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Abstract

We consider the binary supremum function sup : Z x Z — Z on a sup semilattice
Z and its topological properties with respect to the Scott topology and the product
topology. It is well known that this function is continuous with respect to the Scott
topology on Z x Z. We show that it is open as well. Isbell has constructed several
examples of complete lattices Z such that the binary supremum function on Z is
discontinuous with respect to the product topology. Of course, in these cases the Scott
topology on Z x Z is strictly finer than the product topology. This raises the question
whether there exists a complete lattice Z such that the Scott topology on Z x Z is
strictly finer than the product topology and such that the binary supremum function
is continuous even with respect to the product topology. We construct such a lattice.
Finally, by using any of the examples constructed by Isbell, we show the following
result: Bounded completeness of a complete lattice Z is in general not inherited by the
dcpo C(X, Z) of continuous functions from X to Z where X is a topological space
and where on Z the Scott topology is considered. On the other hand, we show that
bounded completeness of Z is inherited by C (X, Z) if the topology on X is the Scott
topology of a partial order.

Keywords Sup semilattice - Supremum function - Scott topology - Product

topology - Continuity - Open functions - Bounded completeness

1 Introduction

In this article two examples in the theory of partial orders are constructed. The first

example concerns the question whether the binary supremum function on a sup semi-
lattice is continuous with respect to the product topology of the Scott topology on each
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copy of the sup semilattice. The second example is a counterexample concerning the
question whether bounded completeness of a complete lattice is inherited by the dcpo
of continuous functions from some topological space to the complete lattice.

The Scott topology on a partially ordered set (short: poser) (X, <) has turned out
to be important in many areas of computer science. Given two posets (X, <x) and
(Y, <y) we have two natural topologies on the product poset (X x Y, <xxy):

e The product topology of the Scott topology on (X, <) and of the Scott topology
on (Y, <y),
e the Scott topology on (X X Y, <xxy).

It is well known that the second topology on X x Y is always at least as fine as the
first topology, and that there are examples where the second topology is strictly finer
than the first topology. The best known example of this kind seems to consist of the
Johnstone space (compare [12]) for (X, <) and the dcpo of its Scott open subsets
for (Y, <); see [6, Exercise 11-4.26 and Exercise 11.1-36] and [7, Exercise 5.2.16
and Exercise 5.2.15]. Other examples are the complete lattices constructed by Isbell
[10,11].

If the supremum of any two elements of a poset (X, <) exists (in this case the poset
is called a sup semilattice) then the binary supremum function sup® : X x X — X is
well defined. Is it continuous? It is easy to see and well known that it is continuous if on
X x X the finer topology of the two topologies discussed above, the Scott topology,
is considered. Isbell [10,11] has constructed several examples of complete lattices
such that the binary supremum function is discontinuous with respect to the product
topology on X x X. Of course, in these cases the Scott topology on Z x Z is strictly
finer than the product topology. This raises the question (posed by an anonymous
referee of [8]) whether perhaps the binary supremum function sup® : X x X — X is
always discontinuous with respect to the product topology on X x X if this is different
from the Scott topology on X x X. We answer this question negatively by providing
an example of a complete lattice X such that the Scott topology on X x X is strictly
finer than the product topology but nevertheless the function sup® : X x X — X is
continuous with respect to the product topology on X x X; see Theorem 7.4.

Our second example concerns bounded completeness of the dcpo of continuous
functions from a topological space to a bounded complete dcpo. A poset is called
bounded complete if each bounded subset has a supremum. The following question
arises: If (Z, <) is a bounded complete dcpo and X a topological space, is then the
dcpo C(X, Z) of continuous functions from X to Z (where on Z the Scott topology
is considered) bounded complete as well? It turns out that the answer to this question
is yes if the topology on X is the Scott topology of some partial order on X. One may
now speculate whether the answer is yes even for arbitrary topological spaces. But it is
the second main goal of this article to show that in general the answer to this question
is no. In Sect. 8 we shall even construct a topological space X and a complete lattice Z
such that the dcpo of continuous functions from X to Z is not bounded complete; see
Theorem 8.5. This construction makes essential use of a complete lattice X such that
the binary supremum function sup® : X x X — X is discontinuous with respect to
the product topology, as constructed by Isbell [10,11] (Theorem 7.1). Note thatin [13,
Page 26] the closely related question is discussed whether the pointwise supremum
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of two continuous functions f, g : X — Z for a topological space X and a complete
lattice Z is again continuous. The authors observe that this is true if the product
topology on Z x Z is identical with the Scott topology on Z x Z. Concerning the
general case, they write “But in general, we cannot conclude that f Vv g or f N g are
Scott continuous”. But they do not give an example where the pointwise supremum
f Vv gof fand g is not continuous. In Theorem 8.5, the main result of Sect. 8, such
an example is constructed.

