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Kurzfassung

Die vorliegende Arbeit stellt ein ganzheitliches Konzept zur Modellierung der Dehnungs-
kristallisation in Polymeren vor. Hierzu werden entsprechende Experimente durchge-
führt, ein Modellierungsansatz innerhalb der Kontinuumsmechanik vorgestellt und aus-
sagekräftige Lastfälle simuliert.

Nach der Einführung in die Thematik zum Werkstoff Naturkautschuk, zum mecha-
nischen Verhalten von Elastomeren im Allgemeinen und zur Dehnungskristallisation im
Besonderen, wird das kontinuumsmechanische Konzept vorgestellt, im Rahmen dessen
die darauffolgende Modellierung stattfindet. Die multiplikative Aufteilung des Deforma-
tionsgradienten sowie der Ansatz der hybriden freien Energie ermöglichen die separate
Betrachtung von isochoren und volumetrischen Größen. Mithilfe des Konzepts der re-
präsentativen Richtungen können eindimensionale Gleichungen auf dreidimensionale Zu-
stände transformiert werden. Die Auswertung der Clausius-Duhem Ungleichung sichert
die thermodynamische Konsistenz der Modelle.

Weiterhin werden verschiedene Experimente erläutert, die das Phänomen der Deh-
nungskristallisation unter hohen Dehnungen nachweisen. Hierzu zählen uniaxiale Zug-
versuche in variierender Geschwindigkeit, Relaxationsversuche sowie kalorische Experi-
mente.

Die detaillierte Herleitung der konstitutiven Gleichungen umfasst die Spezifizierung
der Kristallinität im überwiegend amorphen Elastomer. Hierzu werden drei Phasen zu-
grunde gelegt, die als erstes als parallel sowie als zweites als in Reihe angeordnet an-
genommen werden. Daraus folgen zwei Materialmodelle, deren Formulierung Schritt für
Schritt beschrieben wird. In der Evaluation werden die Simulationsergebnisse mit den
Experimenten verglichen. Beide Modelle werden anhand eines unendlich langsamen und
eines unendlich schnellen Deformationsprozesses validiert. Außerdem dienen die Relaxa-
tionsversuche sowie die Dehnratenabhängigkeit des Materials zur Validierung. Verschie-
dene zyklische Lasten werden simuliert, die Aufschluss über das Verhalten des Mate-
rialmodells geben. Die Fähigkeit beider Modelle das Phänomen der Dehnungskristalli-
sation zuverlässig simulieren zu können, wird dadurch gezeigt.





Abstract

The thesis introduces a comprehensive concept for modelling strain-induced crystallisa-
tion in polymers. For this purpose, corresponding experiments are carried out, a model-
ling approach within continuum mechanics is presented, and meaningful load cases are
simulated.

After an introduction to the topic of natural rubber, the mechanical behaviour of
elastomers in general and strain-induced crystallisation in particular, the continuum
mechanical concept is presented. The multiplicative split of the deformation gradient
and the approach of the hybrid free energy allow the separate consideration of isochoric
and volumetric quantities. With the help of the concept of representative directions, one-
dimensional equations can be transformed into three-dimensional states. The evaluation
of the Clausius-Duhem inequality ensures the thermodynamic consistency of the models.

Furthermore, various experiments are explained, which prove the phenomenon of
strain-induced crystallisation under high strains. These include uniaxial tensile tests
at varying stretch rates, relaxation tests and caloric experiments.

The detailed derivation of the constitutive equations begins with the specification of
crystallinity in the predominantly amorphous elastomer. For this purpose, three phases
are considered, which are assumed to be connected in parallel or in series. Two mater-
ial models follow, whose formulation is described step by step. In the evaluation, the
simulation results are compared with the experiments. Both models are validated by
applying an infinitely slow and infinitely fast deformation process. Moreover, the relaxa-
tion experiments and the strain rate dependence of the material are used for validation.
Different cyclic loads are simulated, which give information about the characteristics of
the material model. The ability of both models to accurately simulate the phenomenon
of strain-induced crystallisation is thereby demonstrated.
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Nomenclature

In the following, some of the formula symbols used are explained exemplary. The mean-
ing of the respective formula symbols is explained in the corresponding text passages.
In this thesis, a distinction is made on the basis of their representation: scalar quantities
are set in normal, italic font. All scalars are member of real numbers R, if not specified
individually. Physical vectors (first order tensors) are set in normal bold lower case
letters. Second order tensors are shown in normal, bold font and capital letters.

General notation for tensors

a, b, . . . tensor of 0th order (scalar)
a,b, . . . tensor of 1st order (vector)
A,B, . . . tensor of 2nd order (dyadic)

Formula symbols

(̂ ) isochoric quantity
( )D deviatoric quantity
( )α directional quantity
1 identity tensor
A Euler-Almansi stretch tensor (current configuration)
α direction in unit sphere
αν thermal expansion coefficient
b gravitational force
B left Cauchy-Green deformation tensor (current configuration)
β completeness of crosslink reaction of extended tube model
βcp parameter of linear heat capacity
C right Cauchy-Green deformation tensor (reference configuration)
C0i Yeoh-parameter
c1 = 17.5 standard parameter of WLF-equation
c2 = 52 K standard parameter of WLF-equation
cp specific heat capacity
cp0 initial specific heat capacity
δ inextensibility parameter of extended tube model
da area element in current configuration
dA area element in reference configuration
dv volume element in current configuration
dV volume element in reference configuration
dx line element in current configuration
dX line element in reference configuration

xi



e internal energy per unit mass
e unit vector
E Green-Lagrange strain tensor (reference configuration)
ηk scalar proportional constants
ε strain
F deformation gradient
F̂ isochoric deformation gradient
F̄ volumetric deformation gradient
g volumetric free energy of Gibbs type per unit mass
Gc shear modulus, crosslink contribution
Ge shear modulus, constraint contribution
γ mixing ratio
J = detF Jacobi determinant
κ thermal conductivity
l length
λ stretch
λa stretch of crystallisable amorphous phase
λn stretch of non-crystallisable amorphous stretch
λc stretch of crystalline phase
λm critical stretch of unloading path, where all cristallites melted
λSIC critical stretch at crystallisation onset
m mass
M molar mass
µ neo-Hooke material parameter, shear modulus
n normal vector
k,m, n exponents
p hydrostatic pressure
P first Piola-Kirchhoff stress tensor (reference configuration)
ϕ̂i individual isochoric strain energy per unit mass
Ψ̂ Helmholtz free energy per unit mass
ψ̂i individual isochoric Helmholtz free energy per unit mass
ψ̂0i individual initial isochoric Helmholtz free energy per unit mass
ψ̂ physical quantity in master balance
φ flow of the physical quantity over the edge of the body
ϕs entropy flux
qi scalar internal variables
Qi vectorial internal variables
q,qR heat flux vector
R universal gas constant
ρ, ρR density
r radiation heat
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Smix mixing entropy
s entropy per unit mass
ŝ entropy production
s0i individual initial entropy
σ̂ isochoric one-dimensional stress
σ volume related supply term
σs entropy supply
t time
t stress vector
T̃ second Piola-Kirchhoff stress tensor (reference configuration)
T Cauchy stress tensor (current configuration)
θ absolute temperature
θG glass transition temperature
θB reference temperature
u displacement vector
v velocity vector
x crystallinity index
x0 maximum crystallinity index
x position vector in current configuration
X position vector in reference configuration

Functions and calculation operators

| | L1-norm, |x| =
∑n
i=1 |xi| for x ∈ R

n

‖ ‖ L2-norm, ‖ x ‖ =
√

∑n
i=1 |xi|2 for x ∈ R

n

‖ ‖p Lp-norm, ‖ x ‖p = (
∑n
i=1 |xi|p)

1
p for p ∈ {R|1 ≤ p < ∞} and x ∈ R

n

IC first invariant of a second order tensor C
IIC second invariant of a second order tensor C
IIIC third invariant of a second order tensor C
det(A) determinant of a second order tensor A
div( ) div( ) = tr(grad( )) divergence (current configuration)
Div( ) Div( ) = tr(Grad( )) divergence (reference configuration)
grad( ) = ∂( )

∂x
gradient (current configuration)

Grad( ) = ∂( )
∂X

gradient (reference configuration)
AT transpose of a second order tensor A
(A · B)T (A · B)T = BT · AT transpose of a tensor product
A−1 inverse of a second order tensor A
(A · B)−1 (A · B)−1 = B−1 · A−1 inverse of a tensor product
tr(A) trace of a tensor A
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1 Introduction

1.1 Preface and motivation

A vehicle tyre is a highly sophisticated component manufactured from different materials
in many production steps. A tyre includes wires, steel mesh, textile fabric nets and
different layers of rubber-like material specially optimised for the interior, the sidewall
and the tread.

The modern tyre contains inventions and patents by different scientists. Mayans,
Incas and Aztecs tapped rubber trees to make parts from latex milk, the former as early
as 500 BC. Christopher Columbus reported the white substance, which is harvested
from the Hevea Brasiliensis trees in 1496. In 1745, the French natural scientist Charles
Marie de La Condamine discovered rubber during an expedition to South America. He
imported the word ’caoutchouc’ for the French term for natural rubber from the Quechua
language ’cao’ and ’tchu’, which literally means ’crying wood’. Samuel Peal patented
a water-repellent textile in 1791, which he made after treating with rubber. The first
rubber-goods factory in Europe was founded in 1824 by Reithoffer, and was later known
as Semperit Reifen AG. Reithoffer received a patent for the machine weaving of rubber
threads in 1828. Natural rubber was first vulcanised in 1839 by Charles Goodyear, who
used sulphur, which turns natural rubber into an elastomer and provides it with its
elasticity. Goodyear has held the patent for vulcanisation since 1844. Robert William
Thomson patented the pneumatic tyre in 1845. John Boyd Dunlop applied for a patent
in 1888 for the first pneumatic bicycle tyre with considerable technical improvements
such as the Dunlop valve. Édouard Michelin was awarded the patent for the replaceable
pneumatic tyre since 1891. The brothers André and Édouard Michelin established their
rubber factory in Clermont-Ferrand in 1888. In 1895, they adapted the pneumatic tyre
for automobiles, while Dunlop serves the bicycle and motorcycle market. Pneumatic
tyres made of rubber for all types of vehicles have become indispensable.

The vehicle tyre is the essential connection between the vehicle and the road and is,
thus, mainly responsible for the transmission of driving and braking power. The tyre
must be reliable for both efficient power transmission and safety aspects.

In today’s world of the increasing range of electrically powered cars, of production
that is as resource-saving as possible and relies increasingly on recycled raw materials,
of tyre abrasion reduction due to fine dust restrictions and the reduction of rolling
noise, there are multiple reasons for a deep material understanding to optimise future
tyres. The extension of tyre life-span is economically and ecologically motivated but
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is limited by, among other factors, the formation of micro-cracks in the material. A
phenomenon that counteracts the propagation of cracks in rubber-like material is strain-
induced crystallisation (SIC), which is the focus of this study. The research presented
here concerns the modelling of SIC, which especially occurs in natural rubber (NR).

1.2 Objective and structure

This study is the result of three-and-a-half years of cooperation between the techno-
logy centre of the tyre manufacturer Michelin and the Institute of Mechanics at the
Universität der Bundeswehr München. In the course of this cooperation, the many
fruitful discussions and the valuable exchange of knowledge and ideas led to the research
presented here.

The overall aim of this thesis is to develop constitutive equations describing the stress-
strain behaviour of crystallisable rubbers. This aim mainly includes the depiction of the
hysteresis occurring between loading and unloading for high strains of >500%. The main
structure is as follows:

• conducting appropriate experiments,

• formulating a thermodynamically consistent model,

• identifying suitable parameter sets, and

• validating and evaluating the model.

The procedure focuses first on the separation of different effects that influence the
hysteresis development: ageing-, Mullins-, viscoelastic-, strain-history- and SIC-effects.
Whereas filled material is used in industrial applications, the investigated material is un-
filled NR, in which the excessive hysteresis is especially due to one effect: SIC. Mullins-
and viscoelastic effects in the classic sense are excluded by using unfilled material. Ageing
effects are eliminated by choosing convenient temperatures identified during preliminary
analysis.

In this research, an extensive experimental investigation of the mechanical behaviour
of unfilled NR was initially conducted. The material was brought to an extremely high
deformation state to investigate the SIC phenomenon. The experiments include the
determination of the equilibrium response of the amorphous material and the analysis
of the material’s mechanical behaviour regarding strain rates and cycling history.

Based on the observations, a new constitutive framework was formulated. Using
different approaches while depicting the crystallinity, two sets of constitutive equations
were formulated. Following the detailed presentation of both approaches, each model is
first evaluated separately, and then the models are compared with each other.

To consider the anisotropic behaviour of the SIC phenomenon, all calculations are per-
formed firstly with one-dimensional material laws. With the micro-to-macro transition

2



of the concept of representative directions, the one-dimensional equations are extended
to three-dimensional states in order to simulate induced anisotropies.

The present research is structured into three major parts. The introductory part
contains the rationale for the topic under investigation, establishes the thematic con-
text, classifies the issue in the current state of research and presents the structure of
the work. Chapter 2 states the fundamentals of continuum mechanics and introduces
key aspects used to develop constitutive equations such as the multiplicative split of
the deformation gradient, the evaluation of the Clausius-Duhem inequality in general as
well as the hybrid free energy approach and the above described micro-to-macro trans-
ition. The experimental investigations depicted in Chapter 3 first present the material
choice, the specimen geometry and preliminary ageing experiments, whereas the main
part of the chapter are uniaxial tension tests and relaxation experiments. The focus of
the thesis presented in Chapter 4 develops and formulates the constitutive models. It
presents the simulation results. Extensive evaluations and comparisons are performed
with the experimental data and with the models themselves. The optimisation strategy
for the parameter identification is explained in Chapter 5. Chapter 6 highlights the most
important findings and states options for future investigation.

1.3 State of the art

1.3.1 Mechanical behaviour of elastomers

Elastomers comprise tangled or partially crystalline polymer chains linked together in a
wide-meshed network. Natural rubber comprises cis-1,4-polyisoprene, which is formed
from isoprene by polymerisation, with chains of more than 100,000 monomers. Un-
saturated polymers are formed and double bonds remain. These bonds are used dur-
ing vulcanisation, whereby the addition of sulphur leads to crosslinking of the chains
with each other. The elastomers only acquire their characteristic mechanical properties
through vulcanisation. Charles Goodyear discovered the crosslinking of NR with the
help of sulphur by chance in 1839. Crosslinking prevents the chains from sliding off each
other. However, when the chains are deformed, they are stretched and, thus, take on a
thermodynamically less favourable configuration. The deformation reduces entropy and
requires mechanical work. When the external force is released, the system returns to the
entropically more favourable (more probable) tangled state. Such materials, in which
the elastic behaviour is mainly based on changes in entropy, are called entropy-elastic.

Today, a large number of different elastomers are synthesised by selecting initial in-
gredients and adjusting the degree of crosslinking. These elastomers all have different
properties that can be modified by adding non-entropy-elastic additives, the so-called
fillers. Compared with inactive fillers for colouring and cheapening, active fillers with
extreme particle fineness and a large surface area are used to improve the mechanical
properties, especially tensile and abrasion resistance. Various types of carbon black pro-
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duced by incomplete combustion or decomposition of organic substances play the most
important role as active fillers.

The unique mechanical properties responsible for the increasing use of elastomers in
technology are explained below. The mechanical properties include ductility, strength,
toughness, abrasion resistance and damping.

Incompressibility

Elastomers are generally assumed to be incompressible within their modelling. Their
volume does not change during deformation. In other words, very high hydrostatic
pressure is necessary to change their volume. Nevertheless, the incompressibility remains
an assumption that can be questioned depending on the level of detail.

Elasticity

The first outstanding property of elastomers is their elasticity. Elastomers can withstand
large deformations and regain their initial state without damage. The deformation
process is reversible. The stress-stretch curve of elastomers is nonlinear, in which the
degree of nonlinearity increases with deformation. The sketch in Fig. 1.1(a) visualises
the nonlinear elasticity.

stress stress

stretch time

(a) (b)

Figure 1.1 – (a) Loading curve of a uniaxial tensile experiment of a nonlinear elastic
rubber; (b) Stress over time of a uniaxial relaxation experiment of a viscoelastic rubber

Viscoelasticity

Process-dependent material behaviour without equilibrium hysteresis is called vis-
coelasticity. The modelling of viscoelastic behaviour with internal variables and the
dependence on the load history is described in the beginning of Chapter 4. In this para-
graph, the classic viscoelastic behaviour is described. The time-dependent behaviour in
polymers is typically observed in relaxation experiments, in which the sample is brought
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to a temporally constant deformation. The measured stress response decreases with
time, as the relaxation experiment in Fig. 1.1(b) visualises.

stress stress

stretch stretch

(a) (b)

Figure 1.2 – (a) Loading and unloading of a viscoelastic material with elongation effect;
(b) Stress hysteresis while cyclic loading

During experiments with viscoelastic material, the reversibility mentioned above is
only fully achieved after a specific time. In other words, specimen elongation is observed,
which means a sample does not return to its initial length immediately after the load
is removed, but shrinks to its initial extent over time. In a stress-stretch curve, this
behaviour is visible as an intersection with the x-axis, as sketched in Fig. 1.2(a).

Hysteresis of the stress-stretch curve

During a uniaxial load cycle, NR develops hysteresis in its stress-stretch curve, as
sketched in Fig. 1.2(b). Besides viscoelasticity, hysteresis is also due to the crystal-
lisation phenomenon when NR is extensively stretched. It is an exothermal process, in
which the produced heat of crystallisation leads to an increase in temperature. If the
sample is unloaded, a decrease in temperature takes place due to the heat of melting.
The different kinetics during crystallisation and melting are responsible for the developed
hysteresis within SIC. Clark et al., 1940 first identified crystallisation as the cause of
the development of hysteresis. More modern works have confirmed SIC as a source of
hysteresis (Rault et al., 2006; Toki, Fujimaki and Okuyama, 2000; Trabelsi, Albouy and
Rault, 2003). For unfilled NR, SIC is the main hysteresis source.

Mullins effect

The effect of strain-induced softening was first described by Mullins, 1948, and thus
called the Mullins effect. The stress response of the material depends on the previous
maximum load. Examples of the stress-stretch curves of multiple cycles are sketched
in Fig. 1.3(a), in which stress softening occurs with each cycle of increasing load. The
Mullins effect is in particular observed for filled elastomers.
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stress

stretch amplitude of harmonic load

(a) (b)

1

2

3

storage
modulus

Figure 1.3 – (a) Stress softening while cyclic loading: Mullins effect. (b) Dependence of
the storage modulus on the amplitude of the dynamic harmonic loading

Payne effect

Another effect, which is reversible on larger time scales, is the Payne effect. In the case
of the harmonic loading of filled elastomers, the storage and loss moduli depend on the
amplitude of the strain excitation as sketched in Fig. 1.3(b). Storage and loss moduli
are measures that quantify the reaction of the material between the strain input and
the stress response (i.e. damping behaviour). The material recovers from the Payne
effect when the dynamic load is terminated. The Payne effect influences the deviatoric
stress-strain behaviour because rubber is almost incompressible.

1.3.2 Strain-induced crystallisation

Since its discovery by Katz in 1925 (Katz, 1925), the phenomenon of SIC has become
the focus of experimental and modelling investigations. Katz used the X-ray technology
to discover the formation of molecularly orientated rubber networks under increasing
loads. The authors concluded that highly stretched rubber consists of two phases, and
that this phase transition under load is reversible when the stretch is removed1. Thereby,
the crystallite orientation is almost perfectly aligned with the main strain axis (Alex-
ander, Ohlberg and Taylor, 1955; Candau, 2014; Luch and Yeh, 1973; Mitchell, 1984).
Although SIC is a challenging subject due to thermodynamics, polymer physics and
sophisticated kinetics, it attracts much attention. The research interest in the crystal-
lisation phenomenon in NR is represented by the growing number of publications and
conference contributions, as displayed in Fig. 1.4. Since the total number of public-
ations per year is continuously increasing in almost all areas, only a careful review of
the slope can identify which fields of research are gaining in importance. Therefore, the
search results for the keywords rubber and crystallisation2 are compared with those of

1Back then, he named the phenomenon fibering what is today known as strain-induced crystallisation.
2The British and the American spelling ’crystallisation/crystallization’ was both used for the research.
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Figure 1.4 – Number of publications per year assigned to the topic of rubber, crystallisa-
tion + natural rubber and crystallisation according to Scopus® by Elsevier for the keywords
included in the title, keywords and abstract. All data are normalised regarding the number
of the corresponding publications in 2015. Date of extraction: 27th July 2020.

the keyword crystallisation + natural rubber. The increase in crystallisation + natural
rubber since 2000, especially between 2009 and 2014, is noticeable and is not apparent
for rubber and crystallisation. The total number of publications for rubber is 130,236,
for crystallisation + natural rubber is 695 and for crystallisation is 305,748. The proof of
the research interest of the topic ’SIC + NR’ via the number of publications is adapted
by Brüning, 2014, p.31, Fig.1.17. Ongoing research is motivated by the influence of SIC
to the mechanical material properties. The increase in the resistance to crack growth
and the outstanding tensile properties of NR are only two advantages (Albouy et al.,
2012; Rublon, 2013), which explain why cis-1,4 polyisoprene (NR) is not replaced by
synthetic elastomers such as synthetic polyisoprene, silicone rubber, butadiene rubber
(BR) or styrene-butadiene rubber (SBR). The main products out of NR are vehicle tyres,
in which 60 to 70 % of the world’s NR is used.

Crystallising polymers never become completely crystalline due to steric hindrance and
due to entropy reasons (Elyashevich et al., 1999). Common degrees of crystallinity for
semi-crystalline polymers maximally reach 70 %. During SIC, the maximum crystallinity
reaches around 20% as measured by Candau, 2014; Rault et al., 2006 exemplary. The
crystallisation in elastomers is generally distinguished into two types: the deformation-
induced crystallisation and the temperature-induced3 crystallisation. In both cases, the

3Temperature-induced crystallisation is often also referred to as quiescent crystallisation.
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randomly clustered polymer chains arrange themselves into regular patterns. In SIC,
the orientation of the crystals depends on the direction of deformation, whereas the
crystals formed as a result of a temperature transition have a circular pattern (Yau
and Stein, 1968). In the latter case, the quiescent processes, crystal nucleus formation
and crystal growth are largely decoded by appropriate models. The best known kinetic
equation in this context is probably the Avrami equation (Mandelkern, 2004a). Since
its first presentation in the 1940s, this equation has been adapted and extended many
times. The Avrami equation only considers the order of lamellae to spherulites and their
growth. The transition from a random cluster of polymer strands to an ordered lamellae
structure as well as melting are not depicted. Therefore this equation cannot be used
for SIC processes. The molecular process that occurs at SIC remains unexplained to
this day. Attempts to explain the formation of the crystals have reached their limit,
so the full interpretation still has open questions (Gorlier, Haudin and Billon, 2001;
Mandelkern, 2004b).

(d)(c)(b)(a)

Figure 1.5 – (a)-(c) Sketch of SIC process. Filled circles represent crosslinks. (a) Be-
fore deformation (b) Deformed state just before the onset of crystallisation (c) The fully
stretched chains (marked with thick blue line) act as nucleus for crystallites (lightblue
shaded parts). They grow perpendicular to the stretching direction. Reprinted with per-
mission from Rubber Chemistry and Technology. ©(2004), Rubber Division, American
Chemical Society, Inc. Tosaka et al., 2004a, p.720, Fig.8,
(d) Schematic temperature-induced crystallisation, adapted from Brüning, 2014, p.33

Initial studies following Katz’s discovery were conducted by Acken, Singer and Davey,
1932 and Long, Singer and Davey, 1934. Since then, SIC has been the subject of several
theoretical (e.g. Alfrey, Mark and Mark, 1942; Gaylord and Lohse, 1976; Yeh and Hong,
1979), and experimental investigations such as thermal measurements, birefringence and
stress relaxation (Albouy et al., 2012; Candau et al., 2012, 2014; Le Cam, 2017; Luch and
Yeh, 1973; Poompradub et al., 2005; Tosaka, 2007; Tosaka et al., 2012). Several studies
focus on different aspects during the crystallisation process, such as the nucleation of
crystals and their orientation, while others focus on different materials and loading
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crack zone

Figure 1.6 – Sketch of the crack zone in a vulcanised
elastomer. The most stretched part is at the crack
tip, where scientists demonstrated SIC.

Figure 1.7 – Vehicle tyre with
major cracks.

conditions. The crystallisation process during loading of NR has been measured in-situ
since early 2000 (Toki et al., 2005; Trabelsi, Albouy and Rault, 2003). The technique
to measure SIC is further explained in Subsection 1.3.3. Flory identified the physical
mechanisms in 1947 (Flory, 1947), which is know today as Flory’s theory. Sotta and
Albouy revised Flory’s theory in Albouy and Sotta, 2015; Sotta and Albouy, 2020.
They discuss physical mechanisms involved in SIC concerning the equilibrium state and
phase transformations. Chenal analysed filled NR and discovered several parameters
crucial for SIC (Chenal et al., 2007). Huneau provides a valuable overview of the X-
ray diffraction investigations (Huneau, 2011). Tosaka et al. and Beurrot, Huneau and
Verron demonstrated that crystallites slow, deflect and stop crack growth due to SIC
(Beurrot-Borgarino et al., 2013; Beurrot, Huneau and Verron, 2010; Rublon et al., 2013;
Tosaka et al., 2004b). The observed crack growth resistance motivated in Fig. 1.6 is the
major advantage for industrial applications. Exemplary, experiments to observe fatigue
cracks were performed at the Synchrotron Soleil (Rublon, 2013).

Although the modelling of NR including SIC is attracting a lot of attention, it remains
incomplete (Huneau, 2011; Tosaka et al., 2004b). The phenomenon is often neglected
in simulations. Tosaka presents a SIC model in which most of the material consists of
an unoriented liquid phase that is not involved in the crystallisation process (Tosaka,
2009). Various models for SIC are presented recently focused on different SIC related
aspects (e.g. Behnke, Berger and Kaliske, 2018; Durin et al., 2017; Le Gac, Albouy
and Petermann, 2018; Loos et al., 2020a; Nateghi et al., 2018, Thien-Nga, Guilie and
Le Tallec, 2012). Anisotropic effects are considered by introducing crystallinity as an
internal variable within a 1D model (Guilie, Le and Le Tallec, 2015). With transition
approaches further explained in Section 2.7, one-dimensional models are transferred
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to a full three-dimensional model with anisotropic properties due to the independent
development of crystallinity in each direction of the sphere (Rastak and Linder, 2018).
Time-dependent effects of SIC kinetics are discussed in (Khiêm and Itskov, 2018), which
also analyses network-averaging. Dargazany et al. present a network evolution model
for the anisotropic Mullins effect in CB filled rubbers (Dargazany and Itskov, 2009;
Dargazany, Khiem and Itskov, 2014). They concentrate on the strain-rate-dependent
behaviour. Laghmach et al., 2015 use the phase-field method to model SIC and especially
its anisotropic behaviour.

