the equation of state of the VMz20 bricks [19]
Parameter Symbol Value Unit

P−λ relation
Density of the porous material %0 1878 [kg/m3]

Pressure elastic limit Pe 4 · 107 [Pa]
Pressure at the transition to λ = 0 Ps 2.5 · 109 [Pa]

Compaction exponent CN 3 [-]
Shock parameters - material without pores

Grüneisen coefficient Γ0 0.0289 [-]
Velocity of the compression wave Cs0 2293 [m/s]

Slope of us-up relationship S 1.367 [-]

Table 3.7: Parameters of the strength model of the VMz20 bricks [19]
Parameter Value Unit Source

Shear Modulus G 1.023 · 109 Pa Experiments
Compressive strength fc 13.5 · 106 Pa Experiments

Tensile/compressive strength ft/ fc 0.0813 [-] Experiments
Shear/compressive strength fs/ fc 0.1078 [-] Experiments

Failure surface parameter AF 1.6 [-] Adaptation
Failure surface parameter NF 0.95 [-] Adaptation

Brittle/ductile dependency factor Q0 0.76 [-] Adaptation
Brittle/ductile dependency factor Y 10−5 [-] Adaptation

Yield surface parameter g∗t 0.2222 [-] Experiments
Yield surface parameter g∗c 0.4434 [-] Experiments

Residual surface parameter AR 1.6 [-] Adaptation
Residual surface parameter NR 0.95 [-] Adaptation

Exponent bc 0.066083 [-] Adaptation
Exponent bt 0.059684 [-] Adaptation
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preserve the general geometry of the walls (position and size of the bricks, loca-
tion of the interfaces). The numerical simulations were conducted with the finite
element explicit program Ls-Dyna.

3.2.1 Description of the interfaces

The interfaces between the bricks are defined as contact surfaces. They incorpo-
rate interaction in the normal as well as in the tangential directions in the form of
a cohesive material model. The applied cohesive model follows the work of Ca-
manho and Davila presented in [12]. It is based on a bilinear traction-separation
law including a failure criterion. After failure the surfaces behave as a surface-
to-surface contact formulation and no tangential traction is further transferred be-
tween the adjacent surfaces of the bricks. The interface law represents pure Mode
I failure (only due to stresses in the normal direction), pure Mode III and pure
Mode II failure (only due to stresses in the first or in the second direction on the
shear level respectively) as well as Mixed Mode failure (combination of Mode I,
II and III).

0

1

2

K

0 f
i

i

i

T

i

 i

JCG
K

Figure 3.3: Bilinear interface model for single Mode delamination

This cohesive material model is formulated in terms of a stress-relative displace-
ment (separation) relationship on the interface, in contrast to the typical stress-
strain formulations. Within this bilinear law two limit points are identified (Fig.
3.3): the point of initiation of the softening section (Fig. 3.3, point 1) and the
point of failure of the interface (Fig.3.3 , point 2). Considering firstly a single
delamination Mode J (J = I, II, III) of the interface independently, the applied
bilinear stress-separation behavior begins with a linear elastic section with an ini-
tial stiffness K (Fig.3.3, section 0-1). When the ultimate stress Ti (i = 1, 2, 3)
is reached (softening threshold) the linear softening section begins, characterized
by a reduced stiffness. The corresponding relative displacement at the softening
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threshold is ξ0
i . When the ultimate (failure) relative displacement ξ f

i is reached the
interface is considered as fully damaged (decohesion) and traction is no longer
transmitted via the interface between the contact surfaces. The area of the shaded
triangle in Fig. 3.3 defines the ultimate energy release rate GJC of Mode J. Based
on these considerations and on the definitions in Fig. 3.3, the relative displace-
ments at the softening threshold are

ξ0
1 =

T1

Ks3
Mode III,

ξ0
2 =

T2

Ks2
Mode II,

ξ0
3 =

T3

KN
Mode I,

(3.34)

in which Ks3 and Ks2 are the stiffness in the first tangential direction and the
stiffness in the second tangential direction respectively. KN is the stiffness in the
normal direction. The relative displacements at failure are computed as follows

ξ
f
1 =2

GIIIC

T1
Mode III,

ξ
f
2 =2

GIIC

T2
Mode II,

ξ
f
3 =2

GIC

T3
Mode I.

(3.35)

Under arbitrary loading conditions the interaction of the stress components on
the interface can lead to a premature softening and decohesion, despite the fact
that the corresponding thresholds of each individual Mode have not been reached.
Following the work of Camanho and Davila, see [12], the softening threshold is
defined by the following relation(

τ1

T1

)2

+

(
τ2

T2

)2

+

(
τ3

T3

)2

= 1, (3.36)

in which τi is the current component of stress. Subsequently by defining(
ξplane

)2
= (ξ1)2+(ξ2)2 (resulting relative displacement in the plane of the interface),

(3.37)

the resultant relative displacement under consideration of a Mixed-Mode delami-
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nation takes the form

ξMM =

√(
ξplane

)2
+ (ξ3)2. (3.38)

By assuming an isotropic behavior on the plane of the interface (ξ0
1 = ξ0

2 , T1 =

T2 = Ts, Ks2 = Ks2 = Ks) the initiation of softening on the tangential plane
occurs for a relative displacement ξ0

plane equal to

ξ0
plane =

Ts

Ks
. (3.39)

Finally the relative displacement at the softening threshold under Mixed-Mode
delamination is defined

(
ξ0

MM

)
= ξ0

3ξ
0
plane

√√√
1 + β2(

ξ0
plane

)2
+

(
βξ0

3

)2 , (3.40)

in which β =
ξplane

ξ3
is a dimensionless parameter of the ratio of the in-plane

separation to the separation in the normal direction.

Having defined the initiation of softening, the definition of decohasion and dam-
age of the interface follows, assuming that Mixed Mode delamination consists
only of Mode I and II. The power-law criterion, see [102], is here adopted for
the definition of damage initiation, which employs the current (GI , GII) and the
ultimate (GIC , GIIC) energy release rates in Mode I and II(

GI

GIC

)pl

+

(
GII

GIIC

)pl

= 1. (3.41)

Finally, the relative displacement at failure under Mixed Mode conditions is given
by (Fig. 3.4)

ξ
f
MM =

2
(
1 + β2

)
ξ0

MM

(KN

GIC

)pl

+

(
KS · β

2

GIIC

)pl−
1
pl

. (3.42)

Parameter pl within the power-law criterion takes values between 1 and 2.

The material model described in this section will be applied in the numerical mod-
els of masonry, in order to capture the behavior of the interfaces between the
bricks. This behavior occurs in the physical model due to the interaction of bricks
and mortar. In Table 3.9 and in Table 3.13 the material parameters of the interface
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Figure 3.4: Bilinear interface model for Mixed Mode delamination

law as they were introduced in the numerical models are shown.

Apart from the adopted strategy for the simulation of the behavior of the interfaces
the numerical models which will be described later in Sections 3.2.2 and 3.2.3
also share some other common features, which will be subsequently presented.
The model of the masonry wall adopts linear hexahedral solid finite elements with
one integration point in the middle, which assume a constant stress field within
each element. With this formulation a locking-free solid element is achieved,
however due to the degree of under integration an element of this type will perform
certain non-rigid body motions which are not accompanied with straining of the
element (zero energy modes, hourglassing). In order to control hourglassing the
scheme presented in [23] is adopted, which applies a viscous resistance in the
spurious modes. Furthermore, concerning the boundary conditions of the wall, in
all models it is assumed that in all four sides the translational degrees of freedom
are constrained.

3.2.2 Masonry under far-field detonation

The scenarios involving far-field detonations, which will be investigated in this
section, assume a free propagation of the shock wave in the air. No surfaces of re-
flection stand between the explosive material and the target. This allows to avoid
in the numerical model the simulation of the explosion which would require an
additional Eulerian mesh for the modeling of the air and of the explosive mate-
rial. Therefore the computational cost can be strongly reduced. In the last decades
empirical formulas have been developed and presented in the literature, see [47]
and [48], which, based on a wide range of experimental data, define crucial char-
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acteristics of blast loads on structures. The Kingery and Bulmash equations, as
implemented in Ls-Dyna, will be applied in order to determine the side-on and
reflected overpressure, the side-on and reflected impulse and the time of arrival of
the blast wave. Fig. 3.5 illustrates the reflected overpressure distribution across
the wall at two different time instances, as delivered from the numerical model for
the scenario of 1150 kg TNT exploding at a distance of 37 m. For a discussion
on engineering methods for defining design loads for structures under detonation
loads, see also the work of Gebbeken and Döge in [25].

(a) At time of arrival t0 of blast wave (b) At time t0 + 115ms

Figure 3.5: Overpressure distribution across the wall

The dominant failure mechanism, which is activated in the case of unreinforced
masonry walls under far-field detonations, as it will be also shown in Section 3.3,
occurs in the interfaces between the bricks. The bond between brick and mortar
represents the most vulnerable part of masonry walls under blast loads. This fail-
ure mechanism will be captured in the model by the behavior of the interfaces, as
they are presented in Section 3.2.1.

3.2.3 Masonry under contact detonation

In scenarios involving contact detonations the equations of Kingery and Bulmash
are not valid or they reach their application limits. Even if the exact geometry
of the explosive is taken into account and hence the distance of the target to the
center of mass of the explosive material is entered in the equation of the scaled
distance, the scaled distance falls outside or on the limit of application of the
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Kingery-Bulmash equations. This imposes the alteration of the model presented
in Section 3.2.2 concerning the method in which the blast load is applied on the
masonry wall.

Figure 3.6: Numerical model of masonry under contact detonation with symmetry
conditions (1/4 of the physical model)

One major difference between the model presented in Section 3.2.2 and the model
for masonry under contact detonation, which will be shown in this section, lies
in the fact that the latter simulates explicitly the entire process of the explosion
and is able to capture the propagation of the shock wave and its interaction with
the structure. An Euler mesh is created around the wall (Fig. 3.6 ). Symmetry
conditions were taken into account in order to reduce the computational time. The
Euler mesh does not share common nodes with the Lagrangian mesh of the wall
in the areas in which the two meshes overlap. The air and the explosive material
are included in the Euler mesh. A linear polynomial equation of state is used for
the air. The polynomial has the form

P = (0.4 + 0.4µ)E, (3.43)

where P is the current pressure and E the specific internal energy of the air. µ
is a volumetric parameter. For the explosive material the JWL equation of state
is used, which applies the following formula for the computation of the current
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pressure

P = 3.71211
(
1 −

0.3
4.15

)
e−4.15 + 3.2319

(
1 −

0.3
0.95

)
e−0.95 + 0.3E. (3.44)

Units according to the SI are used. The density of air is equal 1.225
kg
m3 . The

material properties of TNT are shown in Table 3.8.

Table 3.8: Material properties of TNT
Density

[
kg/m3

]
Detonation velocity [m/s] Chapman-Jouguet pressure [Pa]

1500 6930 2.1 · 1010

When the explosion is initiated the blast wave starts to propagate through the Euler
mesh. By the occurrence of the shock wave reaching the Lagrangian structure
a penalty-based coupling imposes the interaction between the two independent
meshes. In this way the pressure resulting from the explosion is being transferred
to the wall. In the close area of the explosion the hexahedral finite elements of the
masonry as well as those of the air possess a size of 0.25 · 0.25 · 0.25cm3. The
rest of the Lagrangian mesh consists of elements with length of each side equal to
0.5cm. The Euler mesh becomes coarser as the distance to the explosion increases.

Contact detonations can lead to a failure mechanism of a masonry wall which does
not occur or is rather negligible in scenarios involving far-field detonations: inten-
sive local damage in the proximity of the explosion in the form of debris, which
travels in high velocities away from the wall. The aforementioned failure mech-
anism is dominant in contact and near-field detonations and imposes a numeri-
cal challenge when the modeling is performed with Lagrangian finite elements.
Lagrangian meshes tend to deform severely under high pressures. This leads to
solutions that cannot converge due to high element distortion. One technique to
avoid this phenomenon is the introduction of erosion criteria (based for exam-
ple on the effective plastic strain). Nevertheless when the pressures become very
high the presence of erosion criteria can lead to excessive erosion of elements and
therefore the creation of debris cannot be captured. In the last few years particle
methods (for example the SPH-method) have been also applied for the simulation
of structural behavior under blast loads.

Within this work a Lagrangian approach is proposed, which focuses on capturing
the local damage and the formation of debris, however avoiding the aforemen-
tioned numerical problems, which are associated to Lagrangian meshes. Each
finite element of the masonry wall in the proximity of the explosion (Fig. 3.6,

48



3.2 Modeling strategies for masonry

highlighted section of the wall) consists of eight unique nodes. These elements do
not share common nodes. Neighboring elements possess on their adjacent faces
nodes which are not common, however they have the exact same coordinates.
These nodes (the ones with the identical coordinates) are grouped to a set and are
assigned the constraint to be tied together. The nodes behave according to this
constraint as long as a criterion is not fulfilled. This criterion is the average vol-
ume weighted plastic strain. When a user-defined value of this criterion is reached
the constraint is canceled and the nodes are split (untied). It must be noted that
the constraint is assigned to nodes and not elements. Hence this approach enables
each individual set of tied nodes to be resolved separately. This ensures that the
tied connections of a certain element to its neighboring elements are not being
canceled simultaneously.
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Figure 3.7: Tied constraint and node-split algorithm

An example of the described procedure is illustrated in Fig. 3.7. All elements
consist of unique nodes. The four nodes of face 3-4-12-11 (element 2) are tied
through four different node sets: Node 3 with node 2 (element 1), node 4 with
node 5 (element 3), node 12 with nodes 13, 21 and 20 (elements 3, 7 and 6), node
11 with nodes 10, 18 and 19 (elements 1, 5 and 6). The average volume weighted
plastic strain between elements 2 and 3 reaches the splitting criterion and therefore
the connection between nodes 4 and 5 is canceled. However, this does not occur
among elements 2 and 1, elements 2, 3, 7 and 6 as well as elements 2, 1, 5 and 6.
According to the node-split algorithm the corresponding tied connections remain
unaltered. In this way local damage and crack formation can be captured. An
algorithm of this type was also tested in large scale models in [72] and [73].

The main advantage of this approach is that allows the application of thoroughly
tested Lagrangian elements and still prevent excessive element erosion due to high
strains. Hence no large amounts of mass and energy is being removed from the
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3 Interfaces in civil engineering applications: Masonry under detonation loads

model during the simulation. In addition, contact surfaces remain in the compu-
tational model and their influence on the local and global dynamic structural be-
havior is taken into account throughout the computation. However, the approach
is attached with additional time cost concerning the creation of the model as well
as the computational time. On the one hand in order to create elements with eight
unique nodes the original model must be altered. Furthermore, the corresponding
groups of nodes which are tied with the constraint must be defined. On the other
hand the total number of nodes of the model is strongly increased, increasing si-
multaneously the size of the system of equations to be solved in each time step.
Therefore is beneficial to apply the node-split approach, in order to exploit its ad-
vantages in the most efficient way, locally and in the regions where local damage
and generation of debris is expected.

3.3 Numerical examples

In this section four numerical examples will be presented involving far-field as
well as contact detonation scenarios. A comparison of the numerical results with
the results of suitable experiments serves the validation of the models. It must be
noted that each experiment was conducted only one time. Hence the validation
of the models through the experimental results can only be limited. It can answer
the question if the models are able to reproduce the significant characteristics of
the walls and predict their behavior under the blast loads with a certain accuracy.
Furthermore, in contrast to the detailed derivation of the material parameters of
the bricks (Section 3.1.2), the material parameters defining the behavior of the in-
terfaces were taken from the literature and are not based on experiments involving
the exact type of bricks and mortar which were used for the walls. Considering
the important influence of the behavior of the interfaces on the global behavior of
the wall, the lack of suitable experiments for the definition of their material pa-
rameters imposes an additional limitation in the validation procedure. The walls
in the following examples have dimensions 2.0m length · 2.0m width.

3.3.1 Far-field detonation

The experimental references of this section were chosen in order to include one
example in which the blast load leads to a large deflection of the wall and a second
example in which a breach in the wall is formed. A spherical propagation of the
shock wave in the air is assumed in both examples. The shock wave reaches
the target without any other reflections taking place. The Kingery and Bulmash
equations are applied for the determination of the characteristics of the blast load.
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3.3 Numerical examples

In order to take into account strain rate effects for the interfaces and due to lack
of experimental data especially under high strain rates, the engineering approach
of the Dynamic Increase Factor (DIF) is applied on the ultimate stresses accepted
from the interfaces. This approach results from the experimental observation that
materials under dynamic loads perform differently in comparison to their static
behavior, by achieving higher levels of yield stresses or ultimate stresses. For
the masonry walls under far-field detonations in this work a DIF equal to 1.6
was assumed for the ultimate stress on the interface. This factor is based on the
experimental work presented in [88] and [33] and on the fact that the numerically
measured strain rates on the interface for the case of far-field detonation loads
are approximately 5s−1. Contributions [88] and [33] experimentally studied the
DIF for brittle materials under different strain rates. In Table 3.9 the material
parameters of the interfaces in the numerical model for far-field detonations are
presented. The wall consists of bricks with standard dimensions: 24cm·8cm·12cm
(length, height, thickness respectively). The resulting numerical model applied for
the examples on far-field detonations is shown in Fig. 3.8.