After introducing some notation and collecting several elementary notions concern-
ing partial orders in the following two sections, in Sect. 4 we modify the Johnstone
space in order to obtain a considerably simpler partial order which is even a complete
lattice and has additional properties that will be needed in the proof of Theorem 7.4
in Sect. 7. In Sect. 5 we first remind the reader of some elementary algebraic prop-
erties of the binary supremum function sup® : X x X — X and then show that
it is not only continuous with respect to the Scott topology on X x X but also an
open mapping with respect to the Scott topology on X x X. In Sect. 6 we present an
observation by Wei and Shouli [14] saying that for certain posets one can characterize
the property “sobriety” by a condition on the binary supremum function. In Sect. 7,
first we shortly speak about the constructions by Isbell [10,11] of complete lattices
(X, <) such that the function sup® : X x X — X is not continuous with respect to
the product topology on X x X. Then we construct a complete lattice (X, <) such that
the function sup® : X x X — X is continuous with respect to the product topology
on X x X although this topology is different from the Scott topology on X x X.
Finally, in Sect. 8, first we show that for any poset X and any bounded complete dcpo
Z the dcpo C(X, Z) of continuous functions from X to Z is bounded complete as
well. Then we construct a topological space X and a complete lattice Z such that the
dcpo of continuous functions from X to Z is not bounded complete and such that
there exist two continuous functions f, g : X — Z whose pointwise supremum is
not continuous.

2 Some notations

Let N := {0, 1,2, ...} denote the set of natural numbers, that is, of non-negative
integers. For k € N and a total function f : N — Nlet

Flk:{0,1,....,k—1} > N

be the restriction of the function f totheset {0, 1, ..., k—1}. Forsets X, Y, a function
f:X — Yandsubsets S C X, T C Y we write

F U ={xeX : f(x)eT),
fISl:={yeY : @ el f(s) =y}

For sets X, Y the projections 7y : X x Y — X and 7y : X x Y — Y are defined as
usual by 71 (x, y) :=x and ma(x, y) := y, for (x,y) € X x Y.
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3 Basic notions: partial orders and topology

In this section, for the convenience of the reader, we collect several elementary notions
concerning partial orders and topological spaces, in particular the definition of the Scott
topology.

Let (Z, <) beaposet. Forasubset S € Zwedefinet S:={z€Z : (Ay € S)y <
zyand [ S:={z€ Z : (3y € S)z < y}. Asubset S C Z is called upwards closed
if § = 1 S. It is called downwards closed if S = | S. An element z € Z is called an
upper bound of a subset S C Z if S C |{z}. Anelement z € Z is called a supremum
or least upper bound of a subset S C Z if it is an upper bound of S and if for all upper
bounds y of S one has z < y. Obviously, if a subset S € Z has a supremum, then
this supremum is unique. Then we denote it by sup_(S) or simply by sup(S) if it is
clear which relation < is meant. An element z € Z is called a lower bound of a subset
S C Zif § C 1{z}. Anelement z € Z is called an infimum or greatest lower bound
of a subset § C Z if it is a lower bound of S and if for all lower bounds y of S one
has y < z. Obviously, if a subset S € Z has an infimum, then this infimum is unique.
Then we denote it by inf<(S) or simply by inf(S). The poset (Z, <) is called a sup
semilattice if sup({x, y}) exists for all x, y € Z. The poset (Z, <) is called a complete
lattice if sup(S) exists for all subsets S C Z. Note that then also inf(S) exists for all
subsets S € Z. Indeed, it is well known—compare, e.g., [6, Proposition O-2.2(i)]—
and straightforward to check that if sup(S) exists for all subsets S € Z then for any
subset T C Z, the supremum of the set of all lower bounds of 7 is an infimum of T'.
A subset S C Z is called directed if it is nonempty and for any two elements x, y € S
there exists an upper bound z € § of the set {x, y}. The poset (Z, <) is called a dcpo
if for any directed subset S C Z there exists a supremum of S in Z. It is clear that any
complete lattice is a dcpo. In Sect. 6 we will consider posets that are at the same time
a sup semilattice and a dcpo. Such posets can be characterized as follows.

Lemma 3.1 For a poset (Z, <) the following two conditions are equivalent.

1. It is a sup semilattice and a dcpo.
2. For every nonempty subset S C Z the supremum sup(S) exists.

Proof “2 = 17: Trivial. “1 = 2”: Let us assume that (Z, <) is a sup semilattice and
a dcpo. Let S € Z be a nonempty subset of Z. We wish to show that sup(S) exists.
The set

D :={z e Z | @F C S)(F is finite and z = sup(F))}

is a directed subset of Z. Therefore, sup(D) exists. Obviously, an element z € Z is an
upper bound of D if, and only if, it is an upper bound of S. Hence, sup(D) is a least
upper bound of S as well, that means, sup(S) exists and is equal to sup(D). O

Example 3.2 Let (X, 7) be a topological space. Then (t, ) is a complete lattice and,
for any subset o C 7, sup(o) = | J o [6, Examples O-2.7(3)].

Next, we introduce the Scott topology.
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622 P. Hertling

Lemma 3.3 (See, e.g., [1, Definition 2.3.1 and Proposition 2.3.2] [6, Section II-1] or
[7, Prop. 4.2.18]) Let (Z, <) be a poset. The set of all subsets U C Z satisfying the
following two conditions:

1. U is upwards closed,
2. for every directed subset S T Z such that sup(S) exists and sup(S) € U the
intersection S N U is not empty,

is a Ty topology on Z.

The topology described in this lemma is called the Scott topology of (Z, <). Its
elements are called Scott open. Let us denote this topology by o (Z, <). For a topo-
logical space X and a point xg € X let cl({xo}) be the closure of the set {x¢}, that is,
the intersection of all closed sets containing xg (thus, cl({xp}) is the smallest closed
set containing xg). The following example of a Scott open set is useful for the proof
of the assertion in Lemma 3.3 that the Scott topology is Ty and will be useful later as
well.