Mistry and Govindjee, 2014 use the non-affine micro-sphere approach to derive a
micromechanically based continuum model via the formulation of a free energy function.
They use the point that SIC reduces the entropy of semi-crystalline chains and highlight
the computational accessibility via the micro-sphere approach as major advantage. They
compare their work to the one of Kroon. There, the initially developed one-dimensional
description of SIC is integrated over the unit sphere in consideration of all possible
directions making use of a weighting constant (Kroon, 2010, p.877). In addition, Nateghi
et al., 2018 propose an affine micro-sphere model for SIC considering a rate-independent
evolution law for the degree of crystallinity in an isothermal environment. Behnke,
Berger and Kaliske, 2018 model the time-dependent SIC kinetics and capture thermal
effects. They implemented their model in FEM and demonstrated simulation results of
a rolling tyre (Behnke and Kaliske, 2018). Gros et al. present a physically motivated
model for SIC that takes temperature dependence and the cross-link density of the
rubber into account (Gros et al., 2019; Gros, Verron and Huneau, 2019). They first
present the physics behind a full nucleation-growth-melting-cycle of a crystallite based
on classical thermodynamics of phase transitions and illustrate this crystallite life cycle
theory. As the second step they derive the mechanical model via including a single chain
into a entangled polymer network model.

Lion, Diercks and Caillard, 2013 present a general thermomechanical framework for
the directional approach in constitutive modelling, which is capable to represent process-
induced anisotropies. Among other things, they compared the closed form of the mac-
roscopic Mooney-Rivlin material behaviour to the angular averaging operator of the
concept of representative directions. The concept of representative directions published
by Freund and Ihlemann, 2010 has similarities to the micro-sphere concept. They
also use one-dimensional stress-strain relations and superposition them to derive three-
dimensional stress tensors. This technique is further described in Section 2.7.

1.3.3 Crystallisation measurement technique: X-ray diffraction

In principle, crystallinity in polymers can be detected and quantified in different ways.
First, the density measurement is discussed. The crystalline regions are more densely
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packed and, thus, their density is generally higher4 than those of the amorphous re-
gions. This procedure cannot be performed under strain. Due to residual moisture in
the material, the density measurement is prone to failure even in an undistorted state.
Furthermore, calorimetry measurements provide information on the crystallinity in poly-
mers. The melting of crystals is an endothermic enthalpy change. Differential scanning
calorimetry (DSC) measures the enthalpy of melting (i.e. the enthalpy required to melt
crystals). Determining of the degree of crystallinity requires a reference value of the
completely crystallised material, which cannot be determined with SIC in NR but can
be determined for thermoplastics. In nuclear magnetic resonance spectroscopy (NMR),
the different proton mobilities in the crystalline and the amorphous regions is exploited.
Taking the structural model into account, statements can be made about crystallinity
(Becker, 1998). Infrared spectroscopy (IR) exploits deformation oscillations of the reg-
ularly arranged molecular chains, which generate additional bands in IR spectra. This
technique was applied to SIC in Le Cam, 2018, and significant results were obtained for
the loading cycle and compared with the X-ray diffraction technique (Le Cam, Albouy
and Charles, 2020). X-ray diffraction is the most widely used technique to measure
SIC. Katz discovered SIC using this technique that is explained in more detail in this
subsection.

First, the measurement of SIC via X-ray scattering is a highly ambitious technique
that uses a sophisticated experimental set-up and a special evaluation technique. This
subsection outlines fundamental aspects for understanding and interpreting experimental
SIC data. Details on particle physics, especially synchrotrons and soft matter scattering
techniques, are found in Hilscher, 2013, Lindner and Zemb, 2002, Stribeck, 2007, Tipler
and Mosca, 2019. The following explanations are based on the dissertations by Brüning,
2014, p.20-31, pp.63-65; Candau, 2014, pp.66-72 and Marchal, 2006, pp.47-56, which all
measure SIC.

Today, the phenomenon of SIC is measured via X-ray scattering due to three benefits
of this technique. First, it is a non-destructive method measuring the nano- and mi-
crostructure of the observed material, in which the high time resolution in milliseconds
allows in-situ measurements during heating, cooling or mechanical experiments. Hence,
the data of the scattering measurement are difficult to interpret, and it is strictly ad-
vised to interpret them in a quantitative manner. The scientist should be aware that
the information taken from the scattering is purely from the reciprocal space, meaning
that the information is extracted from the diffraction pattern of the lattice and, thus,
not from the crystal pattern itself (e.g. a microscopic picture of the crystal).

The emission of electromagnetic radiation with high energy of 100...0.1 eV and short
wavelength of λ = 0.01 . . . 10 nm was first discovered by Wilhelm Conrad Röntgen in
1895 (Röntgen, 1895). In the early stages of synchrotrons, the X-ray radiation was only

4The density of crystalline material of polyethylene terephthalate (PET) (ρc = 1.455g/cm3) is about
6% higher than the density of the amorphous material of ρa = 1.370g/cm3. (Stoeckhert and Woeb-
cken, 1998).
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a byproduct, but is now the purpose. The high brilliance of the X-ray beam and the
short exposure time makes the synchrotron a more efficient source of electromagnetic
radiation than a traditional X-ray tube. The brilliance is the photon flux defined by the
number of photons per time and beam cross-sectional area. The higher the brilliance,
the more photons of a given wavelength and direction are concentrated on a spot per
unit of time.

m λ

points of scatter
d

2θ

d

d

θ

incoming X-ray radiation

of wavelength λ

reflected X-ray radiation

of wavelength λ

crystal lattice

Figure 1.8 – planar case: reflection of X-ray radiation at
points of scatters results in the interference phenomenon
(diffraction). The red horizontal lines represent the crys-
tal lattice, the grey lines represent the X-ray photon path.
Constructive interference occurs when the black thick length
is a multiplier of its wavelength mλ. Adapted from Brüning,
2014, p.23, Fig. 1.15 and Kleber et al., 2010, p.313, Fig. 5.8

I1

I2

dΩ1

dΩ2

Figure 1.9 – incoming
vs. detected scatter-
ing intensities I1, I2 and
scattering cross-section
dΩ1(q)

dΩ2
. Adapted from

Brüning, 2014, p.23

When X-rays hit an object, they are diffracted according to their wave nature. Phys-
ically, this diffraction is based on a scattering of the electromagnetic X-ray waves by the
electrons contained in the object. These electrons carry out forced oscillations in the field
of the X-ray wave and thus become the starting point of secondary waves of the same
frequency and wavelength as the primary radiation. Then, the secondary waves overlap
each other to form diffraction phenomena. These phenomena are particularly striking
when the dimensions of the diffracting structures are comparable to the wavelength of
the diffracted radiation. Thus, when X-rays encounter a regular periodic order of scat-
terers, such as in crystalline polymers, diffraction is observed. Therefore, the reflected
waves at the individual network levels overlap and usually cancel each other out. Con-
structive interference, in which the reflected waves add up in phase, only occurs if the
path difference between the waves reflected at adjacent network planes is an integer
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multiple of the wavelength, as visualised in Fig. 1.8 and summarised in Bragg’s law

mλ = 2 d sin(θ) , (1.1)

where m ∈ Z is the order of diffraction, λ is the wavelength of the X-ray radiation,
d is the distance of the crystal lattice and θ is the scattering angle. The angle θ > 10◦

of WAXS corresponds directly to the lattice spacing d of the crystalline structure. Since
the angle of incidence equals the angle of reflection, the angle drawn is 2θ.

For WAXS, the intensity of the radiation of the synchrotrons is relevant. X-ray de-
tectors measure the wave of intensity I2 in counts per time and differential scattering
cross-section visualised as in Fig. 1.9

I1dΩ1(q) = I2(q) l2dΩ2 , (1.2)

where Ω2 is the solid angle and l is the distance between the scatterer and the de-
tector, which is 100 . . . 200 mm for WAXS. The diffusion vector is q with magnitude

q =
4π
λ

sin(θ).

Figure 1.10 – In-situ cyclic experiment with NR: stress response with corresponding
diffraction patterns. Reprinted from Toki et al., 2004 with permission. Copyright 2004
Rubber Division, American Chemical Society

The diffraction patterns corresponding to specific stretches are displayed in Fig. 1.10.
Diffraction patterns to measure crystallinity were taken simultaneously to stress meas-
ures in Toki et al., 2004. The occurrence and the disappearance of discontinuous spots
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in the diffraction pattern are observed over the cyclic experiment, which represents the
crystallisation cycle. The spots refer to intensity peaks from which crystallinity is de-
rived.

amorphous halo

stearic acid

(120)

(200)

2θ

measurement

in
te
n
si
ty

I
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amorphous halo

λ = 1

(200)(120)

(002)

(210)

2θ

stretching direction

λ = 6

(a)

(b)

(c)

Figure 1.11 – Schematic procedure: Determination of the crystallinity index x from
the diffraction pattern. The two diffraction patterns are copied from Fig. 1.10, in which
the coloured region offers evidence for the extracted equatorial slices. The pattern of the
unstretched specimen is displayed in (a), which provides the reference amorphous halo.
The pattern of the stretched specimen is displayed in (b). The sketch in (c) visualises
the detected intensity over scattering angle 2θ. The peaks (120) and (200) as well as the
peak from stearic acid are identified. The amorphous halo is present. For illustration, the
area of the two peaks, the maximum height and the width at half-height is drawn. Figure
inspired by Candau, 2014, p.68, Fig. 17, Marchal, 2006, p.51, Fig. 2-16 and Brüning,
2014, p.65, Fig. 3.12, Stribeck, 2007, p.102, Fig. 8.2.

The next step is to evaluate the crystallisation index from the diffraction pattern.
Therefore, equatorial slices (marked red and blue in Figs. 1.11(a) and 1.11(b)) are
extracted and their intensity is plotted over the diffraction angle 2θ, as sketched in Fig.
1.11(c). The calculation of the total intensity diffracted by the amorphous phase remains
unnecessary due to the symmetry of the diffraction patterns. The measures to quantify
the crystallinity are the area under the intensity curve A, the total height of an intensity
peak and the width of half-height, which are exemplarily sketched in Fig. 1.11(c). Since
most of the material remains amorphous over the complete cycle, the diffraction pattern
mainly includes the amorphous halo, which serves as the reference (cf. Fig. 1.11(a)).
The intensity peaks marked with (002), (120), (200) and (210) in Fig. 1.11(b) refer to the
Miller indices of the crystallographic planes: (002) is the plane parallel to the stretching
direction, and (020) and (200) are the planes perpendicular to the stretching direction
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(Candau, 2014, p.85). The raw patterns also reveal disturbing signals from stearic
acid, zink oxide and air. In Fig. 1.11(c), which offers only a hint for determining the
crystallinity index and does not refer to real measurements, the stearic acid peak is close
to the (120) angle of scattering. The quantity of the crystallisation index is ambiguous.
Bansal et al., 2010 present an overview of different methods to identify quantities to
define the crystallinity index. They distinguish between two major methods. First, the
crystallinity can be defined via the intensity diffracted by the crystalline phase Acr in
ratio to the total diffracted intensity Aam + Acr

x =
Acr

Aam + Acr
. (1.3)

Low crystallinity remains inaccurate with this method, since the small differences are
subject to errors. Stribeck uses this ratio with the comment, that the value helps to
compare several samples ’but without telling the correct value’ (Stribeck, 2007, p.103).
Brüning uses the ratio of the area of crystalline contribution and the area of amorphous
reference Aam to define the crystallisation index

x = k1
Acr
Aam

, (1.4)

where the ’empiric constant k1 [is introduced] in order to bring the relative ratio in line
with absolute quantities found in literature, e.g. from DSC or density measurements.’
(Brüning, 2014, p.64). Introducing the constant k1 stands for the complex transfer
from the physical measured quantity scattered intensity to the quantity crystallisation
index. The second method is to define the crystallinity index by purely evaluating the
amorphous halo, as proposed by Mitchell, 1984. The main advantage of this approach
is that the definition is not only based on evaluating partly, barely visible crystallisation
peaks (Mitchell, 1984, p.1564 Eq.(7)).

x = 1 − Aam
Aam + Acr

(1.5)

Another advantage of this approach is that the crystallinity for unstretched samples and
for heated samples can be determined. Candau presents this crystallinity index as

x = 1 − Aam(λ)
Aam(λ = 1)

, (1.6)

where Aam(λ) is the intensity of the amorphous phase stretched and Aam(λ = 1) is the
intensity of the amorphous phase of the same specimen remained unstretched (Candau,
2014). Not only can the crystallinity itself be determined from the diffraction patterns,
but also the crystal size in three dimensions with the help of the Debye-Scherrer equa-
tion and the orientation of the crystal. The width and the height of the spots in the
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diffraction pattern are the sources for these quantities. The reader is referred to the
named references for further details.

Recently, the measurement of SIC via infrared thermography was presented in Le Cam,
2018, which is compared in Le Cam, Albouy and Charles, 2020 to the X-ray diffraction
technique. The authors present the crystallinity evolution during the loading path of a
cyclic test of unfilled NR obtained from temperature measurements. The results reveal
high similarity to the crystallinity identified through X-ray scattering, but the technique
is much simpler. One disadvantage of the infrared technique is the high stretch rate
necessary to measure temperature changes and, thus, crystallinity. The temperature
change influences the crystallinity; the higher the temperature, the more crystallites
melt. Furthermore, SIC depends on the strain rate: small rates favour crystallinity.
The crystallinity increases up to equilibrium during a halt in the experiment (i.e. at
constant high deformation above the critical stretch). The higher the stretch rate, the
more crystallinity is generated at constant stretch. Another disadvantage is that the
infrared technique is only presented for the loading path (Le Cam, Albouy and Charles,
2020).

16



2 Continuum mechanical framework

This chapter describes the development of a framework based on continuum mechanics
and thermodynamics. Fundamental and special aspects of SIC are described in a com-
pact form. The continuum mechanical theory is derived, described and proved in detail
in the textbooks of Altenbach, 2012; Betten, 2013; Greve, 2013; Haupt, 2002; Holzapfel,
2000; Truesdell and Noll, 1992.

2.1 Kinematics

In this section, aspects of the kinematics used within this work are outlined. The de-
scribed models of this research are formulated in the reference configuration. Therefore,
some measures are only mentioned in the reference configuration, although they also
exist in the current configuration1.

The kinematics describes the displacement and deformation of material bodies. It is
assumed that a material body consists of an uncountable infinite number of material
points, each carrying physical properties. The detailed atomic structure of the body
is not considered. Different configurations help to describe the body’s movement, as
visualised in Fig. 2.1. First, the reference configuration describes the undeformed initial
state at time t0. The reference configuration includes two neighbouring points, X and
Y, with a distance dX. Second, the configuration of an arbitrary deformed state at
time t > t0 is called the current configuration. The distance between the same points,

1The Lagrangian and the Eulerian perspective denote unique perspectives when observing a movement
of a body. In the Eulerian perspective, the movement of the body is analysed from a point fixed in
space, thus it is also called the spatial perspective. All particles that pass this spatial point form a line
of travel. In the Eulerian perspective, all physical quantities relating to the current configuration,
which represents the moving body for calculations at any given time, are represented. The Eulerian
perspective is mainly used in fluid mechanics but also occurs in solid state mechanics. In continuum
mechanics, the quantities related to the current configuration are usually written in lower letters.
The Eulerian perspective was introduced by Jean-Baptiste le Rond d’Alembert in 1752 and is named
after Leonhard Euler.
The movement of the body in the Lagrangian perspective is analysed from one of its material
points, thus it is also called the material perspective. All the points in space that a particle passes
through in time form an orbital line. In continuum mechanics, the quantities related to the reference
configuration are usually written in capital letters or given the index 0 or R. Many of the stress and
strain tensors related to the reference configuration are objective, just like their time derivatives. The
Lagrangian approach was introduced by Leonhard Euler in 1762 and is named after Joseph-Louis
Lagrange.
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X and Y, is referred to as dx in the current configuration. The position vector of the
material point X is denoted as X in the reference configuration and as x in the current
configuration.

X
x

x̄

F

F̂
F̄

X

dx
Y

Y

X

X

Y

dX

dx̄

e3

e1

e2

reference configuration

intermediate configuration

current configuration

O

Figure 2.1 – Introduction of a virtual intermediate configuration

The bijection of movement is a one-to-one correspondence between reference and cur-
rent position of the material point X:

x = χ(X, t) (2.1)

The displacement vector of the material point X is defined as the vector between position
X at time t0 and position x at time t

u(X, t) = x(X, t) − X . (2.2)

The deformation gradient is the derivative of the movement function with respect to the
position vector X in the reference configuration

F =
∂χ(X, t)
∂X

=
∂x

∂X
= Grad x = 1 + Grad u (2.3)

where the order two tensor 1 is the identity matrix and the gradient Grad( ) = ∂( )
∂X

is the first derivative with respect to the position vector X. The deformation gradient
maps line elements dX of the reference configuration to line elements dx of the current
configuration

dx = F · dX . (2.4)
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The determinant of the deformation gradient detF = J is a scalar. The Jacobian J
maps volume elements from the reference configuration to the current configuration

dv = J dV . (2.5)

In addition, the rule for the transport of area elements can be derived

da = (det F)F−T · dA = J F−T · dA. (2.6)

The right Cauchy-Green deformation tensor maps the squares of line elements in the
reference configuration to the current configuration

dx · dx = dX · FT · F · dX := dX · C · dX (2.7)

⇒ C := FT · F (2.8)

Similarly, the Green-Lagrange strain tensor in the reference configuration is defined
through the difference of the squares of line elements

dx · dx − dX · dX = dX · (C − 1) · dX (2.9)

⇒ E :=
1
2

(C − 1) (2.10)

With this definition, the strain tensor equals the zero tensor E = 0 in the undeformed
state C = 1.

2.2 Balance equations

This section concerns the notation of Johlitz, 2015. The balance relations used in con-
tinuum mechanics are introduced axiomatically. Since all the balance equations have
the same form, the general so-called master balance presented by Diebels, 2000 is de-
scribed first. The master balance states that the material time derivative of a physical
quantity ψ̇ equals to the sum of a flux term φ, a volume-related supply term σ and a
production term ψ̂. The flow over the surface is defined as the scalar product with the
normal vector n of the surface (i.e. φ = Φ · n). At each material point, the master
balance follows

ψ̇ + ψ div v = div Φ + σ + ψ̂ . (2.11)

If one chooses the mass density as the physical quantity ψ = ρ and production, flow and
supply remain zero φ = σ = ψ̂ = 0, the mass balance in the current configuration reads
as

ρ̇+ ρ div v = 0 . (2.12)
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There is a mathematical relationship between the densities ρR of the reference config-
uration and ρ of the current configuration: ρ = ρR J

−1, which can be derived from the

definition of the mass density ρ =
dm
dv

and the transport of a volume element dv = J dV

from reference to the current configuration (2.5). From the material perspective, the
mass balance states that the reference density is not dependent on the time

ρ̇R(X, t) = 0 ⇔ ρR = ρR(X) . (2.13)

Analogously with the physical quantity ψ = ρv, the flow of this quantity over the surface
of the body φ = t, the supply term σ = ρb and production term ψ̂ = 0, the impulse
balance in spatial notation is derived from the master balance (2.11) as

ρ v̇ = div T + ρb . (2.14)

Furthermore, the Cauchy theorem

t = T · n (2.15)

states the relation of the Cauchy stress tensor T and the stress vector t. The Cauchy
stress tensor T is a measure of the current configuration, i.e. the forces acting on the
body are always related to the current area element da of the body. A conventional term
for the Cauchy stress is therefore the true stress. In the reverse, if the impulse balance
is formulated from material perspective

ρR
d2x

dt2 = Div P + ρRb , (2.16)

then the stress measure of the reference configuration is denoted as the first Piola-
Kirchhoff stress tensor P or, in conventional terms, as the engineer’s stress. In particular,
P relates the force in the current configuration to the reference area element dA. In
mechanical experiments, this stress is normally measured, since the decreasing cross
section of the sample is complex to measure continuously. Using the Cauchy theorem
(2.15) and the transport of area elements (2.6), the relation between Cauchy stress T
and first Piola-Kirchhoff stress P can be derived via coefficient comparison

T · nda = T · da = T · (det F)F−T · dA = P · dA = P · NdA

⇒ P = (det F) T · F−T . (2.17)

Evaluating the principle of angular momentum with the physical quantity ψ = (x −
xp) × ρv, the flow of this quantity over the surface of the body φ = (x − xp) × t, the
supply term σ = (x − xp) × ρb and the production term ψ̂ = 0 results to the relation

T = TT , (2.18)
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which proves that the Cauchy stress tensor T is symmetric. The first Piola-Kirchhoff
stress tensor P (reference configuration) does not have to be symmetric whereas the
second Piola-Kirchhoff stress tensor T̃ (reference configuration) is always symmetric.
The first Piola-Kirchhoff stress is obtained from the second Piola-Kirchhoff stress by the
following mathematical calculation

P = F · T̃ . (2.19)

Next, the local energy balance postulates that the physical quantity ψ = ρ e+
1
2
ρv · v

equals to the sum of the flow of this quantity over the surface of the body φ = TT · ẋ−q,
the supply term σ = v·ρb+ρ r and the production term ψ̂ = 0. To put it in another way,
the balance of internal energy states that the total energy of a material body changes
due to the mechanical and thermal power applied to it. Moreover, by making use of the
impulse balance, the local balance of the internal energy e in the reference configuration
is achieved as follows:

ρR ė = T̃ : Ė − DivqR + ρR r . (2.20)

The terms of the balance of internal energy are the stress power per unit volume T̃ : Ė,
the heat flow density qR and the specific radiation heat per unit volume ρR r supplied
externally.

Stress measure Synonym Letter Configuration Area element Symmetry

Cauchy stress true stress T current da symmetric

1st Piola-Kirchhoff engineer’s stress P reference dA -

2nd Piola-Kirchhoff - T̃ reference dÃ symmetric

Table 2.1 – Overview of the stress measures

The balance of entropy in the reference configuration is given as

ρR ṡ = σs + Div φs + ŝ , (2.21)

where the physical quantity is ψ = ρR s, the change in entropy is ṡ, the flow of entropy
over the surface of the body is Φ = φs, the entropy supply is σ = σs and the entropy
production is ψ̂ = ŝ. In the classic evaluation of Coleman and Noll, 1963 from rational
thermodynamics, the entropy flow

φs = −qR
θ

(2.22)

and the entropy supply

σs =
ρR r

θ
(2.23)
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are defined in the beginning with the absolute temperature θ in Kelvin, such that the
entropy balance reads as

ρR ṡ =
ρR r

θ
− Div

(

qR
θ

)

+ ŝ . (2.24)

An alternative to this evaluation technique is the extended method evaluating the en-
tropy inequality derived by Liu, 1972 within the framework of thermodynamics of Müller
(Müller, 1971; Müller, 1973; Müller, 2013). The entropy flow and entropy supply are
not predetermined beforehand, but are determined during the evaluation process. This
technique applied in the work of Johlitz, 2015 has more degrees of freedom and is, thus,
more complex and not used in this thesis, but should not be left unmentioned.

2.3 Fundamental laws of thermodynamics

Here, the first and second fundamental laws of thermodynamics are introduced as in
Haupt, 2002. To begin with, the first law states that the total energy in a closed system
is constant. It is valid as the energy conservation in all physics. Furthermore, the first
law implies that the change in the internal energy dU of a system is equal to the sum
of the net heat δQ supplied to the system and the net work δW supplied to the system.
The differential notation for infinitesimal changes is

dU = δQ+ δW (2.25)

In this equation, dU is the differential of the state function U , while neither δQ nor δW
can be treated as differentials; instead, these only symbolise an infinitesimal change in
the exchanged heat Q or the work performed W . The first law of thermodynamics is the
starting point for the derivation of the mixing entropy term explained in Subsection 4.1.3.

The second law of thermodynamics provides information about the direction of pro-
cesses and the principle of irreversibility. The conceivable formulation states the possib-
ility to convert mechanical, electrical or chemical energy completely into thermal energy.
Thermal energy, on the other hand, can only be partially converted into these energies
and only with a high level of technical effort. The statement of the second law in relation
to entropy reads: In a closed adiabatic system, the entropy cannot decrease; it usually
increases. Only in reversible processes it remains constant. In reverse, the law states
that the entropy production ŝ is always greater than or equal to zero, but never negative.

ŝ ≥ 0 (2.26)

The Clausius-Duhem inequality further presented in Section 2.5 is based on the second
law of thermodynamics and is applied for the development of the constitutive equations
in Chapter 4. The Clausius-Duhem inequality is derived from the balance of internal
energy and the balance of entropy in combination with the the second law of thermody-
namics.
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2.4 Multiplicative split of the deformation gradient

The description of complex material behaviour of elastomers, including viscoelasticity
is accessible through a concept introduced by Flory, 1961. The presented volumetric-
isochoric decomposition considers changes in shape2 and volume separately. The physical
phenomenon of SIC is accessible for separate modelling. After Flory, the deformation
gradient F is decomposed multiplicatively into the isochoric part F̂ and the volumetric
part F̄, as sketched in Fig. 2.1, consequently

F := F̄ · F̂ . (2.27)

The volumetric deformation is described using

F̄ := det(F)
1
3 1 = J

1
3 1 , (2.28)

and the isochoric deformation is described with the unimodular tensor

F̂ = F̄−1 · F = det(F)−
1
3 F = J−

1
3 F . (2.29)

Unimodularity implies that the determinant is det F̂ = 1, which stands for the iso-
choric deformation. With this multiplicative split of the deformation gradient, a virtual
intermediate configuration is introduced, in which the corresponding strain measures
are split additively. Based on this split, the deformation measures have their isochoric
analogon: Ĉ = F̂T · F̂ = J−

2
3 C is the isochoric right Cauchy-Green deformation, and

Ê := 1
2
(Ĉ−1) is the isochoric Green-Lagrange strain tensor. The Green-Lagrange strain

tensor can also be written as

E =
1
2

(J
2
3 Ĉ − 1) = J

2
3 Ê +

1
2

(J
2
3 − 1)1 . (2.30)

With the multiplicative split of the deformation gradient F, the stress measures also
split additively into volumetric and isochoric parts. For symmetric isotropic materials,
the Cauchy stress tensor T (current configuration) reads as follows:

T = −p1 + TD , (2.31)

where p := −1
3
tr(T) is the hydrostatic pressure and TD is the deviatoric part

TD = T − 1
3
tr(T)1 = T + p1. The second Piola-Kirchhoff stress is defined as

T̃ := J F−1 · T · F−T (2.32)

and, in a similar manner, the so-called deviatoric second Piola-Kirchhoff stress is

ˆ̃T := J F̂−1 · TD · F̂−T , (2.33)

2Changes in shape are also called conformation.
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which are both defined in the reference configuration. Like the Cauchy stress, the second
Piola-Kirchhoff stress is split into a volumetric part and a deviatoric part

T̃ = JF−1 · T · F−T

= J
(

J
1
3 F̂
)

−1 ·
(

−p1 + TD
)

·
(

J
1
3 F̂
)

−T

= −p J J−
1
3 F̂−1 ·

(

J−
1
3 F̂−T

)

+ J
2
3 F̂−1 · TD ·

(

J−
1
3 F̂−T

)

= −p J 1
3

(

F̂T · F̂
)

−1
+ J

1
3J−1

(

JF̂−1 · TD · F̂−T
)

= −p J 1
3 Ĉ−1 + J−

2
3

ˆ̃T . (2.34)

Special attention is paid to these parts, since they are only denoted as volumetric and
deviatoric. Particularly, these parts are the pull-back transformations F̂T · ( ) · F̂ of

−p1 and TD. Consequently, a correction term is introduced in Eq. (2.54) to make ˆ̃T
deviatoric in the current configuration.