Table 3.9: Material properties of the interfaces - far-field detonation
Ultimate stress in normal direction [Pa] 80 · 103

Ultimate stress in shear direction [Pa] 320 · 103

Energy release rate in normal direction [Pa · m] 40
Energy release rate in shear direction [Pa · m] 160

Figure 3.8: Numerical model: far-field explosion
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3 Interfaces in civil engineering applications: Masonry under detonation loads

First example - 810kg TNT, 37m

The first example incorporates the scenario of 810kg TNT exploding at a distance
of 37m from the target wall. The properties of the blast load are described in Table
3.10. In Fig. 3.9 the distribution of the reflected pressure on the wall at three time

Table 3.10: Properties of the blast load: 810kg TNT, 37m distance
Scaled distance

[
m/ 3

√
kg

]
3.91

Max. reflected overpressure [kPa] 111.92
Max. incident overpressure [kPa] 47.22
Max. reflected impulse [kPa · ms] 1158.3
Max. incident impulse [kPa · ms] 521.64

Time of arrival [ms] 58.89

instances is illustrated. Due to the rather large mass of the explosive material and
the long distance the pressure short after the arrival of the shock wave is for a small
period of time practically uniform over the entire surface of the wall (Fig. 3.9(b)).
Subsequently the current maximum pressure moves from the center towards the
sides of the wall until it is finally reduced to zero.

(a) At time of arrival t0 of
blast wave

(b) At time t0 + 40ms (c) At time t0 + 102ms

Figure 3.9: Pressure distribution on the wall

In Table 3.11 the comparison between experimental and numerical results of the
maximum deflections of the wall in the direction of the load and in the opposite
direction is shown. The numerical model underestimates slightly both displace-
ments, however, considering the imposed limitations as described at the begin-
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3.3 Numerical examples

ning of Section 3.3, it can be stated that it captures with a satisfactory accuracy
the general behavior of the wall. The maximum negative deflection is strongly
underestimated.

Table 3.11: First example: Extremal deflections - Experiment vs. Simulation
max. positive deflection [cm] max. negative deflection [cm]

Experiment 7.7 3.7
Simulation 5.63 1.34

−2

−1

0

1

2

3

4

5

6

7

0 50 100 150 200

D
efl

ec
tio

n
[c

m
]

Time [ms]

Figure 3.10: Deflection at the center of the wall vs. time

In Fig. 3.10 the deflection at the center of the wall over time is presented. After
the first peak deflection the displacements change sign and become negative. This
is followed by subsequent gradually reduced peaks until the vibration of the wall
stops.

Second example - 1150kg TNT, 37m

In the second example the scenario of 1150kg TNT is simulated. The stand-off is,

53



3 Interfaces in civil engineering applications: Masonry under detonation loads

as in the first example, 37m. Table 3.12 contains the significant characteristics of
the blast load.

Table 3.12: Properties of the blast load: 1150kg TNT, 37m distance
Scaled distance

[
m/ 3

√
kg

]
3.53

Max. reflected overpressure [kPa] 145.42
Max incident overpressure [kPa] 58.95
Max reflected impulse [kPa · ms] 1462.42
Max. incident impulse [kPa · ms] 648.84

Time of arrival [ms] 54.85

The comparison of the numerical with the experimental result is conducted in Fig.
3.11. The formation of the breach, which occurs in the experiment, is captured
by the model. From the experimental result one observes that in fact the failure
and subsequently the resulting breach of the wall occurs along the interfaces of
the bricks. Whole bricks are being removed and travel away from the wall. This
describes the dominant failure mechanism in this scenario. Failure within the
body of individual bricks is not observed or is negligible. This indicates that the
assumption in the model that failure will occur on the vulnerable contact surfaces
between neighboring bricks is valid in the case of far-field detonations. In such
cases is the correct modeling of the interfaces of great importance. The interfaces
should be capable of describing the softening behavior of the bond between bricks
and mortar as well as the formation of damage, which will lead eventually to
separation and finally to debonding.

The maximum dimensions of the breach in the experiment are equal to 4 bricks
along the length of the wall and to 13 bricks along the height. Respectively in the
numerical results the breach has dimensions equal to 3 bricks and 14 bricks. The
surface of the breach is larger in the experimental result mainly due to its larger
width. The number of bricks that traveled from the wall is approximately 40 in the
experiment and 30 in the simulation. The numerical results are in good agreement
with the experiment and are able to predict the form of the failure of the wall. The
breach in the model occurs exclusively due to damage and subsequently failure of
the interfaces. Elements were not eroded or removed from the model.

3.3.2 Contact detonation

Similar to Section 3.3.1 two examples will be presented concerning contact deto-
nation scenarios. Examples which lead to severe local damage as well as to a local
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3.3 Numerical examples

(a) Experimental result (b) Numerical result

Figure 3.11: Experiment vs. numerical Model

breach are chosen. The bricks which are used for the walls of this section have
the same dimensions as the ones used in Section 3.3.1. However the walls differ
from the walls of Section 3.3.1 regarding their thickness. The longest side (24cm)
of the bricks is now oriented to the thickness of the wall. The length in this case is
equal to 12cm. The height of 8cm remains as in the previous examples. Since in
the examples involving contact detonations the strain rates on the interfaces were
measured in the numerical models equal to approximately 100s−1, the resulting
DIF for the ultimate stresses is assumed equal to 2.2 and for the ultimate strain is
assumed equal to 1.12. In Table 3.13 the material parameters of the interfaces in
the numerical model for contact detonation loads are presented.

Table 3.13: Material properties of the interfaces - contact detonation
Ultimate stress in normal direction [Pa] 110 · 103

Ultimate stress in shear direction [Pa] 440 · 103

Energy release rate in normal direction [Pa · m] 61.6
Energy release rate in shear direction [Pa · m] 246.4

First example - 0.25kg TNT, contact detonation

In the first example the simulation of the contact detonation of 0.25kg TNT will
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3 Interfaces in civil engineering applications: Masonry under detonation loads

Air TNT

Wall

Figure 3.12: Numerical model with symmetry conditions (1/4 of the physical
model) - 0.25kg TNT

be shown. The explosive material has dimensions 4.0 · 6.5 · 6.5cm3 and is placed
at the middle of the wall. After applying symmetry conditions it appears on the
upper right corner (see also Fig. 3.12). The numerical results are presented in
Fig. 3.13. The undamaged configuration (Fig. 3.13(a)) and the evolution of the
damage (Fig. 3.13(b)-(d)) are shown. The formation of debris is observed. Failure
within the volume of the bricks occurs, which leads to parts of bricks traveling at
high velocities. The experimental result of the maximum velocity of the debris
equals 70m/s. In the numerical simulation a maximum velocity of approximately
64m/s was observed.

In Fig. 3.14 and in Fig. 3.15 the comparison between experimental and numerical
results is conducted. In these figures the red line represents the envelope of defor-
mation of the wall as it occurred in the experiment. The cross sections resulting
from horizontal cuts at two different levels are compared. The level z = 0 repre-
sents the horizontal level of the midpoint of the contact surface between wall and
explosive. Level z = +5 lies 5cm above the aforementioned level. As it can be
seen from Fig. 3.14 and Fig. 3.15 in both the experiment as well as in the numer-
ical model the contact detonation of 0.25kg TNT does not lead to a full opening
(perforation) of the wall, however it results in a clear reduction of the thickness
of the wall in the proximity of the explosion. At level z = 0 the damage of the
structure is very well captured in the numerical model, however the position of
the remaining part of the cross section is slightly displaced in comparison to the
experimental result. The model describes with sufficient accuracy the formed fail-
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(a) t =

0.0ms
(b) t = 1ms (c) t = 20ms (d) t = 50ms

Figure 3.13: Contact detonation of 0.25kg TNT

ure due to compression (front side) as well as due to tension (back side). A minor
underestimation of the exact part of the cross section which in the experiment was
removed from the wall due to the blast load can be observed on both sides of the
wall. At level z = +5 the numerical model performs equally well, as in the previ-
ous horizontal cut. Similarly, a slight underestimation of the entire damage can be
observed also at this level. Nevertheless the general failure pattern, the removal
of the parts of the cross section which fly away from the wall and the position of
the remaining cross section are very well predicted from the simulation. It must
be pointed out, that the formation of the damaged cross section and the removal
of parts of the wall as it can be seen in Fig. 3.13-3.15 result from the splitting of
nodes (based on the strategy described in section 3.2.3), which allows the separa-
tion of elements, which eventually travel away from the wall due to the explosion,
and it is not a consequence of massive erosion of elements according to an erosion
criterion.

Direction of the

blast wave

Front side

Back side

Figure 3.14: 0.25kg TNT - Experimental vs. numerical result - Horizontal cut at
level z = 0

In Table 3.14 another comparison between experimental and numerical results is
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3 Interfaces in civil engineering applications: Masonry under detonation loads

Direction of the

blast wave

Front side

Back side

Figure 3.15: 0.25kg TNT - Experimental vs. numerical result - Horizontal cut at
level z = +5

performed, this time concerning the area of the cross section of the wall, which
was removed from the wall in form of debris, due to the load resulting from the
explosion of 0.25kg TNT. The absolute area in cm2 as well as the percentage of
debris with respect to the total area of the horizontal cross section of the wall are
being compared. The total area of the cross section is equal 200 · 24 = 4800cm2.
It is shown that the model predicts adequately the size of the damaged region.

Table 3.14: 0.25kg TNT: Size of the cross section which was removed from the
wall

Experiment Simulation
Area in cm2 % of total area Area in cm2 % of total area

z = 0 270 5.6 230 4.8
z = +5 240 5 220 4.6

Second example - 1kg TNT, contact detonation

The increased quantity of TNT (1kg) distinguishes the example shown in this para-
graph from the one in the previous paragraph. The behavior of the wall under this
blast load is presented in Fig. 3.16(a)-(d).

The maximum velocity of the debris which was observed in the experiment is
around 80m/s, while the numerical model calculates the maximum velocity at ap-
proximately 70m/s. This confirms the initial motivation, that under detonation
loads the formatted debris introduces an additional danger also in distances which
lie further from the vicinity of the wall. As it can been seen in Fig. 3.16(b)-(d) the
debris consists of smaller pieces with dimensions in the range of a few millimeters
as well as larger parts of the wall with size of several hundreds cm3. In Fig. 3.17
and in Fig. 3.18 a direct comparison of the damage formation between experi-
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(a) t =

0.0ms
(b) t =

1ms
(c) t = 20ms (d) t = 50ms

Figure 3.16: Contact detonation of 1kg TNT

mental and numerical results is performed, similarly to the previous paragraph.
At level z = 0 a very good agreement between experimental and numerical results
is observed. The crater is captured in the numerical model and the general form of
the damaged areas is well described. Especially the deformation of the part of the
wall on the side of the explosion in the simulation follows almost identically the
deformation observed in the experiment. On the back side of the wall the model
shows a degree of difficulty to represent the exact behavior of the wall from the
experimental results, in the sense that the material failure due to tension, which
occurs on the back side of the wall, is not captured as accurately as the failure due
to compression on the front side of the wall. At level z = +5 the good performance
of the numerical model is confirmed. Two thin stripes of brick prevent in the nu-
merical model the clear formation of the crater, however its general form is well
captured. The crater has a reduced opening in comparison to the crater at level
z = 0 in both the experimental and the numerical results. Again at the back side of
the wall the failure due to tension is not optimally represented. It is believed that
this lies in the implementation of the RHT material model in Ls-Dyna.

Direction of the

blast wave

Front side

Back side

Figure 3.17: 1kg TNT - Experimental vs. numerical result - Horizontal cut at level
z = 0
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Direction of the

blast wave

Front side

Back side

Figure 3.18: 1kg TNT - Experimental vs. numerical result - Horizontal cut at level
z = +5

Similarly to Table 3.14 in section 3.3.2, Table 3.15 contains the comparison of
experimental and numerical results, regarding the size of the breach. The highest
deviation in both investigated scenarios is observed at level z = +5. The model
predicts a breach which is approximately 70cm2 smaller than the breach measured
in the experiment. This difference in the results occurs mostly due to the two
stripes, which were not observed in the experiment, as it is shown in Fig. 3.18. At
level z = 0 the agreement of the numerical result with the experimental result is
very good.

Table 3.15: 1kg TNT: Size of the cross section which was removed from the wall
Experiment Simulation

Area in cm2 % of total area Area in cm2 % of total area
z = 0 765 15.9 730 15.2

z = +5 700 14.6 630 13.1

As it is shown in the last two examples in the case of contact detonations the
dominant failure mechanism occurs within the bricks. This leads to the formation
of debris consisting of small brick parts. The failure in the contact interfaces of
the bricks is the secondary failure mechanism. In such scenarios is the correct
modeling of the behavior of the bricks, through the definition of the equation of
state and of the strength model, the most crucial issue. Especially the equation of
state is responsible to prescribe the behavior of the bricks under high pressures. It
defines the capability of the material to compress and change its volume in order
to absorb a part of the enormous amounts of energy released due to an explosion.
Furthermore, the very important aspect of the strain rate effects, which also influ-
ence the general behavior of the masonry wall under a contact detonation, is taken
into account within the strength model of the bricks. Hence it could be pointed
out that as mentioned in section 3.3.1 in far-field scenarios is the description of the
interfaces of dominant importance, while in cases involving contact detonations is
the appropriate definition of the equation of state and of the strength model of the
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bricks the most important factor influencing the quality of the results.

The work in this chapter presents a modeling strategy appropriate for masonry
walls under blast loads resulting from far-field and contact detonations. Having
as main goal to capture the formation of locale damage and debris firstly the pa-
rameters for the equation of state are determined, which describes the behavior of
the bricks under high pressures and high strain rates within the simplified micro
model. Since contact detonations can lead to an additional local failure mecha-
nism and debris the general computational model is refined, in order to be able
to take into account the characteristics in the behavior of the wall, which occur
only under contact detonations. Four numerical examples simulate corresponding
experiments and hence, the numerical results are being validated to some extent.
The numerical approach delivers results which are in good agreement with the
experiments.

The proposed strategy shows promising performance and combines the advan-
tages of fully Lagrangian approaches with the ones of a particle method (e.g.
SPH), while simultaneously avoids excessive erosion of elements, which accom-
panies Lagrangian finite elements under very high pressures. The main disad-
vantage of the refined model (suitable for contact detonation scenarios) is the in-
creased cost in terms of the time required to create the model as well as regarding
the resulting wall times. Hence, in practical applications this approach should be
used locally, exactly in the regions in which formation of debris is expected.
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4 Frictional contact with an elastoplastic law

In this chapter the covariant description of the contact problem is exploited in
order to incorporate a material model for the tangential direction. This material
model is derived from experimental results and is formulated as an elastoplastic
material law suitable for interface problems. It will be shown that the application
of a fully covariant description allows the inclusion of arbitrary material laws for
the definition of the contact behavior in the tangential direction. This can be bene-
ficial especially when experimental results are available. In such cases a Coulomb
type material law is rather inadequate since the complex behavior on the con-
tact interface has to be captured only through the determination of the coefficient
of friction. With the proposed formulation typical material parameters (elastic-
ity modulus, plasticity modulus, yield stress etc.), which can be defined from the
experiments, are assigned on the interface.

Firstly a brief summary of the experimental series will be provided. The experi-
ments were conducted on reinforced concrete cubes with the goal of determining
the behavior of the concrete-steel bond. Subsequently follows a short description
of how the application of the principal of maximum dissipation can lead to the
derivation of an associative material law, which in this case is appropriate for the
definition of the characteristics of the interface between concrete and steel. Then it
will be proceeded to the numerical formulation of the evolution equations and the
return mapping scheme. These derivations will be applied to the full definition of
the contact integral and then the linearization of the weak form will be performed.
Finally the corresponding stiffness matrices will be obtained and the chapter will
be concluded with the numerical examples. The validation of the proposed model
via the comparison of the numerical with the experimental results is included in
the numerical examples. This chapter is based on the work presented in [74].

4.1 Pull-out tests for the definition of an elastoplastic interface
law

As already mentioned an important characteristic of the model which will be pro-
posed in this chapter is that enables the implementation of arbitrary material laws
especially when experimental data are available. Appropriate experiments which
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are conducted on interfaces deliver a valuable insight into their behavior and con-
firm that the interfaces possess distinct characteristics and behave rather as a third
material and not similar to the two materials in contact. In this chapter a represen-
tative example from civil engineering applications, the bond between concrete and
steel, will be experimentally studied. Pull-out tests deliver suitable force vs. rela-
tive displacement diagrams which will be exploited within the covariant descrip-
tion of the contact formulation in order to derive an appropriate material model
for the description of the tangential interaction between concrete and steel.