Example 3.4 Let (Z, <) be a poset. Then for any y € Z the set

Z\Iyy=1{zeZ : z £y},

is Scott open. In fact, | {y} = cl({y}).

4 Products of partial orders

Let (X, <x) and (Y, <y) be two posets. On the product Z := X x Y we define a
binary relation <x,y< Z x Z by

(x,y) <xxy (x",y) & (x <x x’and y <y y'),

forany x,x’ € Xand y,y €Y.

Lemma4.1 [. (X x Y, <xxy) is a poset as well.

2. If S € X x Y is a directed subset then the sets m1[S] € X and m,[S] C Y are
directed as well.

3. For any subset S C X X Y the following two conditions are equivalent:

(a) The suprema sup—, (m1[S] and sup., (m2[S]) exist,
(b) The supremum sup—, (S) exists.

If one, and the both, of these two conditions are satisfied then sup_, (S) =
(sup, (mi[S]), sup, (T2l ST)).

4. If (X, <x) and (Y, <y) are complete lattices then (X X Y, <xxy) is a complete
lattice as well.

Proof Itis obvious that <y y is a partial order. The second and the third assertion are
straightforward to check as well. And the fourth assertion follows directly from the
first and the third assertion. ]
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Topological properties of the binary supremum function 623

For two posets (X, <x) and (Y, <y), we have two natural topologies on the product
X x Y: the Scott topology o (X x Y, <xxy) and the product topology o (X, <x)
x o (Y, <y). What is the relation between these two topologies? It is well-known that
the Scott topology is always at least as fine as the product topology.

Lemma 4.2 ( [6, Page 197] or [7, Exercise 4.5.19]) For any two posets (X, <x) and
(Y, <y), every subset of X x Y that is open in the product topology is Scott open as
well.

It is also well known that in general the converse of Lemma 4.2 is not true.
Proposition 4.3 There exist dcpo’s (X, <x) and (Y, <y) such that the Scott topology
on (X XY, <xxy) is strictly finer than the product topology on X x Y of the Scott
topology on (X, <x) and the Scott topology on (Y, <y).

The standard example seems to be (X, <y) := the so-called Johnstone space,
(Y, <y) :=the complete lattice of the Scott open subsets of X with the subset relation;
compare [6, Exercise I1-4.26 and Exercise I1.1-36] and [ 7, Exercises 5.2.16 and 5.2.15].
Since in the following we are going to define a similar but simpler partial order (that
is even a complete lattice) for comparison in the following example we define the

Johnstone space [12] and sketch the well-known proof of Proposition 4.3.

Example 4.4 Let < on N U {w} be the usual linear ordering with n < w for all n €
NU {w}. On X := N x (NU {w}) we define a binary relation <y by

(,p=<x(,q):<= (i=jandp <g)or(g =wand p < j)).
Then the pair (X, <y) is a dcpo. It is called the Johnstone space. Let Y be the set
of all Scott open subsets of X, and let the binary relation <y on Y be set-theoretic

inclusion. By Example 3.2 (Y, <y) is a complete lattice, hence, a dcpo as well. One
can check that the subset £ C X x Y defined by

E:={x,y)eXxY : xey}

is open in the Scott topology on (X x Y, <xy) but not open in the product topology
of the Scott topology on (X, <x) and the Scott topology on (Y, <y).

For later use, we explicitly formulate one general step in the previous example.

Lemma4.5 Let (X, <yx) be aposet, and let (Y, <y) be the complete lattice consisting
of the Scott open subsets of X where <y is set-theoretic inclusion. Then the set

E:={(x,y)e XxY : x ey}
is a Scott open subset of X x Y, that is, open in the Scott topology on (X X Y, <xxy)-
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624 P. Hertling

Proof Let (x,y) € E and (x', y') € X x Y be a pair with (x, y) <xxy (x’, y"). Then
x <x x'and y <y y’. Furthermore, x € y. As y is upwards closed, we obtain x” € y.
And y <y y' means y C y/, hence, x’ € y/, hence, (x/, y’) € E. We have shown that
E is <y yy-upwards closed.

Now let § € X x Y be a directed subset such that sup_, () exists and
is an element of E. According to Lemma 4.1(3) the suprema sup_, (7;[S]) and
sup,, (m2[s]) exist and satisfy (sup_, (m1[SD), sup-, (m2[S])) = sup., () € E.
Thus, sup—, (m1[S) € sup, (m2[S1) = U m2[S] (compare Example 3.2). We con-
clude that there is some ¥ € m[S] with sup—, (1[S]) € ¥. By Lemma 4.1 (2) the set
71[S]is a directed subset of X. As ¥ is a Scott open subset of X we conclude that there
exists some X € m1[S]1N Y. The fact x € m1[S] implies that there exists some y € Y
with (X, y) € S. Analogously, the fact € m,[S] implies that there exists some ¥ € X
with (X, ¥) € S. As S is directed there exists some (x, y) € S with (X, y) <xxy (x,y)
and (X,y) <xxy (x,y). Finally, similarly as in the proof above that E is upwards
closed, from X € ¥ we conclude x € y, hence, (x, y) € E. This shows S N E # {.
We have shown that E is a Scott open subset of X x Y. O

By a modification (which is mostly a simplification) of the definition of the John-
stone space we can prove the following slight improvement of Proposition 4.3. It will
be used in the proof of Theorem 7.4 in Sect. 7.