With the volume strain εvol := J − 1 and its first time derivative ε̇vol = J̇ , the stress
power is split into the volumetric and deviatoric parts:

T̃ : Ė =
(

−pJ 1
3 Ĉ−1 + J−

2
3

ˆ̃T
)

:
d
dt

(

J
2
3 Ê +

1
2

(J
2
3 − 1)1

)

=
(

−pJ 1
3 Ĉ−1 + J−

2
3

ˆ̃T
)

:
(2

3
J−

1
3 J̇Ê + J

2
3

˙̂
E +

1
3
J−

1
3 J̇1

)

= − 2
3
pJ̇Ĉ−1 : Ê − pJĈ−1 : ˙̂

E − 1
3
pJ̇Ĉ−1 +

2
3
J−1J̇ ˆ̃T : Ê + ˆ̃T : ˙̂

E +
1
3
J−1J̇ ˆ̃T

= − 1
3
pJ̇Ĉ−1 :

(

1 + 2 Ê
)

− pJĈ−1 : ˙̂
E +

1
3
J−1J̇ ˆ̃T :

(

1 + 2 Ê
)

+ ˆ̃T : ˙̂
E

= − pJ̇ + ˆ̃T : ˙̂
E

= − pε̇vol + ˆ̃T : ˙̂
E (2.35)

with Ĉ−1 :
(

1 + 2 Ê
)

= Ĉ−1 : Ĉ = tr(Ĉ−T · Ĉ) = tr(Ĉ−1 · Ĉ) = tr(1) = 3 due to the

symmetry ĈT = Ĉ, and ˆ̃T : Ĉ = J tr(TD) = 0 since the trace of a deviator vanishes.

In addition, Ĉ−1 : ˙̂
E = Ĉ−1 : (1

2

˙̂
C) = 0 with the orthogonality Ĉ−1 : ˙̂

C = 0 was used
to formulate Eq. (2.35). The advantage of this form is its separation of the volumetric

stress power p ε̇vol and the isochoric stress power ˆ̃T : ˙̂
E. This split of the stress power is

further used in Eq. (2.41).
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2.5 Clausius-Duhem inequality

The Clausius-Duhem inequality verifies the thermodynamical consistency of constitutive
equations such that the second law of thermodynamics is satisfied. The balance of
entropy (2.24) is rearranged and the second law of thermodynamics (2.26) is considered
to obtain the inequality

ŝ = ρRṡ+ Div
(

qR
θ

)

− ρR r

θ
≥ 0 . (2.36)

Next, the free energy density is introduced as the Legendre transformation between
the internal energy and the entropy times temperature. The advantage of the following
considerations is that the entropy s and the internal energy e are replaced by measurable
quantities such as stress power and temperature, as evident in the following. Thus, the
first time derivative of entropy is written after considering the quotient rule

ψ = e− θs (2.37)

⇔ s =
e− ψ

θ

⇒ ṡ =
(ė− ψ̇)θ − (e− ψ)θ̇

θ2

⇔ ṡ =
ė− ψ̇

θ
− e− ψ

θ

θ̇

θ

⇔ ṡ =
ė− ψ̇

θ
− s

θ̇

θ
. (2.38)

With consideration of the divergence of the entropy flow

Div
(

qR
θ

)

=
1
θ

DivqR + qR · Grad
(1
θ

)

=
1
θ

DivqR − 1
θ2

qR · Grad θ , (2.39)

and under consideration of the balance of internal energy (2.20), the entropy production
inequality (2.36) reads as

ρR

(

ė− ψ̇

θ
− s

θ̇

θ

)

+
1
θ

DivqR − 1
θ2

qR · Grad θ − ρR r

θ
≥ 0

⇔ ρR ė− ρRψ̇ − ρRs θ̇ + DivqR − 1
θ

qR · Grad θ − ρR r ≥ 0

⇔
(

T : Ė − DivqR + ρRr
)

− ρRψ̇ − ρRs θ̇ + DivqR − 1
θ

qR · Grad θ − ρR r ≥ 0

⇔ −ρRψ̇ + T̃ : Ė − ρRsθ̇ − 1
θ

qR · Grad θ ≥ 0 . (2.40)

The mass density ρR, the thermodynamic temperature θ, the specific Helmholtz free
energy ψ and the entropy per unit mass related to the reference configuration s
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are denoted as scalars. The heat flux density qR and the temperature gradient
gR = Grad(θ(X, t)) = ∂θ

∂X
with its dimension temperature per length, which points to-

ward the highest temperature increase, are vectorial quantities. Inserting the stress
power (2.35), the Clausius-Duhem inequality (2.40) changes to

⇔ −ρRψ̇ − p ε̇vol + ˆ̃T : ˙̂
E − ρR s θ̇ − 1

θ
qR · gR ≥ 0 . (2.41)

With the Legendre transformation (2.42) of the free energy

ρRψ = ρRϕ− p εvol (2.42)

ρRψ̇ = ρRϕ̇− ṗ εvol − p ε̇vol . (2.43)

and its time derivative (2.43), one derives

⇔ −ρR ϕ̇+ ṗ εvol + p ε̇vol − pε̇vol + ˆ̃T : ˙̂
E − ρR s θ̇ − 1

θ
qR · gR ≥ 0

⇔ −ρR ϕ̇+ ṗ εvol + ˆ̃T : ˙̂
E − ρRsθ̇ − 1

θ
qR · gR ≥ 0 . (2.44)

The time derivatives ˙̂
E, ṗ, θ̇ in Eq. (2.44) indicate that they define the canonical variables

of the free energy density ϕ

ϕ = ϕ
(

Ê, p, θ, . . .
)

. (2.45)

From the dependence of ϕ on the isochoric Green-Lagrange strain tensor Ê and hydro-
static pressure p follows the notation of ϕ as hybrid free energy density.

To model special material behaviour, additional arguments, which are internal state
variables, are introduced

ϕ = ϕ
(

Ê, p, θ,Q1, . . .Qn, q1 . . . qm
)

, (2.46)

where Qk are tensors of the second order and qk are scalar quantities. Within this
general formulation, the first derivative of the free energy density with respect to time
is

ϕ̇ =
∂ϕ

∂Ê
: ˙̂
E +

∂ϕ

∂p
ṗ+

∂ϕ

∂θ
θ̇ +

∂ϕ

∂Qk

: Q̇k +
∂ϕ

∂qk
q̇k . (2.47)

Inserting (2.47) in (2.44), the inequality reads
(

εvol − ρR
∂ϕ

∂p

)

ṗ+ ρR

(

−∂ϕ

∂θ
− s

)

θ̇ +

(

ˆ̃T − ρR
∂ϕ

∂Ê

)

: ˙̂
E

− ρR

(

∂ϕ

∂Qk

: Q̇k +
∂ϕ

∂qk
q̇k

)

− 1
θ

qR · gR ≥ 0 (2.48)
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Demanding that Eq. (2.48) is non-negative for arbitrary values of the rates of the
individual variables (Coleman and Noll, 1963), the following potential relations result
directly: The volume strain is the derivative of the free energy with respect to pressure

εvol = ρR
∂ϕ

∂p
, (2.49)

the specific entropy s is the negative derivative of the free energy with respect to tem-
perature

s = −∂ϕ

∂θ
. (2.50)

For the internal variables, the relations

Q̇k = − 1
ηk

∂ϕ

∂Qk

, (2.51)

q̇k = − 1
ηk

∂ϕ

∂qk
, (2.52)

are postulated with scalar proportionality constants ηk ≥ 0. The directional heat flux is
assumed to be

qR = −κgR , (2.53)

where κ is the materials thermal conductivity. The isochoric second Piola-Kirchhoff
stress is the derivative of the free energy with respect to the strain tensor plus an
extension that ensures its deviatoric attribute since the transformation of ˆ̃T to the
current configuration alone is frequently not deviatoric, as mentioned in the description
of Eq. (2.34)

ˆ̃T = ρR
∂ϕ

∂Ê
+ ΦĈ−1 = 2ρR

∂ϕ

∂Ĉ
+ ΦĈ−1 . (2.54)

The next paragraph first explains that this ΦĈ−1 extension does not influence the ther-
modynamic consistency, and then the derivation and computation of the term are ex-
plained in detail in accordance with Lion, Dippel and Liebl, 2014, p.731f. Due to the
unimodularity of the tensor Ĉ, the constraint det

(

Ĉ
)

= 1 applies for arbitrary deform-
ation processes. Differentiating with respect to time derives the following orthogonality
relation of the isochoric Cauchy-Green deformation tensor

det
(

Ĉ
)

= 1 (2.55)

⇒ ∂

∂t
det

(

Ĉ
)

= 0

⇔
∂det

(

Ĉ
)

∂Ĉ
:
∂Ĉ

∂t
= det

(

Ĉ
)

Ĉ−T : ˙̂
C = Ĉ−1 : ˙̂

C = 0 , (2.56)
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where the derivative of the third invariant ∂det(Ĉ)

∂Ĉ
= ∂ III

Ĉ

∂Ĉ
= det(Ĉ)Ĉ−T is used. With

˙̂
E = 1

2

˙̂
C, the conclusion is that the additional ΦĈ−1 term in Eq. (2.54) does not produce

stress power in the Clausius-Duhem inequality (2.48). Since this term is stress power
neutral, the thermodynamic consistency is ensured.

As mentioned with Eq. (2.31), the stress measure excluding the hydrostatic pressure
is called deviator TD (current configuration). In Eq. (2.33), the connection between

the second Piola-Kirchhoff ˆ̃T (reference configuration) and TD (current configuration)
is defined with the pull-back F̂−1 · ( ) · F̂−T,

ˆ̃T := JF̂−1 · TD · F̂−T (2.57)

⇔ TD =
1
J

F̂ · ˆ̃T · F̂T , (2.58)

such that ˆ̃T is pushed forward F̂ · ( ) · F̂T. The deviator owns its character when its
trace vanishes TD : 1 = 0, such that

TD : 1 =
1
J

F̂ · ˆ̃T · F̂T : 1 = ˆ̃T · F̂T : F̂T = ˆ̃T : F̂T · F̂ = ˆ̃T : Ĉ = 0 . (2.59)

Evaluating the condition ˆ̃T : Ĉ = 0 within (2.54) leads to the determination of Φ

ˆ̃T : Ĉ = 2ρR
∂ϕ

∂Ĉ
: Ĉ + ΦĈ−1 : Ĉ = 0 (2.60)

⇔ Φ = −2
3
ρR
∂ϕ

∂Ĉ
: Ĉ , (2.61)

where Ĉ−1 : Ĉ = tr
(

Ĉ−T · Ĉ
)

= tr
(

Ĉ−1 · Ĉ
)

= tr (1) = 3. The isochoric second
Piola-Kirchhoff stress (2.54) is, therefore,

ˆ̃T = 2ρR
∂ϕ

∂Ĉ
− 2

3
ρR

(

∂ϕ

∂Ĉ
: Ĉ

)

Ĉ−1 , (2.62)

which is used in the simulations.
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2.6 Hybrid free energy

A significant achievement in the modelling of mechanical and caloric material properties
under given pressure is the hybrid approach for the specific free energy published by
Lion, Dippel and Liebl, 2014. The constitutive models presented in this thesis are based
on this formulation, in which the specific free energy ϕ is decomposed additively into
two contributions

ϕ = g + ψ̂ . (2.63)

The Gibbs-type energy contribution g represents the volumetric part of the material
behaviour and depends on pressure p, temperature θ and possibly on other internal
variables

ϕ
(

Ê, p, θ, . . .
)

= g(p, θ, . . .) + ψ̂
(

Ê, θ, . . .
)

. (2.64)

The second part is the energy contribution of Helmholtz-type ψ̂ which describes the
isochoric part of the material behaviour, and thus depends on the isochoric deformation
tensor and other internal variables. The decomposition of the free energy allows a
consideration of both the caloric and mechanical effects. Caloric experiments are usually
conducted under constant pressure and prescribed temperature histories. If the material
is isotropic, the resulting temperature-induced deformations are purely volumetric and
the isochoric strain tensor vanishes. Since the volumetric strains are small for many
polymers, the pressure usually depends linearly on them.

2.7 The concept of representative directions

The complex development of three-dimensional (3D) constitutive laws is simplified by
developing generalisation concepts. The first developed concept was the microplane
formulation by Bažant et al. (Bažant and Oh, 1985; Bažant et al., 1984; Bažant and Oh,
1986) in the context of crack development in concrete or rocks. The microplane concept
was expanded in Carol, Jirásek and Bažant, 2004 to hyperelastic materials under large
strain. Other generalisation techniques have been used to formulate material models,
such as the well-known micro-sphere concept of Miehe et al. (Miehe and Göktepe, 2005;
Miehe, Göktepe and Lulei, 2004) applied in the works of Dargazany and Itskov, 2009;
Diani, Brieu and Vacherand, 2006; Göktepe and Miehe, 2005; Guilie, Le and Le Tallec,
2015; Mistry and Govindjee, 2014; Rastak and Linder, 2018; Thien-Nga, Guilie and Le
Tallec, 2012. Miehe et al. used the set of orientation vectors and associated weights
of Bažant and Oh, 1986. These sets of nearly homogenously distributed directions for
several numbers of integration points (e.g. 21, 33, 37, 61) were found while developing an
algorithm for the efficient integration on the surface of a sphere. Other sets of integration
points and weights are presented by Fliege and Maier, 1999. They used up to 1,600
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points. Ehret, Itskov and Schmid, 2010 compared different constitutive models based
on the numerical integration on the unit sphere. Recently, Behnke, Berger and Kaliske,
2018 developed a concept based on a unit cube with varying directional reinforcement
axes instead of a sphere. They applied the concept to the modelling of SIC in rubber.
Compared with the micro-sphere concept, which mainly focuses on averaging the free
energies of individual polymer chains on a microscale to obtain the total free energy
on the macroscale, Freund and Ihlemann (Freund and Ihlemann, 2010; Freund et al.,
2011; Ihlemann, 2002) developed the concept of representative directions. The basics of
the concept are described in Pawelski, 1998. The concept of representative directions is
applied in the works of Lorenz et al. (Lorenz and Klüppel, 2012; Lorenz et al., 2011)
and (Diercks, 2015; Lion, Diercks and Caillard, 2013) to formulate constitutive laws.
This concept first formulates a one-dimensional (1D) material model and transfers it to
3D deformation and stress states. The procedure includes two major steps:

3D-to-1D First, arbitrary deformation states are projected onto 1D stretches along
given directions. These directional stretches are used to calculate the directional material
response (directional stresses).

1D-to-3D To achieve a 3D state, the directional quantity is integrated over a unit
sphere. This integration is usually discretised by defined directions.

This method usually requires a little more computational effort, since the evaluation
of the constitutive model is performed for each direction, but it offers some major ad-
vantages. The first advantage of the concept is the simplified formulation of constitutive
equations in the 1D deformation state. The main advantage is the inclusion of direc-
tion dependent effects, since the calculation is performed on the directional level. The
representation of load-induced anisotropy is captured because each direction is handled
separately and, thus, experiences different loading histories. In the case of the induced
anisotropy of the SIC phenomenon, the crystallisation evolution is considered direction-
ally dependent. Directions that experience high stretch develop more crystallinity than
directions that are stretched less. Directions not loaded beyond critical stretch, and
directions that may experience compression, do not develop any crystallinity. These
anisotropies are captured naturally and without special consideration.

This further description is based on the directional approach developed by Lion, Dier-
cks and Caillard, 2013. The description states that 1D quantities are specified per
direction eα defined in the spherical coordinate system (Fig. 2.2). The cartesian unit
vectors e1, e2, e3 form an orthogonal basis.

eα = sin ϑ cosϕ e1 + sin ϑ sinϕ e2 + cosϑ e3 (2.65)

The averaging operator A calculates 3D quantities through integration over the sphere

30



e1

ϑ
e2

e3
eα

ϕ
O

Figure 2.2 – Direction eα with cartesian unit vectors e1, e2, e3 and polar coordinates ϕ,ϑ

of 1D quantities

f(t) =
1

4π

∫ 2π

0

∫ π

0
fα(ϑ, ϕ, t) sin ϑ dϑ dϕ =: A[fα(t)] , (2.66)

where fα is a physical quantity related to the direction eα. Its first time derivative
is ḟ = A[ḟα]. For the simulation of the material’s response, the integration (2.66) is
discretised by the averaging scheme

A [fα] ≈ AD [fα] =
N
∑

α=1

wαfα , (2.67)

where N is the number of integration points alias directions, and wα is the weight defined

per direction for which
N
∑

α=1

wα = 1 is valid. In this thesis, the integration points and

weights presented by Bažant and Oh, 1986 are used.
For the first step, the 3D-to-1D operation, the deformation state is projected onto 1D

stretches along these given directions

λ̂α =
√

F̂eα · F̂eα =
√

eα · Ĉeα =
√

eα ⊗ eα : Ĉ (2.68)
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For uniaxial tension, the right Cauchy-Green tensor is Ĉ = λ̂2e1 ⊗ e1 +
1

λ̂
e2 ⊗ e2 +

1

λ̂
e3 ⊗ e3. For a tension test up to a maximum stretch of λ = 6, the so-derived single

stretches are displayed in Fig. 2.3, in which different directions are stretched to a
different extent. Direction three is the most stretched, whereas four directions reveal
compression. Figure 2.4 displays the directional stretches, including their dedicated
weights. The direct comparison of non weighted and weighted stretches visualises the
influence of the weights within the concept of representative directions. Since the weights

add up to 1,
N
∑

α=1

wα = 1, it follows that only the non-weighted values represent real values

in a micro-mechanical manner. The averaging scheme of the 1D-to-3D approach makes
the weighted and therefore reduced values only interpretable in a qualitative manner
(i.e. the exact values are not interpretable).

Figure 2.3 – Simulation of a uniaxial
tensile test: directional stretches of 21 dir-
ections over time

Figure 2.4 – Simulation of a uniaxial
tensile test: directional weighted stretches
of 21 directions over time

Figure 2.5 locates the individual stretches in the unit sphere and is therefore key to
the three-dimensionality. The directional values are displayed in the nodes and inter-
polated in between with a colour bar. Figure 2.5 visualises that the highest stretch
is observed in the direction parallel to the stretching direction, which equals the total
stretch. The surrounded directions decrease radially to the stretching direction. The
directions orthogonal to the stretching direction experience compression due to trans-
verse deformation. Figure 2.6 displays the directional stretches of the unit sphere using
900 integration points by Fliege and Maier, 1999. The mesh results to be much finer.
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Figure 2.5 – Simulation of a uniaxial
tensile test: directional stretches over
a unit sphere, 21 integration points by
Bažant and Oh, 1986

Figure 2.6 – Simulation of a uniaxial
tensile test: directional stretches over a
unit sphere, 900 integration points by
Fliege and Maier, 1999

Regarding the operator A, the physical quantities related to the direction eα are
introduced:

ψ̂ = A[ψ̂α] (isochoric part of the specific hybrid free energy)

ŝ = A[ŝα] (isochoric part of the specific entropy)
ˆ̃T = A[ ˆ̃Tα] (deviatoric 2nd Piola-Kirchhoff stress)

qR = A[qRα eα] (heat flux vector)

x = A[xα] (total crystallinity)

Within the derivation of the constitutive models in Chapter 4, the directional stress
tensor ˆ̃Tα = σ̂α

λ̂α
eα ⊗ eα is derived by evaluating the Clausius-Duhem inequality of the

1D constitutive law. As explained in Section 2.5, the stress power neutral and, thus,
thermodynamical consistent extension ΦĈ−1 is inserted to ˆ̃T = A[ ˆ̃Tα], such that

ˆ̃T = A

[

σ̂α

λ̂α
eα ⊗ eα

]

+ Φ Ĉ−1, (2.69)

where Φ is an arbitrary scalar. With two steps, namely inserting Eq. (2.69) into the

condition for the deviator ˆ̃T : Ĉ = 0 and using Ĉ−1 : Ĉ = tr(1) = 3, the scalar Φ is
calculated to

Φ = −1
3
A

[

σ̂α

λ̂α
eα ⊗ eα : Ĉ

]

. (2.70)
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With λ̂α =
√

eα ⊗ eα : Ĉ, the isochoric second Piola-Kirchhoff stress ˆ̃T reads as

ˆ̃T = A

[

σ̂α

λ̂α
eα ⊗ eα − 1

3
σ̂αλ̂αĈ−1

]

. (2.71)

Since the term on the right-hand-side of Eq. (2.71) is stress power neutral, it does
not influence the evaluation of the Clausius-Duhem inequality. For completeness, the
isochoric part of the stress power in Eq. (2.44) is calculated

ˆ̃T : ˙̂
E = A

[

σ̂α

λ̂α
eα ⊗ eα − 1

3
σ̂αλ̂αĈ−1

]

: ˙̂
E

= A

[

1
2
σ̂α

λ̂α
eα ⊗ eα : ˙̂

C − 1
6
σ̂αλ̂αĈ−1 : ˙̂

C

]

= A
[

σ̂α
˙̂
λα

]

(2.72)

with the orthogonality Ĉ−1 : ˙̂
C = 0 [Eq. (2.56)], the isochoric strain rate tensor

˙̂
E = 1

2

˙̂
C = λ̂α

˙̂
λα and eα ⊗ eα : ˙̂

C = 2λ̂α
˙̂
λα.
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3 Experimental investigations

3.1 Material and specimen geometry

The investigated material mixture is a model material that has been selected in such
a way that as few proportions as possible are changed, so that precisely one property
can be studied. The chemical ingredients are listed in Tab. 3.1. The most substantial
proportion is, of course, NR. For vulcanisation, 1.2 phr or 1.6 phr1 sulphur particles are
mixed in, the proportion is reflected in the cross-link density. The higher the sulphur
content in the mixture, the higher the number of cross-links and the smaller the distance
between two cross-links and, thus, the width of the meshes between them. Consequently,
0NR1.6 is stiffer than 0NR1.2 (see Fig. 3.18). Zinc oxide and stearic acid are helpful ac-
tivators and N-cyclohexylbenzothiazole-2-sulfenamide (CBS) serves as an accelerator for
the vulcanisation process (Heideman et al., 2004). Without this proper use of additives,
the cross-linking reaction would take several hours (Nagdi, 1993).

material 0NR1.2 0NR1.6 50NR1.2

Rubber, phr 100 100 100
Carbon Black CB N234, phr 0 0 20

Paraphenylenediamine 6PPD, phr 3 3 3
Stearic acid SA, phr 2 2 2
Zinc oxide ZnO, phr 1.5 1.5 1.5

CBS, pce 1.9 2.53 1.9
Sulphur S 1.2 1.6 1.2

ratio: S / CBS 0.63 0.63 0.63

Table 3.1 – Chemical composition of the different materials

1Phr is the abbreviation for parts per hundred, i.e. for 100 g NR 1.2 g sulphur is introduced.
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Figure 3.1 – Raw ingredients of material mixture.

The antiozonant paraphenylenediamine is added as ageing protection. This easily
oxidising white solid is an organic compound that prevents or retards the degradation
of the material caused by ozone. Optionally, Carbon Black of type N234 is added. This
grade number is based on the surface area and structure measurements. N234 has a
high surface area of 124 cm2 per 100 g and, thus, belongs to the fine Carbon Black
grades. More information about polymer ingredients and polymer synthesis is found in
fundamental books such as Brandrup et al., 1999; Gedde, 1995; Kricheldorf, 1991.
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Figure 3.2 – Impressions of rubber production, from upper left to lower right: a) rub-
ber block; b) disappearing rubber in heated mixer; c) counter-rotating internal mixer
with roller blades by Brabender® (Amos, 2015, Fig.4.8; Brabender GmbH Co. KG, 2020;
Drobny, 2014); d) roller blades; e) adding the vulcanisation system (sulphur) on rollers;
f) rubber before curing; g) curing press; h) cured specimen in mould. Pictures taken at
Tomáš Bat’a University in Zlín during a research exchange under Prof. Stoček
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Figure 3.3 – Specimen geometries and individual clamp design. Mini pure-shear and
Monsanto specimen produced at Michelin Technology Centre, Clermont-Ferrand. Hori-
zontal white marks for video-extensometry

Figure 3.4 – Technical drawing of specimen geometries and clamp design. Measures in
mm.
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The material is cured at 170◦C into dumbbell-shaped specimen geometries, often
known from pure-shear experiments. The cylindrical ends are particularly advantageous
for fixing the sample in the clamps. The clamps presented in Figs. 3.3 and 3.9 were
specifically designed to fix the unfilled and, thus, soft samples. Furthermore, the clamps
permit lateral contraction, which is high for the soft incompressible materials combined
with high stretches. At a stretch of λ = 6, the difference between local and global stretch
with these clamps is less than 4% of the global stretch. Nevertheless, video-extensometry
was used to measure the local stretch and exclude the slipping or sliding of the specimen
out of the clamps. The white markings for video-extensometry apparent in Figs. 3.3
and 3.12 are applied to the stretched sample with a highly opaque paint marker.

Specimens of various widths can be cut2 from long strips of the material. Two of
the geometries are analysed in the following: the so-called mini pure-shear specimen
and the longer Monsanto specimen3. Candau used the mini pure-shear specimen of the
same material mixture, with 0.8 mm thickness, 6 mm height and 7 mm width, in a
self-designed tensile apparatus (Candau, 2014, p.51). He conducted cyclic tests with
simultaneous crystallisation measurements. All crystallisation data presented in this
work belong to the results of Candau (Candau, 2014, p.81), since the current work
includes mechanical but no crystallisation measurements.

The Monsanto geometry is characterised by its flat shape of 1.5 mm thickness. The
length of the specimens is fixed to 66.5 mm, whereas the width of the specimen is
chosen by the person conducting the experiment. The definition of a uniaxial tensile
test includes the only occurring stress being that in the tensile direction; all transversal
or shear stresses vanish. To fulfil a true uniaxial tensile test, the specimen needs a
minimum width-to-height-ratio. Therefore, the clamping effects decrease according to
the Saint-Venant principle in the direction of the sample centre and, thus, become
negligible. A homogeneous stress state during a tensile test is assumed. Then, all
benefits of a uniaxial test are applied such that the unknown hydrostatic pressure can
be derived by a simple calculation from the stress-free surfaces in transversal direction.
The deformation gradient F and the Cauchy stress T for ideal uniaxial tension and
incompressible materials read

F =







λ 0 0
0 λq 0
0 0 λq





 , T =







σ 0 0
0 0 0
0 0 0





 , (3.1)

with λq = λ−
1
2 . In the reverse, if specimens are chosen, in which the transversal stresses

do not vanish, the state of uniaxial tension is not fulfilled, and the calculation of the pres-
sure and stress increases the computational effort. Hence, finite element computations
are necessary and a constitutive model is required.

2The Institute of Mechanics works with a Dahle® lever cutting machine with a material knife, which
provides exact cuts even for this soft material.

3The name ’Monsanto’ is the internal name used at Michelin Technology Centre.
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Figure 3.5 – Simulation of a uniaxial tensile test with mini pure-shear specimen. Technical
stress in longitudinal direction in Pa. Colour bar adapting to the values, including highest
and lowest values.