A typical experimental setup for a pull-out test is shown in Fig. 4.1. The experi-
ments deliver diagrams of applied force at the steel bar vs. relative displacement
occurring on the interface. Five different configurations of the reinforced concrete
cube specimens were tested with the difference among these configurations lying
in the diameter of the steel bar and in the length of the bond:

• diameter of the steel bar equal to 10 mm, length of bond equal to 50 mm

• diameter of the steel bar equal to 12 mm, length of bond equal to 60 mm

• diameter of the steel bar equal to 10 mm, length of bond equal to 100 mm

• diameter of the steel bar equal to 16 mm, length of bond equal to 80 mm

• diameter of the steel bar equal to 16 mm, length of bond equal to 100 mm

Figure 4.1: Pull-out experiment

Figure 4.2 contains results from the experiments for all different configurations.
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4.1 Pull-out tests for the definition of an elastoplastic interface law

The configuration involving the steel bar with the 16 mm diameter and 100 mm
bond length reaches the highest value of the ultimate accepted force, equal ap-
proximately 90kN. The lowest ultimate accepted force is observed at the specimen
with the 10mm steel bar diameter and 50mm bond length and equals approximately
22 kN. These observations concerning the highest and the lowest values of the ul-
timate accepted force can be explained based on the total area of the bond of each
configuration. The former configuration (16 mm diameter - 100 mm bond length)
possesses the largest bond area (5024 mm2), while at the latter (10 mm diameter
- 50 mm bond length) the resulting bond area (1570 mm2) is the smallest among
all five configurations. The experiment with a bond length of 60 mm and a bar
diameter of 12 mm will be used later in the numerical examples for the validation
of the proposed formulation.

By taking into account the steel bar diameter and the length of the bond-interface
one can calculate the average stress along the bond from the applied force on the
steel bar with the application of the following expression

τm =
F

lbdsπ
, (4.1)

in which F is force measured during the experiment, lb is the length of the bond
and ds is the diameter of the steel bar. In this way the force vs. relative displace-
ment diagrams are respectively transformed into stress vs. relative displacement
diagrams. These diagrams are shown in Fig. 4.3. From the diagram in Figure
4.3 one can recognize a first elastic part which leads to the yield stress σy. A lin-
ear elastic behavior is assumed for this section of the diagram. The elastic part is
then followed by a nonlinear plastic part which is characterized by softening. At a
relative displacement equal to ∆ξ f = 9.0mm the bond-interface fails. A similar be-
havior of the bond was also observed by other authors in analogous experiments,
see also [24] and [105]. The strength of the bond is strongly weakened when its
yield stress is exceeded and simultaneously large relative displacements occur on
the interface leading to failure. After approximating the elastic part with a linear
function two further approximations are performed for the plastic section, a)a lin-
ear and b)an exponential, as shown in Figure 4.3. The material parameters (elas-
tic modulus E, yield stress σy, plastic modulus H , relative displacement at fail-
ure ∆ξ f ) are directly obtained from the stress vs. relative displacement diagrams.
Since the formulation is based on stress-relative displacement relations (and not on
stress-strain relations) the units for the two moduli E, H are:MPa/mm = N/mm3.
The plastic modulus H is defined as the derivative of stress with respect to the
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Figure 4.2: Force vs. relative displacement on the interface

plastic part of the relative displacement

H =
dσ

d∆ξpl , ∆ξpl = ∆ξ − ∆ξel. (4.2)

In the case of linear approximation of the plastic section,H remains constant and
can be obtained from the diagram in Figure 4.4. When the exponential approx-
imation is applied the modulus H must be computed in every time step. From
the stress vs. relative displacement diagrams simple analytical expressions for the
stress are obtained in the form

σ =


E∆ξ if σ ≤ σy,

σy +Hα if σ > σy with linear approximation of the plastic part,

σy + σ (α) = A exp[−c
(
∆ξel + α

)
] if σ > σy with exponential approximation,

(4.3)

in which A and c are positive constants, ∆ξel is the strain at yield and α is a non-
negative variable representing the amount of plastic flow or in this case the sliding
occurring on the interface when plastic relative displacements appear between the
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Figure 4.3: Stress vs. relative displacement on the interface

two materials. With σ (α) the stress contribution of the plastic part to the total
stresses is denoted, as a function of α, as shown in Figure 4.5. Steady-state
sliding with low tangential contact forces can be captured with the exponential
approximation of the softening. This approximation allows an (nonzero) asymp-
totic behavior and as it will be shown in the examples this feature is implemented
in the model.

With these analytical expressions the return mapping algorithm will be formulated
in the following, which will deliver in every computational cycle the correct value
of the current tangential contact traction. In this work the Surface-to-Surface ap-
proach is adopted. Within this approach the tangential contact force T is by default
defined per unit area, thus it has the physical meaning of stress. The expressions
presented in this section follow standard notation used in plasticity textbooks, see
e.g. [9]. In order to keep consistency with the notation of the general contact
formulation and by keeping in mind the above remark about the physical meaning
of the contact force in this approach, at this point the notation is reestablished as
follows

σ = T, σ (α) = T (α) . (4.4)

This interface law does not depend on the normal force and is very suitable for the
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4 Frictional contact with an elastoplastic law
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current "pull-out" experiments and in general for interface problems in which the
normal contact pressure can be assumed to be constant for specific contact areas.
Therefore, this type of interface law can not be directly applied to the contact
cases in which the normal pressure is a priori subjected to high variations e.g.in
Hertz-type problems.

4.2 Principal of maximum dissipation

In the work presented from Onsager in [79] it was shown that by determining the
entropy production in a system the equations which govern the problem of heat
conduction in this system can be obtained. In this thermodynamic framework
Onsager introduced the principal of maximum dissipation in order to study linear
irreversible thermodynamics. Based on the work of Onsager other researches,
as for example Ziegler [106], Hackl, Fischer and Svoboda [21], over the last fifty
years have proposed criteria of maximum dissipation in order to derive constitutive
equations of elastoplastic materials.

In the case of reversible processes it suffices to define the equation of the free en-
ergy of the body under consideration as a function of its strains εi j (in a purely
mechanical problem) in order to determine the behavior of the body. Irreversible
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processes, however, are more complicated and require an additional condition in
order to be fully defined. To an irreversible process the production of entropy
is always attached. Based on the entropy production the function of the corre-
sponding dissipation can be defined and it will be applied within a general contact
formulation in the current and following chapters of this work in order to define
the response of the interfaces. In [106] it was shown that the principal of maxi-
mum dissipation is an extension of the second law of thermodynamics as well as
that the second law of thermodynamics is a direct consequence of the principle of
maximum dissipation.

The second law of thermodynamics can be expressed in terms of continuum me-
chanics with the Clausius-Planck inequality (see also the monographs of Holzapfel
[39] and Truesdell [97])

Dint = P : Ḟ − Ė + Θη̇ ≥ 0, (4.5)

which states that the internal dissipation Dint(which is equivalent to the local en-
tropy production) is always non-negative. The extremal case in which

Dint = 0, (4.6)

corresponds to a fully reversible process. In this case there is no production of
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4 Frictional contact with an elastoplastic law

entropy and therefore equation 4.6 holds. In inequality 4.5 P is the first Piola-
Kirchhoff stress tensor, Ḟ is the time rate of change of the deformation gradient
and hence, P : Ḟ is the conjugate pair determining the stress power of the system.
Ė is the rate of the internal energy and finally Θη̇ expresses the temperature Θ

multiplied with the rate of entropy η̇. In the work presented in the current and the
following chapters purely mechanical problems will be considered. In such cases
the contribution of the temperature Θ in inequality 4.5 is ignored and therefore it
can be rewritten as

Dint = P : Ḟ − Ė ≥ 0. (4.7)

Inequality 4.7 can be rewritten in a more general fashion by considering an arbi-
trary pair of a stress T and the rate of its conjugate strain-like measure ξ̇ as well
as by substituting E with an expression of the free energy ψ

ψ = ψel + ψpl, (4.8)

which corresponds to the internal energy in the case of a pure mechanical process.
Subsequently inequality 4.7 takes the form

Dint =

(
T −

∂ψe

∂ξe

)
: ξ̇e + T : ξ̇pl −

∂ψpl

∂α
α̇ ≥ 0 (4.9)

and by taking into account that −
∂ψpl

∂α
is the contribution of the plastic region

to the total stresses and therefore corresponds to the definition of T (α) from the
previous section one can finally write

Dint = T : ξ̇pl + T (α) α̇ ≥ 0. (4.10)

From the above expression it can be concluded that T produces dissipation over
its conjugate measure of plastic deformation ξ̇pl while T (α) produces dissipation
over the conjugate internal variable α̇. This definition will be used in the next
chapter for the derivation of the constitutive equation in the case of an anisotropic
material law. This inequality is valid in the case of a strain hardening as well
as a stress softening material, for more information on this the reader is referred
to the book of Belytschko et. al. [6]. Based on inequality 4.10 the principle
of maximum dissipation can be stated as follows: for a given state of the material
with determined {ξ̇pl, α̇} among all admissible stress states {T,T (α)}which satisfy
the yield condition is the actual stress state {T(n+1),T (α)(n+1)}which maximizes the
plastic dissipation.

The application of the principle of maximum dissipation for the derivation of the
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4.2 Principal of maximum dissipation

evolution equations of the material model, implies some significant characteris-
tics on the elastoplastic material law. The first consequence is the implication
of an associative flow rule, which then imposes that ξpl lies always on the direc-
tion of the normal to the tangent of the yield surface at the current stress point
T(n+1) (normality rule in stress space). The second characteristic is the associa-
tive hardening/softening law. Finally, in order to fulfill the principle of maximum
dissipation, a convex yield function must be applied. A detailed discussion on
those consequences can be found in the monographs of Borja [9] and Lubliner
[67], while the first two will be also proven in the next section in the procedure of
deriving the evolution equations.

It is possible to provide a geometric interpretation of how the principle of maxi-
mum dissipation implies the normality of the ξ̇pl to the tangent of the yield surface.
To this purpose inequality 4.10 is simplified for the case of perfect plasticity in one
dimension as

Dint = T : ξ̇pl ≥ 0. (4.11)

According to the principle of maximum dissipation the current stress produces
more dissipation than any other admissible stress T∗ satisfying the yield condition
so that

T(n+1) : ξ̇pl ≥ T∗ : ξ̇pl ⇒
(
T(n+1) − T∗

)
: ξ̇pl ≥ 0. (4.12)

Observing Fig. 4.6 it becomes obvious that the normality rule must hold at each
point in order for the inequality 4.12 to be always satisfied. In a similar way it can

ξpl

.

. T(n+1)

T*

T(n+1) - T*
.

Figure 4.6: Consequence of the principle of maximum dissipation: normality in
stress space.

be shown with a geometric description that the convexity of the yield surface is a
consequence of the principal of maximum dissipation. Observing Fig. 4.7 it can
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4 Frictional contact with an elastoplastic law

be stated that for all stresses T∗ above the tangent of the yield surface at the point
of the current stress T(n+1) inequality 4.12 does not hold and thus, the principal is
violated. As it will be shown in the next section, constitutive equations which are

ξpl

.

.T(n+1)

T*

T(n+1) - T*
.

Figure 4.7: Lack of convexity of the yield surface: violation of the principle of
maximum dissipation

derived in agreement with the second law of thermodynamics guarantee material
symmetry in the sense of the structure of the resulting matrices. This symmetry is
lost when non-associative material laws are applied, as it is the case with pressure-
dependent material laws (e.g. Coulomb friction law).

In this chapter the thermodynamic framework described in this section will be
applied in order to derive the flow rule, the hardening law and the expression of
the current stresses. Firstly the convex yield condition will be defined and subse-
quently the principal of maximum dissipation will be imposed on the following
expression of dissipation

1
2

((
T trial

)
(n+1)
− T ∗

)
E−1

((
T trial

)
(n+1)
− T ∗

)
+

1
2

(
α(n) − α

)
H

(
α(n) − α

)
, (4.13)

by applying the yield function as the constraint of the optimization problem. T trial

are the trial elastic forces. With this approach the plasticity problem will be fully
defined.

4.3 Numerical formulation - Return mapping

In the previous sections it has been shown how appropriate experiments initiated
the derivation of simple constitutive equations which describe the behavior of in-
terfaces, as well as the theoretical background has been presented, which incor-
porates the elastoplastic material behavior into a thermodynamic framework of
arbitrary irreversible processes. In this section the focus lies on exploiting the
previous discussion in order to develop a numerical formulation within the finite
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4.3 Numerical formulation - Return mapping

element method and finally to set up an algorithmic scheme for the integration of
the elastoplastic equations.

The constitutive equations of section 4.1 are now used within a quasi-static com-
putational scheme in order to derive the necessary evolution equations of the tan-
gential contact traction. By applying procedures from the field of computational
plasticity the yield function is formulated Φ

Φ := ‖T‖ − [Ty + T (α)], (4.14)

of the tangential contact problem in which ‖T‖ is the absolute value of the tangen-
tial contact force defined as

‖T‖ =

√
T iT jmi j. (4.15)

Now it will be distinguished between the cases "sticking" and "sliding" as follows:
Sticking: The inequality

Φ := ‖T‖ − [Ty + T (α)] ≤ 0, (4.16)

holds and the projection of the slave point S has tangential components of rela-
tive velocity vr to the master equal to zero. For the regularization of the contact
functional within a penalty formulation the form proposed in [50] incorporating
covariant derivatives is applied

mi jξ̇
j = −

1
E

(
dTi

dt
− Γk

i jTk ξ̇
j + hk

i Tk ξ̇
3
)
, (4.17)

in which Γk
i j are Christoffel symbols and hk

i is the curvature tensor with mixed co-
variant and contravariant components. Applying a backward Euler implicit return
mapping scheme on this differential equation with a "sticking" trial step leads to(

δi
k − Γk

i j|(n+1)ξ
j
(n+1) + hk

i |(n+1)ξ
3
(n+1)

) (
T trial

)(n+1)

k
=(

T trial
)(n)

i
− E

(
m(n+1)

i j ξ
j
(n+1) − m(n)

i j ξ
j
(n)

)
− Γk

i j|(n)T
(n)
k ξ

j
(n) + hk

i |(n)ξ
3
(n)T

(n)
k .

(4.18)

In the case of a linear finite element approximation of the master the Christof-
fel symbols as well as the curvature tensor in equation 4.18 become zero, so a
simplified expression of the current trial tangential contact force is obtained(

T trial
) j

(n+1)
= T j

(n) − E
(
ξ

j
(n+1) − ξ

j
(n)

)
. (4.19)

Equation 4.19 can be further simplified in cases when the initial trial tangential
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4 Frictional contact with an elastoplastic law

force at the zero load step is zero. Then the current trial force can be computed as
follows(

T trial
) j

(n+1)
= −E

(
ξ

j
(n+1) − ξ

j
(0)

)
. (4.20)

Additionally, when problems with small relative displacements on the interface
are considered one can assume that during the numerical integration procedure
the projection of the slave point on the master does not cross element boundaries.
Hence, the discontinuity of the convective coordinates ξ j appearing in equation
4.19 over element boundaries do not generate numerical discontinuities. There-
fore equation 4.19 is applicable when the assumptions above (linear approxima-
tion, small displacements) are fulfilled. In the general case of higher order approx-
imations and problems with large displacements, the application of the continuous
numerical integration scheme proposed in [54] (see also Fig. 4.8) on the incre-
mental form of the evolution equations is preferred.
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Figure 4.8: Continuous numerical integration scheme

Sliding: The yield function Φ exceeds the threshold defined in inequality 4.16.
The slave point is sliding on the master and the tangential contact force is acting
in the opposite direction. Having an expression for the trial tangential contact
force in the case of sticking now it is necessary to derive the corresponding ex-
pression for the case in which inequality 4.16 does not hold (sliding). Firstly a
split of the total relative displacement on the tangent plane into elastic and plastic
parts is performed, with the latter expressing the sliding part

∆ξ j = ∆ξel, j + ∆ξpl, j, (4.21)
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4.3 Numerical formulation - Return mapping

written in incremental form. Then the scheme proposed in [92] for a simple asso-
ciative plasticity model with isotropic softening, is adopted in which it is shown
that starting from the principle of maximum dissipation one can invoke the nec-
essary equations involved in the return mapping scheme. In this context the func-
tional of energy is formulated

χ (T, α) :=
1
2

((
T trial

) j

(n+1)
− T j

)
E−1mi j

((
T trial

)i

(n+1)
− T i

)
+

1
2

(
α(n) − α

)
H

(
α(n) − α

)
,

(4.22)

which expresses the difference between the dissipation of the actual state and the
dissipation of an arbitrary state belonging to the domain of admissible states. The
minimization of this functional on the current time step χ

(
T(n+1), α(n+1)

)
will de-

liver the equations for the return mapping. The variable γ is introduced as the
absolute value of the slip rate or sliding. Having in mind that T i must be ad-
missible, γ must be non-negative and by combining these conclusions with the
inequality 4.16 the Karush-Kuhn-Tucker conditions are established for problem
in hand

Φ < 0⇒ γ = 0

γ > 0⇒ Φ = 0

 ,
along with the complementary condition

γΦ = 0, (4.23)

in which γ serves as a consistency parameter. The above expressions denote that
sliding can occur only along the yield surface Φ and thus only when Φ = 0. By
applying the increment ∆γ as a Lagrange multiplier on the following Lagrangian

L (T, α,∆γ) := −χ (T, α) + ∆γΦ (T, α) , (4.24)

a minimization problem is formulated in which Φ (T, α) ≤ 0 is a convex constraint

L (T, α,∆γ) := −χ (T, α) + ∆γΦ (T, α)→ min. (4.25)
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4 Frictional contact with an elastoplastic law

The minimization of χ
(
T j

(n+1), α(n+1)

)
from

(
T j

(n+1), α(n+1)

)
imposes that

∂

∂T j
(n+1)

L
(
T j

(n+1), α(n+1),∆γ
)

= 0

∂

∂α(n+1)
L

(
T j

(n+1), α(n+1),∆γ
)

= 0


, (4.26)

additionally to the standard conditions

∆γ ≥ 0, Φ
(
T(n+1), α(n+1)

)
≤ 0

∆γΦ
(
T(n+1), α(n+1)

)
= 0

 . (4.27)

Firstly
∂

∂T j
(n+1)

L
(
T j

(n+1), α(n+1),∆γ
)

is computed as follows

∂

∂T j
(n+1)

L
(
T j

(n+1), α(n+1)∆γ
)

= −
1
E

(
T trial

(n+1) − T j
(n+1)

)
+ ∆γ

∂Φ
(
T(n+1), α(n+1)

)
∂T j

(n+1)

.