Proposition 4.6 There exist complete lattices (X, <x) and (Y, <y) such that the fol-
lowing three conditions are satisfied:

1. the Scott topology on (X x Y, <xxy) is strictly finer than the product topology on
X X Y (of the Scott topology on (X, <x) and the Scott topology on (Y, <y)),

2. but the Scott topology on X x X is identical with the product topology on X x X,

3. and the Scott topology on Y x Y is identical with the product topology on Y x Y.

In the following example we shall define our modification (X, <y) of the Johnstone
space. For (Y, <y) we will then take the set of Scott open subsets of X and the
subset relation. Then we formulate and prove several lemmas that collect the important
properties of (X, <x) and (¥, <y) and from which we then deduce Proposition 4.6.

Example 4.7 Our modification of the Johnstone space is defined as follows. Let
X ={L, TJUNx N)

where L and T are different elements that are not elements of N x N. We define a
binary relation <y on X by

x<xyy:<= x=lory=Tor@i e N)@p,q eN)
(x=(.,p)andy = (i,q) and p < q)
for all x, y € X. Compare Fig. 1.

The reader is invited to convince himself that this poset is indeed simpler than the
Johnstone space by comparing the graphical representation in Fig. 1 with the graphical
representation of the Johnstone space in [7, Figure 5.2 on Page 143].
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Topological properties of the binary supremum function 625

Fig.1 The binary relation < on T @
X :={L, T}U (N x N) defined

in Example 4.7 is the reflexive

and transitive closure of the

binary relation given by the

arrows in this figure

1

Remark 4.8 The construction in Example 4.7 was obtained by the author by slightly
simplifying a similar construction in the preprint [8]. In the recent article [2] Chen,
Kou, and Lyu arrive at the same construction. They also observe that it is a complete
lattice and explicitly describe [2, Example 4.13] the lattice of its Scott open subsets
in the same way as this is done in Lemma 4.9 (2) and 4.9 (3).

In the following lemma we show that (X, <y) is a complete lattice and give an
explicit description of all Scott open subsets of X.

Lemma 4.9 Let (X, <x) be the pair defined in Example 4.7.

1. This pair (X, <x) is a complete lattice. In fact, the supremum of an arbitrary
subset S C X is given as follows:

(a) If S =0 or § = {L} then sup(S) = L.

(b) If S is finite but neither empty nor equal to {1} and if there exists a number
i e NwithS C{L}U ({i} x N) then sup(S) = (i, max{p : (i, p) € S}).

(c) In all other cases sup(S) = T.

2. For any total function f : N — N the set
Up ={T}U{(,p) e NxN : p= f(i)}

is a Scott open subset of X.
3. For every Scott open subset V. C X with V. ¢ {J, X} there exists a function
f:N—=NwithV =Uy.

Proof 1. It is straightforward to check that <y is a partial order. It is clear that
sup(¥) = L and sup({L}) = L as well. And if, for some i € N, the set S is a
finite subset of { L} U {i} x N with § N ({i} x N) # ¢ then it is clear as well that
sup(S) = (i,max{p : (i, p) € S}). Let us consider the third case. If there are
i,j,p,q € Nwithi # jand (i, p), (j,g) € S then clearly sup(S) = T.If S is
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infinite then also sup(S) = T. Thus, sup(S) exists for every subset S C X. Hence,
(X, <x) is a a complete lattice.

2. Let f : N — N be a total function. It is clear that Uy is upwards closed. Let
S C X be a directed subset such that sup(S) exists and sup(S) € Uy. We wish to
show that there exists an element s € S N Uy. This is clear if T € S because then
sup(S) = T € Uy, hence, T € SN Uy. So, let us assume that T ¢ S. Can there
exist numbers i, j, p,q € Nwithi # j and (i, p) € Sand (j,g) € S? No. As S
is directed, in that case there would have to exist some s € § with (i, p) <x s and
(j,q) <x s.Butthe only element s of X that satisfies (i, p) <x sand (j,q) <x s
is the element s = T. Hence, we would get T € S. So, we can conclude that there
exists some i € N such that S C {1} U ({i} x N). If S is infinite then there exists
some p € Nsuch that p > f(i) and (i, p) € S. As we also have (i, p) € Uy,
we conclude (7, p) € S N Uy. Finally, let us consider the case that S is finite and
S C {L}U({i} xN). As L is not an element of U 7, the set S can neither be empty
nor be equal to {_L} because in both cases one would arrive at sup(S) = L. Thus,
we obtain sup(S) = (i, max{p : (i, p) € S}). Butin this case we have not only
sup(S) € Uy but also sup(S) € S.