Figure 3.6 – Simulation of a uniaxial tensile test with mini pure-shear specimen. Technical
stress in transversal direction in Pa. Colour bar adapting to the values, including highest
and lowest values.
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In Figs. 3.5 and 3.6, the longitudinal and transversal technical stresses are displayed
over the uniaxial experiment with firm boundary conditions at the clamps. The sim-
ulation was conducted with COMSOL Multiphysics® using the hyperelastic material
model of Ogden with four material parameters. The initial specimen geometry remains
as a contour in the plots. The desired homogeneous longitudinal stress state is only
achieved for high stretches, as displayed in Fig. 3.5. For a smaller deformation of λ = 2,
the longitudinal stress varies with the order of 0.4 · 105 Pa over the cross-section. The
transversal stresses should, ideally, vanish in the uniaxial test, as stated in Eq. (3.1).
As observed in Fig. 3.6, the transversal stresses are 2.5 · 105 Pa for the highest stretch
λ = 6. Compared with longitudinal stresses at the same stretch, the transversal stresses
are one-tenth smaller but still not neglectable. This aspect must be considered when
determining the material parameters.

Figure 3.7 – Simulation of a uniaxial tensile test with long Monsanto specimen. Technical
stress in longitudinal direction in Pa. Colour bar adapting to the values, including highest
and lowest values.
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Figure 3.8 – Simulation of a uniaxial tensile test with long Monsanto specimen. Technical
stress in transversal direction in Pa. Colour bar adapting to the values, including highest
and lowest values.

Figures 3.7 and 3.8 illustrate the longitudinal and transversal technical stresses for
the long Monsanto specimen with a height of 66 mm, width of 12 mm and thickness
of 1.4 mm. The width-to-height-ratio is 1:5.5 . During the entire uniaxial cycle, the
simulation revealed the homogeneous longitudinal stress in Fig. 3.7 and the vanishing
transversal stress in Fig. 3.8. The simulation results indicate that the cyclic test using
the Monsanto specimen is pure uniaxial.

3.2 Preliminary ageing tests

To investigate pure crystallisation in the following experiments and to avoid other un-
desired phenomena, the material is first examined with regard to ageing. The aim is to
quantify a maximum duration (at different temperatures) that the material can resist
without changing its mechanical properties. If these maximum values are not exceeded
during the crystallisation-related measurements, ageing can be excluded. In this section,
the procedure and the results of the ageing tests performed are presented.

A distinction is made between two types of ageing tests: the continuous method and
the discontinuous or intermittent method. The works of Johlitz, 2015; Musil, 2020;
Musil et al., 2019; Tobolsky and Hoffmann, 1967 provide detailed information about the
testing and modelling methods of different ageing phenomena such as chemical, physical
and mechanical ageing.
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• Continuous Ageing - With the surrounding medium air, test specimens are aged
under a constant strain of 50% at elevated constant temperatures. The force is
measured continuously. The experimental results show a further stress decay after
the physical or viscoelastic relaxation and a possible initialisation phase. This
degradation is caused by chemical reactions which are responsible for chain rupture
or, for example, breaking up sulphur bridges.

• Discontinuous Ageing - With the surrounding medium air, the test specimens are
stored stress-free at various temperatures for different ageing durations. After
0, 0.25, 0.5, 1, 8, 24 and 168 hours, samples are retrieved and cooled to room
temperature. Then, short-term relaxation experiments at room temperature are
conducted with 150% or 300% strain and an operating speed of 100 mm/min.

Figure 3.9 – Aparatus of continuous ageing tests, left: rig with three clamped specimen
and three individual force sensors, right: rig in tempered Elastocon® oven.

The measurement results for the material 0NR1.6 of the continuous method, which
were conducted using Elastocon® ageing furnaces for the elevated temperatures 60◦C,
90◦C and 120◦C, are displayed in Fig. 3.10. The material experiences a pronounced
stress degradation from 1,000 s on at 120◦C. For lower temperatures of 90◦C and 60◦C,
the loss of stress occurs after 10,000 s and is less pronounced. The experiments were
repeated, with three experiments per specification.

The results of the discontinuous tests are presented as an example of the filled material
50NR1.2 for 120◦C in Fig. 3.11. The loading curves of uniaxial tensile experiments up
to 150% of strain are displayed. The stress deviated more from the reference curve of
the unaged sample the longer the sample was exposed to the elevated temperature. The
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Figure 3.10 – Continuous ageing test
conducted with 0NR1.6 for three temper-
atures. Force degradation over time.

Figure 3.11 – Discontinuous ageing test
conducted with 50NR1.2 for various dura-
tion at 120◦C. Stress-stretch curves of uni-
axial tensile tests of different aged samples
including unaged reference.

deviation of the stress from the reference stress at the point of highest deformation is
used for the qualification.

Table 3.2 lists the maximum durations for experimental investigations at elevated tem-
peratures. For the continuous relaxation test, the time at which the stress degradation
is 5% from the unaged comparative sample is used.

Material 0NR1.2 0NR1.6 50NR1.2

Temperature in ◦C 60 90 120 60 90 120 60 90 120

Continuous ageing 168 h 6 h 1 h 10 h 6 h <1 h <1 h <1 h <1 h

Discontinuous ageing 168 h 24 h 24 h 8 h 8 h 1 h 8 h 1 h <1 h
300% strain 300% strain 150% strain

Table 3.2 – Summary of the results of continuous and discontinuous ageing tests. The
values in [h] indicate the maximum duration of a test before the results are affected by
ageing.

The unfilled material 0NR1.2 has the highest resistance to ageing, and the filled mater-
ial 50NR1.2 has the lowest resistance. Already within the first minutes of an experiment
at elevated temperature with the material 50NR1.2, the measurement results are influ-
enced by ageing effects. Based on the results presented here, the following experiments
were performed at room temperature. Elevated temperatures were avoided.
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3.3 Uniaxial tensile experiments

3.3.1 Experimental equipment

The tests presented in this work were performed using the tensile testing machine Z020
from Zwick/Roell (Fig. 3.12). This machine can apply a maximum load of 20 kN and
has exchangeable load cells beginning from 100 N. For the measurements presented here,
the Xforce HP 200 N load cell from Zwick/Roell was used.

Figure 3.12 – Zwick/Roell Z020 with
highly stretched sample and video-
extensometry.

Figure 3.13 – Camera uEye with Tamron
lens for video-extensometry

In the experiment, the engineer’s stress σ = F/A0 is measured, whereby the initial
specimen cross-section A0 is an input into the software TestExpert III from Zwick-
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/Roell. The spindle-driven drive realises deformation speeds between 0.0005 mm/min
and 1,000 mm/min. The speed control of the machine is chosen to be displacement-
controlled (i.e. the crossbeam travel is used for control).

The elongation is usually determined via the crossbeam travel called the nom-
inal stretch. The additional use of video-extensometry allows high-precision deform-
ation measurements of the highly elastic material. The uEye camera UI-1540SE with
1.3 megapixel and CMOS-sensor from the IDS Imaging Development Systems GmbH in
Fig. 3.13 detects black-and-white contrasts and, thus, accurately determines the relat-
ive stretch between two previously defined markings. This camera, with a resolution of
1280x1024 pixels and pixel size of 5.2 µm, is integrated into the TestXpert III software
and exactly synchronised. The set-up of the camera-supported stretch measurements is
illustrated in Fig. 3.12 and is roughly described in several steps below. Before clamp-
ing the black sample, horizontal markings were applied symmetrically to the deformed
sample using a conventional, highly opaque, white paint marker. Applying these mark-
ings to the stretched sample produces a sharp edge, which is detected by the software.
Best results are achieved with a slight inclined marking (2-5◦) instead of using perfectly
horizontal markings (Zwick/Roell group, 2010, p.85). A sufficiently good illumination
is essential for the black-and-white contrast during the cyclic testing. In the laboratory,
a professional continuous LED light source was used for full illumination. The high
deformation made it necessary to decouple the camera from the crossbeam. The fixed
camera stood around 0.5 m from the clamped sample on an aligned tripod. Thus, the
object plane of the lens was exactly parallel to the sample surface. The camera is cal-
ibrated at the beginning of a measurement based on known target distances. Precise
focusing is essential to avoid losses of contrast and sharpness. The camera includes a
high-quality lens by Tamron that enables the high strains to be recorded. The lens has
a fixed focal length of 25 mm and was adjusted prior to the measurement, using ded-
icated steps. First, the aperture was opened as far as possible until the target contrast
could only just be determined. The lens-focusing ring was then adjusted to achieve the
sharpest target image at minimum depth of field. The aperture was adjusted using grey
levels to avoid overexposure. Furthermore, the aperture was opened to that point to
avoid any saturation. This technique prevents a reduction in accuracy or an increase
of signal noise, as well as ensuring a maximum depth of focus during the continuous
deformation measurement, which is essential for the high elongations of 33 cm, and for
the long-term measurement due to small deformation rates. Further information on the
video-extensometry device can be found in its user manual (Zwick/Roell group, 2010).
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Figure 3.14 – Cycles with increasing maximum stretch, left: stretch over time, right:
stress over stretch.

The uniaxial cycles with increasing stretch presented in Fig. 3.14 display the difference
between nominal stretch and real stretch measured by video-extensometry for 0NR1.2
at stretch rate of λ̇ = 0.01 1/s. The stretch over time is illustrated on the left. The
error between nominal and real stretch is between 4% and 10%4 of the cyclic loading of
increasing stretch. The effect on the stress-stretch curve is illustrated on the right. The
maximum nominal stretch of λ = 7 refers to a real stretch of λ = 6.5.

3.3.2 Cyclic loading and unloading

In a classic uniaxial tensile test up to a high deformation of λmax = 6, as exemplarily
displayed in Fig. 3.15, unfilled NR has a unique nonlinear stress-stretch curve. The hys-
teresis formed between the loading and unloading path is mainly due to SIC. Plasticity
and the Mullins effect can be excluded for unfilled NR.

The characteristic stress-stretch curve is divided into different segments, here charac-
terised by different points according to Guilie, Le and Le Tallec, 2015; Marchal, 2006;
Rault et al., 2006.

First, as observed in Fig. 3.15, the experimentally measured first Piola-Kirchhoff stress
between point O and point A increases almost linearly with stretch λ. No crystallisation
occurs in this small deformation range.

The critical stretching λSIC (here λSIC ≈ 4.5) marks the turning point A and the
beginning of a plateau formation in the stress-stretch curve. This inflection point is an
indication of the beginning of SIC, and the first crystals form (Candau, 2014, p.133f;
Marchal, 2006, p.87). Between points A and B, two effects work in opposite directions;

4The exact error per step is ∼ 4% for λ = 2, ∼ 7% for λ = 3, ∼ 8% for λ = 4, ∼ 8% for λ = 5, ∼ 5%
for λ = 6 and ∼ 6% for λ = 7.
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Figure 3.15 – Loading and unloading of a uniaxial tensile test at stretch rate of
λ̇ = 1 · 10−2 1/s up to high stretch of λ = 6; real stretch is measured using video-
extensometry

the so-called Flory-relaxation of the amorphous chains dominates the early slow crys-
tallisation, in which crystallites act as reticular nodes (Flory, 1947; Guilie, Le and Le
Tallec, 2015; Marchal, 2006) and visualised in the top section of Fig. 3.16. During crys-
tallisation, the remaining amorphous chains experience relaxation, which reduces stress.
The kinetics of crystallisation are slow in the beginning and then accelerate (Marchal,
2006, p.87).
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Figure 3.16 – Relaxation model by Flory, 1947 sketched for one amorphous chain between
two reticulation knots. Above: the process of crystallisation with reticulation of the crys-
talline network and simultaneous relaxation of amorphous chain. Bottom: melting process
with relaxation of crystalline chain and simultaneous retightening of amorphous chain.

After point B, the material experience a more pronounced development of crystallinity
than the relaxation of the remaining amorphous chains. The stress increases non-linearly
with stretch, so crystallisation is also considered a strengthening phenomenon. Based on
the stress-strain curve in Fig. 3.15, it is impossible to distinguish between the nucleation
and the growth of crystals. (Gorlier, Haudin and Billon, 2001) described the zones in
the nonlinear loading path characterising the microstructure development orientation
(0-A), nucleation (A-B) and growth (B-C). Their work refers to SIC in PET identified
via X-ray diffraction, which develops from a strain of 90%.

Maximum stress is reached at point C, when the stress relief begins. At λmax =
6, the first Piola-Kirchhoff stress is σmax = 2.8 MPa, cf. Fig. 3.15. Depending on
the material composition and the kinetics of the crystallinity development, the stress
decreases, whereas crystallinity may decrease (Candau, 2014, p.193) or increase (Candau,
2014, p.236). A delay of the crystallinity decrease can be especially observed in filled
material. Comparing the unloading path with the loading path, higher crystallinity and
less stress are observed at the same stretch level (e.g. between points B, C and E).

During the unloading between points D and E, the stress remains almost constant. As
the strain decreases further, the remaining crystallites continue to melt. An equilibrium
between two phases is established: on the one hand the crystallites melt and on the
other hand, the amorphous chains partially contract again as they intertwine with the
previous crystallites. The melting of the crystallites favours the decrease of the stress.
This process is visualised in the bottom of Fig. 3.16.

At point E, the unloading path reunites with the loading path; thus, excluding speci-
men elongation, as described in Subsection 1.3.1. Consequently, the material is entirely
elastic. The material requires no recovery time to return to its original length. Filled

49



rubbers react differently; a difference between loading and unloading remains due to the
viscoelasticity.

Figure 3.17 – Cyclic loading of a uniaxial tensile test at stretch rate of λ̇ = 1 · 10−2 1/s
up to various maximum stretch; real stretch is measured using video-extensometry

Figure 3.17 displays uniaxial cycles of the 0NR1.2 material. From these cycles with
constant stretch rate and constant maximum stretch, the high reproducibility of the
cycles is evident. The first cycle resembles the last cycle almost perfectly. Furthermore,
the different hysteresis development depending on the maximum stretch is clearly seen.
If the material is deformed up to λmax = 45, the loading and unloading paths are
identical. A hysteresis between loading and unloading is observed only if the material is
further stretched (here λmax = 5, 6). Mullins and classical viscoelastic effects described
in Subsection 1.3.1 are to be excluded.

5The maximum stretch here is the stretch of the machine measured by the crossbeam.
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Figure 3.18 – Loading and unloading of a uniaxial tensile test of three material mixtures
described in Tab. 3.1 at two stretch rates of λ̇ = 1 · 10−2 1/s and λ̇ = 1 · 10−1 1/s, real
stretch is measured using video-extensometry

Figure 3.18 illustrates the results of cyclic loadings for the different materials (de-
scribed in Tab. 3.1). Two stretch rates are applied to each material. The influence
of the ingredients of the mixture mentioned above is verified. The higher the sulphur
content, the more strongly the material is cross-linked and the stiffer the material reacts.
The filled material responds much more rigidly than the unfilled material. The described
plateau observed for the unfilled material is not pronounced for the filled material. The
stress response for the higher stretch rate is stiffer compared to lower stretch rates. This
effect is further outlined in the following subsection.

3.3.3 Stretch rate dependence

In this subsection, the stretch rate dependence of the material is evaluated. A distinction
is made between high and low deformations, with the onset of crystallisation marking
the point of difference.

The viscoelastic effects are small for maximum strains below the start of crystallisation
and can be neglected. Figure 3.19 illustrates uniaxial measurements up to a maximum
strain of λmax = 3 for different stretch rates. It is clearly evident that the stress varies
only slightly with the stretch rate.
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Figure 3.19 – Uniaxial tensile experiments conducted at different stretch rates up to low
stretch λmax = 3

In contrast, the material is strongly rate-dependent under sufficiently high strains (i.e.
the stretch rate influences the material reaction to a large extent). This rate dependence,
which is induced by the kinetics of crystallinity evolution, was observed by changing the
stretch rates from λ̇ = 1 · 10−1 1/s to λ̇ = 1 · 10−4 1/s. The experimental results
in Fig. 3.20 illustrate the average of five cycles of a uniaxial tensile experiment with a
maximum elongation of λmax = 6. The empirical coefficient of variation was calculated to
an extremely low value of < 0.02. Reproducibility is considered using three experiments
per stretch rate. The experimental data follow other studies, such as that presented by
Candau, 2014, p.218.

The slower the stretch rate, the lower the specific stretch at which the inflexion point
in the stress-stretch curve occurs. The more time the molecule chains have to align, the
more likely crystallinity is to occur. This observation agrees with Candau, 2014, p.133.

The area of hysteresis refers to the work per unit volume and is almost constant
in the above measurements. For the measurements displayed, the area of hysteresis
is 141.25 J/m3 for 1 · 10−1 1/s, 144.81 J/m3 for λ̇ = 1 · 10−2 1/s, to 145.65 J/m3 for
λ̇ = 1 · 10−3 1/s and to 144.43 J/m3 for the stretch rate of λ̇ = 1 · 10−4 1/s. The
trapezoidal rule was used for the calculation of the integral. At the lowest stretch rate
of λ̇ = 1 ·10−4 1/s, the inflection point is less pronounced. For this experiment, the total
test time for one cycle was one day and five hours. Thus, the experiment of five cycles
lasted six days. The stress response belonging to the slowest stretch rate is nearly an
equilibrium state.
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Figure 3.20 – Uniaxial tensile experiments conducted at different stretch rates up to high
stretch λmax = 6

3.3.4 Stress relaxation at constant stretch

In this subsection, the time property of the material is evaluated. Again, a distinction
is made between high and low deformation, with the start of crystallisation marking the
point of difference. In the relaxation experiments performed, the material was deformed
uniaxially to a constant stretch λmax and held for 24 hours. Figure 3.21 displays the
stretch over time in blue, and the stress over time in red in a semilogarithmic diagram.
The figure presents an average of four measurements. The stretch of the crossbeam was
set to λmax = 6, whereas the real stretch measured via video-extensometry was λreal

= 5.824, which corresponds to an error of 2.94%6. The loading was conducted with a
stretch rate of λ̇ = 0.027 1/s.

Figure 3.22 summarises a full set of relaxation experiments with 0NR1.2 with various
maximum crossbeam stretches. The measured first Piola-Kirchhoff stress relaxed with
time when the material is stretched beyond a critical stretch λmax ≥ λc. In contrast,
the material exhibits no stress relaxation when the constant maximum stretch is below
this critical stretch λmax ≤ λc. The experimental data present similar results as in the
literature, leading to the conclusion that stress relaxation is due to SIC (Rault et al.,
2006; Sotta and Albouy, 2020). Figure 3.23 presents the total changes in stress due to
relaxation. The relative decrease in stress regarding the maximum observed stress is
plotted over the stretch at which the relaxation is measured. The difference between

6For 0NR1.6 this difference is 4.9% at λmax = 6 and 3.34 % for 50NR1.2 at λmax = 3.
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Figure 3.21 – Experiment: stretch and stress over time for 0NR1.2

Figure 3.22 – Experiments: Stress relaxation over time for different maximum stretches
for 0NR1.2

54



Figure 3.23 – Experiments: Relative stress relaxation over maximum stretch for unfilled
NR

stretching below and above the critical stretch is noticeable: If the material is stretched
below the critical stretch, stress relaxation of ≤ 15% relative to the maximum stress
occurs. However, if the material is stretched above the critical stretch, about 30% of the
maximum stress relaxes within 24 hours.

Another relaxation measurement was conducted to support the results displayed
above. For this purpose, the sample was first stretched to λ1 = 6 and held for 6 h.
Then, the stretching was reduced to λ2 = 3 and also held for 6 h. The stress relaxation
was measured continuously (Fig. 3.24). The stress relaxed by around 28% at the stretch
of 6 and by ≤ 2% in the second stage. Again, the results in Fig. 3.24 reveal an average
of three measurements, in which the deviation between each is small. Thus, the stress
relaxation due to SIC is validated.
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Figure 3.24 – Experiment: two-step relaxation experiment with λ1 = 6 and λ2 = 3 each
held for 6h

3.4 Caloric measurement

Caloric tests were carried out using the Differential Scanning Calorimetry (DSC). In this
method, tiny amounts of sample material are placed in a crucible and then subjected
to a temperature program. The instrument measures the corresponding amount of heat
per unit time applied to the sample in comparison to a reference crucible. The glass
transition temperature and also the melting and crystallisation behaviour of polymers
(TIC, cf. Subsection 1.3.2) can be measured. In this study, primarily the measurement
of the specific heat capacity was of interest.

The measured specific heat in Fig. 3.25 experiences a steep upturn when passing the
glass transition temperature including a slight peak in the end. The glass transition
temperature7 according to the measurements is around θG = −55◦C = 218.15K. In the
temperature range [223.15K, 373.15K] = [−50◦C, 100◦C] the heat capacity is close to a
linear curve.

7The glass transition temperature was determined to approximately θG = −55◦C, the measurements
were validated with thermal mechanical analysis (TMA), in which the thermal expansion of a mater-
ial is detected during heating. More caloric experiments such as the determination of the volumetric
specific heat with Hot Disk® method or density measurements were performed with this material,
but remain unpublished to this extent. They agree with the presented results.
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Figure 3.25 – Differential Scanning Calorimetry with three materials

With an assumed glass transition temperature of θG = 218.15K, the linear isobaric
specific heat results in

cp = cp0 + βcp(θ − θG) (3.2)

⇒ cp = 1.554 + 0.0035(θ − θG), for 0NR1.2 (3.3)

The linear course of the heat capacity is used in Subsection 4.1.2, Eq. 4.16 defining a
free energy representing the volumetric part. These relations are only applicable if the
temperature θ of the material is sufficiently large in comparison to θG.
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4 Formulation of constitutive

equations

In this chapter, the development of constitutive equations in two models is revealed.
The procedure is structured equally for both:

1. Definition of the degree of crystallisation on the micro-mechanical level

2. Description of the hybrid free energy

3. Evaluation of the second law of thermodynamics

In addition, the derivation of the 3D equation of heat conduction is performed for each
model. The thermomechanical design by Lion and Johlitz, 2015 is used as a pattern and
further developed with a focus on the accurate description of the SIC phenomenon. The
models belong to the class of viscoelastic material models as defined by Haupt, 2002.

Modelling viscoelasticity

In general, viscoelastic materials are modelled by dividing their behaviour into two
parts: an elastic part, which describes the equilibrium response of the material, and
a rate-dependent memory part. The latter part vanishes for static processes and is,
therefore, referred to as fading (Haupt, 2002, p.409f; Coleman and Noll, 1961, p.242ff).

The representation of viscoelasticity by means of internal variables is presented by
Haupt, 2002, p.419f. The stress-stretch relation of a viscoelastic material is defined
through the second Piola-Kirchhoff stress depending on the strain tensor

T̃ = f (E, q1, . . . , qN) (4.1)

and N internal variables q1, . . . , qN defined by a set of evolution equations

q̇k (t) = fk (E (t) , q1 (t) . . . qN (t)) , k = 1, . . .N . (4.2)

The following properties apply: first, an equilibrium solution q̄k exists for each state of
strain E

fk (E, q̄1, . . . , q̄N ) = 0 , k = 1, . . . N , (4.3)
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where the equilibrium solutions can be expressed as functions of the strain state E

E 7→ q̄k = q̄k (E) . (4.4)

If these equilibrium solutions q̄k (E) are inserted into Eq. (4.1), the stress tensor is a
unique function of the strain tensor E. The function T̃(E, q̄1(E), ..., q̄N(E)) defines the
equilibrium response of the material.

Second, the solution of the system of differential equations (4.2) tends towards the
equilibrium solution

lim
t→∞

qk (t) = q̄k (E0) (4.5)

for every constant strain tensor E0 and arbitrary initial conditions qk(t0) = qk0. This
second property is called the global asymptotic stability of the equilibrium.

The segmentation of the elastomer into three phases

The microstructure of the elastomer is assumed to be divided into three phases: a
crystalline phase, a crystallisable amorphous phase and a non-crystallisable amorphous
phase. The material consists mainly of a crystallisable amorphous phase. In the unde-
formed state, the material is assumed to be 100% amorphous. Under high deformation,
the material forms a crystalline phase. The amount of the crystalline phase reaches
not more than 20% to 40% depending on stretch and material. In addition, the ma-
terial is assumed to consist of a non-crystallisable amorphous phase, which is assumed
to be linear dependent to the crystalline phase. The existence of a non-crystallisable
amorphous phase in polymers was first proved experimentally in 1980, when Menczel
and Wunderlich referred to a rigid amorphous phase (Menczel and Jaffe, 2007; Menczel
and Wunderlich, 1980; Wunderlich, 2003).

The key difference of the presented models in this study is the arrangement of the
phases to each other. The first presented model1 uses a parallel connection of phases,
in which the crystallinity is depicted as a mass ratio. The stretch is equal in all phases,
and the total stress is the sum of single stresses. The second presented model2 uses a
serial connection of phases, in which the crystallinity is depicted as a ratio of lengths or
volumes. The stretch of each phase is different, whereas the stress is equal in the entire
serial connection.

The motivation for the development of two separate models evolved while evaluating
internal variables of the parallel model. The arguments are summarised in Table 4.1 and
are clarified in their significance within the following sections. The first criterion is also
the motivation for the development of the serial model. Within the parallel connection
stating that the stretch in each phase is equal across the cyclic loading, it is challenging

1The first model using a parallel connection of phases is referred to as parallel model.
2The second model using a serial connection is referred to as serial model.
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Parallel connection Serial connection

Benefits lower computational effort,
one evolution equation

representation of Flory model,
crystalline phase is the stiffest

Drawbacks same stretch for all phases,
crystalline phase is the softest

higher computational effort,
three evolution equations

Table 4.1 – Overview of benefits and drawbacks of both presented models

to interpret internal model variables such as the stretch of the crystalline phase. The
standard interpretation is that the crystalline phase is most deformable and, thus, the
most stretched (stretched to the maximum). Individual stretches for the single phases
in the parallel model do not agree with the ideas in the literature, such as Flory, 1961.
The next criterion is the phase that influences the stress response most. In the parallel
connection, the crystalline phase must be the softest phase, which is not in line with
the physical understanding represented in the literature. In the serial connection, the
crystalline phase is the stiffest phase.

An essential criterion is the computational effort, which is directly connected to the
number of evolution equations within the constitutive equations. The parallel model
includes one evolution equation, whereas three evolution equations are included in the
serial model. Thus, the parallel model is beneficial regarding computational time.

4.1 Constitutive model using parallel connection of

phases

4.1.1 Depicting crystallinity in the parallel model

Figure 4.1 illustrates one elastomer part in the reference configuration in the direction
eα in the orientation space. The decisive idea of mapping crystallinity in the presented
constitutive model consists of dividing the total mass of a polymer part mα into the three
phases: First, of course, is the crystalline phase, with its mass mαc, which is sketched
in light blue. Second, is the crystallisable amorphous phase mαa, drawn in orange; and
third, is the non-crystallisable amorphous portion mαn, marked in dark blue. The total
mass thus forms

mα = mαc +mαa +mαn . (4.6)

It is assumed that the non-crystallisable amorphous phase and the crystalline phase are
directly proportional and linearly dependent:

mαn = ζmαc ⇔ mαn

mαc

= ζ , (4.7)
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that means each crystalline part is surrounded by a non-crystallisable amorphous part.
The directional crystallinity xα in eα direction is defined by its mass fraction

xα =
mαc

mα

. (4.8)

Figure 4.1 – Phases in the microstructure of an elastomer part: the crystallisable amorph-
ous mαa (orange), the non-crystallisable amorphous mαn (dark blue) and the crystalline
phase mαc (light blue). The sketch is not intended to derive the mechanical model but to
illustrate the parallel connection of crystallites and amorphous phase.