(4.28)

Since

∂Φ(n+1)

∂T j
(n+1)

=
∂‖T(n+1)‖

∂T j
(n+1)

=
1
2

1
‖T(n+1)‖

∂

∂T j
(n+1)

(
T i

(n+1)T
j

(n+1)mi j

)
=

T j
(n+1)

‖T(n+1)‖
, (4.29)

equation 4.28 takes the form

∂

∂T j
(n+1)

L
(
T j

(n+1), α(n+1)∆γ
)

= −
1
E

(
T trial

(n+1) − T j
(n+1)

)
+ ∆γ

T j
(n+1)

‖T(n+1)‖
. (4.30)

Subsequently
∂

∂α(n+1)
L

(
T j

(n+1), α(n+1),∆γ
)

is computed

∂

∂α(n+1)
L

(
T j

(n+1), α(n+1),∆γ
)

= −H
(
α(n) − α(n+1)

)
+ ∆γ

∂Φ(n+1)

∂α(n+1)

= −H
(
α(n) − α(n+1)

)
− ∆γH .

(4.31)

By taking into account the conditions determined in equation 4.26 and substitut-
ing them in equations 4.28 and 4.31 the expressions for the return mapping are
obtained and the plasticity problem is fully defined, since the yield condition, the
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4.3 Numerical formulation - Return mapping

flow and hardening rules and, hence, the current (real) forces are determined

T j
(n+1) = T trial

(n+1) − E∆γ
T j

(n+1)

‖T(n+1)‖

α(n+1) = α(n) + ∆γ

 . (4.32)

With the above formulation the non-associative nature of the Coulomb friction
law is avoided. As several authors observed [81], [103], this characteristic of the
Coulomb law leads to a stiffness matrix which is not symmetric. As it will be
shown in the next section the linearization of the weak form incorporating the ex-
pressions in equation 4.32 delivers a symmetric stiffness matrix not only for the
case of sticking but also for the case of sliding. Summarizing into an algorithmic
scheme the following procedure is obtained

Trial step(
T trial

) j

(n+1)
= −E

(
∆ξ

j
(n+1) − ξ

pl, j
(n)

)
Φtrial

(n+1) := ‖T trial
(n+1)‖ −

(
Ty + T (α(n))

)
‖T trial

(n+1)‖ =

√(
T trial)i

(n+1)
(
T trial) j

(n+1) m(n+1)
i j

IF Φtrial
(n+1) < 0 THEN

Elastic step: (·)(n+1) = (·)trial
(n+1)

ELSE

Plastic step



, (4.33)

Return mapping

∆γ :=
Φtrial

(n+1)

(E +H)
> 0

T j
(n+1) =

1 − ∆γE
‖T trial

(n+1)‖

 (T trial) j
(n+1)

ξ
pl, j
(n+1) = ξ

pl, j
(n) − ∆γ

(T trial) j
(n+1)

‖T trial
(n+1)‖

α(n+1) = α(n) + ∆γ



. (4.34)
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∆ξ
j
(n+1) in equation 4.33 is computed from

∆ξ
j
(n+1) =



(
ξ

j
(n+1) − ξ

j
(0)

)
for linear approximations in case of small displacements(

∆ρ · ρk
)

m jk
(n+1) =

((
ρC(n+1) |ξ1

(n+1) ,ξ
2
(n+1)
−

(
ρC(0) + uC(0)

)
|ξ1

(0) ,ξ
2
(0)

)
ρk

)
m jk

(n+1)(
Fig. 4.8

)
, for the general case with nonlinear approximations and

large displacements.

(4.35)

In equations 4.34 ∆γ is obtained from the exact fulfillment of the yield condi-
tion for the real forces at time step (n + 1). The numerical scheme presented
in the equations 4.33 and 4.34 is implemented in such a way that a case with
Φ < 0 delivers exactly the trial step and forms the algorithmic counterpart of the
Karush-Kuhn-Tucker conditions presented earlier. This algorithmic scheme will
be incorporated into the global computational procedure in which firstly the search
for penetration of the slave to the master is performed. If penetration occurs the
contact traction in the normal and tangential directions is computed, with the ap-
plication of equations 4.33 and 4.34 for the tangential direction. In the final step
the stiffness matrix is derived, as a result of the linearization procedure described
in the next section.

4.4 Weak form and linearization

In this section the measures of penetration and of tangential interaction presented
in section 2.2.2 will be used to formulate the weak form of the entire contact
problem in the local surface coordinate system. Furthermore the linearization of
the tangential part of the contact integral will be addressed, see equation 4.42.
The linearization of the normal part is performed in section 2.2.3. The equations
expressing the measures of penetration and of the tangential interaction, as they
were defined in section 2.2.2, are provided once more at this point. The measure
of penetration ξ3 is

ξ3 = (rs − ρ) · n. (4.36)

The tangential interaction is given as

ξ j = mi j (rs − ρ) · ρi i, j = 1, 2, (4.37)
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4.4 Weak form and linearization

or equivalently expressed with velocities as

ξ̇ j = mi j (vs − v) · ρi. (4.38)

4.4.1 Weak form

The variation form of equations 4.36 and 4.37 of the measures of interaction,
which are necessary for the construction of the weak form, were defined in section
2.2.3 as

δξ3 = (δrs − δρ) · n, δξ j = mi j (δrs − δρ) · ρi. (4.39)

The contact integral representing the work of the contact forces is then formulated
by taking into account the normal as well as the tangential contact forces

δWc =

∫
s
R · (δrs − δρ)ds, (4.40)

in which s is the contact surface under consideration on the slave and R is the
contact force vector. By performing a split of the contact force vector in normal
and tangential parts the following expression is valid

R = Nn + T iρi. (4.41)

By substituting equation 4.41 in equation 4.40 and by taking into account equa-
tions 4.39 the weak form of the tangential part of the contact problem in the local
coordinate system and on the tangent plane is obtained, with the assumption that
the penetration ξ3 remains sufficiently small

δWc =

∫
s
T jmi j(δrs − δρ) · ρids =

∫
s
T jδξ

jds, (4.42)

with the covariant components of the tangential contact forces T j.

4.4.2 Linearization

For the tangential part the linearization takes the form

DL

(
δWT

c

)
=

∫
s

(
δξi dTi

dt
+ Ti

dδξi

dt

)
ds. (4.43)

The integral in equation 4.43 is computed over the slave surface. By applying the
CPP procedure on the integration points on the slave all parameters are defined
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4 Frictional contact with an elastoplastic law

in the local coordinate system on the master and therefore are functions of the
convective coordinates ξi. This computational scheme allows us to assume that ds

remains constant within the linearization and thus
d[ds]

dt
= 0.

It becomes obvious that one has to separately perform the linearization of δξi and
of Ti. The expressions for the full convective coordinate ξi and its variation are
based on the closest point projection procedure of section 2.2.1 and the resulting
measures of interaction of section 2.2.2. Thus they are independent from the
material law describing the tangential interaction and the corresponding evolution
equations. Therefore it suffices to employ the results of the linearization of δξi as
performed in section 2.2.3. The linearization of Ti involves the evolution equations
of section 4.3. Since the expressions for the tangential contact force differ in the
cases of sticking and sliding these will be studied separately.

Sticking:

Starting from equation 4.18, which corresponds to the trial step (sticking), ones
observes that it is actually a backward scheme for the expression

dTi

dt
=

(
−Emi j + Γk

i jTk

)
ξ̇ j − hk

i Tk ξ̇
3. (4.44)

By substituting equation 4.44 as well as the result of the linearization of δξi into
equation 4.43 one obtains

DL

(
δWT

c

)
=

∫
s

((
−Emi j + Γk

i jTk

)
ξ̇ j − hk

i Tk ξ̇
3
)
δξids+

+

∫
s
Ti

[
−

(
(δrs − δρ) milm jkρk ⊗ ρlv j + δρ, jm

ikm jlρk ⊗ ρl (vs − v)
)

+hi j (δrs − δρ)
(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v)

+hi
nξ̇

3δξn − Γi
k jξ̇

jδξk

]
ds.

(4.45)

In the above equation in order to obtain an expression involving the contravariant
components of the tangential force the following transformation is performed

T j = Timi j. (4.46)
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4.4 Weak form and linearization

Subsequently by substituting the expression of ξ̇ j from equation 4.38 into the first
term of equation 4.45 the linearized form of the virtual energies for sticking is
derived

DL

(
δWT

c

)
=

−E
∫

s
(δrs − δρ) mi jρi ⊗ ρ j (vs − v) ds︸                                            ︷︷                                            ︸

Kst,m
T

(4.47a)

−

∫
s

(
T l (δrs − δρ) m jkρk ⊗ ρlv j + δρ, jT

km jlρk ⊗ ρl (vs − v)
)

ds︸                                                                              ︷︷                                                                              ︸
Kst,r

T

(4.47b)

+

∫
s
T khklml j (δrs − δρ)

(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) ds︸                                                             ︷︷                                                             ︸

Kst,c
T

. (4.47c)

The first part, represented from equation 4.47a, results from the linearization of
the expression for the tangential contact force in case of sticking and therefore is
the main or constitutive part. Equations 4.47b and 4.47c are the rotational and
curvature parts respectively and they result from the linearization of δξ j. With
these geometrical parts the rotation of the master surface as well as the change
of its curvature during the computation are taken into account for assembling the
stiffness matrix. Another interpretation for given follower forces when the consti-
tutive part (equation 4.47a) is not applied is shown recently in [49].

Sliding:

In the case of sliding the results of the return mapping for the real tangential force
presented in equation 4.34 are applied. The first term in the integral on the right
hand side of equation 4.43 represents the linearization of the real forces. By using
the expression of the actual contact force from equation 4.34 the linearization
takes the form∫

s
δξi dTi

dt
ds =

∫
s

d
dt

([
1 −

∆γE
‖T trial‖

]
(T trial)i

)
δξimi jds =

∫
s

d
dt

([
1 −

∆γE
‖T trial‖

]) (
T trial

)i
δξimi jds +

∫
s

[
1 −

∆γE
‖T trial‖

] d
(
T trial

)i

dt
δξimi jds.
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(4.48)

Keeping in mind that
d
(
T trial

)i

dt
=

(
−Eξ̇i

)
, as it was obtained from the linearization

procedure in the case of sticking, the right hand side of equation 4.48 can be
rewritten as∫

s

d
dt

([
1 −

∆γE
‖T trial‖

]) (
T trial

)i
δξimi jds +

∫
s

[
1 −

∆γE
‖T trial‖

] (
−Eξ̇i

)
δξimi jds.

(4.49)

The linearization of the first term of the above expression is subsequently per-
formed as

d
dt

([
1 −

∆γE
‖T trial‖

])
= −

d
dt

([
ΦtrialE

(E + K)‖T trial‖

])
= +

d
dt

(
1

‖T trial‖

) (
‖Ty + T (α) ‖

)
E

(E +H)
.

(4.50)

The linearization of
1

‖T trial‖
is then derived by applying the chain rule

d
dt
‖T trial‖−1 =

d
dt

(
(T trial)i(T trial) jmi j

)− 1
2

=
∂

∂T i

([
(T trial)i(T trial) jmi j

]− 1
2

)
d(T trial)i

dt

=
(
(T trial)i(T trial) jmi j

)− 3
2 (T trial)lmi j

(
Eξ̇i

)
=

E
‖T trial‖3

(
T trial

)l
ml jξ̇

i,

(4.51)

so that the linearization of the first term in the outcome of equation 4.48 has the
form∫

s

d
dt

([
1 −

∆γE
‖T trial‖

]) (
T trial

)i
δξimi jds

=

∫
s

E2
(
‖Ty + T (α) ‖

)
‖T trial‖3 (E +H)

mil

(
T trial

)l (
T trial

)k
δξimk jξ̇

ids.

(4.52)
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4.4 Weak form and linearization

Summarizing and by keeping in mind that just as for sticking also in the case of
sliding the geometrical terms appearing in the linearization of T trial will vanish
when the curvature part of the stiffness matrix is added, the result of the lineariza-
tion leading to the main or constitutive part of the stiffness matrix is as follows

∫
s

E2
(
‖Ty + T (α) ‖

)
‖T trial‖3 (E +H)

mil

(
T trial

)l (
T trial

)k
δξimk jξ̇

ids+

∫
s

[
1 −

∆γE
‖T trial‖

] (
−Eξ̇i

)
δξimi jds.

(4.53)

Finally, by substituting δξ and ξ̇i with the expressions from equations 4.38 and
4.39 and subsequently adding the geometrical parts (rotational and curvature) re-
sulting from the linearization of δξi the linearized form of the virtual energies in
the case of sliding is obtained

DL

(
δWT

c

)
=

−

∫
s

(
(δrs − δρ) E

[
1 −

∆γE
‖T trial‖

]
mi jρi ⊗ ρ j (vs − v)

)
ds︸                                                                  ︷︷                                                                  ︸

Ksl,m1
T

(4.54a)

+

∫
s

(δrs − δρ)
E2

(
‖Ty + T (α) ‖

)
‖T trial‖3 (E +H)

(
T trial

)l (
T trial

)k
ρk ⊗ ρl (vs − v)

 ds︸                                                                                     ︷︷                                                                                     ︸
Ksl,m2

T

(4.54b)

−

∫
s

(
(δrs − δρ) T lm jkρk ⊗ ρlv j + δρ, jT

km jlρk ⊗ ρl (vs − v)
)

ds︸                                                                           ︷︷                                                                           ︸
Ksl,r

T

(4.54c)

+

∫
s
T khklml j (δrs − δρ)

(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) ds︸                                                             ︷︷                                                             ︸

Ksl,c
T

. (4.54d)

The linearized form of the virtual energies consists of two symmetric main or con-
stitutive parts 4.54a and 4.54b, a symmetric rotational part 4.54c and a symmetric
curvature part 4.54d. By applying a fully covariant description a symmetric stiff-
ness matrix also for sliding can be achieved. In the expressions of the linearized
virtual energies in both the sticking and the sliding case T represents the real force
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4 Frictional contact with an elastoplastic law

and T trial the trial force from the trial step. Hence, for sliding T is the force re-
sulting from the return mapping though for sticking by default the following holds

T trial = T. (4.55)

For comparison reasons at this point the linearized form of the virtual energies of
the main part for sliding in the case of describing the tangential interaction with
the friction law of Coulomb, as derived in [50], will be provided. The resulting
three constitutive parts are shown in equation 4.56.

DL

(
δWTCoulomb

csl,m

)
=

−

∫
s

(
(δrs − δρ)

εNµT j

‖T trial‖
ρ j ⊗ n (vs − v)

)
ds︸                                                  ︷︷                                                  ︸

Ksl,m1
TCoulomb

(4.56a)

−

∫
s

(
(δrs − δρ)

εTµ|N|
‖T trial‖

mi jρi ⊗ ρ j (vs − v)
)

ds︸                                                       ︷︷                                                       ︸
Ksl,m2

TCoulomb

(4.56b)

+

∫
s

(
(δrs − δρ)

εTµ|N |
‖T trial‖3

(
T trial

)l (
T trial

)k
ρk ⊗ ρl (vs − v)

)
ds︸                                                                          ︷︷                                                                          ︸

Ksl,m3
TCoulomb

. (4.56c)

The non-symmetry of the main part lies on equation 4.56a. This equation results
from the linearization of the normal force N which is necessary due to the direct
dependence of the tangential traction on the normal force within the Coulomb
friction law

T = µN, (4.57)

µ being the friction coefficient. By using the elastoplastic material model as de-
scribed in this chapter instead of the Coulomb friction law the linearization of the
normal force within the derivation of the stiffness matrix for the tangential contact
is avoided and thus the non-symmetry does not occur. By comparing the remain
of the main part in the two formulations an analogous form can be observed. E.g.
in equations 4.54a and 4.56b the product of the corresponding elastic parameters
E and εT (εT being the penalty parameter for the tangential contact within the fric-
tion law of Coulomb) with the factors for correcting the trial force in the return

84



4.4 Weak form and linearization

mapping scheme is involved. With these factors the real force is obtained from the
trial force.