3. Let V C X be a Scott open subset of X with V # Jand V # X. Then T € V
(otherwise V = (J) and L ¢ V (otherwise V = X). Foranyi € Ntheset {i} x N
is a directed subset of X with sup({i} x N) = T € V. Hence, for any i € N
there exists some p € N with (i, p) € V. Therefore, we can define a function
f:N— Nby

f@) :=min{p e N : (i, p) €V},
fori € N, and see that V = Uy. O

Lemma4.10 Let (X, <x) be the complete lattice defined in Example 4.7 (see
Lemma 4.9 (1)), and let (Y, <y) be the complete lattice where Y is the set of all
Scott open subsets of X and <y is set-theoretic inclusion (see Example 3.2). Then the
subset

E={x,y)eXxY : xey}

is not open with respect to the product topology on X x Y.

Proof First, let us choose an element of E as follows. Let 0 : N — N be the constant
number function with 0(n) = 0 for all n € N. Then, according to Lemma 4.9 (2), the
set y := Uy = X \ {L} is a Scott open subset of X. The element x := (0,0) € X is
an element of y. Thus, (x, y) € E.

Now, for the sake of a contradiction, let us assume that E is open in the product
topology. Then there exist Scott open subsets U € X and V C Y with (x,y) € U xV
and U x V C E. The fact (x,y) € U x V implies U # (). Can U be equal to X?
No, because otherwise we would have X x V C E, hence x € V, forall x € X and
V € V. This would imply X C V forall V € V, hence, V = {X} in contradiction to
X\ {L} =y e V.So, weconclude that U # @ and U # X. According to Lemma 4.9
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Topological properties of the binary supremum function 627

(3) there exists some function f : N — N such that U = Uy. Fori € N we define
gi :N — Nby

ifm <1,
gi(m) := . .
fm)+1 ifm>i.

Then the sequence (Uy, );en is an increasing sequence of Scott open subsets of X with

sup({Ug; ieN}):UUg,. =X\{L}=Uj=yeV.
ieN

As V is a Scott open subset of Y, there must exist some i € N with Uy, € V. As
U xV C E, weobtain (x, Ug,) € E, forall x € U, hence x € Ug,, forall x € U,
hence, U C U,,. But that is false! O

Remark 4.11 1t is instructive to discuss the previous lemma in the context of some
further domain-theoretic notions. Let (Z, <) be a poset.

e For x, y € Z we write x < y and say that x is way-below vy if for every directed
set S € Z such that sup(S) exists and satisfies y < sup(S) there exists an element
s € Swithx <s.

e The poset (Z, <) is called continuous if, forevery z € Z,theset{x € Z : x K z}
has the following properties: (1) it is directed, (2) its supremum exists, (3) its
supremum is equal to z.

e The poset (Z, <) is called core-compact if the poset (o (Z, <), C) is a continuous
poset.

In the following, as in Lemma 4.10, we consider the complete lattice (X, <yx) defined
in Example 4.7 and the complete lattice (Y, <y) := (0 (X, <x), €). First, itis obvious
that (X, <yx) is not continuous (because {x € X : x <« T} = {L}). Secondly, it
is well known that the assertion proved in the previous lemma (that the set £ :=
{(x,y) € X xY : x € y}isnotopen with respect to the product topology on X x Y)
is equivalent to the assertion that (Y, <y) is not continuous, thus, to the assertion
that (X, <x) is not core-compact (indeed, the conditions (4) and (6) in [6, Theorem
1I-4.10] are equivalent). Thus, neither (X, <y) nor (Y, <y) are continuous lattices.

Note also that, if (o (X, <x), C) were continuous then, due to [6, Theorem II-4.13],
this would imply that for any dcpo (Z, <z) the product topology on X x Z would
coincide with the Scott topology on X x Z. But, we have just seen that (¢ (X, <x), ©)
is not continuous. And, indeed, Lemmas 4.5 and 4.10 show that the product topology
on X x Y (where again (Y, <y) := (¢ (X, <x), €)) does not coincide with the Scott
topology on X x Y. Nevertheless, the Scott topology on X x X coincides with the
product topology on X x X.

Lemma4.12 Let (X, <x) be the complete lattice defined in Example 4.7 (see
Lemma 4.9 (1)). Then the Scott topology on X x X coincides with the product topology
on X x X.
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628 P. Hertling

Proof By Lemma 4.2 it is sufficient to show that any Scott open subset of X x X is
open in the product topology on X x X. So, let us consider some Scott open subset
W of X x X.If W is empty then it is open in the product topology. So, let us assume
that W is not empty. Let us fix some element (x1, xo) € W. It is sufficient to show
that there exist Scott open subsets U, V C X with x| € U, with x, € V, and with
U x V C W. There are three cases forx;: (1) x; = L, (2)x1 e NxN,3)x; =T,
similarly for x>. So, we have to consider nine cases.

Case 1 x1 = xp = L. Then, as W is upwards closed, it must be equal to X x X.
Hence, it is open in the product topology.

Case 2 x; = L and xp = T. Similarly as in the proof of Lemma 4.9 (3) one shows
that there exists a function f : N — N with X x Uy € W. Let us show this in
detail. For every i € Nthe set S; := {1} x ({i} x N) is a directed subset of X x X
with sup(S) = (L, T) = (x1, x2) € W. We conclude that S; N W # (. We define
f:N—= Nby f@) :=min{p : (L, 7, p)) € W}. As W is upwards closed,
X x Uy € W. Finally, we note that (1, T) € X x Uy.