The simple derivation based on (4.6) and using the above definitions indicates that
the crystallisable amorphous part can be expressed as

mα = mαc +mαa +mαn (conservation of mass)

⇔ 1 =
mαc

mα

+
mαa

mα

+
mαn

mαc

mαc

mα

⇔ 1 = xα +
mαa

mα

+ ζxα

⇔ mαa

mα

= 1 − (1 + ζ)xα . (crystallisable amorphous fraction)

Furthermore, the maximum value of the crystallisable amorphous phase is physic-
ally limited to 100% (i.e. 0 ≤ mαa

mα
≤ 1), which leads to the definition of a

maximum crystallinity x0

0 ≤ xα ≤ 1
1 + ζ

=: x0 . (4.9)

A significant advantage of the models presented here is the definition of a crystallinity
limit x0 ≤ 1. This limit corresponds to reality, in which maximum crystallinities of about
20% are achieved in synchrotron measurements (Candau, 2014; Rault et al., 2006). Other

61



models usually use a maximum crystallinity of 100%, x0 = 1 (Flory, 1947). With these
abbreviations, any mass fraction is simplified to

mαc

mα

= xα , (directional crystallinity)

mαa

mα

= 1 − xα
x0

and (crystallisable amorphous fraction)

mαn

mα

=
xα
x0

− xα . (non-crystallisable amorphous fraction)

The proposed model uses a parallel connection of the individual phases such that the
total load is achieved by adding the loads of the individual phases

σα = σαa + σαn + σαc , (4.10)

wherein the elongation in each phase is equal

λα = λa = λn = λc (4.11)

and can be computed, if xα is known.

4.1.2 Total hybrid free energy

As introduced in Section 2.6, thermoelasticity in combination with crystallisation is
modelled by the hybrid free energy (2.64), in which the volumetric and isochoric parts
are split additively. All quantities are specific3 quantities, even though the supplement
specific is not mentioned continuously. The Gibbs-type free energy representing the
volumetric material behaviour depends on the total degree of crystallinity

g = g(p, θ, x) , (4.12)

whereas the Helmholtz-type free energy representing the directional material behaviour
depends on the directional degree of crystallinity

ψ̂ = A
[

ψ̂α(λ̂α, θ, xα)
]

. (4.13)

The time derivative of the Gibbs-type free energy is

ρR ġ(p, θ, x) = ρR
∂g

∂p
ṗ+ ρR

∂g

∂θ
θ̇ + ρR

∂g

∂x
ẋ . (4.14)

A general assumption is that the crystallinity does not influence the volumetric material
behaviour; thus, the Gibbs-type free energy is not crystallinity dependent ∂g

∂x
= 0. This

aspect reduces its time derivative to

ρR ġ(p, θ) = ρR
∂g

∂p
ṗ+ ρR

∂g

∂θ
θ̇ . (4.15)

3The specific free energy per unit mass is defined as ϕ̂α = ϕ̂α

mα

.
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Within this assumption, the model for the volumetric part of the free energy uses a
linear isobaric specific heat cp = cp0 + βcp (θ − θG) in accordance with Lion et al. (Lion
and Peters, 2010; Lion, Peters and Kolmeder, 2011; Lion, Dippel and Liebl, 2014) and
displayed in Section 3.4. It results in

g(p, θ) = g0 − s0 (θ − θG) − (cp0 − βcpθG)

(

θ ln

(

θ

θG

)

− (θ − θG)

)

− βcp
2

(θ − θG)2 +
αν
ρR

(θ − θG) p− p2

2ρRK
, (4.16)

where the temperature θG is the glass transition temperature of the material. The
parameter αν is the thermal expansion coefficient. The partial derivatives are

∂2g

∂θ2
= −1

θ
(cp0 + βcp(θ − θG)) and (4.17)

∂2g

∂p∂θ
=
αν
ρR

. (4.18)

The specific directional Helmholtz free energies of the individual phases are all con-
sidered to be strain-dependent ψ̂αa, ψ̂αn, ψ̂αc = f(λ̂α) and they are all independent of
the degree of crystallinity ψ̂αa, ψ̂αn, ψ̂αc 6= f(xα)

ψ̂αa(λ̂α, θ) , (crystallisable amorphous phase)

ψ̂αn(λ̂α, θ) , (non-crystallisable amorphous phase)

ψ̂αc(λ̂α, θ) . (crystalline phase)

The entropy-elastic approaches for the directional free energy per unit mass for the
crystallisable and for the non-crystallisable amorphous phase are formulated as

ψ̂αa(λ̂α, θ) = ψ̂0a − s0a(θ − θG) +
θ

θB
ϕ̂αa(λ̂α) and (4.19)

ψ̂αn(λ̂α, θ) = ψ̂0n − s0n(θ − θG) +
θ

θB
ϕ̂αn(λ̂α) , (4.20)

where the simplest form of temperature dependence of the strain energy function ϕ̂ in the
context of thermoelasticity is used (Miehe, 1995; Lion, 2000, p.29). The constant θB is
an appropriate reference temperature for entropy elasticity. The energy elastic approach
for the directional free energy per unit mass of the crystalline phase is formulated as

ψ̂αc(λ̂α, θ) = ψ̂0c − s0c(θ − θG) + ϕ̂αc(λ̂α) . (4.21)

The parameters ψ̂0a, ψ̂0n and ψ̂0c are the initial free energy densities, s0a, s0n and s0c are
the initial specific entropies and ϕ̂αa(λ̂α), ϕ̂αn(λ̂α) and ϕ̂αc(λ̂α) are the directional strain
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energies of the amorphous and crystalline phases. The total Helmholtz free energy Ψ̂α

is the sum of the individual free energy densities multiplied by the masses

Ψ̂α0 = mαaψ̂αa +mαnψ̂αn +mαcψ̂αc (4.22)

and the mixture entropy derived in Subsection 4.1.3 is

Smix = −mα

R

M
γ(xα) , (4.23)

where R is the universal gas constant, M is the molar mass and the function γ(xα) is
the mixing ratio. This relation leads to the total directional Helmholtz free energy

Ψ̂α = Ψ̂α0 − θSmix . (4.24)

The directional Helmholtz free energy per unit mass follows as

ψ̂α
(

λ̂α, θ, xα
)

=
(

1 − xα
x0

)

ψ̂αa +
(

xα
x0

− xα

)

ψ̂αn + xαψ̂αc +
Rθ

M
γ(xα) . (4.25)

During the model development, a low coupling between crystallinity and stress was
observed. If the stress was modelled well, the crystallinity deviated considerably, and vice
versa. As a proposed method, empirical exponents4 m,n, k are introduced, which couple
stress and crystallinity more closely. Consequently, the development of the hysteresis
in the stress and crystallinity curve is increased as obsessed in the experiments. These
exponents act as additional material parameters and are introduced into the free energy
function, so it reads as

ψ̂α
(

λ̂α, θ, xα
)

=
(

1 − xα
x0

)n

ψ̂αa +
(

xα
x0

− xα

)k

ψ̂αn + xmα ψ̂αc +
Rθ

M
γ(xα) . (4.26)

A model with greater flexibility to represent experimental data is formulated using this
free energy function. The partial first and second derivatives of the isochoric part of the

4For the optimisation, these exponents were set between the boundaries 1 ≤ m,n, k ≤ 3 to limit the
nonlinearity.
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free energy (4.26) with respect to crystallinity and temperature are

∂ψ̂α
∂xα

= − n

x0

(

1 − xα
x0

)n−1

ψ̂αa + k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1

ψ̂αn +mxm−1
α ψ̂αc

+
Rθ

Mx0
ln
(

xα
x0 − xα

)

(4.27)

∂ψ̂α
∂θ

=
(

1 − xα
x0

)n ( 1
θB
ϕ̂αa − s0a

)

+
(

xα
x0

− xα

)k ( 1
θB
ϕ̂αn − s0n

)

− xmα s0c

+
R

M
γ(xα) (4.28)

∂2ψ̂α
∂θ2

= 0 (4.29)

∂2ψ̂α
∂θ∂xα

= − n

x0

(

1 − xα
x0

)n−1 ( 1
θB
ϕ̂αa − s0a

)

+ k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1 ( 1
θB
ϕ̂αn − s0n

)

−mxm−1
α s0c +

R

Mx0
ln
(

xα
x0 − xα

)

(4.30)

These equations are used in the calculations such as the derivation of the evolution
equation of crystallinity and the derivation of the 3D heat equation.

4.1.3 Derivation of the mixing entropy

The mixing process causes a positive entropy change due to the accompanying evolution
of crystalline and amorphous particles or segments. The entropy change is introduced
as mixing entropy5 Smix. The increase in entropy of the mixture is derived in detail
in the following subsection. The procedure is divided into two steps: First, ideal gases
are considered as material and the mixture entropy is derived for two mixing gases.
In the second step, the obtained correlation is applied to the mixing of crystals in the
amorphous material. The mixing process is also described in Bartelmann et al., 2018,
p.40 and Müller, 2013.

The change of the internal energy U of a closed thermodynamic system is defined by
the first law of thermodynamics, Eq. (2.25) in Section 2.3,

dU = δQ+ δW = θdS − pdV

⇔ δQ = dU + pdV , (4.31)

where δQ is the change in heat and δW is the change in work. In solid state mechanics,
the change in work is often divided into two contributions, such as a change in pres-
sure p or volume V and an isochoric change in work. For the ideal gas δW = −p dV

5The phrase ’mixing entropy’ or ’mixture entropy’ is used as an abbreviation for the total change of
entropy of a mixture.
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applies. The change in heat δQ = θ dS is expressed as the change in entropy dS times
temperature θ assuming a reversible process. The thermal equation of state p V = nR θ
and the caloric equation of state U = n cv θ apply to ideal gases, where n is the amount
of substance, R is the universal gas constant and cv is the specific heat capacity at con-
stant volume. If these equations of state are inserted into Eq. (4.31), the change in heat
forms to

δQ = n cv dθ +
nR θ

V
dV . (4.32)

The change in heat is an inexact differential
∂

∂θ

(

nRθ

V

)

6= ∂

∂V
(ncv), because its effect on

the state of the system can be compensated by the change in work δW . The heat Q and
the work W are path dependent functions in which the state depends on the path to the
state. In contrast, the entropy S is a path-independent state function. With Schwarz’s
theorem used as mandatory condition for exact differentials (Clausius, 1850, Clausius,

1865, Reichl, 1999, p.32f), the change in entropy dS =
δQ

θ
is an exact differential if

reversible conditions are assumed for the exchange
∂

∂θ

(

nR

V

)

=
∂

∂V

(

ncv
θ

)

. The change

in entropy results in

dS =
δQ

θ
=
n cv
θ

dθ +
nR

V
dV (4.33)

and after integration in the entropy

S = n cv ln
(

θ2

θ1

)

+ nR ln
(

V2

V1

)

(4.34)

for two different volumes V1 and V2 in which the same amount of ideal gas n is stored
under different temperatures θ1 and θ2 (Fig. 4.2).

V1, θ1, n V2, θ2, n

Figure 4.2 – Sketch of two volumes V1, V2 with different temperatures θ1, θ2 and same
amount of substance n
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To formulate an expression for the entropy of mixing, a mixing process under constant
pressure and temperature is assumed according to Müller, 2013, p.248; Müller, 1973,
p.179-182. An ideal gas of volume VA and amount of substance nA is mixed with an
ideal gas of volume VB and amount of substance nB. The initial state is displayed on
the left in Fig. 4.3, where p VA = nARθ and p VB = nB Rθ hold. The mixture of volume
VA + VB and amount of substance nA + nB is sketched on the right side of Fig. 4.3,
where p (VA + VB) = (nA + nB)Rθ holds. The respective changes in the entropies for
equal temperatures are

∆SA = nAR ln
(

VA + VB
VA

)

and ∆SB = nB R ln
(

VA + VB
VB

)

(4.35)

and can be computed with Eq. (4.34). The total change in the entropy of the mixture
is added to

Smix = ∆SA + ∆SB

= nAR ln
(

VA + VB
VA

)

+ nBR ln
(

VA + VB
VB

)

. (4.36)

p(VA + VB) = (nA + nB)RθpVA = nARθ pVB = nBRθ

Figure 4.3 – Sketch of the mixing process of two initial volumes VA, VB with different
number of particles nA, nB of two ideal gases under constant hydrostatic pressure p and
temperature θ

The total volume V =
∑

i Vi (i.e. here VA + VB) is only added up when ideal gases
are considered. For ideal gases, the internal energy of mixing is zero Umix = 0 and the
entropy of the mixing is not zero Smix 6= 0 (Müller, 2013, p.250f). In Müller, 2013,
p.248ff, there is a more general derivation of the mixing entropy that does not assume
ideal gases. In this present study, the possible internal energy of mixing is not considered
such that the free energy of the mixing reads as Ψmix = Umix − θSmix ≈ −θSmix.
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Regarding the next step, the ideal gas equation V =
nR θ

p
was inserted into the

volumes, whereby temperature θ and pressure p remain constant within the assumption

Smix =nAR ln
(

nA + nB
nA

)

+ nB R ln
(

nA + nB
nB

)

. (4.37)

Considering the Avogadro equation n =
N

NAvo
on the one hand, where NAvo is the

Avogadro constant and N is the number of constituent particles, and the definition of
the amount of substance n =

m

M
on the other hand, where m is the total mass and M

the molar mass of the substance, the mixing entropy results in

Smix =
mA

MA

R ln
(

NA +NB

NA

)

+
mB

MB

R ln
(

NA +NB

NB

)

. (4.38)

This general example is now applied to the crystalline part, which is sketched in blue
in Fig. 4.1. First, it is assumed that a crystalline particle consists of the masses of
the crystalline and the surrounding non-crystallisable amorphous material mα cryst =
mα c+mαn. Furthermore, all phases have similar mean molar masses M = Ma = Mcryst.
In these considerations, the mixing entropy of a polymer part with only two types of
particles (crystalline particles + amorphous particles mα = mα cryst +mα a) reads as

Smix =
mαa

Ma

R ln
(

Nα a +Nα cryst

Nαa

)

+
mα cryst

Mcryst
R ln

(

Nαa +Nα cryst

Nα cryst

)

. (4.39)

In addition, the fractions of the constituent particles can be expressed by the crystallinity
fractions defined in Subsection 4.1.1.

Nαa +Nα cryst

Nα a

=
mαa +mα cryst

mαa

=
mα

mαa

=
x0

x0 − xα
Nαa +Nα cryst

Nα cryst

=
(

mαn

mα

+
mα c

mα

)

−1

=
x0

xα
.

The resulting expression is

Smix =
mαa

M
R ln

(

x0

x0 − xα

)

+
mα cryst

M
R ln

(

x0

xα

)

= −mα

R

M

[

x0 − xα
x0

ln
(

x0 − xα
x0

)

+
xα
x0

ln
(

xα
x0

)]

= −mα

R

M
γ(xα) , (4.40)

where

γ(xα) =
x0 − xα
x0

ln
(

x0 − xα
x0

)

+
xα
x0

ln
(

xα
x0

)

(4.41)
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is the mixing ratio of the polymer part. The plot of the mixing ratio in Fig. 4.4 illustrates
a maximum between 0 ≤ xmax ≤ x0. The mixing ratio is zero in two cases: first, if no
crystallinity exists and second, when the crystallinity reaches its maximum x0.

Figure 4.4 – Mixing ratio γ versus directional crystallinity index with an exemplary
maximum crystallinity of x0 = 0.6, cf. Eq. (4.41)

For the evolution equation of crystallinity, Eq. (4.49), the first derivative of the mixing
ratio with respect to crystallinity is required and reads as

dγ(xα)
dxα

=
1
x0

ln
(

xα
x0 − xα

)

. (4.42)

4.1.4 Evaluation of the Clausius-Duhem inequality

As introduced in Section 2.6, the model uses the hybrid free energy (2.64), in which the
volumetric and the isochoric parts are split additively.

Thus, the time derivative of the hybrid free energy is6

ϕ̇ =
∂g

∂p
ṗ+

∂g

∂θ
θ̇ +

∂g

∂x
ẋ+ A

[

∂ψ̂α

∂λ̂α

˙̂
λα +

∂ψ̂α
∂θ

θ̇ +
∂ψ̂α
∂xα

ẋα

]

. (4.43)

With x = A[xα], the time derivative of the hybrid free energy changes to

ϕ̇ =
∂g

∂p
ṗ+

∂g

∂θ
θ̇ + A

[

∂ψ̂α

∂λ̂α

˙̂
λα +

∂ψ̂α
∂θ

θ̇ +
(

∂g

∂x
+
∂ψ̂α
∂xα

)

ẋα

]

. (4.44)

6Please note, that all values in the physical terms are specific values but the description ’specific’ is
not used continuously.

69



Following the insertion of (4.44) and the stress power (2.72), the Clausius-Duhem in-
equality (2.44) reads as

−ρRA
[(

∂g

∂x
+
∂ψ̂α
∂xα

)

ẋα

]

+ A
[(

σ̂α − ρR
∂ψ̂α

∂λ̂α

)

˙̂
λα

]

+
(

εvol − ρR
∂g

∂p

)

ṗ

− ρR

(

s +
∂g

∂θ
+ A

[

∂ψ̂α
∂θ

])

θ̇ − 1
θ

qR · gR ≥ 0 . (4.45)

Demanding that Eq. (4.45) is non-negative for arbitrary values of the rates of the indi-
vidual variables (Coleman and Noll, 1963) and assuming the most simple models for the
heat flux vector and ẋ0, the following quantities result directly as a consequence. Altern-
atively, the generally derived evaluation of the Clausius-Duhem inequality in Section 2.5
results in Eqs. (2.53 to 2.52) and with the internal variable qk = x to

qR = −κgR (heat flux density)

εvol = ρR
∂ϕ

∂p
= ρR

∂g

∂p
(volume strain)

s = −∂ϕ

∂θ
= −∂g

∂θ
− A

[

ψ̂α
∂θ

]

(specific entropy)

ẋα = −β (θ, ...)
∂ϕ

∂x
= −β (θ, ...)





∂g

∂x
+ A





∂ψ̂α
∂xα







 (directional crystallinity)

σ̂α = ρR
∂ψ̂α

∂λ̂α
(directional stress)

From the inversion of the generally linear pressure-dependent volume strain εvol ∼ p,
the pressure p = p (εvol, θ, x) can be easily computed. Furthermore, with the directional

stress σ̂α = ρR
∂ψ̂α

∂λ̂α
(λ̂α, θ, xα) and Eq. (2.71), the second Piola-Kirchhoff stress tensor

(2.34) is composed as

T̃ = −p (1 + εvol)
1
3 Ĉ−1 + (1 + εvol)−

2
3

ˆ̃T , (4.46)

where the volumetric part can depend on the total crystallinity x, but its isochoric
part is a superposition of directional stresses that depend on directional crystallinities
σ̂α (xα). The first derivative of the specific strain energy ψ̂ (4.26) with respect in the
stretch λ̂α results in the total directional first Piola-Kirchhoff stress with three individual
contributions, one for each phase:

σ̂α(λ̂α, xα) =
(

1 − xα
x0

)n

σ̂αa(λ̂α) +
(

xα
x0

− xα

)k

σ̂αn(λ̂α) + xmα σ̂αc(λ̂α) . (4.47)
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The evolution equation of crystallisation reads as

ẋα = −β (θ, ...)
(

∂g

∂x
+
∂ψ̂α
∂xα

)

, (4.48)

where the positive function β(θ, ...) ≥ 0 considers the temperature dependence of the
material among other optional dependences like stress, stretch or crystallinity itself on
xα.

Furthermore, a simplifying assumption considers that the Gibbs-type energy contribu-
tion g, which represents the volumetric part of the material behaviour, does not depend

on the total crystallinity x; therefore,
∂g

∂x
≈ 0. The evolution equation of the directional

crystallinity follows with directional free energy (4.26), and the first derivative of the
mixing ratio with respect to directional crystallinity (4.42) to

ẋα = −β (θ, ...)







− n

x0

(

1 − xα
x0

)n−1

ψ̂αa + k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1

ψ̂αn

+ mxm−1
α ψ̂αc +

Rθ

Mx0
ln
(

xα
x0 − xα

)







. (4.49)

Simplifying approach ψ̂αn = ψ̂αa, k = n

Two simplifying approaches are considered. The first approach assumes that the free en-
ergies of the crystallisable and non-crystallisable amorphous phases are equal ψ̂αn = ψ̂αa,
k = n. The total free Helmholtz energy (4.26) then results in

ψ̂α =

[

(

1 − xα
x0

)n

+
(

xα
x0

− xα

)n
]

ψ̂αa + xmα ψ̂αc +
Rθ

M
γ(xα) , (4.50)

and the evolution equation for the directional crystallinity (4.49) simplifies as

ẋα = −β






n

[

− 1
x0

(

1 − xα
x0

)n−1

+
( 1
x0

− 1
)(

xα
x0

− xα

)n−1
]

ψ̂αa

+mxm−1
α ψ̂αc +

Rθ

Mx0
ln
(

xα
x0 − xα

)







. (4.51)

The total stress response is then composed of the single stresses of the amorphous and
the crystalline phase

σ̂α(λ̂α, xα) =

[

(

1 − xα
x0

)n

+
(

xα
x0

− xα

)n
]

σ̂a(λ̂α) + xmα σ̂c(λ̂α) . (4.52)
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Simplifying approach ψ̂αn = ψ̂αc, k = m

Considering a second simplifying approach, such that the free energies of the non-
crystallisable amorphous phases and the crystalline phase are assumed to be equal
ψ̂αn = ψ̂αc, k = m, the free energy (4.26) results in

ψ̂α =
(

1 − xα
x0

)n

ψ̂αa + xmα

[

1 +
( 1
x0

− 1
)m
]

ψ̂αc +
Rθ

M
γ(xα) , (4.53)

and the evolution equation for directional crystallinity (4.49) simplifies as

ẋα = −β (θ, ...)







− n

x0

(

1 − xα
x0

)n−1

ψ̂αa

+mxm−1
α

[

1 +
( 1
x0

− 1
)m
]

ψ̂αc +
Rθ

Mx0
ln
(

xα
x0 − xα

)







. (4.54)

The total stress response is then composed of the single stresses of the amorphous and
the crystalline phase

σ̂(λ̂α, xα) =
(

1 − xα
x0

)n

σ̂a(λ̂α) + xmα

[

1 +
( 1
x0

− 1
)m
]

σ̂c(λ̂α) . (4.55)

Emphasising nonlinearity by empirical exponents

For illustration purposes, the factor of the specific free energy of the amorphous phase
(

1 − xα
x0

)n

+
(

xα
x0

− xα

)n

from Eq. (4.50) is plotted in comparison with the simpler

factor
(

1 − xα
x0

)n

from Eqs. (4.26) or (4.53), as displayed in Fig. 4.5 for n = 1, 2, 3.

The increased nonlinearity is clearly visible, which served as motivation for introducing
the empirical exponents. For the simple case of n = 1, no difference is noticeable, nor
for xα = 0 and xα = x0 = 0.6 .
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Figure 4.5 – Comparison of two approaches for the factor of the specific free energy of
the amorphous phase

4.1.5 Description using hyperelastic material models

The model assumes that one rubber part includes three different contributions: a crystal-
line phase and an amorphous phase that consists of a crystallisable amorphous part and
one non-crystallisable amorphous part. Each phase can be treated individually regard-
ing finding a suitable material model. Generally, in hyperelasticity, the corresponding
stress tensors are derived from the strain energy density function ϕ (Marckmann and
Verron, 2006, p.837), which is defined per unit of undeformed volume. The works of
Marckmann and Verron, 2006; Steinmann, Hossain and Possart, 2012 evaluate a high
number of hyperelastic material models in their capability to reproduce Treloar’s data
obtained while testing NR in different deformation states. The extended tube model was
ranked as no. 1 in Marckmann and Verron, 2006, which follows a ranking considering
the number of parameters, capability to represent the stress under different deformation
states as well its physical motivation.

Hyperelastic material model: extended tube model

The extended tube model was introduced by Kaliske and Heinrich, 1999 as an improve-
ment of and an extension to large deformations of the tube model published by Heinrich
and Kaliske, 1997, which itself was a resumption of the work of Edwards and Vilgis, 1988
and Doi, 1996. An overall assumption of the tube model is that chains are constrained
topologically (i.e. chains remain in a tube formed by surrounding chains which is due
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to the high degree of entanglement of the rubber network). Furthermore, the model
includes a limited extensibility of network chains. The advantage is that the model is
based on physical considerations on the molecular scale (Marckmann and Verron, 2006).
The strain energy formulation depends on microscopic phenomena (Marckmann and
Verron, 2006) and is found by using statistical mechanics.

The total elastic free energy change, or elastic potential, of the extended tube model
(Kaliske and Heinrich, 1999, p.606) is divided in two additive terms: the cross-link and
the constraint:

ϕ = ϕc + ϕe , (4.56)

respectively. The cross-link strain energy of the extended tube model is written as

ϕc(λ) =
Gc

2

[

(1 − δ2)(IC −3)
1 − δ2(IC −3)

+ ln
(

1 − δ2(IC −3)
)

]

(4.57)

and for the constraint contribution, the related strain energy is

ϕe(λ) =
2
β2
Ge

3
∑

i=1

(

λ−β
i − 1

)

. (4.58)

The constants Ge, Gc and β, δ are material parameters. The parameters Gc and Ge

are shear moduli for the cross-link contribution and the constraint contribution to the
total shear modulus, respectively. The parameter β stands for the completeness of the
cross-linking reaction during vulcanisation. Furthermore, it depends on the amount
of solvent, sol fraction and network defects (Kaliske and Heinrich, 1999). It is often
set to β = 1 for completely converted unswollen well-connected networks made from
long primary and cross-linked chains. Therefore, it is assumed that unfilled material is
fully cross-linked (Marzocca, Cerveny and Raimondo, 1997). The parameter δ is the
inextensibility parameter. For example, δ = 0 neglects the finite chain extensibility of
the material (i.e. the rubber would not experience an upturn of the stress-strain curves
at large deformations before the fracture of the sample). Regarding uniaxial tension, the

principal stretches are λ1 = λ (direction of deformation), λ2 = λ3 =
1√
λ

(compression

due to constant volume). Thus, the first invariant of the Cauchy-Green tensor results

in IĈ = λ̂2
1 + λ̂2

2 + λ̂2
3 = λ̂2 +

2

λ̂
for uniaxial tension. For incompressible materials

σ(λ) = 2
(

λ− 1
λ2

) [

∂ψ

∂ I
Ĉ

+
1
λ

∂ψ

∂ II
Ĉ

]

holds (Marckmann and Verron, 2006, p.838; Rivlin,

1948) and the first Piola-Kirchhoff stress reads as

σ(λ) = Gc

(

λ − 1
λ2

)





1 − δ2

(

1 − δ2(I1 −3)
)2 − δ2

1 − δ2(I1 −3)



+
2
β
Ge

(

λ
β

2 − λ−β

λ

)

. (4.59)
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Hyperelastic material model: neo-Hooke

For completeness, the strain energy of the simplest physically motivated constitutive
equation for rubbers (Marckmann and Verron, 2006), the neo-Hookean model published
by Treloar, 1943 is stated as:

ϕ(λ) =
1
2
µ
(

IC −3
)

. (4.60)

For the uniaxial tension of incompressible materials, this results in the following first
Piola-Kirchhoff stress response:

σ(λ) = µ

(

λ− 1
λ2

)

, (4.61)

where µ is the shear modulus.