4.4.3 Issues on implementation

The presented work aims to the formulation of an interface finite element which is
applicable in problems involving normal as well as tangential contact. The imple-
mentation takes place in the implicit finite element code FEAP. For the implemen-
tation the matrix A(ξ1, ξ2, η1, η2) is introduced which includes the shape functions
of the master and slave surfaces and has the dimension 3 × (n + m), where n is
the number of nodes on the master surface and m the number of nodes on the
slave surface. If Nk

(
ξ1, ξ2

)
, (k = 1, ..., n) are the shape functions of the master

and Mk

(
η1, η2

)
, (k = 1, ...,m) are the shape functions of the slave the structure of

the matrix is as follows

A(ξ1, ξ2, η1, η2) =

N1 0 0 · · · Nn 0 0
0 N1 0 · · · 0 Nn 0
0 0 N1 · · · 0 0 Nn

− M1 0 0 · · · −Mm 0 0
0 −M1 0 · · · 0 −Mm 0
0 0 −M1 · · · 0 0 −Mm


(4.58)

By applying the matrix A the vector of the relative displacement can be defined as
follows

ρ
(
ξ1, ξ2

)
− rs = Ax, (4.59)

so that the relative variation vector and the relative velocity vector take now the
form

δρ − δrs = Aδx, v − vs = A {v} . (4.60)

Subsequently the vectors δρ, j and v j must be defined in terms of the matrix A. For
this scope the matrix A, j is defined, which includes the derivatives of the shape
functions in an identical structure as the matrix A

∂A
∂ξ j = A, j =

N1, j 0 0 · · · Nn, j 0 0
0 N1, j 0 · · · 0 Nn, j 0
0 0 N1, j · · · 0 0 Nn, j

0 0 0 · · · 0 0 0
0 0 0 · · · 0 0 0
0 0 0 · · · 0 0 0


(4.61)
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4 Frictional contact with an elastoplastic law

and the two above mentioned vectors take the form

δρ, j = A, jδx, v, j = A, j {v} . (4.62)

Having addressed these implementation issues, based on the equation 4.47-4.47c
and by taking into account the expressions in equations 4.59 and 4.62 the tangen-
tial part of the stiffness matrix in the case of sticking takes the form

Kst
T = Kst,m

T + Kst,r
T + Kst,c

T =

−E
∫

s
AT mi jρi ⊗ ρ jAds︸                         ︷︷                         ︸

Kst,m
T

(4.63a)

−

∫
s

(
T lAT m jkρk ⊗ ρlA, j + AT

, jT
km jlρk ⊗ ρlA

)
ds︸                                                           ︷︷                                                           ︸

Kst,r
T

(4.63b)

+

∫
s
T khklml jAT

(
ρ j ⊗ n + n ⊗ ρ j

)
Ads︸                                          ︷︷                                          ︸

Kst,c
T

. (4.63c)

Similarly the tangential part of the stiffness matrix in the case of sliding can be
derived. The main part, based on the linearized virtual energies in the expressions
4.54a and 4.54b is as follows

Ksl,m
T = Ksl,m1

T + Ksl,m2
T =

−

∫
s

(
AT E

[
1 −

∆γE
‖T trial‖

]
mi jρi ⊗ ρ jA

)
ds︸                                               ︷︷                                               ︸

Ksl,m1
T

(4.64a)

+

∫
s

AT
E2

(
‖Ty + T (α) ‖

)
‖T trial‖3 (E +H)

(
T trial

)l (
T trial

)k
ρk ⊗ ρlA

 ds.︸                                                                   ︷︷                                                                   ︸
Ksl,m2

T

(4.64b)

Within a computational cycle firstly the projection of the slave points on the master
surface is performed and the occurrence of penetration is checked. If contact is
detected the interface element is activated on the interface between master and
slave, as shown in Fig. 4.9. Then the normal contact force and the normal part of
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4.4 Weak form and linearization

the stiffness matrix are computed. Subsequently, the calculation of the tangential
contact forces is performed by applying the return mapping algorithm described
in equations 4.33 and 4.34 and the plastic parameters necessary for the next
cycle are stored. Finally the tangential part of the stiffness matrix is computed for
sticking (see equations 4.47a- 4.47c) or sliding (see equations 4.54a- 4.54d) and
the full contact stiffness matrix, consisting of the normal part and the tangential
part, is assembled. The numerical integration takes place on the slave surface,
which is filled with integration (e.g. Gauss) points. These points are projected on
the master surface, in order to check for penetration within the Surface-to-Surface
scheme. As it is known the number of Gauss points cannot be a priori defined
due to the nonsmoothness of the contact field on the master segment, an issue also
observed in [22] and discussed in [34]. Another approximate method including
a clipping algorithm is shown in [85]. Recently the ray-tracing strategy has been
proposed in [84] to compute the contact integral. The history variables which must
be stored in every cycle are

ξ
j
(0), ξ

pl, j
(n) , a(n) j = 1, 2.

If the continuous integration scheme, see Fig. 4.8 and equation 4.35, is applied for
the computation of the tangential forces, additionally the position vector ρC(n) of
the projection on the master, as well as the displacement vector u must be stored.
Table 4.1 presents briefly the applied computational scheme, as it is implemented

Figure 4.9: Activation of the interface element between the master and the slave

in the finite element code.
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4 Frictional contact with an elastoplastic law

Table 4.1: Computational scheme with interface elements

1. Initialization without loading ξi :
CPP
−−−→ ξi

(0) , 0, i = 1, 2
2. Loop over all interface elements
3. Interface element

• Projection of integration points from slave onto master surface
CPP
−−−→ ξi

(n), i = 1, 2
• Compute penetration: ξ3 = (rs − ρ) · n
• If ξ3 > 0→ exit element
• Compute normal force: N = εNξ

3H
(
−ξ3

)
• Compute stiffness matrix for normal part:

KN = Km
N + Kr

N + Kc
N

• Compute tangential force
Sticking:

(
T trial

) j

(n+1)
= −E

(
∆ξ

j
(n+1) − ξ

pl, j
(n)

)
or

Sliding: T j
(n+1) =

1 − ∆γE
‖T trial

(n+1)‖

 (T trial) j
(n+1) with

∆ξ
j
(n+1) =


(
ξ

j
(n+1) − ξ

j
(0)

)
(small displacements)(

∆ρ · ρk
)

m jk
(n+1) (large displacements)

• Compute stiffness matrix for tangential part KT , distinguishing
between sticking and sliding

KT = Km
T + Kr

T + Kc
T

• Compute residual force vector
• Compute full contact stiffness matrix

K = KN + KT

4.5 Numerical examples

In this section numerical examples will be presented, which focus on capturing
of the transition from sticking to sliding. Problems exhibiting the necessity of
describing the tangential interaction in absence of normal forces are chosen to

88



4.5 Numerical examples

demonstrate the performance and applicability of the formulation. The numerical
examples are computed with the finite element program FEAP, applying implicit
time integration scheme.

4.5.1 Sliding of a composite beam along the longitudinal direction of
its interfaces

In this first example a composite beam placed between two rigid plates is consid-
ered. In Figure 4.10a) the mechanical and in Figure 4.10b) the numerical problem
are presented. The composite beam consists of three layers which are connected
along their interfaces with the proposed interface contact element. Similarly, the
upper and lower surface of the composite beam are connected to the rigid plates
via interface contact elements. In total four interfaces are modeled with the in-
terface contact element (Rigid plate-Layer 1, Layer 1-Layer 2, Layer 2-Layer 3,
Layer 3-Rigid plate). The rigid plates posses boundary conditions which do not al-
low translational motion. The motion of the composite beam along the direction of
its length is not constraint. By applying a horizontal load on the right end of only
one of the three layers of the beam, the goal is to demonstrate the performance
of the formulation in cases of absence of normal force. Due to the interaction of
the layers, as imposed from the interface contact elements, the kinematics of the
loaded layer influence the kinematics of the other two layers of the beam. Each
layer of the beam is modeled with 12 linear hexahedral elements along its length.
They posses a linear elastic material law with an elastic modulus E = 210000MPa
and Poisson’s ratio ν = 0.3. For the plastic part (sliding) of the interface law the
linear approximation, see section 4.1, will be applied. Hence the plastic modulus
H remains constant throughout the computation. In a first configuration each of

Rigid
Plates Beam

(a) Mechanical problem (b) Numerical model

Figure 4.10: Composite beam placed between two rigid plates

the three layers has a thickness of 0.25 cm and is modeled with one element in
the direction of the thickness. The middle layer is loaded on the right end linearly
with a displacement driven load which increases up to 1 cm. The two interfaces
among the layers of the beam posses the same material parameters (elastic mod-
ulus El, plastic modulus H l, tangential stress at yield T l

y). Similarly, the upper
and lower interface between the beam and the rigid plates also posses identical
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4 Frictional contact with an elastoplastic law

material parameters (Er, H r, T r
y ). By varying the values of the elastic and plastic

moduli El, H l as well as of the yield stress T l
y of the interfaces among the layers

of the beam the problem is computed for seven different ratios El/Er, see Table
4.2. In Figure 4.11 the final deformed configurations of the beam for the two

Table 4.2: Material parameters of the interfaces
MPa
mm

MPa

Variation El Er H l H r T l
y T r

y El/Er

1 70 70 1.05 1.05 14.5 14.5 1
2 105 70 1.575 1.05 21.75 14.5 1.5
3 140 70 2.1 1.05 29 14.5 2
4 350 70 5.25 1.05 72.5 14.5 5
5 700 70 10.5 1.05 145 14.5 10
6 1400 70 21 1.05 290 14.5 20
7 7000 70 105 1.05 1450 14.5 100

extreme ratios El/Er (Figure 4.11a)El/Er = 100, Figure 4.11b)El/Er = 1) are
compared. As expected for high ratios (Figure 4.11a)) the beam behaves nearly
as a homogeneous system, resulting to horizontal translations of the upper and
lower layer, which are practically identical to the translation of the middle layer
loaded with the displacement driven load. For low ratios (Figure 4.11b)) the weak
interaction between the layers leads to a minimal influence of the kinematics of
the loaded middle layer on the kinematics of the upper and lower layers. In Figure

(a) Deformed beam, El/Er = 100 (b) Deformed beam, El/Er = 1

Figure 4.11: Comparison of deformed configurations for the two extreme ratios
El/Er

4.12 the displacement on the left end of the upper layer is plotted for the seven
different ratios El/Er. It is observed that for ratios over 10 the upper layer follows
practically entirely the kinematics of the loaded middle layer, which results in a
final displacement equal to 1 cm for all three layers of the beam. In the second
configuration the layers of the beam posses a thickness of 0.75 cm each and they
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Figure 4.12: Displacement of the left end of the upper layer vs. ratio El/Er

are modeled with three linear elements in the direction of the thickness, Figure
4.13. The upper layer is loaded at the right end of the middle row (Figure 4.13,
Pos. 1) with an uniform stress in the longitudinal direction. The stress load in
every load step is equal 6.4 MPa. The problem is, as for the first configuration,
computed for the seven variations of the ratio El/Er, as described in Table 4.2.
The beam is loaded until the point of load application (Pos. 1) reaches a displace-

Figure 4.13: Composite beam consisting of thicker layers

ment of 2 cm. Under the loading condition described above, the displacement of
the lower left end of the beam is examined (Figure 4.13, Pos. 2). In Figure 4.14
the displacement of Pos. 2 is shown for the seven different variations of El/Er.
One observes that also in this configuration for ratios El/Er below 2 the result-
ing interaction of the layers of the beam is rather weak, which subsequently leads
to a significant difference in the kinematics of the loaded and unloaded layers.
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4 Frictional contact with an elastoplastic law

For ratios over 10 the kinematics of the unloaded layers converge to those of the
loaded layer as a result of a strong interaction in their interface. In Figure 4.15
the applied stress load is shown, which is necessary in order for the loaded point
to reach a displacement of 2 cm. The x-axes represents once more the value of
ratio El/Er. A nonlinear dependency of the necessary applied load on the value
of the ratio of the elastic moduli of the interfaces can be observed. The fact that
the interaction conditions on the interface between the beam and the rigid plates
remain unaltered in the seven variations explains the phenomenon that when the
ratio El/Er becomes higher than 10 the necessary stress load for a displacement
equal to 2 cm on the left end remains practically constant. For those values of the
ratio the beam behaves approximately as a homogeneous structure and hence the
interaction with the rigid plates results in a rather equal influence on the behavior
of the beam for all variations with a El/Er ratio over 10.
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Figure 4.14: Displacement of the left end of the lower layer vs. ratio El/Er

4.5.2 Simulation of a "Pull-Out" test

In this example a "Pull-Out" test on a reinforced concrete cube will be modeled.
The generated model simulates the tests which delivered the diagrams of applied
pull force vs. relative displacement on the interface of concrete and steel, Figure
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Figure 4.15: Stress load resulting to displacement u = 2 cm vs. El/Er

4.2. The dimensions of the cube are 15 cm × 15 cm × 15 cm. The reinforcement
has a diameter of 1.2 cm and the length of the bond is equal to 6.0 cm. The model
consists of approximately 2300 linear, full integrated finite elements, Figure 4.16.
A displacement driven load increasing linearly up to 1 cm is applied on the right
end of the steel bar. The proposed contact elements are applied on the interface
of concrete and steel, modeling the behavior of the bond. In such a problem is
the proper description of the behavior of the bond of great importance, since the
bond dominates the overall response of the structure. For the concrete elements
a linear elastic material behavior is assumed with Ec = 35000 MPa, ν = 0.2.
Similarly, a linear elastic material model is applied also for the steel with Es =

210000MPa, ν = 0.3. The material parameters assigned to the bond result directly
from the experiments and are shown in Table 4.3. These parameters define the
tangential interaction which takes place on the interface between concrete and
steel. Two main characteristics of the behavior of the interface will be used for the
validation of the interface contact elements: a) the ultimate force carried from the
bond and b) the softening behavior of the bond after yielding.

In Figure 4.17 the comparison between the experimental and the numerical results
is performed. The diagrams represent curves of "applied pull force vs. displace-
ment". The force in the numerical model is measured on the right end of the steel
bar where the displacement driven load is applied. In this way the experiment is
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Figure 4.16: Reinforced concrete cube

Table 4.3: Material parameters of the bond
E [MPa/mm] H [MPa/mm] Ty [MPa]

70 1.1 14.5

thoroughly simulated. By comparing the diagrams it becomes obvious that the nu-
merical model estimates with high accuracy the ultimate load. The experimental
result defines a maximal pull force of 31.4 kN whilst the numerical model with
linear approximation of the softening behavior delivers a force equal to 31.7 kN.
The simulation with the assumption of an exponential softening behavior slightly
overestimates the ultimate load, determining it at 36.2 kN. Now the behavior of
the bond after the yield point is observed as it is captured with the interface contact
elements in the model. The softening behavior is well captured from both approx-
imations of the plastic part, the linear as well as the exponential. The curve of the
model with the linear softening falls slightly under the experimental curve at the
beginning of sliding (range of relative displacements 1 mm-2 mm). After a sliding
displacement of approximately 2.2 mm the two curves evolve almost identically
and the force corresponding to the displacement at failure (approximately 9 mm)
is computed accurately. The model with the exponential approximation describes
the first stage of sliding (relative displacements 1.3 mm-3.5 mm) very close to the
observations from the experiment. Subsequently the curve falls under the experi-
mental curve until a sliding displacement of approximately 8 mm is reached. The
last phase of sliding until failure occurs is accurately captured and the resulting
force at failure is precisely determined. Furthermore the computation, by taking
into account all the parts of the stiffness matrix (constitutive and geometrical) and
with a load step of 0.3 mm (total load displacement: 9 mm, total number of load
steps: 30) converges very efficiently: the computation is performed within a total
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amount of 95 iterations (iterations 0.-1.-2. per load step).
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Figure 4.17: Validation: experimental vs numerical result of the "Pull-Out" test

In this chapter a three dimensional contact formulation was presented. It is de-
veloped in a fully covariant framework, suitable for the modeling of interactions
which take place between contact interfaces. The focus lies on the description of
the tangential interaction and on the correct computation of the tangential contact
forces. Starting from the principle of maximum dissipation and by using as ba-
sis appropriate experimental results a simple associative elastoplastic material law
is derived. The algorithmic formulation of the return mapping scheme as well as
some issues on the numerical implementation of the interface contact elements are
also discussed. By taking advantage of the benefits of the fully covariant approach,
which results in stiffness matrices with a clear distinction between constitutive and
geometrical parts, symmetric stiffness matrices are derived not only for the case
of sticking but also for sliding. Furthermore, through the avoidance of the use of
the Coulomb friction law and its substitution with an elastoplastic material law,
to which can be assigned elastoplastic parameters as an elastic modulus, a plastic
modulus and a yield limit, it becomes more straightforward to model a wide range
of interfaces, especially when experimental results are available. Selected numer-
ical examples show the performance of the contact elements in the modeling of
interface phenomena. The validation of the formulation proves that the numerical
results are in very good agreement with the experimental results.
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4 Frictional contact with an elastoplastic law

Another advantage of the presented formulation is that having as basis the pro-
posed covariant description one can introduce arbitrary constitutive laws for the
tangential contact part. For the derivation of the stiffness matrix is then necessary
to derive only the new main part, since the geometrical parts remain unaltered.
If an associative elastoplastic material law is applied for the description of the
tangential interaction, it is guaranteed that a symmetric stiffness matrix will be
derived for both cases of sticking and sliding.
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5 Frictional contact with structural anisotropy

Scope of this section is the enrichment of the contact formulation which considers
an elastoplastic model for the tangential interaction (as presented in chapter 4),
with an extension for taking into account anisotropic behavior. Other researchers
have also studied the inclusion of anisotropy in a frictional contact model, focusing
mostly on the behavior after the beginning of sliding (plastic part). In this work
the main focus is to model structural anisotropy, which means anisotropy imposed
due to the structural characteristics of the contact surface. Typical examples of
engineering structures with such inherent characteristics are formed metal sheets
and screw anchors. The inside of the barrel of a rifle, which forces a bullet to rotate
while traveling forward represents another case of structural anisotropy. Since
the anisotropic behavior is inherent to the structure of the surface, anisotropy is
present also in the phase of sticking (elastic part). As it will be shown later, due to
the presence of the elastic force in the computation of the sliding contact tangential
force, the anisotropy is also considered in the phase of sliding (plastic part). In
both these phases the nature of the anisotropy remains the same and is due to
structural characteristics of the surface. This type of an anisotropic model offers
the possibility to validate the numerical results with analytical solutions.