Case 3 x1 = L and xp € N x N. As (L, x0) <xxx (L, T) and W is upwards
closed we see (L, T) € W. As in Case 2, we define f : N — N by f(i) :=
min{p : (L, (i, p)) € W}, foralli € N. As W is upwards closed, X x Uy C W.
Let j, g be the numbers with x = (j, ¢). By definition of f, f(j) < ¢, hence,
@1.x2) = (L. (j.q) € X x Uy,

Case 4 x1 = T and x, = L. This case is symmetric to Case 2 and is treated in the
same way.

Case 5 x1 € N x Nand x, = L. This case is symmetric to Case 3 and is treated
in the same way.

Case 6 x1 € N x N and x» € N x N. We shall define functions f : N — N
and g : N — Nwithx) € Uy, xp € Ug,and Uy x U, € W. Let iy, p1,i2, p2
be the numbers with x; = (i1, p1) and xp = (i2, p2). We define the functions f
and g step by step and, additionally, in parallel two increasing sequences of finite
sets N € N and N, C N (containing the numbers on which f and g have been
defined already) as follows. In the first step we define

S = p1,
Ny = {i1},
g(i2) == pa,
Ny = {ip}.

Then we repeat the following infinitely often:

J1:==min(N\ Ny),
f(1) =min{g e N : (Vka € N2)((j1, q), (k2, g(k2))) € W},
Ny := N1 U {ji},
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J2 == min(N\ N7),
g(jo) :=min{qg e N : (Vk1 € N1)((k1, f(k1)), (J2. q)) € W},
Ny := Na U {jn}.

Let us show that these definitions make sense and define functions f and g
with the desired properties. By induction we show that after each step we have
((ky, f(k1)), (ka, g(kp))) € W, for all k; € Np and all k, € Nj. It is clear that
this is true after the first step, that is, for Ny = {i1} and No» = {i»}. Let us
assume by induction that this is true after some step. We show that it is true after
the next step as well. Note that for every k» € N> and j; := min(N \ Nj) the
set ({j1} x N) x {(ka, g(k2))} is a directed subset of X x X whose supremum
(T, (ka, g(kp))) is an element of W (remember that ((i1, f(i1)), (k2, g(k2))) € W
by induction hypothesis and ((i1, f(i1), (k2, gk2))) <xxx (T, (ka, g(k2)))).
Thus, there exists some g € N with ((j1, q), (ka, g(k2))) € W. As W is upwards
closed and N> is finite in every step of the definition of f, f (1) is well-defined for
j1 = min(N\ Ny), and we obtain ((ji, f(j1)), (k2, g(k2))) € W, for this j; and all
ko € N>. The same argument applies to the definition of g(j2). This ends the proof
by induction. Thus, by the steps above we have defined two functions f : N — N
and g : N — N such that ((ky, f(k1)), (k2, g(kp))) € W, for all k; € N and all
ky € N. This shows Uy x Uy, € W. Finally, it is clear that x; = (i1, p1) € Uy
and that x; = (i3, p2) € U,. This ends the treatment of Case 6.

Case 7 x;1 € N x Nand x; = T. The set {x1} x ({0} x N) is a directed subset
of X x X whose supremum (x1, T) = (x1, x2) is an element of W. Hence, there
exists some number p with (x1, (0, p)) € W. By Case 6 there exist functions
f:N—Nandg:N — Nwithx; € Uy, (0, p) € Ugand Uy x Uy € W. As
T € Uy is clear, this ends the treatment of Case 7.

Case 8 x1 = T and xo € N x N. This case is symmetric to Case 7 and is treated
in the same way.

Case 9 x; = xp = T. The set ({0} x N) x {T} is a directed subset of X x X
whose supremum (T, T) = (x1, x2) is an element of W. Hence, there exists some
number p with ((0, p), T) € W. By Case 7 there exist functions f : N — N and
g:N— Nwith (0,p) e Ur, T e Ugand Uy x U, € W. As T € Uy is clear,
this ends the treatment of Case 9. O

In the following let (X, <x) be the complete lattice defined in Example 4.7, and
let (Y, <y) be the complete lattice consisting of the set ¥ of Scott open subsets of
X and the subset relation <y:=C on Y. A partial function f :C N — N with finite
domain is any function f : F — N where F C N is a finite subset of N. In this case
F is called the domain of f, and we write dom(f) := F. For any partial function
g :€ N — N with finite domain let

Ve :={X}U{Uy : f :N— Nis a total function with
(Vi € dom(g)) f(i) = g(@)}.
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In the following lemma we identify some Scott open subsets of Y.

Lemma4.13 I. The set {X} is a Scott open subset of Y.
2. For any partial function g :C N — N with finite domain the set V, is a Scott open
subset of Y.

Proof 1t is clear that the set {X} is upwards closed. Let S C Y be a directed subset
with sup(S) € {X}. Then sup(S) = X, in particular L € sup(S). As sup(S) is the
union of all sets that are elements of S there must exist some U € S with L € U. As
U is a Scott open subset of X this implies U = X, hence, X € S. We have shown that
{X} is a Scott open subset of Y.