Parameter identification

The material parameters of the amorphous phase are identified with the help of a com-
bination of relaxation and multistep experiments up to moderate but not too large
stretches to exclude crystallisation effects, since crystallisation onset was observed at
λc = 4.3 for the unfilled material at room temperature (Candau, 2014). The relaxation
experiments verify the multistep experiments and vice versa.

Figure 4.6 – Multistep experiment at
room temperature until stretch λmax = 3.5
with equilibrium stresses marked with
crosses. The equilibrium stresses from
long-term-relaxation for λmax = 2, 2.5, 3
are plotted for comparison.

1 2 3 4 5 6 7 8
0

0.5

1

1.5

2
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106

Figure 4.7 – The hyperelastic models
neo-Hooke and extended tube model are
fitted to the equilibrium stress of low
stretch of maximum λ = 3.5.
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First in the multistep experiments, the sample is stretched in five steps of 50% each and
hold for one hour at each step. The stress response indicates a small decrease during the
one-hour-relaxation. The equilibrium stresses are found by taking the mean value of the
stresses after one-hour relaxation of the loading path and the unloading path. Second, in
the longtime relaxation experiments, the sample is stretched up to λ = 2; 2.5; 3 and hold
for 16 hours. A small stress relaxation was observed. The stress following the relaxation
period is called equilibrium stress. The relaxation time of 16 hours was chosen as it
is considered long enough to observe an insignificant stress decrease. The measured
equilibrium stresses display nearly the same values, and no tendency was observed for
either the long-term relaxation or the multistep experiment to deliver exacter values.
Figure 4.6 illustrates the multistep experiment and the equilibrium stresses in addition
to the equilibrium stresses after long-term-relaxation of 16 hours, which are hard to
distinguish from the equilibrium stresses of the multistep experiment.

The values for the equilibrium stress were also used to fit the extended tube model.
The optimisation uses the nonlinear least square fit, Matlab’s lsqnonlin, and found
the parameter set of Gc = 0.2231 MPa, δ2 = 0.0052, Ge = 0.1378 MPa and β = 1. In
Fig. 4.7, the fit of the extended tube model is plotted with the dashed line. The values
for the equilibrium stress were also used to fit the neo-Hookean model. The optimisation
found the parameter µ = 0.2855 MPa, which is plotted with the dotted dashed line in
Fig. 4.7.

Material models included in the constitutive equations

In the first step, the material model for the amorphous phase is fitted to the equilib-
rium stress response. In the second step, the material model for the crystalline phase
is fitted to the same data with the knowledge that the neo-Hookean model shows less
non-linearity than the extended tube model. The amorphous phase simulated by the ex-
tended tube model displays clearly a strongly pronounced increase of stress with stretch,
whereas the neo-Hookean model has an almost linear slope (Fig. 4.9). Therefore, both
material models, the neo-Hookean for the crystalline phase and the extended tube model
for the amorphous phase, initially display high congruity and separate from each other
at higher strains, approximately at λ ≈ 3.2 (Fig. 4.9). Since the stress and the strain
energy depend directly on each other, the difference between the strain energies can
also be recognised in the behaviour of the stresses (Fig. 4.8). By chance, the described
separation occurs at stretches in which crystallisation onset is observed experimentally.
The figures illustrate only single directional quantities before weighting and integration
them over the sphere in the orientation space.
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Figure 4.8 – Simulation of directional
stresses σ̂αa(λ̂α) and σ̂αc(λ̂α) of the
amorphous and crystalline phases

Figure 4.9 – Simulation of directional
strain energies ϕ̂αa(λ̂α) and ϕ̂αc(λ̂α) of
the amorphous and crystalline phases

4.1.6 Three-dimensional equation of heat conduction

This subsection states the general 3D equation of heat conduction of the parallel model.
The detailed derivation is conducted in Subsection 4.2.5.

ρR (cp0 + βcp(θ − θG)) θ̇ = − A [Div(qRαeα)] + ρRA [rα] + ανθṗ

+ A

[(

(

1 − xα
x0

)n

σ̂αa +
(

xα − xα
x0

)k

σ̂αn

)

λ̇α

]

− ρRA







− n

x0

(

1 − xα
x0

)n−1 (

ψ̂0a + s0aθB
)

+ k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1 (

ψ̂0n + s0nθB
)

+mxm−1
α

(

ψ̂0c + s0cθB + ϕ̂αc
)



 ẋα



 (4.62)

From this final form of the 3D equation of heat conduction, one can interpret the
single terms, such that the isobaric specific heat is represented by

cp = cp0 + βcp (θ − θG) , (4.63)

the thermoelastic coupling term as

ανθṗ , (4.64)
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the crystallisation/melting-induced heat (...) ẋα


− n

x0

(

1 − xα
x0

)n−1 (

ψ̂0a + s0aθB
)

+ k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1 (

ψ̂0n + s0nθB
)

+mxm−1
α

(

ψ̂0c + s0cθB + ϕ̂αc
)



 ẋα (4.65)

and the entropy elasticity-induced contribution of the amorphous phase (non-
crystallisable and crystallisable fraction) (...) λ̇α as

A

[(

(

1 − xα
x0

)n

σ̂αa +
(

xα − xα
x0

)k

σ̂αn

)

λ̇α

]

. (4.66)

4.1.7 Simulation results of the parallel model

For clarity, Eq. (4.51) is restated

ẋα = −β(θ, . . .)







n

[

− 1
x0

(

1 − xα
x0

)n−1

+
( 1
x0

− 1
)(

xα
x0

− xα

)n−1
]

ψ̂αa

+mxm−1
α ψ̂αc +
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Mx0
ln
(

xα
x0 − xα

)







.

The function β(θ, . . .) in this evolution equation describes the temperature dependence
of the crystallisation rate among other optional dependences on stress, stretch or internal
state variables. The temperature dependence is represented by the approach of Williams,
Landel and Ferry, 1955

β(θ) = −β0 exp

(

c1 (θ − θG)
c2 + (θ − θG)

)

, (4.67)

with c1 = 17.44 and c2 = 51.6 K. Regarding temperature, the function β(θ, . . .) remains
constant for the isothermal case. In the current work, the experiment and the simulation
are both isothermal at θ = 300 K, cf. Table 4.2.

The evolution equation reveals that the free energies of the amorphous ψ̂αa and crys-
talline phase ψ̂α c are the driving forces for the crystallisation. Increasing strain energies
increase the crystallisation rate ẋ. Figure 4.10 illustrates the different stress contribu-
tions according Eq. (4.52), in which the crystallisable and non-crystallisable fractions
are handled separately, with σ̂αa = σ̂αn to interpret the prefactor better. The second
Piola-Kirchhoff is displayed but the extension mentioned in Section 2.7 in Eq. (2.71)
is not included. The stress of the non-crystallisable amorphous phase σ̂n influences the
nonlinear upturn, whereas the stress of the crystallisable amorphous phase σ̂a influences
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the hysteresis evolution. Since the crystallinity evolves to xapprox0.12, the stress of the
crystalline part remains low.

σ̂a =
N
∑

α=1

wα

(

−xα
x0

)n

σ̂αa , (4.68)

σ̂n =
N
∑

α=1

wα

(

xα
x0

− xα

)n

σ̂αa (4.69)

σ̂c =
N
∑

α=1

wαx
m
α σ̂αc (4.70)

Figure 4.10 – Simulation of single stresses of the amorphous and crystalline phases

The limiting term
Rθ

Mx0
ln
( xα
x0 − xα

)

in the evolution equation for xα restrains the

crystallisation process the higher the crystallinity evolves (i.e. the closer the directional
crystallinity reaches to the maximum crystallinity x0). This penalty term prevents crys-
tallinity from growing unboundedly. The simulation results of the total stress response
and crystallinity are now revealed. Figure 4.11 illustrates the simulation results optim-
ised for the experimental data in Fig. 3.20 in Subsection 3.3.3. The results in Fig. 4.12
show simulations for different stretch rates. Figure 4.13 illustrates the simulation res-
ults optimised for Candau’s experimental data and Fig. 4.14 shows the directional
stresses and crystallinities in the unit sphere. The corresponding parameters are stated
in Tab. 4.2. Within the parameter identification, some model parameters that do not
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influence the material’s response to a high extent are kept fixed, such as the shear mod-
ulus of the neo-Hooke model µ, the inextensibility parameter δ2 and the parameter for
the completeness of the cross-linking reaction set to β = 1. Furthermore, isothermal
simulations were conducted at room temperature θ = 300 K.

Figure 4.11 – Stress and crystallinity simulation of parallel model at stretch rate
˙̂
λ = 1 · 10−1 1/s, experimental data presented in Fig. 3.20

Some important characteristics are identified to evaluate the simulation results. First,
regarding describing the stress response, the almost linear increase initially and the
reunion of the loading and unloading path are captured. Second, the crystallisation
onset described as point A in Fig. 3.15 at the beginning of Subsection 3.3.2 is of interest.
The relaxation of the amorphous chains, which forms the typical ’plateau’ at point B in
Fig. 3.15, is also considered. The model can capture this point of inflection precisely.
Furthermore, the maximum total stress at the highest stretch is also highly important,
which is satisfied for the simulation. The hysteresis area of the stress response is another
characteristic value. For the simulation in Fig. 4.11, the hysteresis area is 134.17 J/m3

compared with 141.25 J/m3 for the experimental data. The experimental data in this
work have a wider hysteresis than Candau’s stretch-strain curve, which is captured by
the model to a high concordance.
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Figure 4.12 – Stress and crystallinity simulation of parallel model for different stretch
rates, experimental data presented in Fig. 3.20. Each parameter set for each stretch rate
is identified separately listed in Tab. 4.2.

Regarding the crystallinity response of the simulation, the onset of crystallisation
is important and indicated in the characteristic shape of the crystallinity curve. The
absolute values of the crystallinity are of minor interest, since the measured crystallinity
index and the crystallinity index introduced in the parallel model cannot be guaranteed
to be identical. The varying crystallinities reveal the low dependence between stress
simulation and crystallinity response. A different stress response does not result in a
similar variance in crystallinity, and vice versa. The physical interpretation of the slower
the stretch rate the higher the crystallinity holds here.

Figure 4.13 – Stress and crystallinity simulation of parallel model at stretch rate
˙̂
λ = 4.2 · 10−3 1/s, experimental data by Candau, 2014
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Figure 4.14 – Simulation of uniaxial tensile test: directional stresses and crystallinities
in the unit sphere using the parallel model

Parameters
optimised for

Candau 0NR12
˙̂
λ = 1 · 10−1 1/s

0NR12
˙̂
λ = 1 · 10−2 1/s

0NR12
˙̂
λ = 1 · 10−3 1/s

Unit

Material model: extended tube, neo-Hooke
Gc 0.5189 0.6484 0.6519 0.6775 106 Pa
Ge 0.6779 0.4952 0.5219 0.2226 106 Pa
δ2 0.0231 0.0218 0.0218 0.0218 -
β 1 1 1 1 -
µ 0.5710 0.5710 0.5710 0.5710 106 Pa

temperature dependence β(θ, ...), Williams, Landel and Ferry, 1955
C1 17.44 17.44 17.44 17.44 -
C2 51.6 51.6 51.6 51.6 K
β(300, . . .) 1.1296 0.4402 39.417 1.9747 10−11

crystallinity evolution
x0 0.5177 0.4432 0.4160 0.4637 -
M 0.0038 0.0010 0.0009 0.0028 m3/mol

free energies, amorphous/crystalline phase
ψ0a 2.8690 9.1397 12.704 9.8389 106 J/kg
ψ0c 6.8305 1.7992 0.7208 0.0688 106 J/kg
s0a 0.9581 1.9486 2.320 1.7125 105 J/(kg θ)
s0c 0.4123 0.1995 0.1373 0.2132 105 J/(kg θ)
θG 210 210 210 210 K
θB 300 300 300 300 K

empirical exponents
m 2.5 2.70 2.70 3 -
n 1.38 1.85 1.93 1.5879 -

Table 4.2 – Parameter sets derived through optimisation and used in the simulations
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4.1.8 Validation of the parallel model

The constitutive model is validated via two modalities, in which the material’s time-
dependence is analysed. The first validation involves the material’s relaxation beha-
viour, and the second validation involves its behaviour under uniaxial cycles conducted
with varying stretch rates. The validation for infinitely fast and slow deformations is
illustrated in Subsection 4.2.6 together with the serial model.

Stress relaxation at constant stretch

The simulation can cover the stress relaxation. In Fig. 4.15, the simulations are com-
pared with the experiment presented in Subsection 3.3.4 in Fig. 3.22.

Figure 4.15 – Simulation of stress relax-
ation for different maximum stretches, ex-
periments from Fig. 3.22

Figure 4.16 – Evolution of crystallinity
over stretch during relaxation simulation
with λmax = 6

A few characteristics are accentuated; the simulation captures the time dependence
(e.g. stress relaxation) significantly when stretched below the critical stretch. No relax-
ation is observed for the maximum stretch of λmax = 3, in the simulation and the exper-
iment. The simulation displays more rapid relaxation, which is especially pronounced
for the maximum stretch of λmax = 6, for which the equilibrium stress is reached earlier
in time than in the experiment. Moreover, the absolute value of stress relaxed is lower
for the simulation. Since the model is highly rate dependent, and the relaxation ex-
periments were conducted at a higher rate of λ̇ = 0.027 1/s, the stress, especially for
the high stretch, is much higher. Furthermore, Fig. 4.16 illustrates the evolution of the
degree of crystallinity at constant stretch, which is in agreement with the measurements
in Candau, 2014 and Rault et al., 2006. During the stress relaxation, the crystallinity
index increases.
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Stretch rate dependence

Second, the model is validated via its stretch rate dependence. The simulation of uni-
axial cycles at different stretch rates is illustrated in Fig. 4.17 for the most stretched
direction. Thus, the rate dependence is qualitatively validated. The simulation reveals a
few observation points in good concordance with the experiments: first, the viscoelastic
effects are small and can be neglected for maximum stretches lower than crystallisation
onset, cf. Subsection 3.3.3, Figs. 3.19. Second, the material model is highly rate de-
pendent for high stretches (i.e. the stretch rate influences the material response). As
presented in Fig. 3.20, the slower the stretch rate, the lower the stretch at which the
onset of crystallinity occurs (e.g. where the stress response has a small plateau). This
outcome is highly covered by the simulation in Fig. 4.17. Furthermore, the slower the
stretch rate, the smaller the hysteresis in the simulated response and the closer the
simulated response to the equilibrium values for crystallinity and stress (cf. Fig. 4.27
for equilibrium simulation). The simulations of the crystallinity with various stretch
rates agree with experimental results from the literature reprinted in Fig. 4.47 from
Amnuaypornsri et al., 2012, p.3329.

Figure 4.17 – Stress and crystallinity simulation of uniaxial cyclic loading with various
stretch rates
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4.1.9 Conclusion regarding the parallel model

A thermomechanical approach for modelling SIC was presented. The approach is charac-
terised by the separation of volumetric and isochoric effects. This separation is achieved
by splitting the deformation gradient into isochoric and volumetric parts and via the
concept of a hybrid free energy separating volumetric from isochoric parts.

Thermodynamic consistency is guaranteed by the evaluation of the Clausius-Duhem
inequality. The model distinguishes three phases in the elastomer: the crystallisable
amorphous phase, the non-crystallisable amorphous phase and the crystalline phase,
which are regarded as being connected in parallel. Thus, the individual stresses of the
phases differ from each other, whereas the stretch within all phases is identical. After
implementing the model, parameter sets for different experimental data were identified
and presented. The model can represent different experimental data of unfilled elast-
omers, including their strong hysteresis behaviour. The resulting simulations revealed
a high agreement with the experimental data. To validate the model, stress relaxation
and stretch rate dependencies were analysed, both indicating a high agreement with the
experimental data. The model still has some degree of freedom, as some simplifying
approaches and assumptions are used. It is noteworthy that some functions have been
fundamentally proven so far, such as the standard equation for the β(θ, . . .) function.
They could be specified for this model. Moreover, some simplifying approaches were
used to decrease the degree of freedom, such as equating the free energy for the non-
crystallisable and crystallisable amorphous phase. Consequently, extensions are possible.
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4.2 Constitutive model using a serial connection of

phases

4.2.1 Depicting crystallinity in the serial model

As an alternative to the former presented model, Fig. 4.18 illustrates an elastomer part
in the direction of elongation eα of the now presented serial model. The purpose of
defining crystallinity in the constitutive model is to define different fractions within the
elastomer. First, the material consists of a crystalline phase with its length lαc(t) (light
blue), which evolves at high stretches. Second, during any deformation, the material
consists mainly of the amorphous phase. This amorphous phase is again divided into
two parts: a crystallisable fraction with length lαa (orange), and a non-crystallisable
fraction with length lαn (dark blue). Due to the serial connection, the total length lα
comprises the individual lengths

lα (t) = lαa (t) + lαn (t) + lαc (t) . (4.71)

Figure 4.18 – Stretched elastomer part in serial connection in the current configuration:
the crystallisable amorphous phase with its length lαa (left, orange), the non-crystallisable
amorphous phase with its length lαn (middle, dark blue) and the crystalline phase with
its length lαc (right, light blue)

Since the model uses a serial connection, the total stress is equal to the stresses of the
single phases

σα = σαa = σαn = σαc . (4.72)

Figure 4.18 illustrates the elastomer part in the current configuration in stretching dir-
ection, whereas Fig. 4.19 visualises one of these parts in the virtual intermediate con-
figuration. In this latter configuration, the crystallinity is equal to that of the current
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configuration, but the three phases are undeformed. A virtual experiment helps to en-
vision this configuration: The sample is deformed to a certain state, in which it has a
defined crystallinity and certain stretches of the individual phases. Then, abruptly, the
stress is removed such that the crystallinity remains constant. This virtual experiment
follows the method when the viscous strain of a damper is identified in a viscoelastic
Maxwell model. The three phases proceed to their initial lengths lαa0, lαn0, lαc0 without
any mechanical deformation.

Figure 4.19 – Infinitely fast-released elastomer phases in serial connection in the virtual
intermediate configuration: the crystallisable amorphous phase with its initial length lαa0

(left, orange), the non-crystallisable amorphous phase with its initial length lαn0 (middle,
dark blue) and the crystalline phase with its initial length lαc0 (right, light blue)

The modelling of the microstructure of the elastomer is conducted relative to the
unloaded configuration. The crystallinity x is defined by the ratio of the length of the
crystalline fraction to the total length in the virtual intermediate configuration

xα :=
lαc0
lα0

. (4.73)

Thus, the crystallinity index is related to the volume. The relation between the non-
crystallisable amorphous fraction and the crystalline phase is assumed to be directly
proportional

lαn0

lα0
= ζ

lαc0
lα0

= ζxα , (4.74)

assuming that each crystalline part possesses a surrounding non-crystallisable amorph-

ous part. The mobile amorphous fraction is, consequently,
lαa0

lα0
. The straightforward

derivation starting from the intermediate configuration in addition to the application of
the above definitions, indicates that the fraction of the crystallisable amorphous phase
is expressed as:
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lα0 = lαa0 + lαn0 + lαc0

⇔ 1 =
lαa0

lα0

+
lαn0

lα0

+
lαc0
lα0

⇔ 1 =
lαa0

lα0

+ ζxα + xα

⇔ 0 ≤ lαa0

lα0

= 1 − (ζ + 1) xα

⇔ xα ≤ 1
1 + ζ

=: x0 (4.75)

⇔ ζ =
1
x0

− 1

Since the fraction of the crystallisable amorphous phase is non-negative, the crystallin-
ity is limited by a maximum value x0 ≤ 1. As in the parallel model, the so-defined
maximum crystallinity x0 ≤ 1 is closer to the measurements of the real crystallinity,
cf. Subsection 4.1.1. With these abbreviations, each length fraction is expressed by the
current crystallinity and the maximum crystallinity

lαc0
lα0

= xα , (crystalline fraction)

lαa0

lα0

= 1 − xα
x0

and (cryst. amorphous frac.)

lαn0

lα0

=
xα
x0

− xα . (non-cryst. amorphous frac.)

Individual stretches of the different phases

The directional stretches are defined as the ratios of the length in the current configur-
ation illustrated in Fig. 4.18 and in the unstretched virtual intermediate configuration
illustrated in Fig. 4.19

λα =
lα (t)
l0

, (total stretch)

λc =
lαc (t)
lαc0

, (stretch of the crystalline fraction)

λa =
lαa (t)
lαa0

and (stretch of the mobile amorphous fraction)

λn =
lαn (t)
lαn0

. (stretch of the non-crystallisable amorphous fraction)
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The following calculation begins with Eq. (4.71) and derives the expression for the total
stretch λα, and the stretch of the amorphous phase λa dependent on crystallinity xα and
the stretches of the other phases λn, λc.

lα (t) = lαa (t) + lαn (t) + lαc (t)

⇔ λα =
λa lαa 0

lα0
+
λn lαn 0

lα0
+
λc lαc 0

lα0

⇔ λα =
(

1 − xα
x0

)

λa +
( 1
x0

− 1
)

xα λn + xα λc (4.76)

⇔ λa =
λα − xα λc −

(

1
x0

− 1
)

xα λn

1 − xα

x0

(4.77)

Consequently, proceeding with the amorphous stretch of λa > 0 and xα ≤ x0, the
numerator of the fraction in Eq. (4.77) results in

λα − xα λc −
( 1
x0

− 1
)

xα λn > 0

⇒ x0 λc + (1 − x0)λn < λα with xα = x0 , (4.78)

which is the condition that assures the stretch of the mobile amorphous phase λa to be
non-negative. The benefit of the presented model is that the well-known model published
by Flory, 1961 is included as a special case. With x0 = 1, Eq. (4.77) reads as

λa =
λα − xα λc

1 − xα
. (4.79)

Next, some aspects are compared based on both models. Considering limits first, one
property of Flory’s model is the limit of the stretch of the amorphous phase for high
crystallinities xα → 1

lim
xα→1

λα − xα λc
1 − xα

= +∞ . (4.80)

The stretch of the amorphous phase increases continuously (i.e. it reaches unbounded
values). Regarding this approach, under the assumption of a high stiffness of the non-
crystallisable phase λn = 1, the stretch of the amorphous phase for high crystallinities
xα → x0, is also infinitely positive

lim
xα→x0

λα − xα λc −
(

1
x0

− 1
)

xα λn

1 − xα

x0

= +∞ . (4.81)

The next aspect is the finite stretch of the crystallisable amorphous phase λa, in which
several analyses are illustrated in Figs. 4.20 and 4.21. In Flory’s model, increasing
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crystallinity xα leads to an increase in the stretch of the crystallisable amorphous phase
for a fixed total stretch of λα = 6. Moreover, an increasing stretch of the crystalline
phase λc leads to a decrease in the stretch of the crystallisable amorphous phase λa.

Figure 4.20 – Flory’s model: stretch
of the crystallisable amorphous phase λa
over crystallinity xα for different fixed
stretches of the crystalline phase λc at the
maximum value of crystallinity x0 = 1

Figure 4.21 – Flory’s model: stretch
of the crystallisable amorphous phase λa
over stretch of the crystalline phase λc
for different values of constant crystallin-
ity xα at the maximum value of crystallin-
ity x0 = 1

Some cases analysing the parallel model are illustrated in Figs. 4.22 and 4.23. For
example, with constant values for the maximum crystallinity x0 = 0.5, the current
crystallinity xα = 0.2, the stretch of the non-crystallisable phase λn = 1 and the stretch
of the crystalline phase λc = {1, 3, 5, 6}, the presented model indicates the following
behaviour: As the total stretch λα increases, the stretch of the mobile amorphous phase
λa increases. Moreover, a higher fixed stretch of the crystalline phase also increases
the stretch of the amorphous phase, though with less effect as the stretch of crystalline
fraction λc reaches 6. A further point to mention is that increasing crystallinity xα
leads to an increase in the stretch of the crystallisable amorphous phase λa depicted in
Fig. 4.23 for a fixed stretch of the crystalline phase λc = 2.
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Figure 4.22 – Serial model: stretch of
the amorphous phase λa over total stretch
λα for different constant stretches of the
crystalline phase λc, for a maximum value
of crystallinity of x0 = 0.5, fixed stretch
of the non-crystallisable phase λn = 1 and
fixed crystallinity xα = 0.2

Figure 4.23 – Serial model: stretch
of the amorphous phase λa over total
stretch λα for different values of crys-
tallinity xα, for a maximum value of crys-
tallinity x0 = 0.5, fixed stretch of the non-
crystallisable phase λn = 1 and fixed
stretch of the crystalline phase λc = 3

4.2.2 Total hybrid free energy

As in the parallel model, the serial model is also based on the formulation of the hybrid
free energy. In the serial model with its total stretch (4.76), the decomposition into
volumetric and isochoric contributions reads as

ϕ(Ê, p, θ, ...) = g(p, θ, x...) + A
[

ψ̂α
(

λ̂a, λ̂n, λ̂c, θ, xα
)]

, (4.82)

resulting in the dependence of each individual stretch λ̂a, λ̂n and λ̂c. The Gibbs-type
energy contribution g represents the volumetric part of the material behaviour is mod-
elled as described in Subsection 4.1.2 as dependent on pressure and temperature g(p, θ)
(4.16). Again, the total directional Helmholtz free energy consists of three individual
directional Helmholtz free energies

ψ̂αa(λ̂a, θ) , (crystallisable amorphous phase)

ψ̂αn(λ̂n, θ) , (non-crystallisable amorphous phase)

ψ̂αc(λ̂c, θ) , (crystalline phase)

with each considered to be dependent on their corresponding stretch. The total Helm-
holtz free energy ψ̂α is the factored sum of the Helmholtz free energies of the individual
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phases

ψ̂α(λ̂a, λ̂n, λ̂c, θ, xα) =
(

1 − xα
x0

)n

ψ̂αa(λ̂a) +
(

xα
x0

− xα

)k

ψ̂αn(λ̂n) + xmα ψ̂αc(λ̂c)

+
Rθ

M
γ(xα) , (4.83)

in which the last term originates from the entropy of mixing (4.41) derived in Subsec-
tion 4.1.3. As in the parallel model, the empirical exponents m, n, k are introduced as
additional material parameters. These exponents do not influence the thermodynamical
consistency of the constitutive model but enhance the flexibility to represent experi-
mental data. The individual contributions of the isochoric free energy ψ̂α are defined
in the same way as in the parallel approach (4.19 - 4.21), except for being dependent
on their individual stretches. The directional Helmholtz free energy of the crystallisable
and non-crystallisable amorphous elastomer are considered to be entropy elastic

ψ̂αa
(

λ̂a
)

= ψ̂0a − s0a (θ − θG) +
θ

θB
ϕ̂αa

(

λ̂a
)

(4.84)

ψ̂αn
(

λ̂n
)

= ψ̂0n − s0n (θ − θG) +
θ

θB
ϕ̂αn

(

λ̂n
)

, (4.85)

and the directional Helmholtz free energy density of the crystalline elastomer is con-
sidered to be energy elastic

ψ̂αc
(

λ̂c
)