Although the work in this chapter is an extension of the formulation presented in
chapter 4, in this case it has been shown more efficient to start the development
by formulating the dissipation power instead of the dissipation energy. An appro-
priate anisotropic tensor will be applied in order to achieve the extension of the
formulation for anisotropic domains. Subsequently the Lagrangian function of the
dissipation function is formulated. Based on the principal of maximum dissipa-
tion the necessary equations for the return mapping are derived and all parameters
are defined. By applying a fully covariant approach the definition of the tangential
forces is rather straightforward and the most challenging step of this development
appears to be the definition of the plastic parameter ∆γ, the measure of current
plastic flow.
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5 Frictional contact with structural anisotropy

5.1 Evolution equations

The structural anisotropy is defined through the anisotropy tensor B or in index
form βi j, i, j = 1, 2. In case of structural isotropy the tensor B is simplified as
follows

βi j = −mi j

[
E 0
0 E

]
, (5.1)

in which mi j is the covariant metric tensor of the surface (see also section 2.2.1)
and E is the elastic modulus of the contact interface (see also section 4.1). For
further developments a decomposition of the vector of the relative displacements
into an elastic (sticking) and a plastic (sliding) part is performed

ξ̇ j = ξ̇ j,el + ξ̇ j,pl ⇒ ∆ξ j = ∆ξ j,el + ∆ξ j,pl ⇒ ∆ξ j,el = ∆ξ j − ∆ξ j,pl. (5.2)

An analogous decomposition is executed also for the vector of the real contact
forces as

Ṫ i = Ṫ i,el + Ṫ i,pl, (5.3)

and therefore the expression of the plastic (sliding) forces has the form

Ṫ i,pl = Ṫ i − Ṫ i,el, (5.4)

in which Ṫ i,el, corresponding to the elastic forces, is defined as

Ṫ el
i = βi jξ̇

j,el ⇒ ∆T el
i = βi j∆ξ

j,el = βi j

(
∆ξ j − ∆ξ j,pl

)
. (5.5)

By definition in the phase of sticking (elastic part) Ṫ i,pl = 0 and therefore

Ṫ i = Ṫ i,el, (5.6)

which defines a reversible process without entropy production and therefore with-
out dissipation.

Based on the derivations presented in sections 4.1 and 4.2 as well as on the def-
inition of the sliding forces in equation 5.4 during an irreversible process of an
interface contact problem, in which the tangential interaction is described with an
elastoplastic material law in the form of the law presented in 4.1, dissipation is
produced from the sliding forces producing dissipation on the sliding part of the
relative displacement

T pl
i · ∆ξ

i,pl =
(
Ti − T el

i

)
· ∆ξi,pl, (5.7)
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5.1 Evolution equations

as well as from the contact force contribution T (α) of the plastic part to the total
contact force, as it was defined in section 4.1, producing dissipation on the internal
variable α of the amount of plastic flow

T (α) · ∆α. (5.8)

Therefore, by following a similar procedure as in section 4.3 for the formulation
of equation 4.22 in which the dissipation of an actual state and of an arbitrary state
of the domain of admissible states was formed, the dissipation power for the entire
problem can be formulated as the sum of the above two sources of dissipation

D :=
(
T el

i − Ti

)
· ∆ξi

pl + T (α) ·
(
α(n) − α

)
. (5.9)

The principle of maximum dissipation will be applied on the above expression, im-
posing that among all admissible states is the actual state

(
Ti,(n+1),∆ξ

i
pl,(n+1),∆α(n+1)

)
that leads the material to the maximum dissipation

D :=
(
T el

i,(n+1) − Ti,(n+1)

)
· ∆ξi

pl,(n+1) + T (α)(n+1) ·
(
α(n) − α(n+1)

)
→ max. (5.10)

Equivalently, the above stated maximization problem can be rewritten as a min-
imization problem, which makes the application of standard methods of convex
analysis more convenient

−D→ min.⇒ −D :=
(
Ti,(n+1) − T el

i,(n+1)

)
·∆ξi

pl,(n+1)+T (α)(n+1)·
(
α(n+1) − α(n)

)
→ min.

(5.11)

In order to remain consistent with the standard notation which will be used later
concerning the algorithmic form of the evolution equations within the return map-
ping scheme, from now on T el

i will be represented as T trial
i . The trial force is

always assumed to be the force resulting from a pure elastic step. In the general
case of an arbitrary anisotropic behavior described with the tensor of structural
anisotropy βi j (in covariant form), the elastic forces were defined in equation 5.5.

The optimization problem presented in equation 5.11 will be solved with the
method of Lagrange multipliers. The yield function

Φ = ‖T‖ − [Ty + T (α)], (5.12)

as defined in section 4.3, is the convex constraint and the variable of the incre-
ment of the absolute value of sliding ∆γ is the Lagrange multiplier. Therefore the
Lagrange function of the optimization problem takes the form

L
(
Ti,∆ξ

i
pl, α,∆γ

)
=

(
Ti,(n+1) − T trial

i,(n+1)

)
·∆ξi

pl,(n+1)+T (α)(n+1) ·∆α(n+1)+∆γ·Φ(n+1).
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5 Frictional contact with structural anisotropy

(5.13)

The minimization of the Lagrange function in equation 5.13 from the parame-
ters of the actual state requires the computation of its derivatives with respect to
Ti,(n+1),∆ξ

i
pl,(n+1), α(n+1),∆γ, which subsequently will be enforced to be equal to

zero. The enforcement of each derivative to be equal to zero will deliver the ex-
pression for the calculation of the current real forces, the flow rule, the hardening
rule and finally the definition of ∆γ, which define entirely the behavior of a contact
interface in terms of an elastoplastic material law for the tangential interaction in
the case of imposed structural anisotropy of the contact surfaces.

1.

∂L

∂∆ξi
pl,(n+1)

.

∂L

∂∆ξi
pl,(n+1)

=
(
Ti,(n+1) − T trial

i,(n+1)

)
+∆γ

∂Φ(n+1)

∂∆ξi
pl,(n+1)

= Ti,(n+1)−T trial
i,(n+1)+∆γ

∂‖T(n+1)‖

∂∆ξi
pl,(n+1)

.

(5.14)

Subsequently, the term
∂‖T(n+1)‖

∂∆ξi
pl,(n+1)

is computed by applying the chain rule

as follows

∂‖T(n+1)‖

∂∆ξi
pl,(n+1)

=
∂‖T(n+1)‖

∂T k
(n+1)

∂T k
(n+1)

∂∆ξ
j
el,(n+1)

∂∆ξ
j
el,(n+1)

∂∆ξi
pl,(n+1)

. (5.15)

Working on the first term of the right hand side of the above equation

∂‖T(n+1)‖

∂T k
(n+1)

=
∂

∂T k
(n+1)

(
T i

(n+1)T
j

(n+1)mi j

) 1
2

=

1
2

(
T i

(n+1)T
j

(n+1)mi j

)− 1
2

∂T i
(n+1)

∂T k
(n+1)

T j
(n+1)mi j +

∂T j
(n+1)

∂T k
(n+1)

T i
(n+1)mi j

 =

1
2

1
‖T(n+1)‖

(
δikT j

(n+1)mi j + δ jkT i
(n+1)mi j

)
=

1
2

1
‖T(n+1)‖

(
T j

(n+1)mk j + T i
(n+1)mik

)
=
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5.1 Evolution equations

1
2

1
‖T(n+1)‖

(
Tk,(n+1) + Tk,(n+1)

)
=

Tk,(n+1)

‖T(n+1)‖
, (5.16)

in which δ in mixed components coincides with the Kronecker delta with
the property

δi
j = mi

j =

1 for i = j

0 for i , j
. (5.17)

It must be taken into account that

Ti,(n+1)

‖T(n+1)‖
=

T trial
i,(n+1)

‖T trial
(n+1)‖

(5.18)

and that

∂T k
(n+1)

∂∆ξ
j
el,(n+1)

=
∂T k,trial

(n+1)

∂∆ξ
j
el,(n+1)

+
∂T k,pl

(n+1)

∂∆ξ
j
el,(n+1)

=
∂T k,trial

(n+1)

∂∆ξ
j
el,(n+1)

= βk
j , (5.19)

in which βk
j is the tensor of structural anisotropy in mixed components,

resulting from the fact that in equation 5.19 the vector of the trial force
appears in contravariant form

T trial
i,(n+1) =βi j∆ξ

j
el,(n+1) ⇒ T trial

i,(n+1)m
ik = βi j∆ξ

j
el,(n+1)m

ik ⇒

T k,trial
(n+1) =βk

j∆ξ
j
el,(n+1).

(5.20)

Substituting equations 5.18 and 5.19 into equation 5.15 it can be obtained

∂‖T(n+1)‖

∂∆ξi
pl,(n+1)

=
T trial

k,(n+1)

‖T trial
(n+1)‖

βk
j

(
−δ

j
i

)
= −

T trial
k,(n+1)

‖T trial
(n+1)‖

βk
jmikm jk = −

T j,trial
(n+1) βi j

‖T trial
(n+1)‖

.

(5.21)

Finally, the derivative
∂L

∂∆ξi
pl,(n+1)

from equation 5.14 can be computed

∂L

∂∆ξi
pl,(n+1)

= Ti,(n+1) − T trial
i,(n+1) − ∆γ

T j,trial
(n+1) βi j

‖T trial
(n+1)‖

= 0⇒

Ti,(n+1) = T trial
i,(n+1) + ∆γ

T j,trial
(n+1) βi j

‖T trial
(n+1)‖

.

(5.22)
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5 Frictional contact with structural anisotropy

Equation 5.22 delivers the expression for the tangential forces in case of
structural anisotropy and plasticity

Ti,(n+1) =

mi j + ∆γ
βi j

‖T trial
(n+1)‖

 T j,trial
(n+1) . (5.23)

The parameter ∆γ has still to be defined. For reasons serving verification
purposes it will be shown at this point that starting from the formulation of
the dissipation power in a general anisotropic framework, the expression for
the tangential forces of the isotropic case of the previous chapter, in which
the starting point was the dissipation energy, can be derived.

• Invoking the isotropic case as a special case of anisotropy.

In order to invoke the isotropic case, equation 5.1 is substituted into equa-
tion 5.23

Ti,(n+1) =

mi j + ∆γ
−Emi j

‖T trial
(n+1)‖

 T j,trial
(n+1) ⇒

Ti,(n+1) =

1 − ∆γ
E

‖T trial
(n+1)‖

 mi jT
j,trial

(n+1) ⇒

Ti,(n+1) =

1 − ∆γ
E

‖T trial
(n+1)‖

 T trial
i,(n+1),

(5.24)

which is the exact result for the tangential forces in the isotropic case, as
computed from equation 4.34 from the formulation based on the dissipation
energy.

2.

∂L

∂α(n+1)
.

∂L

∂α(n+1)
= T ′(α(n+1))∆α(n+1) + ∆γ(−T ′(α(n+1))) = 0⇒

∆α(n+1) = ∆γ,

(5.25)
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5.1 Evolution equations

which will deliver the expression of α(n+1) in the current time step

α(n+1) = α(n) + ∆γ . (5.26)

3.

∂L

∂Ti,(n+1)
.

∂L

∂Ti,(n+1)
= ∆ξi

pl,(n+1) + ∆γ
T i

trial,(n+1)

‖T trial
(n+1)‖

= 0, (5.27)

so that the total sliding in the current time step is equal to

ξi
pl,(n+1) = ξi

pl,(n) − ∆γ
T i

trial,(n+1)

‖T trial
(n+1)‖

(5.28)

4.

∂L

∂∆γ
.

∂L

∂∆γ
= ‖T(n+1)‖ −

(
Ty + T (α)(n+1)

)
= 0. (5.29)

From this derivative the expression of ∆γ will be obtained and will be computed
at the last step. Before the detailed definition of ∆γ is performed, it is reminded
that the Karush-Kuhn-Tucker conditions

∆γ ≥ 0, Φ
(
T(n+1), α(n+1)

)
≤ 0

∆γΦ
(
T(n+1), α(n+1)

)
= 0

 , (5.30)

as explained in chapter 4, are valid. These expressions impose that sliding can
occur only along the yield surface and that in the case of presence of sliding (∆γ >
0) the current yield function Φ must be equal to zero. The behavior of the current
yield function will be subsequently studied. Since the case of ∆γ > 0 is studied,
Φ(n+1) is equal to zero. The current yield function incorporates the real tangential
force T(n+1) and the current α(n+1) and is not to be confused with the trial yield
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5 Frictional contact with structural anisotropy

function Φtrial
(n+1), which incorporates the current trial forces T trial

(n+1) and α(n) from the
previous time step. The trial yield function has the form, which was shown in
chapter 4. The current yield function can be rewritten as follows

Φ(n+1) = ‖T(n+1)‖ −
(
Ty +H · α(n+1)

)
= 0⇒∥∥∥∥∥∥∥

mi j + ∆γ
βi j

‖T trial
(n+1)‖

 T j,trial
(n+1)

∥∥∥∥∥∥∥ − (
Ty +H · α(n)

)
−H

(
α(n+1) − α(n)

)
= 0.

(5.31)

From this point and as long as this is possible the subscript (n + 1) will be omitted
for simplicity reasons. Taking only the first term of the above equation∥∥∥∥∥∥

(
mi j + ∆γ

βi j

‖T trial‖

)
T j

∥∥∥∥∥∥ =

√(
mik + ∆γ

βik

‖T trial‖

) (
m jn + ∆γ

β jn

‖T trial‖

)
T k

trialT
n
trialm

i j =

(
mikm jnT k

trialT
n
trialm

i j +
1

‖T trial‖

(
T k

trialT
n
trialm

i jβ jnmik + T k
trialT

n
trialm

i jβikm jn

)
∆γ

+ ∆γ2 T k
trialT

n
trialm

i jβikβ jn

‖T trial‖2

) 1
2

.

(5.32)

In order to simplify the above expression, the following operations are performed

mikm jnT k
trialT

n
trialm

i j = T trial
i T trial

j mi j = ‖T trial‖2, (5.33)

and

mi jmik = δ
j
k, mi jm jn = δi

n and mi jβik = β
j
k. (5.34)

In this way the expression which is obtained has the form‖T trial‖2 +
∆γ

‖T trial‖
T k

trialT
n
trial

(
δ

j
kβ jn + δi

nβik

)
+ ∆γ2 T k

trialT
n
trialβ

j
kβ jn

‖T trial‖2


1
2

, (5.35)
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which can be similarly simplified to‖T trial‖2 +
∆γ

‖T trial‖
T k

trialT
n
trial (2βkn) + ∆γ2 T k

trialT
n
trialβ

j
kβ jn

‖T trial‖2


1
2

. (5.36)

Subsequently, the tensor form of the expression is introduced‖T trial‖2 + 2∆γ

(
TtrialBTtrial

)
‖T trial‖

+ ∆γ2

(
BTtrial · BTtrial

)
‖T trial‖2


1
2

. (5.37)

At this point it is possible to invoke the isotropic case for the definition of ∆γ
as a special case of the general anisotropic case. Again, although the formula-
tion is based on the dissipation power the same result will be obtained, as for the
isotropic case, whose formulation is based on the dissipation energy. From the
above expression it follows√

‖T trial‖4 + 2∆γ‖T trial‖
(
TtrialBTtrial) + ∆γ2 (

BTtrial · BTtrial)
‖T trial‖

=

√
‖T trial‖2

(
‖T trial‖2 − 2‖T trial‖E∆γ + E2∆γ2)

‖T trial‖
=
‖T trial‖

√(
‖T trial‖ − E∆γ

)2

‖T trial‖
.