Now let g :C€ N — N be a partial function with finite domain. We wish to show
that Vg is a Scott open subset of Y. If the domain of g is empty then V, is equal to
Y \ {#}, and this is obviously a Scott open subset of Y. Let us assume that g is not
empty. Let ig, ..., i, be the elements of dom(g), and let g; be the restriction of g
to{i;},for j =0,...,e— 1. Then

e—1
Ve = ﬂ Ve, -
Jj=0

Therefore, we can assume without loss of generality that dom(g) contains exactly one
number. Let i be this number, and let pg := g(ip). Then

Ve ={X}U{Uy : f:N— Nis atotal function with f(ig) < po}.

It is clear that this set is upwards closed. Let S C Y be a directed subset with sup(S) €
V. If sup(S) = X then we can conclude as above in the proof of the first assertion
of this lemma that X € S. So, in this case we have S NV, # (. Let us assume
that sup(S) = Uy for some total function f : N — N with Uy € V,, hence, with
f (o) < po, hence, with (ip, po) € Uy. As sup(S) is the union of all sets that are
elements of S there must existsome U € S with (ig, pg) € U. AsU = X isimpossible
(this would imply sup(S) = X) we conclude that there is some function 2 : N — N
with U = Uy, and h(ip) < po. We obtain U € SNV, hence, SNV, # 0. O

Actually, the Scott open subsets of Y identified in the previous lemma already form
a base of the Scott topology of Y. Thus, the Scott topology of (¥, <y) has a countable
base.

Lemma 4.14 The set

B:={{X},Y}U{V, : g :C N — Nisa partial function with finite
domain, and (An € N)dom(g) ={0,...,n — 1}}

is a base of the topology of (Y, <y).

Proof According to Lemma 4.13 all elements of the set 3 are Scott open subsets of
(Y, <y).Let Z C Y be aScottopen subset of Y. Let U C X be a Scott open subset of
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X with U € Z. It is sufficient to show that there exists aset )V € BwithU € V C Z.
In the case U = () we obtain Z = Y and can use V := Y. In the case U = X we
can simply use V := {X}. In the following we consider the case U ¢ {#, X}. Then,
according to Lemma 4.9 (3) there exists a function f : N — Nwith U = Uy. We
claim that there exists a number k € N with V¢, C Z. For the sake of a contradiction,
let us assume that this is not the case. Then there exists a sequence V : N — Y such
that, forall k e N, V (k) € Vs, and V (k) ¢ Z. For every k either V (k) = X or there
exists a function gx : N — N with V (k) = Ug,. In the first case we define g := f
and observe Uy, € X = V(k) and Ug, € Vs k. So, for every k € N there exists a
function g¢ : N — N with Ug, C V (k) and Uy, € V. We are going to construct a
sequence W : N — Y of Scott open subsets of X such that

U W(k) = Uy and (Vk € N)(W (k) € Uy, and W (k) € W(k + 1)). D
keN

In order to construct such a sequence, we define a function g : N — N by

g(j) :==max({f(N}U{ge(j) : k=< j},

for j € N. It is clear that f(j) < g(j), for all j. Furthermore, for all k, j € N,
gk(j) < g(j). Indeed, this is clear for k < j by definition of g, and for j < k we
observe that Uy, € Vg implies gx(j) < f(j), hence, gi(j) < f(j) < g(j). For
k € N we define a function /; : N — N by

rGy i<k,
D=0y itk < .

We observe that for all k, j € N

) < b1 () < hie(§)

and

8k (j) < hi(j)

(indeed, for j < k we have already seen gx(j) < f(j) = hr(j), and for k < j we
see gk(j) < g(j) = hi(j)). Furthermore, limy_. o0 hr(j) = f(j), for all j. Thus,
the sequence W : N — Y defined by W(k) := Uy, for k € N, has the desired
property (1). The set {W (k) : k € N} is a directed subset of Y with sup{W (k) : k €
N} = Uy = U. As Z is a Scott open subset of ¥ and U € Z there exists a number
k with W(k) € Z, hence, as Z is upwards closed and W (k) € U, C V(k), with
V (k) € Z. Contradiction. We have shown that there exists a number £ € N with
Vie € W.Notethat U = Uy € Vy k. O

A topological space (X, 7) is called first-countable if for every point x € X there
exists a sequence B : N — 7 of open sets such that, for all k € N, x € B(k) and, for
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any open subset U C X with x € U there exists a k € N with B(k) € U. Matthew
de Brecht made the following observation, explained in detail in the blog of Jean
Goubault-Larrecq [3].

Proposition 4.15 [de Brecht [3]] Let (Z1, <1) and (Z3, <3) be posets such that the
Scott spaces (Z1,0(Z1, <1)) and (Z,, 6 (Z2, <3)) are first-countable. Then the Scott
topology on Z1 x Zj coincides with the product topology on Z1 X Z.

Corollary 4.16 Let (X, <x) be the complete lattice defined in Example 4.7 (see
Lemma 4.9 (1)), and let (Y, <y) be the complete lattice where Y is the set of all
Scott open subsets of X and <y is set-theoretic inclusion (see Example 3.2). Then the
Scott topology on 'Y x Y coincides with the product topology on Y x Y.