= ψ̂0c − s0c (θ − θG) + ϕ̂αc
(

λ̂c
)

. (4.86)

The mechanical contributions to the directional free energies are the strain ener-
gies ϕ̂αa

(

λ̂a
)

, ϕ̂αn
(

λ̂n
)

, ϕ̂αc
(

λ̂c
)

, which can be chosen arbitrarily (e.g. empirical- or
physical-based models). The partial first and second derivatives of the isochoric part of
the free energy are listed in (4.27) - (4.30) and the partial derivatives with respect to
temperature and the individual stretches read as follow:

∂2ψ̂α

∂θ∂λ̂a
=

1
θB

(

1 − xα
x0

)n ∂ϕ̂αa

∂λ̂a
(4.87)

∂2ψ̂α

∂θ∂λ̂n
=

1
θB

(

xα
x0

− xα

)k ∂ϕ̂αn

∂λ̂n
(4.88)

∂2ψ̂α

∂θ∂λ̂c
= 0 (4.89)

These derivatives are used in further calculations such as in the derivation of the evolu-
tion equation for the crystallinity and the derivation of the 3D heat equation. Since the
Helmholtz type free energy of the serial model depends on five quantities
ψ̂ = A

[

ψ̂α
(

λ̂a, λ̂n, λ̂c, θ, xα
)]

, its time derivative is

A
[

˙̂
ψα

]

= A





∂ψ̂α

∂λ̂a

˙̂
λa +

∂ψ̂α

∂λ̂n

˙̂
λn +

∂ψ̂α

∂λ̂c

˙̂
λc +

∂ψ̂α
∂θ

θ̇ +
∂ψ̂α
∂xα

ẋα



 . (4.90)
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4.2.3 Evaluation of the Clausius-Duhem inequality

The Clausius-Duhem inequality must be satisfied by the constitutive law such that the
second law of thermodynamics is satisfied to ensure thermodynamic consistency. From
Section 2.5, the Clausius-Duhem inequality in the reference configuration (2.44) reads
as

−ρR ϕ̇+ ṗ εvol + ˆ̃T : ˙̂
E − ρRsθ̇ − 1

θ
qR · gR ≥ 0 . (4.91)

With the total stretch (4.76), the stress power (2.72) is

A[σ̂α
˙̂
λα] = A

[

σ̂α

((

1 − xα
x0

)

˙̂
λa +

(

xα
x0

− xα

)

˙̂
λn + xα

˙̂
λc

+
(

− 1
x0
λ̂a +

( 1
x0

− 1
)

λ̂n + λ̂c

)

ẋα

)]

. (4.92)

Considering the directional quantities introduced in Section 2.7 and the time derivative
of the hybrid free energy Eqs. (4.15) and (4.90), the Clausius-Duhem inequality can be
written as

(

−ρR
∂g

∂p
+ εvol

)

ṗ − ρR









∂g

∂θ
+ A





∂ψ̂α
∂θ







+ s



 θ̇ − 1
θ

qR · gR

+ A





(

1 − xα
x0

)



−ρR
(

1 − xα
x0

)

−1 ∂ψ̂α

∂λ̂a
+ σ̂α





˙̂
λa





+ A





(

xα
x0

− xα

)



−ρR
(

xα
x0

− xα

)

−1 ∂ψ̂α

∂λ̂n
+ σ̂α





˙̂
λn





+ A



xα



−ρRx−1
α

∂ψ̂α

∂λ̂c
+ σ̂α





˙̂
λc





+ A







−ρR
∂ψ̂α
∂xα

+
(

− 1
x0
λ̂a +

( 1
x0

− 1
)

λ̂n + λ̂c

)

σ̂α



 ẋα



 ≥ 0 . (4.93)

The variables λ̂n, λ̂c, xα are used as internal state variables, which are defined by the
solution of ordinary differential equations (ODEs). To evaluate this inequality, the
stretch λ̂a of the mobile amorphous phase in Eq. (4.76) is the process variable. The
definition of state and process variables is flexible and must be established. The general
Clausius-Duhem evaluation in Section 2.5 results in Eqs. (2.53 - 2.51) for volume strain,
entropy and heat flux density. With the internal variables qk = xα, λ̂n, λ̂c, the remaining
quantities from evaluating Eq. (4.93) are derived. The total stress is computed as

σ̂α = ρR

(

1 − xα
x0

)

−1 ∂ψ̂α

∂λ̂a
= ρR

(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
(4.94)
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under consideration of Eq. (4.83). The evolution equation for the directional crystallin-
ity, including a prefactored positive function β(θ, ...) ≥ 0, reads as

ẋα = β(θ, ...)



−ρR
∂ψ̂α
∂xα

+
(

− 1
x0
λ̂a +

( 1
x0

− 1
)

λ̂n + λ̂c

)

σ̂α





= ρR β(θ, ...)





n

x0

(

1 − xα
x0

)n−1

ψ̂αa − k
( 1
x0

− 1
)(

xα
x0

− xα

)k−1

ψ̂αn −mxm−1
α ψ̂αc

+
1
ρR

( 1
x0
λ̂a −

( 1
x0

− 1
)

λ̂n − λ̂c

)

σ̂α − Rθ

Mx0
ln
(

xα
x0 − xα

)



 , (4.95)

using the partial derivative in Eq. (4.27). The function β(θ, . . .) in the evolution equation
describes the temperature dependence of the crystallisation rate (e.g. represented by
the approach by Williams, Landel and Ferry, 1955, Eq. [4.67]) among other optional
dependences on internal state variables stress and stretch. The evolution equations for
the stretches of the non-crystallisable amorphous phase and the crystalline phase are

˙̂
λc =

xα
ηc



σ̂α − ρRx
−1
α

∂ψ̂α

∂λ̂c



 (4.96)

=
ρR xα
ηc





(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
− xm−1

α

∂ψ̂αc

∂λ̂c



 and (4.97)

˙̂
λn =

1
ηn

(

xα
x0

− xα

)



σ̂α − ρR

(

xα
x0

− xα

)

−1 ∂ψ̂α

∂λ̂n



 (4.98)

=
ρR
ηn

(

xα
x0

− xα

)





(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
−
(

xα
x0

− xα

)k−1 ∂ψ̂αn

∂λ̂n



 , (4.99)

where ηc, ηn > 0 are the scalar proportional factors of the single phases comparable to

the standard relation of linear viscoelasticity for dashpots λ̇ =
1
η
σ.
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Alternative evaluation of the Clausius-Duhem inequality

Since the crystallinity is always non-negative xα ≥ 0, the evolution equations could also
be evaluated to

˙̂
λc =

ρR
ηc





(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
− xm−1

α

∂ψ̂αc

∂λ̂c



 , (4.100)

˙̂
λn = xα

ρR
ηn





(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
−
(

xα − xα
x0

)k−1 ∂ψ̂αn

∂λ̂n



 or (4.101)

=
ρR
ηn





(

1 − xα
x0

)n−1 ∂ψ̂αa

∂λ̂a
−
(

xα − xα
x0

)k−1 ∂ψ̂αn

∂λ̂n



 . (4.102)

These alternatives bring a further degree of freedom to the model; the equations could
easily be exchanged. In the following simulations, Eqs. (4.97) and (4.99) are used.

4.2.4 Description using hyperelastic material models

Each material fraction of the model (i.e. the crystalline, in addition to the crystallisable
amorphous and the non-crystallisable amorphous phase) is described with a material
model of hyperelasticity. As described in Subsection 4.1.5, each phase can be treated
separately. Since the presented model uses a serial connection for all phases, the softest
material determines the stiffness and the material’s stress response. This is the main
reason the following models were chosen for the individual phases. For the amorph-
ous phase, including the crystallisable and the non-crystallisable amorphous phases,
the hyperelastic extended tube model is used (Subsection 4.1.5). The strain energies
Eqs. (4.56) to (4.58) results in

ϕ̂αa(λ̂a) =
Gc

2

[

(1 − δ2)(IĈ −3)
1 − δ2(I

Ĉ
−3)

+ ln
(

1 − δ2(IĈ −3)
)

]

+
2
β2
Ge

3
∑

i=1

(

λ̂−β
a i − 1

)

(4.103)

ϕ̂αn(λ̂n) =
Gc

2

[

(1 − δ2)(I
Ĉ

−3)
1 − δ2(IĈ −3)

+ ln
(

1 − δ2(IĈ −3)
)

]

+
2
β2
Ge

3
∑

i=1

(

λ̂−β
n i − 1

)

(4.104)

The material parameters Gc, Ge, β, δ are considered equal for both phases. An extension
of the model using individual parameters for the non-crystallisable and crystallisable
amorphous phases is possible, adding four more parameters to the model.

For the crystalline phase, the hyperelastic Yeoh model is used, because it displays a
stiffer stress response than the extended tube-model.

Hyperelastic material model: the Yeoh model

The hyperelastic Yeoh model (Yeoh, 1993) with three terms n = 3 is chosen for the
crystalline phase, such that the model has three material parameters C01, C02, C03. The
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phenomenological model uses the strain energy density function

ϕ =
n
∑

i=1

C0i (IĈ
−3)i (4.105)

= C01 (I
Ĉ

−3) + C02 (I
Ĉ

−3)2 + C03 (I
Ĉ

−3)3 for n = 3 . (4.106)

Figure 4.24 – The hyperelastic model of Yeoh and extended tube are fitted to the equi-
librium stress according to the experiment in Fig. 4.6.

4.2.5 Three-dimensional equation of heat conduction

This subsection derives the 3D equation of heat conduction in detail to study whether
the proposed constitutive model can represent crystallisation-induced changes in tem-
perature. Strain-induced crystallisation is an exothermal process. The procedure is
listed as follows:

1. Considering the internal energy balance regarding the reference configuration

2. Considering the split of the free energy into a pressure-dependent volumetric term
and a deformation-dependent isochoric term

3. Inserting the special structure of these contributions in the local balance of energy
and deriving the equation of heat conduction

4. Interpretation of the resulting terms
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5. Solving the derived equation of heat conduction with the method of finite elements

6. Qualitative comparison of the simulations with the experiments

Following the list given above, the local energy balance (2.20) is derived in Section 2.2.
For the directional approach presented in Section 2.7, the stress power (2.35), the first
time derivative of the internal energy ė = ψ̇ + θṡ + sθ̇ calculated from Eq. (2.38) and
the insertion of the hybrid free energy (4.82), the internal energy balance reads as

ρR ė = T̃ : Ė − DivqR + ρR r

⇒ ρR ġ + A
[

ρR
˙̂
ψα

]

+ ρR θ̇ s+ ρR θ ṡ = A[σ̂α
˙̂
λα] + ṗ εvol − A [Div(qRαeα)] + ρRA [rα] .

(4.107)

The time derivative of the hybrid free energy ϕ̇ using Eqs. (4.15) and (4.90) can be
calculated

ρRġ + A
[

ρR
˙̂
ψα

]

=
∂g

∂p
ṗ+ ρR





∂g

∂θ
+ A





∂ψ̂α
∂θ







 θ̇

+ ρRA





∂ψ̂α

∂λ̂a

˙̂
λa +

∂ψ̂α

∂λ̂n

˙̂
λn +

∂ψ̂α

∂λ̂c

˙̂
λc



+ A



ρR
∂ψ̂α
∂xα

ẋα





= εvolṗ− ρRsθ̇

+ ρRA





∂ψ̂α

∂λ̂a

˙̂
λa +

∂ψ̂α

∂λ̂n

˙̂
λn +

∂ψ̂α

∂λ̂c

˙̂
λc



+ A



ρR
∂ψ̂α
∂xα

ẋα



 , (4.108)

where the specific entropy s is the negative derivative of the free energy with respect to
temperature, Eq. (2.50). The volume strain is the partial derivative of the Gibbs free
energy with respect to pressure, Eq. (2.53). Consequently, the internal energy balance
(4.107) can be written

εvolṗ− ρRsθ̇ + ρRA
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λa +
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ẋα



+ ρRθ̇s+ ρRθṡ

= −A[Div(qRαeα)] + ṗεvol + A[σ̂α
˙̂
λα] + ρRA [rα]

⇔ ρRA
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ẋα



+ ρRθṡ

= −A [Div(qRαeα)] + A[σ̂α
˙̂
λα] + ρRA [rα]

⇔ ρRθṡ = −A [Div(qRαeα)] − ρRA
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+ A[σ̂α
˙̂
λα] + ρRA [rα] (4.109)
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Next, the time derivative of the specific entropy (2.50) is computed to

s = −




∂g

∂θ
+ A





∂ψ̂α
∂θ









⇒ ρRθṡ = − ρRθ





∂2g

∂θ2
θ̇ +

∂2g

∂θ∂p
ṗ (4.110)

+ A
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∂θ2
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 .

The time derivative of the isochoric part of the free energy (4.90), is equally written as

A
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ψα

]
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)k ∂ψ̂αn
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∂ψ̂α
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 (4.111)

= A



ρR

(

1 − xα
x0

)n θ

θB

∂ϕ̂αa

∂λ̂a

˙̂
λa + ρR

(

xα
x0

− xα

)k θ

θB

∂ϕ̂αn

∂λ̂n

˙̂
λn + ρRx

m
α

∂ϕ̂αc

∂λ̂c

˙̂
λc

+ ρR
∂ψ̂α
∂θ

θ̇ + ρR
∂ψ̂α
∂xα

ẋα



 . (4.112)

With the stresses being equal in each phase for the serial connection σ̂α = σ̂a = σ̂n = σ̂c,
Eq. (4.94), the following expressions are equivalent

σ̂α = ρR

(

1 − xα
x0

)

−1 ∂ψ̂α

∂λ̂a
= ρR

(

1 − xα
x0

)n−1 ∂ψ̂αa
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= ρR

(
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x0

)n−1 θ

θB

∂ϕ̂αa

∂λ̂a
(4.113)

= ρR

(
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x0
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)
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(4.114)

= ρR x
−1
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m−1
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∂ψ̂αc
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= ρR x
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α
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∂λ̂c
. (4.115)

Thus, the time derivative of the isochoric part of the free energy (4.111), (4.112) can be
written as

A
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(

xα
x0

− xα

)

σ̂α
˙̂
λn + xασ̂α

˙̂
λc + ρR

∂ψ̂α
∂θ

θ̇ + ρR
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ẋα



 .

(4.116)
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With Eqs. (4.92) and (4.115), the stress power is calculated as
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 (4.117)
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 . (4.118)

Inserting the Eqs. (4.29), (4.30), (4.17) and (4.18) in Eq. (4.110) leads to the time
derivative of the specific entropy

ρRθṡ = ρR (cp0 + βcp(θ − θG)) θ̇ − ανθṗ

− ρRA
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 . (4.119)

Moreover, with the stress power in Eq. (4.118) and the entropy rate in Eq. (4.119) the
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local energy balance (4.109) reads as

ρR (cp0 + βcp(θ − θG)) θ̇ = −A [Div(qRαeα)] + ρRA [rα] + ανθṗ
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 . (4.120)

From this final form of the 3D equation of heat conduction, one can interpret the single
terms, such that the isobaric specific heat is represented by

cp = cp0 + βcp (θ − θG) , (4.121)

the thermoelastic coupling term as

ανθṗ , (4.122)

the crystallisation/melting-induced heat (...) ẋα
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x0

(
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x0
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)



 ẋα (4.123)

and the entropy elasticity σ̂α (...) as

σ̂α
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(
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ẋα



 . (4.124)

While comparing Eq. (4.62) with Eq. (4.120), the 3D equation of heat conduction have
main similarities such as the isobaric coupling term, the thermoelastic coupling term as
well as the crystallisation-/melting-induced heat. In Eq. (4.62) of the parallel model
the entropy elasticity concerns the amorphous phase depending on individual stress of
the amorphous phase (non-crystallisable and crystallisable phase). In Eq. (4.120) of
the serial model, the term representing the entropy elasticity of the amorphous phase
appears more complex, depending in addition on the crystallisation rate. Moreover, two
more internal variables exist in the serial model thanks to the split in individual stretches
in the serial model, which is also represented in the 3D equation of heat conduction.
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4.2.6 Evaluation regarding infinitely fast and slow deformations

Evaluation for infinitely fast deformations

The model is evaluated for fast and slow thermomechanical excitations. First, the evalu-
ation for infinitely fast deformations ˙̂

λ → ∞ from the initial state λ̂ = 1, x = 0 is carried
out. For such a high stretch rate, all internal state variables are frozen (i.e. the evolution
of crystallinity is not induced ẋ = 0) such that no crystallinity evolves x = 0. Thus,
crystallisation remains zero, as displayed in Fig. 4.26 by the solid grey line. Similarly,
the evolution of the stretches of the non-crystallisable amorphous phase and crystalline
phase remains zero ˙̂

λn = 0, ˙̂
λc = 0 such that the stretch of the crystallisable amorphous

phase equals the total stretch λ̂ = λ̂a. The stress is determined from Eq. (4.94) by the
behaviour of the amorphous phase σ̂(λ̂a, x = 0) = ρR

∂ψ̂a

∂λ̂a
. The sketch of the stress, in

which no hysteresis is evident, is plotted with the solid grey line in Fig. 4.25. The stress
response is higher than in the equilibrium case.
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Figure 4.25 – Sketch of stress for dif-
ferent deformations. For infinitely slow
deformation rates, the equilibrium stress
response is the solid black line. The
stress hysteresis, which occurs for real
finite stretch rates, is plotted using the
dashed line. For infinitely fast deform-
ations, the stress response at the high
stretches is higher, as plotted using the
solid grey line. No hysteresis is evident
for the equilibrium or the infinitely fast
deformations.
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Figure 4.26 – Sketch of crystallinity for
different deformation rates. The equi-
librium crystallinity observed at the in-
finitely slow stretch rate is plotted us-
ing the solid black line. The crystallin-
ity hysteresis found at real finite deforma-
tions is plotted using the dashed line. No
crystallisation evolves when the sample is
stretched with an infinitely fast stretch
rate (solid grey line). No hysteresis is
evident for the equilibrium or the infin-
itely fast deformations.
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Evaluation for infinitely slow deformations

Second, the case of infinitely small stretch rates is analysed ˙̂
λ → 0. Starting from the

initial state λ̂ = 1, x = 0, the equilibrium stress and crystallinity responses were reached,
as plotted with solid black lines in Figs. 4.25 and 4.26. The following calculations reveal
the absence of hysteresis within the equilibrium response. For the steady state, the time

derivatives ẋ, ˙̂
λn,

˙̂
λc remain zero. The evolution equation for the degree of crystallinity

allows the computation of the equilibrium degree of crystallinity as a function of the
individual stretches of each phase. With ẋ = 0, Eq. 4.95 follows

0 = ρR β(θ, ...)
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x0

)n−1

ψ̂a − k
( 1
x0

− 1
)(
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⇒ x = xeq

(

λ̂a, λ̂n, λ̂c, xeq

)

⇒ xeq

(

λ̂a, λ̂n, λ̂c
)

such that the equilibrium crystallinity xeq can only be calculated by using numerical
methods due to the implicit expression. The evaluation indicates that the stretch of the
crystalline phase and the stretch of the non-crystallisable amorphous phase depend on
the process variable λ̂a and crystallinity x

0 =
(

1 − x

x0

)n−1 ∂ψ̂a

∂λ̂a
− xm−1∂ψ̂c

∂λ̂c
⇒
(

1 − x

x0

)n−1

x1−m ∂ψ̂a

∂λ̂a
=
∂ψ̂c

∂λ̂c

⇒ λ̂c = f(λ̂a, x)

0 =
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1 − x

x0

)n−1 ∂ψ̂a

∂λ̂a
−
(

x

x0
− x

)k−1 ∂ψ̂n

∂λ̂n
⇒
(

1 − x

x0

)n−1 ( x

x0
− x

)1−k ∂ψ̂a

∂λ̂a
=
∂ψ̂n

∂λ̂n

⇒ λ̂n = g(λ̂a, x)

Therefore, the equilibrium degree of crystallinity can be expressed as a function depend-
ing on the stretch of the amorphous phase

x = xeq

(

λ̂a, f(λ̂a, xeq), g(λ̂a, xeq)
)

⇒ x̃eq(λ̂a, x̃eq) ⇒ x̃eq(λ̂a) .

Thus, the stretch of the amorphous phase depends on the total stretch

λ̂a =
λ̂− x̃eq(λ̂a) λ̂c −

(

1
x0

− 1
)

x̃eq(λ̂a) λ̂n

1 − x̃eq(λ̂a)
x0

⇒ λ̂a = h (λ̂) .
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Consequently, the stress σ̂ = ρR

(

1 − x

x0

)n−1 ∂ψ̂a

∂λ̂a
can also be written as a function of

the total stretch σ̂ = σ̂(λ̂), as well as the crystallinity depending on the total stretch
x = x(λ̂). These expressions cannot be resolved analytically due to the implicit formu-
lation. To summarise, in the case of infinitely slow deformations, all quantities of the
model can be expressed as a function of the total stretch. Finally, the dependence of
stress and the crystallinity response on the global stretch results in the absence of a
hysteresis. Figure 4.27 illustrates the simulation results for infinitely fast and infinitely
slow deformations for the presented models.

Figure 4.27 – Simulation of infinitely small and fast excitation: stress and crystallinity
over total stretch, parallel model and serial model using the concept of representative
directions, experimental data of Candau, 2014 used for guidance

4.2.7 Simulation results of the serial model

As mentioned in Section 2.7, discrete integration is used in Eq. (2.67) to compute the
stress tensor T̃ from 1D stresses σα in Eq. (2.71). Since a large number of material
models is implemented in finite element codes, which can lead to an immense number
of evaluations of the integral, the number of integration points is kept reasonably low.
The widely used integration points eα and weights wα of Bažant and Oh, 1986 are, in
this instance, varied from 21 to 37 directions per half-sphere and presented in Fig. 4.28.
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Figure 4.28 – Stress and crystallinity simulation of the serial model, 21 vs. 37 integration
points based on Bažant and Oh, 1986

Figure 4.29 – Stress and crystallinity simulation of the serial model, integration points
based on Fliege and Maier, 1999

The reader is referred to Itskov, 2016 and Verron, 2015 for detailed discussions and
the comparison of different integration points and methods. The usage of a high number
of points does not improve significantly the numerical accuracy. In reverse, the usage
of many integration points leads to many ODEs, which must be solved at each Gauss
point in the context of the finite element method (FEM). Consequently, in this research,
instead of using many integration points, the parameters are optimised for the minimum
number of integration points possible. In addition to the mentioned reasons, the change
of the simulated stress response is neglectable and only noticeable when the unloading
path reaches the loading path at a stretch around λm ≈ 3. In contrast, the simulated
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crystallinity response decreases slightly in the unloading path. Furthermore, Miehe
states that the 21-point integration scheme provides sufficient accuracy (Miehe, Göktepe
and Lulei, 2004, p.2639, l.14). Nevertheless, similar to the work of Itskov, 2016, the
response of the model due to different numbers of integration points presented by Fliege
and Maier, 1999 are successfully used and presented in Fig. 4.29 for comparison reasons.
In parallel with the expectations, changes in the stress or crystallinity response are not
significant when increasing the number of directions, which underlines the statement of
Miehe et al. cited above.

Evaluation and comparison with experimental data

The simulation results of a single cycle are visualised in Figs. 4.30 - 4.37. The identified
material parameters are provided in Tab. 4.3. The experiment and the simulation
are both conducted isothermally at θ = 300 K, which results in a constant value for
β (θ, . . .) ≥ 0. The simulation results are compared with the experimental data of
Candau, 2014. The total stress response over total stretch is illustrated in Fig. 4.30,
which indicates high concordance with the experimental data. The crystallinity response
in Fig. 4.31 supports the experimental data in a most satisfactory way. The details are
described in Subsection 4.2.9.

Figure 4.30 – Simulation of a uniaxial
tensile test: total stress over total stretch
using 21 directions

Figure 4.31 – Simulation of a uniaxial
tensile test: total crystallinity over total
stretch using 21 directions

Here, the analysis focuses on the individual directions. The single stresses and crys-
tallinities of each direction are displayed in Figs. 4.32 - 4.35, in which the non-weighted
and weighted values are presented. Since the third direction is the most stretched, it ex-
periences the highest stress (Fig. 4.32) and the highest crystallinity evolution (Fig. 4.34).
Other directions experience compression in stress, but the evolution of crystallinity is
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not influenced by compression, which is in line with experimental results. Another point
is that no stress hysteresis occurs in the directions stretched below the critical stretch
for SIC. In these directions, the crystallinity does not evolve either. Regarding the stress
presented in the spherical plot in Fig. 4.36, the high nonlinear upturn of the stress is
the reason for the point of maximum stress on the tip. The reader in referred to the
legend, which ranges from 0 to 2.1 MPa. Regarding the crystallinity in Fig. 4.37, it is
confirmed that crystallinity only occurs at high deformations greater λSIC.

Figure 4.32 – Simulation of a uniaxial
tensile test: single stresses σ̂α of 21 direc-
tions over global stretch

Figure 4.33 – Simulation of a uniaxial
tensile test: single stresses σ̂α of 21 direc-
tions including weights over global stretch

Figure 4.34 – Simulation of a uniaxial
tensile test: single crystallinities of 21 dir-
ections over global stretch

Figure 4.35 – Simulation of a uniaxial
tensile test: single crystallinities of 21
directions including weights over global
stretch
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Figure 4.36 – Simulation of a uniaxial
tensile test: directional stresses in the unit
sphere

Figure 4.37 – Simulation of a uniaxial
tensile test: directional crystallinities in
the unit sphere

Figure 4.38 – First derivative with re-
spect to the stretch of single phases in de-
pendence of single stretches. Mandatory
for the proof of mechanical consistency

Figure 4.39 – Free energies of single
phases in dependence of single stretches.
All free energies display polyconvexity.

To analyse mechanical consistency, the free energies ψ̂a, ψ̂n, ψ̂a including the strain
energies ϕ̂a(λ̂a), ϕ̂n(λ̂n), ϕ̂c(λ̂c) given in Eqs. (4.84 - 4.86) are presented in Fig. 4.39.
These energies satisfy the polyconvexity. The polyconvexity of the free energy is one of
the physical boundary conditions. The free energy approaches to infinity as λ̂ approaches
zero: lim

λ̂ν→0
ψ̂ν = +∞, ν = [a, n, c]. This mandatory aspect for mechanical consistency

of the model is, thus, satisfied. The same behaviour is observed at high stretches, in
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which infinite high values of the energy are reached: lim
λ̂ν→+∞

ψ̂ν = +∞, ν = [a, n, c].

The requirement of polyconvexity (i.e. the convexity of the free energy function in each
argument) is depicted in detail in the thesis of Doll, 1998, pp.32-38.

4.2.8 Validation of the serial model

Similar to the validation of the parallel model, the serial model is validated via various
deformation processes. First, the model’s time-dependence is analysed via a one-step
relaxation and two-step relaxation with decreasing stretch. Furthermore, the stretch
rate dependence of the model is validated via simulations with varying stretch rate.
Moreover, cyclic simulations are conducted and compared to experimental data from
the literature.

Cyclic loading

Similar to the experiments displayed in Fig. 3.14, cyclic loading with increasing
stretch is simulated with an increase of ∆λ = 1 for each cycle and a stretch rate of
λ̇ = 4.2 · 10−3 1/s. This load case is compared to one single cycle with maximum stretch
of λ = 6 in Fig. 4.40. The simulation demonstrates that the model is independent of
the previous deformation: The fifth cycle with maximum stretch of λ = 6 is identical to
the simulation of a single cycle with maximum stretch of λ = 6. The model does not
include any Mullins as described in Subsection 1.3.1.