(5.38)

Substituting this result into equation 5.31, the definition of ∆γ for the isotropic
case occurs

‖T trial‖

√(
‖T trial‖ − E∆γ

)2

‖T trial‖
−

(
Ty +H · α(n)

)
−H

(
α(n+1) − α(n)

)
= 0⇒

‖T trial‖ −
(
Ty +H · α(n)

)
− E∆γ −H

(
α(n+1) − α(n)

)
= 0⇒

Φtrial − ∆γ (E +H) = 0⇒

∆γ =
Φtrial

E +H
,

(5.39)

which is in agreement with the definition of ∆γ from equation 4.34 in chapter 4 in
the case of isotropic behavior.

After verifying this intermediate result by invoking again the isotropic case as
a special case of anisotropy, the definition of ∆γ under anisotropic behavior is
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5 Frictional contact with structural anisotropy

further pursued. Via substitution of expression 5.37 into equation 5.31 and by
adding ‖T trial‖ on both sides

‖T trial‖2 + 2∆γ

(
BTtrial · Ttrial

)
‖T trial‖

+ ∆γ2

(
BTtrial · BTtrial

)
‖T trial‖2


1
2

=

‖T trial‖ +H∆γ − Φtrial ⇒

‖T trial‖2 + 2∆γ

(
BTtrial · Ttrial

)
‖T trial‖

+ ∆γ2

(
BTtrial · BTtrial

)
‖T trial‖2

=

‖T trial‖2 +H2∆γ2 + Φ2
trial + 2‖T trial‖H∆γ − 2‖T trial‖Φtrial − 2H∆γΦtrial.

(5.40)

By rearranging the above equation the following expression occurs

∆γ2
(

BTtrial · BTtrial

‖T trial‖2
−H2

)
+ 2∆γ

(
BTtrial · Ttrial

‖T trial‖
− H‖T trial‖ +HΦtrial

)
+ 2‖T trial‖Φtrial − (Φtrial)2 = 0.

(5.41)

Equation 5.41 is a second order equation of ∆γ. Its two roots must be computed
and the one which absolutely minimizes the Lagrangian function of equation 5.13
will be the current ∆γ of the time step. With the procedure presented above it
has been shown that ∆γ is defined as a root of the following quadratic algebraic
equation∥∥∥∥∥∥Ttrial + ∆γB

Ttrial

‖T trial‖

∥∥∥∥∥∥ = ‖T trial‖ +H∆γ − Φtrial. (5.42)

This equation has to be formed and solved in every load step during a computation,
in order to recover the actual measure of sliding, which is represented by ∆γ. In
order to calculate the actual ∆γ the standard procedure for computing the roots
of a second order algebraic equation is applied. Firstly, its discriminant will be
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calculated

Det =4


(
BTtrial · Ttrial

)2

‖T trial‖2
+H2‖T trial‖2 +H2(Φtrial)2−

2BTtrial · TtrialH + 2
BTtrial · Ttrial

‖T trial‖
HΦtrial − 2H2‖T trial‖Φtrial

)
−

8
BTtrial · BTtrial

‖T trial‖2
‖T trial‖Φtrial+

4
BTtrial · BTtrial

‖T trial‖2

(
Φtrial

)2
+ 8H2‖T trial‖Φtrial − 4H2

(
Φtrial

)2
.

(5.43)

Subsequently, the two roots can be computed

∆γ1,2 =

−2
(

BTtrial · Ttrial

‖T trial‖
− H‖T trial‖ +HΦtrial

)
±
√

Det

2
(

BTtrial · BTtrial

‖T trial‖2
−H2

) . (5.44)

To answer the question which of the two roots should be chosen as a solution of
the elastoplastic problem, the above expression of ∆γ will be investigated. It is
more convenient to invoke again the isotropic case for demonstration purposes.
Expression 5.44 in the case of isotropic behavior takes the form

∆γ1,2 =
−2

(
−E‖T trial‖ − H‖T trial‖ +H‖T trial‖ − H

(
Ty + T (α)

))
±
√

Det

2
(
E2 −H2) ,

(5.45)

while the discriminant Det, when isotropic behavior is assumed, is obtained from
the expression 5.43 as follows

Det =
[
2E

(
Ty + T (α)

)
+ 2H‖T trial‖

]2
. (5.46)
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By substituting equation 5.46 into equation 5.45

∆γ1 =
−2

[
−E‖T trial‖ − H

(
Ty + T (α)

)]
−
√

Det

E2 −H2 ⇒

∆γ1 =
E‖T trial‖ +H

(
Ty + T (α)

)
− E

(
Ty + T (α)

)
−H‖T trial‖

E2 −H2 ⇒

∆γ1 =
E

(
‖T trial‖ − Ty + T (α)

)
−H

(
‖T trial‖ − Ty + T (α)

)
(E + H) (E − H)

=
Φtrial

E +H
,

(5.47)

while similarly

∆γ2 =
−2

[
−E‖T trial‖ − H

(
Ty + T (α)

)]
+
√

Det

E2 −H2 ⇒

∆γ2 =
E‖T trial‖ +H

(
Ty + T (α)

)
+ E

(
Ty + T (α)

)
+H‖T trial‖

E2 −H2 ⇒

∆γ2 =
‖T trial‖ +

(
Ty + T (α)

)
E −H

.

(5.48)

The root ∆γ1 in equation 5.47 is of course the solution for ∆γ, which was obtained
also in chapter 4. Additionally, between the two roots ∆γ1 and ∆γ2, ∆γ1 is the
minimum root and absolutely minimizes the Lagrangian function of equation 5.13.
Hence, the admissible solution of ∆γ for the elastoplastic problem is ∆γ1. With ∆γ
at hand all parameters can be determined: Ti,(n+1), α(n+1), ξ

i
pl,(n+1). Therefore, the

tangential interaction on the contact interface, which takes into account structural
anisotropy of the surfaces, has been fully defined.

The derivations presented so far can be summarized into an algorithmic scheme of
trial step-return mapping incorporating the steps of determining the elastoplastic
problem. The subscript (n + 1) is inserted again at this point, in order to clearly
distinguish parameters of the current (subscript (n + 1)) from parameters of the
previous time step (subscript (n)).

Trial step
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5.2 Linearization

T trial
i,(n+1) = βi j

(
∆ξ

j
(n+1) − ξ

j
pl,(n)

)
Φtrial

(n+1) := ‖T trial
(n+1)‖ −

(
Ty + T (α(n))

)
‖T trial

(n+1)‖ =

√(
T trial)i

(n+1)
(
T trial) j

(n+1) mi j

IF Φtrial
(n+1) < 0 THEN

Elastic step: (·)(n+1) = (·)trial
(n+1)

ELSE

Plastic step



, (5.49)

Return mapping

∆γ is the minimum of the two roots of the following algebraic equation:∥∥∥∥∥∥∥Ttrial
(n+1) + ∆γB

Ttrial
(n+1)

‖T trial
(n+1)‖

∥∥∥∥∥∥∥ = ‖T trial
(n+1)‖ +H∆γ − Φtrial

(n+1)

Ti,(n+1) =

mi j + ∆γ
βi j

‖T trial
(n+1)‖

 T j,trial
(n+1)

ξ
pl, j
(n+1) = ξ

pl, j
(n) − ∆γ

T j,trial
(n+1)

‖T trial
(n+1)‖

α(n+1) = α(n) + ∆γ



.

(5.50)

5.2 Linearization

The weak form of the tangential part of the contact problem is represented from
the same contact integral in its general form as in chapter 4

δWT
c =

∫
s
T jδξ

jds, (5.51)
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and the resulting linearization is the following

DL

(
δWT

c

)
=

∫
s

(
δξi dTi

dt
+ Ti

dδξi

dt

)
ds. (5.52)

Similarly to chapter 4, in this chapter the focus lies in the linearization of the ex-
pression of the contact forces. The linearization of the variation of the convective

coordinates
dδξi

dt
was performed in section 2.2.3 and its results will be used at the

end of this section, in order to construct the full stiffness matrix of the tangential
contact part. Since the expressions of the contact force for sticking and sliding are
different, the two cases will be studied separately. Firstly, the linearization in the
case of sticking will be performed, followed by the case of sliding.

Sticking:

The linearization of the contact force in the case of sticking takes the form

dT
dt

= B (vs − v) = βi jρi ⊗ ρ j (vs − v) . (5.53)

From this expression the main part of the stiffness matrix will be delivered. The

linearization of the variations of the convective coordinates
dδξi

dt
will deliver the

geometrical parts of the stiffness matrix, which are the rotational and the curvature
part. The result of the linearization for sticking in the form of virtual energies, after

adding the result of the linearization of
dδξi

dt
, is presented in equation 5.54. The

first part (5.54a) is the main or constitutive part resulting from the linearization of
the force, while the parts 5.54b and 5.54c are the rotational and curvature parts
respectively. All parts are symmetric.

DL

(
δWT

c

)
=∫

s
(δrs − δρ) βi jρi ⊗ ρ j (vs − v) ds︸                                      ︷︷                                      ︸

Kst,m
T

(5.54a)

−

∫
s

(
T l (δrs − δρ) m jkρk ⊗ ρlv j + δρ, jT

km jlρk ⊗ ρl (vs − v)
)

ds︸                                                                              ︷︷                                                                              ︸
Kst,r

T

(5.54b)

110



5.2 Linearization

+

∫
s
T khklml j (δrs − δρ)

(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) ds︸                                                             ︷︷                                                             ︸

Kst,c
T

. (5.54c)

Sliding:

In the case of sliding the real tangential force results from the return mapping
scheme (equation 5.50) and has the form

Ti,(n+1) =

mi j + ∆γ
βi j

‖T trial
(n+1)‖

 T j,trial
(n+1) . (5.55)

In order to linearize this expression, the derivative
dTi

dt
is constructed as follows

dTi

dt
=

d
dt

([
mi j + ∆γ

βi j

‖Ttrial‖

]
T j

trial

)
=

d
dt

(
mi j + ∆γ

βi j

‖Ttrial‖

)
T j

trial +

(
mi j + ∆γ

βi j

‖Ttrial‖

)
dT j

trial

dt
.

(5.56)

The linearization of the first term of the above equation takes the form

d
dt

(
mi j + ∆γ

βi j

‖Ttrial‖

)
T j

trial = ∆γβi jT
j

trial

∂

∂T trial
k

((
T trial

k T trial
l mkl

)− 1
2

)
dT trial

k

dt

= −
1
2

∆γβi jT
j

trial

(
T trial

k T trial
l mkl

)− 3
2 2T trial

l mklξ̇mβkl = −
∆γβi jβkl

‖Ttrial‖
3 T j

trialT
l
trialξ̇

m.

(5.57)

Subsequently, the linearization of the second term is performed(
mi j + ∆γ

βi j

‖Ttrial‖

)
dT j

trial

dt
=

(
mi j + ∆γ

βi j

‖Ttrial‖

)
β

j
k ξ̇

k. (5.58)

By substituting the result of the linearization into equation 5.56 the derivative
dTi

dt
is fully defined

dTi

dt
= −

∆γβi jβkm

‖Ttrial‖
3 T j

trialT
k
trialξ̇

m +

(
mi j + ∆γ

βi j

‖Ttrial‖

)
β

j
k ξ̇

k. (5.59)
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5 Frictional contact with structural anisotropy

Keeping in mind that

ξ̇ j = mi j (vs − v) · ρi and δξ j = mi j (δrs − δρ) · ρi, (5.60)

the result of the linearization is entered into the first term of the contact integral
(equation 5.52), which now obtains the expression∫

s

(
−δξi ∆γβi jβkl

‖Ttrial‖
3 T j

trialT
l
trialξ̇

m

)
ds +

∫
s

((
mi j + ∆γ

βi j

‖Ttrial‖

)
βik ξ̇k

)
ds =

−

∫
s

(
(δrs − δρ)

∆γβi jβkl

‖Ttrial‖
3 T j

trialT
l
trialm

inρn ⊗ ρm (vs − v) mkm

)
ds+

+

∫
s
(δrs − δρ) β̂klml jβmnmimmknρ j ⊗ ρi (vs − v) ds.

(5.61)

In order to obtain the last term of equation 5.61, the tensor B̂ was introduced

B̂ = mi j + ∆γ
βi j

‖Ttrial‖
= β̂i j (5.62)

and the following operations were performed

B̂δξ j · Bξ̇k = β̂i jδξ
jβi

k ξ̇
k = β̂i j (δrs − δρ) · ρ jβi

k (vs − v) · ρk

= (δrs − δρ) β̂i jβ
i
kρ

j ⊗ ρk (vs − v)

= (δrs − δρ) β̂ j
kβ

ikρ j ⊗ ρi (vs − v) .

(5.63)

Finally, in order to form covariant tensors from mixed or contravariant tensors the
following rules are applied

β̂
j
kβ

ik = β̂klml jβmnmimmkn. (5.64)

By adding the known result of the linearization of δξi the linearized form of the
virtual energies in the case of sliding is formulated, which after the introduction
of the finite element approximation leads to the stiffness matrix

DL

(
δWT

c

)
=
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5.3 Geometry of cylindrical spiral - Spiral orthotropy

∫
s
(δrs − δρ) β̂klml jβmnmimmknρ j ⊗ ρi (vs − v) ds︸                                                          ︷︷                                                          ︸

Kst,m1
T

(5.65a)

−

∫
s

(
(δrs − δρ)

∆γβi jβkl

‖Ttrial‖
3 T j

trialT
l
trialm

inρn ⊗ ρm (vs − v) mkm

)
ds︸                                                                             ︷︷                                                                             ︸

Kst,m2
T

(5.65b)

−

∫
s

(
T l (δrs − δρ) m jkρk ⊗ ρlv j + δρ, jT

km jlρk ⊗ ρl (vs − v)
)

ds︸                                                                              ︷︷                                                                              ︸
Kst,r

T

(5.65c)

+

∫
s
T khklml j (δrs − δρ)

(
ρ j ⊗ n + n ⊗ ρ j

)
(vs − v) ds︸                                                             ︷︷                                                             ︸

Kst,c
T

. (5.65d)

The linearized form of the virtual energies consists of two main (constitutive)
parts, shown in parts 5.65a and 5.65b, as well as of the rotational part (5.65c)
and the curvature part (5.65d), which are all symmetric. Up to this point the
linearization of ∆γ was omitted. The linearization of ∆γ would add an additional
part in the stiffness matrix in the case of sliding. It is believed that this additional
part does not have a significant contribution to the convergence of the model.
Nevertheless, the linearization of ∆γ is, although complicated, possible. For rather
flat surfaces even the rotational part is not significant and can be omitted in order
to accelerate the performance of the model.

5.3 Geometry of cylindrical spiral - Spiral orthotropy

In this section it will be shown how one can give a certain form to the tensor
of structural anisotropy B, in order to describe inherent anisotropic behavior of
a surface. The case which will be studied represents the mechanical problem
of anisotropy in the form of a spiral over a cylindrical surface. It is beneficial
to describe the problem in cylindrical coordinates. Other, simpler, forms of the
anisotropy tensor can be constructed in the case of constant orthotropy in a plane
described in Cartesian coordinates. Starting with a parametrization of the cylinder
and of the spiral geometry in Cartesian coordinates, the tensor B will be defined
in the Cartesian basis. With a proper transformation the final form of the B tensor
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in cylindrical coordinates will be obtained.
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Η
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φ

Figure 5.1: Spiral orthotropy

A rigid cylinder is considered, which in Cartesian coordinates is parametrized as
follows

ρ =


R cos φ

R sin φ

z

 . (5.66)

Subsequently, the corresponding surface vectors tangent to the surface and the
normal vector (see also Fig. 5.1 ) are defined

ρ1 =
∂ρ

∂φ
=


−R sin φ

R cos φ

0

 , ρ2 =
∂ρ

∂z
=


0

0

1

 , n =
ρ1 × ρ2

‖ρ1 × ρ2‖
=


cos φ

sin φ

0

 . (5.67)

The tangent vectors are then used for the derivation of the metric tensor of the
surface in covariant components as follows

mi j =

(ρ1 · ρ1
) (

ρ1 · ρ2
)(

ρ2 · ρ1
) (

ρ2 · ρ2
) =

R2 0

0 1

 . (5.68)
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5.3 Geometry of cylindrical spiral - Spiral orthotropy

In order to introduce orthotropic behavior according to the geometry of a spiral
which lies on the surface of the cylinder, a parametrization of spiral lines is nec-
essary. This parameterization in the Cartesian basis is as follows

r =


R cos φ

R sin φ
H
2π
φ + const.