Figure 4.40 – Stress and crystallinity simulation of increasing cycles, stretch rate:
λ̇ = 4.2 · 10−3 1/s

The simulation using the stretch from the experiment in Fig. 3.14 up to λmax ≈ 6.5
is analysed in Fig. 4.41. In the simulation, the same behaviour is observed as in the
experiment: a hysteresis in the stress response develops only after a critical stretch has
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been exceeded. The magnitude of the hysteresis in the simulation corresponds to that
in the experiment.

Figure 4.41 – Stress and crystallinity simulation of increasing cycles, stretch rate:
λ̇ = 1 · 10−2 1/s. Experimental data from Fig. 3.14. The experimentally measured stretch
with video-extensometry served as input for simulation.

Stress relaxation at a constant stretch, one-step relaxation

Figure 4.42 displays the simulations of relaxation experiments. The simulation covers
the stress relaxation of the experimental data displayed in Fig. 3.22.

Figure 4.42 – Validation: simulations
of relaxation tests with different max-
imal stretches, experimental data from
Fig. 3.22

Figure 4.43 – Validation: simulations of
relaxation tests with two steps: λ1 = 6
and λ2 = 3
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A few characteristics are accentuated. First, the high concordance of the simulation
and the experiment for a maximum stretch of λmax = 3 should be highlighted, in which
only small stress relaxation is observed (i.e. 2.5% stress relaxation from maximum stress
in the experimental data). Second, at the stretch of λmax = 6, the simulation indicates
more rapid stress relaxation than the experiment. In the simulation, the equilibrium
stress is reached earlier. Moreover, the absolute and relative value of the amount of
relaxed stress is lower in the simulation. The simulation covers the stress relaxation due
to SIC. Stress relaxation expected due to classic viscoelastic effects is not modelled yet.
This might be reason for the quantitative difference of stress relaxation. In the relaxation
experiments displayed in Fig. 3.22, the stretch rate during loading and unloading was
λ̇ = 0.026 1/s and therefore higher than the stretch rate of λ̇ = 0.0042 1/s for the
cycles in the former simulations (Subsection 4.2.7). Since the model is rate dependent,
deviations in stress and crystallinity are to be expected.

Stress relaxation at a constant stretch, two-step relaxation

Another experiment was conducted to distinguish clearly between stress relaxation when
the sample is stretched below or above the critical stretch of crystallisation onset in
Fig. 3.24. The two-step relaxation was simulated, beginning at a constant stretch of
λ1 = 6 with a relaxation time of six hours, unloading directly to a second step at
λ2 = 3 for another six hours. The simulation of the stress response is illustrated in
Figs. 4.44 and 4.45 and the crystallinity response is displayed in Fig. 4.43.

Figure 4.44 – Validation: simulations of
relaxation tests with two steps: λ1 = 6
and λ2 = 3

Figure 4.45 – Validation: simulations of
relaxation tests with two steps: zoom at
second step λ2 = 3

Beginning with Fig. 4.44, the stress (especially in the second step) of the simulation
highly agrees with the experiment, whereas the stress relaxation in the first step displays
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similar characteristics to those discussed in the previous paragraph: The equilibrium
stress is reached earlier, and the relative and absolute amount of relaxed stress is less
in the simulation than in the experiment. In particular, in the close up (zoom) of the
second step in Fig. 4.45, the stress reaches directly the equilibrium after unloading to
the constant stretch of the second step. This increase in the stress is in parallel with
the experimental data, indicating that the proposed model captures the viscoelastic
behaviour of the material during two-step relaxation experiments. In addition, the
crystallinity simulation of the two-step relaxation presented in Fig. 4.43 agrees with
the kinetics of SIC. Crystallinity evolves during the first step while stress relaxation.
At constant stretch below critical stretch of crystallisation onset λSIC, the crystallites
melt. Thus, crystallinity vanishes in the second step and stress relaxation is absent. The
reader is referred to Rault et al., 2006 and Candau, 2014 for similar experimental data.

Stretch rate dependence

The serial model is viscoelstic that means its response behaviour depends on time and,
therefore, is stretch rate dependent. In the illustrated simulations in Figs. 4.46 and 4.47,
the stretch rate is varied from λ̇ = 2 · 10−3 1/s to 5 · 10−3 1/s.

Figure 4.46 – Simulation of uniaxial cyclic loading with various stretch rates from
λ̇ = 2 · 10−3 1/s to 5 · 10−3 1/s. Stretch over time and stress over stretch.
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Figure 4.47 – Simulation of uniaxial cyclic loading with various stretch rates from
λ̇ = 2 to 5 · 10−3 1/s. Experimental results of various stretch rates (a) 5 mm/min to (d)
40 mm/min on the right reprinted from Amnuaypornsri et al., 2012 Copyright (2012), with
permission from Elsevier

Similar to the parallel model, the stress response and its stretch rate dependence agree
with the experimental data in Fig. 3.20. The smaller the stretch rate, the smaller the
stress hysteresis and the closer the stress response to the equilibrium stress simulated in
Fig. 4.27. The stretch rate dependence of the simulated crystallinity agrees qualitatively
with the experimental data of Amnuaypornsri et al., 2012 for vulcanised NR. The higher
the stretch rate, the lower the total crystallinity and the lower is the crystallisation rate.
The stretch rate dependence of the model is higher than in the experimental data when
comparing the absolute stretch rates. For the simulation, the onset of crystallisation
occurs at approximately the same stretch for all stretch rates, as displayed in the exper-
imental data. This evaluation and comparison to experimental data is also valid for the
parallel model in Fig. 4.17.

Various cyclic loading

This paragraph investigates the dependence of the material behaviour on cyclic loading
histories. The stretch of crystallisation onset is identified by Candau for a stretch rate
of λ̇ = 4.2 · 10−3 1/s to λSIC ≈ 4.3, and the stretch of total melting of the crystallites
during unloading is identified to λm ≈ 3 (Candau, 2014, p.189) for the investigated
material. The maximum and minimum stretch of the cycles are chosen regarding these
values. The quantities stretch amplitude and, thus, the minimum and maximum stretch
are varied in the analysis ∆λ = λmax −λmin. The stretch rate is λ̇ = 4.2 · 10−3 1/s, if not
specifically defined. Figure 4.48 gives an overview of the following cyclic simulations.
First, the influence of the minimum stretch in the unloading is investigated. Second,
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the influence of stretching below or above λSIC is analysed. Third, cycles with various
stretch rate are investigated.

1

2

3

4

5

6

λm

λ

λSIC

Figure 4.48 – Overview of different cyclic simulations in this paragraph. λSIC is the
stretch of crystallisation onset and λm is the stretch of melting of all crystallites according
to Candau, 2014.

In the first simulation in Figs. 4.49 and 4.50, the maximum deformation is kept
constant to λmax = 6. The amplitude of the cyclic tests and, thus, the minimum achieved
stretch during the cycles is changed from λmin = 5, 4, 3.
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Figure 4.49 – Simulation of uniaxial
cyclic loading. Equal maximum stretch
λmax = 6, different cycling amp-
litude ∆λ = 1, 2, 3, same stretch rate
λ̇ = 4.2 · 10−3 1/s. Stretch over time.

Figure 4.50 – Simulation of uniaxial cyclic loading. Equal maximum stretch, different
cycling amplitude ∆λ = 1, 2, 3. Stress and crystallinity over stretch.

The stress at the highest deformation is initially the same. With the beginning of
the cyclic unloading, all three examples follow the same unloading path. Depending
on the reversal point and, thus, the minimum deformation during the cycles, different
behaviour of the material is observed. Both stress and crystallinity of the most unloaded
material (∆λ = 3, green) reach the initial path in the following load within ∆λ = 1.
The remaining crystals, thus, hardly influence the re-stretching. At a minimal stretch of
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λmin = 4 (i.e. a residual crystallinity index of 8%), the original and the reloading path
no longer come together. The crystallinity is always higher than the initial degree of
crystallinity when reloaded. Concretely, at a stretch of λ = 5, the crystallinity related
to the original load path is 6%, and at reloading it is 8.5%. The remaining crystals in
the material, therefore, influence the re-crystallisation and accelerate it. At a small load
relief of ∆λ = 1, the total crystallinity at maximum load reaches a value of crystallinity
that is 1% higher in absolute value.

However, if one considers the stress response of these simulations, under cyclic loading
of ∆λ = 1, hardly any hysteresis occurs. The relief and loading of the cyclic load
completely follow the unloading path. Only with higher unloading, hysteresis develops
in the stress response. Similar to the behaviour of crystallinity, the stress response of the
material further unloaded reaches the original load path within ∆λ = 1. In contrast, the
reloading path of the specimen unloaded by ∆λ = 2 reaches the original loading only at
the highest point of loading. The maximum value of stress for the stretch of λ = 6 is
identical for all cycles. The change in crystallinity at the maximum load point has only
an imperceptible effect on the stress response, namely a stress relaxation of 0.04 MPa.

In the next simulation in Figs. 4.51 and 4.52, similar behaviour is evident. The
material was cyclically relieved from a maximum stretch of λmax = 5 by ∆λ = 1. The
crystallinity increases here as well. In the model, the amount of relief, therefore, plays
a role in the re-crystallisation of the reload.

Figure 4.51 – Simulation of stress for uni-
axial cyclic loading. Different maximum
stretch λmax = 4, 5, different cycling amp-
litude ∆λ = 1, 2.
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Figure 4.52 – Simulation of uniaxial cyclic loading. Different maximum stretch
λmax = 4, 5, different cycling amplitude ∆λ = 1, 2. Stress and crystallinity over stretch.

The simulations in Figs. 4.53 and 4.55 illustrate the stretch rate dependence during
cycling. The absolute value of the stretch rate at initial loading and final unloading
is λ̇ = 4.2 · 10−3 1/s. The cyclic loading with amplitude ∆λ = 2 reveals low hysteresis
behaviour of the stress along the relief path and a pronounced hysteresis in the crys-
tallisation response. A simulation with double stretch rate and one with a half stretch
rate were performed. The half stretch rate simulations, marked by a red solid line and
stars, indicate a flatter stress hysteresis. The maximum stress value is slightly below the
initial maximum value. The stress simulations are compared with experimental data
in Fig. 4.54 published in (Candau, 2014, p.184-200). In Candau, the dynamic tests
were performed using a self-built dynamic tensile testing machine with frequencies in
the range from 2 to 80 Hz. The frequencies in the experiments by Candau are higher
than in the simulations. The cyclic simulation and the experiment in Fig. 4.53 show
high agreement for the slope of hysteresis and the maximum and minimum values.

For the simulations with half stretch rate, the crystallinity hysteresis is narrower and
steeper; the maximum value of crystallinity is higher during cyclic loading with lower
stretch rate. Moreover, the minimum crystallinity is lower. At a low stretch rate, the
crystals have time to develop and also time to melt.
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Figure 4.53 – Stress simulation with
equal maximum stretch λmax = 6, equal
cycling amplitude ∆λ = 2 and different
stretch rates during cycling.

Figure 4.54 – Stress response during cyc-
lic experiments at 2 Hz (thin blue solid line)
and 20 Hz (thin green dashed line). The
thick grey line refers to the stress response
at slow strain rate of λ̇ = 4.2·10−3 1/s,
reprinted with permission from Candau,
2014, p.192, Fig.6

Figure 4.55 – Simulation of uniaxial cyclic loading. Equal maximum stretch λmax = 6,
equal cycling amplitude ∆λ = 2, different stretch rates during cycling. Stretch over time
and crystallinity over stretch.

The simulations with the double stretch rate marked by blue solid lines with squares,
display the opposite behaviour: the maximum value of the stress is higher, as well as
the slope of the stress hysteresis, whereas the crystallinity hysteresis is flatter and the
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maximum value of the crystallinity is smaller. The evolution of the crystals cannot
follow the stretch rate; the development and melting of the crystals are lower.

4.2.9 Comparison between the parallel and the serial model

In this subsection, both models proposed within this work are compared. The simulation
of both models are presented in Figs. 4.56 and 4.57. Concerning the simulation results,
one detail must be mentioned: The comparison follows from separately identified para-
meter sets that produce unique results because the parallel model and the serial model
are different from each other and the parameters follow from the optimisation approach
explained in Chapter 5.

Figure 4.56 – Simulation of uniaxial
tensile test: stress over total stretch for
3D implementation

Figure 4.57 – Simulation of uniaxial
tensile test: crystallinity over total stretch
for 3D implementation

The stress stretch and the crystallinity stretch graphs have several characteristics:

Capture of the amorphous stress response

At the beginning of the uniaxial experiment, all the material comprise the amorphous
phase. Therefore, the material’s stress response is totally covered by the amorphous
phase. The parameters of the amorphous phase are identified by stretching the material
less than the critical stretch of crystallisation onset λSIC ≈ 4.3. This almost linear
loading path is captured perfectly for the presented unfilled NR. The main parameters
that influence the behaviour for low stretches, are the shear moduli of the crystallisable
amorphous phase Ge, Gc, excluding the δ since it mostly influences the nonlinearity
of stress at high stretches. The reunion of the unloading path with the loading path
occurs at λ = 3, which underlines the absence of classical viscoelastic effects in this
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unfilled NR. Further evidence is that the specimen does not lengthen during the slowly
conducted tensile test (i.e. no recovery time is needed to return to its initial length). All
presented data capture the amorphous response, in which the three-dimensional results
vary slightly, which is caused by the integration across all directions.

Capture of the stress plateau

As the amorphous phase relaxes short after the onset of crystallisation, the onset of
crystallisation results in a stress relaxation, which is depicted in the plateau of the stress
response close to λcritical ≈ 4.3 in the experimental results in Fig. 4.56. A correlation
between the capture of the plateau and the shape of the hysteresis is observed. Therefore,
the benefit of the presented models is the ability to capture this stress decrease at the
crystallisation onset.

Capture of the nonlinear upturn of the stress response

The nonlinearity of the stress response is influenced by the nonlinearity of the material
models. For the serial connection, the Yeoh model is used for the crystalline phase
with its parameters C01, C02, C03. As the amorphous phase is modelled by the extended
tube-model, the parameter δ mostly influences the nonlinear upturn, which refers to an
inextensibility parameter (Kaliske and Heinrich, 1999). The higher this parameter, the
higher is the nonlinear upturn.

Capture of the area of the stress hysteresis

The models can capture the area of hysteresis. The difference between loading and
unloading is due to the crystallisation evolution. The area of the hysteresis provides
evidence of the work per unit volume done during the cyclic test. In all simulations, the
area of the hysteresis of the stress response is captured with high accordance.

Capture of the crystallinity shape

First, regarding the comparison of the simulations with the experiments in Fig. 4.57, the
discrepancy between the crystallinities is qualitatively higher than the small discrepancy
between the stresses. This finding underlines a behaviour observed during the derivation
of the model: the concordance between stress and crystallinity response is minor, which
motivates the introduction of the empirical parameters m,n, k proposed by Loos et al.,
2020a. In Subsection 4.1.2, they are in introduced in the Helmholtz free energy in
Eq. (4.83). In this current study, the main focus is on capturing the stress response,
including its hysteresis. As mentioned in Chapter 5, it cannot be ensured that the
experimental and the simulated crystallinity index are identical. Thus, the shape and
hysteresis of the crystallinity agrees with experimental data. The characteristics of
the crystallinity response can be structured with the help of three aspects: First, the
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stretch at crystallisation onset is higher for the serial model than for the parallel model in
Fig. 4.57. Second, the beginning of the unloading path displays varying rates of increase
of the crystallinity, depending on the material parameters. Regarding dependence of the
material composition and the kinetics of crystallinity evolution, the stress decreases,
but the crystallinity can decrease (Candau, 2014, p.193) or increase (Candau, 2014,
p.236). Third, the qualitative representation of the shape, including the area of the
crystallinity hysteresis, is of interest. The parallel and serial model vary slightly in terms
of crystallinity, but they have similar behaviour depending on the material parameter.

Regarding the spherical plots of the parallel model in Fig. 4.14, the similarity to
the serial model is underlined. The exact values are less obvious in comparison with
Fig. 4.57, in which the reader is likely to concentrate on small differences between experi-
ment and simulation. Both models have similar capabilities to simulate the experimental
data.

4.2.10 Conclusion regarding the serial model

A thermomechanical approach for modelling SIC was presented. The formulation of the
model is based on a serial connection of three different phases: the crystallisable amorph-
ous phase, the non-crystallisable amorphous phase and the crystalline phase. Phases
arranged in serial connection satisfy Flory’s idea of considering different stretches for
different phases (Flory, 1947). The Flory’s stretch relation based on a two-phase ap-
proach, is contained as a special case in the serial model. As a result, the physical
relation between the behaviour of the microstructure during SIC and the serial con-
nection is higher. The inclusion of Flory’s model was the overall motivation for the
derivation of the serial model. The Flory’s theory and its serial connection are revised
by Albouy and Sotta (Albouy and Sotta, 2015; Sotta and Albouy, 2020).

The derivation of the serial approach was stated in detail, such as depicting crystallin-
ity and the formulation of the free energy. The Clausius-Duhem inequality is used to
derive the constitutive equations (thermodynamic consistency). Suitable parameter sets
were identified using optimisation methods. The resulting simulations show high agree-
ment with the experimental data. The model was evaluated via special cases such as
infinitely fast and slow excitations. These evaluations prove the physical and mechanical
accuracy. To validate the model, two approaches of stress relaxation are simulated, with
both displaying high concordance with the experimental data. Different cyclic loads
known from the literature were simulated. The simulation results highly agree with the
literature. The model can represent the complex cyclic behaviour of NR. Finally, a com-
plete and comprehensive comparison is conducted between the parallel and the serial
model. Both models provide similar performance, although the parallel model has only
one evolution equation, compared with three evolution equations of the serial model.
All the considered simulations agree with the experimental data in high concordance in
shape and absolute values. The computational effort for the parallel model is less than
the serial model.
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Since all the conducted simulations display isothermal results, the implementation of
the equation of heat conduction is left for future works, which is of high interest since
the phenomenon of SIC is highly exothermal. Future studies could include filled NR,
since this current study focuses only on unfilled NR. For future works, the derivation of
an approach of a mixture of parallel and series connections of the phases is imaginable.
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Parameter Serial model Unit

Material model: extended tube & Yeoh
Gc 0.6300 106 Pa
Ge 0.4712 106Pa
δ2 0.0218 -
β 1 -
C01 0.3923 · 106 -
C02 −1.6530 · 104 -
C03 897.79 -

temperature dependence β(θ, ...), Williams, Landel and Ferry, 1955
c1 17.44 -
c2 51.6 K
β (θ = 300, ...) 1.9572 10−10

crystallinity evolution
x0 0.9218 -
M 0.0029 kg/mol

free energies, amorphous/crystalline phase
ψ0a 5.1421 106 J/kg
ψ0n 0.9635 106 J/kg
ψ0c 3.2608 106 J/kg
s0a 1.1348 105 J/(kg θ)
s0n 0.2655 105 J/(kg θ)
s0c 0.4184 105 J/(kg θ)
θG 210 K
θB 300 K

empirical exponents
m 1.33 -
n 2.69 -
k 1.30 -

Table 4.3 – Selected material parameters derived through optimisation and used in the
simulations. The parameters were first published in Loos et al., 2020b.
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5 Optimisation strategy

The first-order ODEs developed in Chapter 4 form a fully coupled system. For the paral-
lel model presented in Section 4.1, the evolution equation for the directional crystallinity
(4.51) and the directional stress (4.52) are defined in Subsection 4.1.4. These equations
must be solved for each representative direction. For the given time interval t ∈ [0, tend],
the directional stretch λ̂α(t) is known from the 3D-to-1D transition in Section 2.7. In
the clear short form, the evolution equation follows as

ẋ = −β f̃
(

λ̂, x
)

. (5.1)

The crystallinity x(t) in Eq. (5.1) is solved using Matlab’s stiff solver ode23s (cf.
Shampine et al., 2003 for the description of stiff problems and different types of
Matlab’s stiff solvers). After solving x, the stress response

σ = σ ( λ̂, x ) (5.2)

can be computed straightforwardly from Eq. (4.52).
For the serial model presented in Section 4.2, the evolution equations for the directional

crystallinity x(t), Eq. (4.95), the stretch of the crystalline phase λ̂c and that of the non-
crystalline phase λ̂n are presented in Eqs. (4.97) and (4.99). The stress σ̂ is given in
Eq. (4.94). For the serial model, the constraint is used to compute the crystallisable
amorphous stretch λ̂a from Eq. (4.77). This set of equations constitutes a coupled
system for each direction in the concept of representative directions. Considering an
isothermal state and for the given time interval t ∈ [0, tend], the coupled system can be
written in the clear short form

ẋ = −β f̃x
(

x, λ̂c, λ̂n
)

, (5.3)

˙̂
λc = f̃c

(

x, λ̂c, λ̂n
)

, (5.4)

˙̂
λn = f̃n

(

x, λ̂c, λ̂n
)

, (5.5)

λ̂a =
λ̂− x λ̂c −

(

1
x0

− 1
)

x λ̂n

1 − x
x0

,

where all evolution equations are highly nonlinear. These systems are solved for each
direction. Then, the total quantities are acquired via the weighted sum of each direction
due to the presented concept of representative directions (Section 2.7).
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In order to identity the material parameters, the following four-step-’hybrid-
optimisation’ approach was developed within this study and is described as follows:

1. Generate a high number of Monte-Carlo samples (10 Mio.), uniformly distributed
between physically meaningful lower and upper boundaries

2. Sort and pick parameter sets concerning stress and crystallinity

3. Use the multiobjective genetic algorithm with Monte Carlo’s result as initial pop-
ulation matrix

4. Select a parameter set from the Pareto front as a compromise between stress and
crystallinity responses

For the Monte-Carlo sampling, N = 10 million parameter sets pi = [p1i, p2i, . . . , pni]
T

normally distributed between lower and upper boundaries pl and pu are generated:

pi = pl + (pu − pl) ·R (5.6)

where R ∈ [0, 1] is a random real number between zero and one. Then, favourites are se-
lected to generate an initial population matrix used in the genetic algorithm gamultiobj

in Matlab’s optimisation toolbox. The aim is to identify the global optimum using these
heuristic approaches. These approaches are often used for coupled nonlinear differential
equations. In particular, the reader is referred to Goldberg, 1989, Gerdts, 2011 and
Kochenderfer and Wheeler, 2019, p.213ff for further information about the optimisation
of ODEs in general and multiobjective optimisation. The total constraint minimisation
problem in a permitted set between upper and lower boundaries is stated as

min
p
f (p) ,

pl ≤ p ≤ pu . (5.7)

where the objective function f (p) = [fσ, fx] includes two separated objectives. Here,
parameter sets p = [p1, p2, . . . , pn]T lying on the Pareto front are identified with the
following weighted objective functions

fσ ( p ) :=
s
∑

j= 1

cj
m
∑

i= 1

(

σ̄i − σi ( x( p ) )
‖ σ̄‖

)2

j

and

fx ( p ) :=
m
∑

i= 1

(

x̄i − xi ( p )
‖x̄‖

)2

. (5.8)

where σ̄i and x̄i are the stress and the crystallinity index obtained from the experiment,
and σi(p) and xi(p) are the stress and crystallinity index computed by the model. The
L2-norm is ‖ x ‖ =

√

∑n
i=1 |xi|2 for x ∈ R

n. Furthermore, the stress response is divided
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into s different parts, which are weighted with constants cj to emphasise the importance
of certain parts of the stress response, such as the characteristic plateau. The genetic
optimisation ga with its single objective is just a particular case of the multiobjective
optimisation. The advantage of the Pareto front approach is that many parameter
sets are available for selection. This multiobjective optimisation treats the objectives
separately. On the other hand, the parameter set presented in this work is a compromise
between these two objectives: stress and crystallinity. There is no indication that the
presented parameter set is the global optimum within the set boundaries. Certainly, the
boundaries were selected such that no parameter ever lies on any boundary. The usage of
the multiobjective optimisation was also motivated by the available experimental data
for the crystallinity index. The equality of the modelled and the experimental data
remains unsure. The usage of the multiobjective optimisation highlights the dependence
on the definition of the objective function, including the weights and choice of the norms
L1-, L2 - norm or the min-function for error quantification. It is possible to investigate
in the optimisation and test other norms for instance.
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6 Summary

6.1 Achievement

In this study, two alternative models were presented to illustrate the complex hysteresis
behaviour of unfilled NR under tensile loading histories. A high degree of agreement
was found between simulation and experiment.

The models depict the viscoelastic behaviour of the material depending on the de-
gree of deformation. They also represent cyclic processes precisely and simulate the
development of SIC, including its hysteresis behaviour. The models are characterised by
their simplicity. They do not make use of artificially introduced case distinctions, which
could, for example, distinguish between loading and unloading. Constitutive equations
based on fundamental thermodynamics were established by considerations based on a
small number of parameters. Within the simulation, ODEs of the first order were solved.
The development and the interpretation of the constitutive equations were simplified by
applying the concept of representative directions, which formulates 1D equations and
transfers them to the 3D stress state with an averaging integration operation.

This study provides detailed insights into the modelling of viscoelastic materials by
presenting the derivations and formulations in great detail. For example, the hybrid free
energy set-up and the choice of an appropriate approach were explained. The derivation
of the Clausius-Duhem inequality from balances of internal energy and entropy as well as
its evaluation, were performed step by step. The limit value consideration was analysed
and validated for infinitely fast and infinitely slow processes using the derived equations.
Furthermore, the derivation of the 3D heat conduction equation was explained in detail
using the serial model.

The detailed evaluation of the models under different loading histories revealed the
strengths of the models. The parallel model’s major advantage is its lower computational
effort, as well as the more straightforward derivation due to the existence of only one
evolution equation, namely that of crystallinity. The serial model provides physically
interpretation including Flory’s model, because different stretches within the different
phases are assumed. Both models are useful, and the comparison between them is
stimulating. The link to established models was made, and the simulation results were
also compared with literature experimental results. For the corresponding parameter
identification, a multistep optimisation strategy was developed.
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6.2 Limitations

The development of constitutive equations, and the phenomenon of SIC provide great
scope for research, as many questions remain unanswered. Due to the many phenomena
that interact within the hysteresis development of crystallisable NR, the focus was placed
on SIC. Within the study, the focus was to develop a second model and to compare the
two models. This approach leaves open points such as the adaptation of the derived
models to filled material. Much time was spent on the parameter identification, which
resulted in essential stabilisations of the model and, ultimately, excellent simulation
results.

6.3 Outlook

Throughout the entire study, possible extensions of the models were mentioned at appro-
priate places, such as the extensibility of parameters, the exchangeability of equations,
the extension of assumptions in the derivation of equations or the increase of the degree
of complexity. Other effects influencing the hysteresis behaviour of the material, such
as the Mullins-, Payne- or classic viscoelastic effects, can be connected in parallel to the
existing model. For future works, coupling with the 3D equation of heat conduction is of
current interest. The implementation of the models in FEM programs is possible thanks
to the derived and provided heat equations. This approach should provide significant
results since the phenomenon of SIC is highly exothermal. Furthermore, the current
study involved unfilled NR, whereas filled NR might be of interest in future studies,
since filled material is mostly used in industrial applications.
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