 , (5.69)

in which H is the height of the spiral. Similarly to the definitions in 5.67, the tan-
gent vectors r1 and r2 are defined. Over these vectors the anisotropic (orthotropic)
characteristics will be applied

r1 =
∂r
∂φ

=


−R sin φ

R cos φ
H
2π

 , r2 = n × r1 =


H
2π

sin φ

−
H
2π

cos φ

R

 . (5.70)

Based on the tangent vectors r1 and r2 the corresponding metric tensor is defined

gi j =

[
(r1 · r1) (r1 · r2)
(r1 · r2) (r2 · r2)

]
=


R2 +

( H
2π

)2

0

0 R2 +

( H
2π

)2

 . (5.71)

Now it is possible to formulate the tensor of structural anisotropy BC in the Carte-
sian coordinate system

BC = −E1
r1 ⊗ r1

g11
− E2

r2 ⊗ r2

g22
= (5.72)

= −
1

R2 +

( H
2π

)2



gE sin2 φ −gE sin φ cos φ − (E1 − E2)
RH
2π

sin φ

−gE sin φ cos φ gE cos2 φ (E1 − E2)
RH
2π

cos φ

− (E1 − E2)
RH
2π

sin φ (E1 − E2)
RH
2π

cos φ E1

( H
2π

)2

+ E2R2


,

in which

gE = E1R2 + E2

( H
2π

)2

. (5.73)
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E1, E2 are the two elasticity moduli along the orthotropy lines. The transformation
matrix H

H =

[
∂xi

∂ξ j

]
=

[
∂ρ

∂ξ

]
=


−R sin φ 0

R cos φ 0

0 1

 (5.74)

will be used, in order to formulate the tensor of structural anisotropy B with re-
spect to the contravariant surface tangent vectors ρ1, ρ2. The covariant form of
the tensor B is obtained as

B = [βi j] = HT BCH = −
1

R2 +

( H
2π

)2


gER2 (E1 − E2)

R2H
2π

(E1 − E2)
R2H
2π

E1

( H
2π

)2

+ E2R2

 .
(5.75)

This tensor describes spiral orthotropy on a cylindrical surface and when correctly
implemented in a finite element code, leads to the phenomenon of anisotropic
kinematics in the motion of a body, without being necessary to explicitly model
the geometrical anisotropy of the structure. This will be shown in a numerical
example. As it is already mentioned, the tensor B represents anisotropic behavior
due to the structure of the contact surfaces and appears in the definition of the
elastic contact forces in equation 5.5. However, as it was presented in sections 5.1
and 5.2, the tensor contributes to the computation of the contact forces and to the
assembly of the stiffness matrix also in the case of sliding, incorporating in this
way the anisotropic behavior into the contact kinematics also after the threshold
of elasticity (sticking) is exceeded.

In order to understand better the spiral behavior, the orthotropy on the surface of
the cylinder in the case of a force acting in the direction of its length (see Fig. 5.2)
will be investigated. The resulting contact forces which occur in this case, in the
form of reaction forces, are the forces T1 and T2. The equilibrium for this problem
along the two axes deliversT2 + F = 0

T1 = 0
. (5.76)
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The expression of the real sliding force can be manipulated in the following way

Ti,(n+1) =

(
mi j + ∆γ

βi j

‖T trial‖

)
T j

trial,(n+1)

=

mi
j + ∆γ

βi
j

‖T trial‖

 m jkβkn∆ξ
n

=

(
mik + ∆γ

βik

‖T trial‖

)
βkn∆ξ

n.

(5.77)
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Figure 5.2: Forces on the spiral

According to equation 5.76, T1 is equal to zero and by entering this result in
equation 5.77, it can be obtained

T 1 =

(
m1k + ∆γ

β1k

‖T trial‖

)
βkn∆ξ

n = 0. (5.78)

In the above equation n takes the values n = 1, 2, representing the two axes of

117



5 Frictional contact with structural anisotropy

anisotropy. In the next step, equation 5.78 is further exploited as(
m1k + ∆γ

β1k

‖T trial‖

)
βk1∆ξ

1 +

(
m1k + ∆γ

β1k

‖T trial‖

)
βk2∆ξ

2 = 0⇒

(
m1k + ∆γ

β1k

‖T trial‖

)
βk1dφ +

(
m1k + ∆γ

β1k

‖T trial‖

)
βk2dz = 0.

(5.79)

Now the ratio
dφ
dz

is constructed

dφ
dz

= −

(
m1k + ∆γ

β1k

‖T trial‖

)
βk2(

m1k + ∆γ
β1k

‖T trial‖

)
βk1

. (5.80)

This ratio defines the relation between the motions of the body along the axes of
spiral anisotropy: the rotation and the translation along the length of the cylinder.
Substituting equation 5.73 into equation 5.75 the covariant components of the
orthotropy tensor B are obtained

βi j = −
1

R2 +

( H
2π

)2


[
E1R2 + E2

( H
2π

)2]
R2 (E1 − E2)

R2H
2π

(E1 − E2)
R2H
2π

E1

( H
2π

)2

+ E2R2

 . (5.81)

With the help of the contravariant metric tensor the orthotropy tensor is formed in
mixed

βi
j = mikβk j = −

1

R2 +

( H
2π

)2


E2

( H
2π

)2

+ E1R2 (E1 − E2)
H
2π

(E1 − E2)
R2H
2π

E1

( H
2π

)2

+ E2R2

 , (5.82)

and contravariant components

βkn = mkiβi jm jn = −
1

R2 +

( H
2π

)2


E1 + E2

( H
2πR

)2

(E1 − E2)
H
2π

(E1 − E2)
H
2π

E1

( H
2π

)2

+ E2R2

 . (5.83)
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Now it is possible to establish an expression for
dφ
dz

dφ
dz

= −

β1
2 +

∆γ

‖T trial‖
β1kβk2

β1
1 +

∆γ

‖T trial‖
β1kβk1

=

−

2πH (E1 − E2)
(
4π2 + H2E1

∆γ

‖T trial‖
+ H2E2∆γ + 4π2R2E1∆γ + 4π2R2E2∆γ

)
∆γH4E2

2 + 4π2∆γH2R2E2
1 + 4π2∆γH2R2E2

2 + 4π2H2E2 + 16π4∆γR4E2
1 + 16π4R2E1

.

(5.84)

In order to simplify this expression for further investigation, it is assumed that
E1 = 0 and E2 , 0. This describes the situation in which the contact point will
follow the trajectory of the spiral line r1, while the direction of r2 is partially
constrained due to the fact that E2 , 0. The expression 5.84 becomes

E1 = 0 :
dφ
dz

= −
2πH (−E2)

[
4π2 + ∆γE2

(
H2 + (2πR)2

)]
E2

2∆γ
[
H4 + (2πRH)2

]
+ 4π2H2E2

=

2πHE2

[
(2π)2 + ∆γE2

(
H2 + (2πR)2

)]
E2H2

[
H2E2∆γ + (2πR)2 E2∆γ + (2π)2

] =
2π

[
(2π)2 + ∆γE2

(
H2 + (2πR)2

)]
H

[
E2∆γ

(
H2 + (2πR)2

)
+ (2π)2

] .
(5.85)

At this point the behavior of the ratio
dφ
dz

can be further investigated by distin-

guishing between two extremal cases. In the first case only an elastic deformation
without the occurrence of sliding is assumed (∆γ = 0). In the second case the
threshold of elasticity is exceeded and large sliding occurs ∆γ → ∞

1.∆γ → 0 elastic motion, no plastification

2.∆γ → ∞ plasticity is developed

 .
The two cases are investigated separately. For the second case, the limit of

dφ
dz

according to the value of sliding ∆γ → ∞ must be calculated.
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1. ∆γ = 0

dφ
dz

∆γ=0
=

2π
H
, (5.86)

2. ∆γ → ∞

lim
∆γ→∞

(
dφ
dz

)
=

2π
H
. (5.87)

It is shown that in both extremal cases (∆γ = 0 and ∆γ → ∞) the ratio
dφ
dz

leads

to the following expression

dφ
dz

=
2π
H
, (5.88)

which results in the following dependence of z on φ

z =
H
2π
φ + const., (5.89)

which of course corresponds to the equation of the spiral. It is proven at this point
that in the case when: E1 = 0 and E2 , 0 the motion follows exactly the prescribed
line of the spiral, as it is defined within the structure of the tensor of structural
anisotropy. According to equation 5.89, when the rotation represented from the
angle φ reaches a value equal to 2π (a full rotation of the body), the distance
traveled along the z coordinate is equal to the distance between the threads of the
spiral of the lines of anisotropy, see also Fig. 5.3.

5.4 Numerical example - Bullet in a rifled barrel

In this section the anisotropic formulation presented in this chapter will be ver-
ified. Based on the derivations of the previous section, it is possible to impose
the kinematics of a body and predict its trajectory. As it was explained in section
5.3, by setting E1 = 0 and E2 , 0, the body should follow the trajectory of the
spiral line r1 and as a result, it should complete a full rotation (φ = 2π = 360◦) at
the moment when the traveled distance z becomes equal to the height of the spiral
(z = H). A computation involving these characteristics serves in this section the
verification of the proposed anisotropic formulation.

In this example the motion of bullet inside a rifled barrel will be simulated. The
bullet receives a horizontal load in the direction of the length of the barrel. Due
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h

H

2π

z

φ

z =
H
2π
φ

Figure 5.3: Translational motion z vs. rotation in spiral orthotropy when E1 = 0

to the rifled geometry inside the barrel, which follows the geometry of a spiral (ri-
fling) on a cylindrical surface (barrel), according to the derivations in section 5.3,
the bullet along with the translational movement in the direction of the length of
the barrel, should also start rotating. Goal of the simulation is to capture the rotat-
ing movement of the bullet with a rather coarse mesh, without explicitly modeling
with finite elements the barrel (and its inner spiral geometry) in the numerical
model. The bullet consists geometrically of a cylinder with height equal to 6.5mm
and radius equal to 4.5mm, and of a hemispherical tip of the same radius as the
cylinder (Fig. 5.4). The material is assumed to be linear elastic with a Young’s
modulus equal to Eb = 210000 MPa, while the Poisson’s ratio is equal to ν = 0.3.
The model of the bullet consists of 176 linear, hexahedral elements. Contact takes
place between the nodes of the model of the bullet and a rigid, analytical, cylin-
drical surface which represents the barrel. This algorithmic formulation of the
contact incorporates also the spiral anisotropy of the structure of the rifling. The
height H of the spiral, which defines the lines of structural anisotropy, is equal
11mm. The tensor B of structural anisotropy has the form presented in equation
5.81. The bullet is loaded at its bottom surface with a displacement load increment
∆u = 1mm in the direction of its length.

In order to study the kinematic behavior of the bullet and, most importantly, to
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Applied translational

      displacement

Observed rotation

Figure 5.4: Model of the bullet

verify the formulation of spiral anisotropy on a cylindrical surface, the computa-
tion will be performed by assuming that E1 = 0 and E2 , 0. The result of the
computation is presented in the diagram of Fig. 5.5. This diagram shows the re-
sulting angle of rotation of the bullet, in dependence on the traveled translational
motion, due to the contact formulation.

By observing Fig. 5.5 it becomes obvious that the bullet, indeed, follows the
expected trajectory: along the r1 line of spiral anisotropy and hence, a translational
motion covering a distance z equal to the height H of the spiral (which in this
numerical example is equal to 11.5mm), is accompanied by a full rotation of the
bullet. In this way the proposed formulation is fully verified. Furthermore, the
numerical example illustrates the ability of the anisotropic formulation to capture
rather complicated kinematics with simple numerical models. It must be pointed
out though, that if, additional to the kinematics, a detailed stress analysis is of
interest, then a more refined model would be required.
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Figure 5.5: Translational motion z vs. rotation of the bullet
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6 Conclusions and outlook

This work focuses on the investigation of the behavior of embedded interfaces ap-
pearing in several engineering applications and subsequently, on the development
of appropriate numerical models which enable the numerical simulation of struc-
tures with a dominant presence of contact interfaces. The proposed formulation
is based on a fully covariant description, see also [54], aiming to a geometrically
exact description of the contact surfaces. By exploiting the advantages of the fully
covariant approach, as for example the resulting clear form of the stiffness ma-
trices independent of the applied finite element approximation, the main target of
this thesis is to capture the interaction which takes place on the interface of dif-
ferent materials. Within the presented work, issues of theoretical development of
frictional contact formulations, of their algorithmic structure as well as of several
aspects of implementation into numerical codes are covered. The incorporation of
strategies of computational plasticity into frictional contact mechanics is of major
significance.

A classical example from civil engineering, the masonry wall, is chosen, in order
to determine the importance of the behavior of the interfaces between bricks and
mortar and how it influences the global behavior of the wall. Within this scope the
walls are subjected to far-field as well as contact detonations. Appropriate numer-
ical models, based on the simplified micro model, were created which have shown
that in the case of far-field detonations is the proper modeling of the interfaces
that defines the robustness in the performance of the numerical models. Model-
ing of masonry walls under contact detonations requires a refinement of the above
mentioned models, especially when the capturing of the formation of debris is
important. In this thesis a fully Lagrangian technique is proposed which enables
the formation of debris due to detonation loads. The presented technique, even
though is Lagrangian, prevents excessive distortion of finite elements, while at the
same time does not require massive erosion of elements. This is achieved by cre-
ating elements which do not have common nodes with their neighboring elements,
hence consist of eight independent nodes. The coinciding nodes of neighboring
elements are then tied together with a constraint and by introducing an appropriate
geometrical criterion, the constraint can be canceled allowing elements to separate
and move away of the main body of the structure. In this way debris can be numer-
ically described and the velocities of the parts of debris are calculated within the
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6 Conclusions and outlook

simulation. By comparing the numerical results with experiments, it is shown that
the models for masonry walls under far-field detonation as well as under contact
detonation perform very well.

Subsequently, the thesis focuses on the detailed derivation of a complete frictional
contact formulation which incorporates elastoplastic materials laws, instead of the
widely used Coulomb friction law, for the description of the interaction on the
tangential plane. Starting from the principle of maximum dissipation a thermo-
dynamic framework is defined, which is applicable for the integration of a wide
range of material laws into a contact scheme. Based on experimental results a
simple elastoplastic law is analytically derived and by exploiting the proposed
thermodynamic framework the evolution equations are obtained. It is shown that
by starting from the principle of maximum dissipation and with experimental data
at hand an associative constitutive law can be incorporated into the frictional con-
tact formulation. Taking advantage of the benefits offered from the fully covariant
description, only the necessary parts of the stiffness matrix must be altered every
time a new material law is applied. Furthermore, it is shown that, working with
associative constitutive laws, the covariant approach proposed in this thesis will
always lead to symmetric stiffness matrices for sticking as well as for sliding. Is-
sues of implementation are discussed in detail and finally, the numerical results are
compared with experiments. A pull-out test of a reinforced concrete cube is sim-
ulated and the presented formulation delivers numerical results which are in very
good agreement with the experiments. The applicability of the proposed model is
emphasized particularly when experimental results concerning the behavior of the
interface are available.

The thesis closes with an extension of the above described formulation suitable
for the description of anisotropic behavior on the contact interface. Within a ge-
ometrical approach and the definition of appropriate local coordinate systems the
model is reestablished, in order to capture complex structural anisotropy. This
type of anisotropy occurs when the anisotropic characteristics are inherent to the
geometrical structure of the contacting bodies, as is the case in screw anchors or
formed metal sheets. Spiral anisotropy along the surface of a cylinder is chosen for
the illustration of the performance of the approach and it is applied on the example
of a bullet traveling through the barrel of a rifle. The thermodynamic framework
which was derived for the isotropic case is also here applied and is suitably ex-
tended. It is shown that the formulation, which is presented in this work, can be
applied in situations of anisotropy describing contact not only between flat but
also between arbitrary curved surfaces.

Further development of the presented work could concern the incorporation of non
associative material laws for the tangential interaction. These can be derived from
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experimental results and then they can be integrated within the thermodynamic
framework which is presented in this thesis. In this way the range of applications
will be significantly expanded, since many interfaces display a behavior on the
plane, which is better described with laws considering pressure dependence. It
must be noted that in this case the symmetry of the stiffness matrix for sliding
will be lost. Moreover, the substitution of a purely elastoplastic approach with
a damage based model is a promising enrichment of the presented formulation.
Damage models can describe appropriately irreversible processes, which occur
due to alteration of the elastic parameters of the material.

The contributions of this work offer important insights into the behavior of embed-
ded interfaces and their modeling. They present detailed information concerning
theoretical derivations, implementation aspects and give values of material pa-
rameters enabling researchers and engineers to apply as well as to further develop
them. In this thesis together with original derivations, theories from the areas of
differential geometry, frictional contact mechanics and computational plasticity
are combined, in order to establish a complete simulation strategy with applica-
tions in static problems as well as in problems in the area of high dynamic loading.
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