Proof InLemma4.13 we have seen that the space (Y, o (Y, <y)) has a countable base.
In particular, it is first-countable. By Proposition 4.15 the Scott topology on ¥ x Y
coincides with the product topology on ¥ x Y. O

Proof of Proposition 4.6. Let (X, <yx) be the pair defined in Example 4.7. According
to Lemma 4.9 (1) (X, <y) is a complete lattice. Let (¥, <y) be the pair consisting
of the set Y of all Scott open subsets of X and set-theoretic inclusion <y:=C on Y.
By Example 3.2 (Y, <y) is a complete lattice. According to Lemma 4.2 the Scott
topology on X x Y is at least as fine as the product topology on X x Y. The subset
E:={(x,y)e X xY : x € y}of X x Y is Scott open according to Lemma 4.5, but
not open with the respect to the product topology, according to Lemma 4.10. Hence,
the Scott topology on X x Y is strictly finer than the product topology on X x Y. By
Lemma 4.12 the Scott topology on X x X coincides with the product topology on
X x X, and by Corollary 4.16 the Scott topology on Y x Y coincides with the product
topologyon ¥ x Y. O

5 Elementary properties of the binary supremum function

Let X be a set. If < is a partial order on X such that (X, <) is a sup semilattice then
we define the binary supremum function sup(fz) X XX — XonXby

sup? (x, y) := sup({x, y}),

forx, y € X.Iftherelation < is clear from the context then instead of sup(sz) we simply
write sup‘®. For completeness sake let us mention the following well known algebraic
characterisation of the binary supremum function. We call a function /' : X x X — X

e idempotent if (Vx € X) f(x,x) = x,
o commutative if Vx,y € X) f(x,y) = f(y, x),
e associative if (Vx,y,z € X) f(f(x,y),2) = f(x, f(y,2)).

For a function f : X x X — X let us define a binary relation <;C X x X by
x<fy:&= y=fx,y),
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forx,y € X.

Lemma 5.1 Let X be a nonempty set.

1. If <is a partial order on X such that (X, <) is a sup semilattice then the function
f = sup(<2) is idempotent, commutative, and associative, and the relation <y is
identical with <.

2. If f : Xx X — X isanidempotent, commutative, and associative function then the
binary relation <y on X is a partial order such that (X, <y) is a sup semilattice,
and f is the binary supremum function of this sup semilattice.

This is well-known, and the proof is straightforward. We omit it. This lemma shows
that the transition from a sup semilattice (X, <) (an order-theoretic object) to the pair
(X, sup(<2)) consisting of a set X and a function with the three properties above (an
algebraic object) on the one hand and the transition from a pair (X, f) consisting of a
set X and a function f with the three properties above (an algebraic object) to the sup
semilattice (X, <) (an order-theoretic object) on the other hand are inverse to each
other. In this article we work with the order-theoretic description.

Let us have a first look at topological properties of the binary supremum function
on a sup semilattice. Let (X, tx) and (Y, ty) be topological spaces. A function f :
X — Y is called

e continuous if for every open subset V C Y its preimage f~![V] = {x €
X : f(x) € V}isan open subset of X,

e open if for every open subset U C X itsimage f[U]={yeY : @x e U)y=
f(x)} is an open subset of Y.

Often the following fundamental characterization of Scott continuous functions
between partial orders is useful.

Lemma 5.2 (see, e.g., [7, Proposiation. 4.3.5]) Let (X, <x) and (Y, <y) be posets.
For a function f : X — Y the following two conditions are equivalent.

1. f is Scott continuous, that is, continuous with respect to the Scott topology on X
and the Scott topology on Y.

2. f is monotone (that is, ¥x,x' € X)(x <x x' = f(x) <y f(x))and, if S C X
is a directed set whose supremum sup(S) exists, then sup(f[S]) exists as well and

satisfies sup(f[S]) = f(sup(S)).

Proposition 5.3 Let (X, <) be a sup semilattice. Then the functionsup® : X xX — X
is continuous and open with respect to the Scott topology on X x X (on the left hand
side) and the Scott topology on X (on the right hand side).

The continuity of sup® is well known [13, p. 26]. It seems that the openness of
sup® has not been stated so far.

Proof For completeness sake, we prove the continuity of sup®. We use Lemma 5.2.
It is obvious that sup(z) is monotone. Let S € X x X be a directed set such that sup(S)
exists. We have to show that sup(z) (sup(S)) is a supremum of sup(z)[S]. For any
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(x,x") € S we have (x, x") <xxx sup(S), hence, due to the monotonicity of sup®,
also sup(z) (x,x) < sup(z) (sup(S)). This shows that sup(z) (sup(S)) is an upper bound
of sup(z)[S]. Now let y € X be an upper bound of sup(z)[S]. Then for all (x,x’) € S
we have sup® (x, x) < y,hence, x < yandx’ < y, hence, (x, x’) <xxx (v, y). This
implies sup(S) <xxx (v, y) and, due to the monotonicity of sup(z), sup(z) (sup(S)) <
sup® (y, y) = y. Thus, sup® (sup(S)) is indeed a supremum of sup®[S].

For the openness of sup® let us consider a Scott open subset U € X x X. We wish
to show that sup(z)[U ] is a Scott open subset of X. First we show that sup(z)[U ]is
upwards closed. This is clear if U is empty. Let us assume U # , and let us consider
some (x,x’) € U and some y € X with sup® (x,x’) < y. Thenx < yand x’ < y,
hence, (x, x") <xxx (¥, y). As U is upwards closed we conclude (y, y) € U, hence,
y = sup@(y, y) € sup@[U]. We have shown that sup® [U] is upwards closed. Now
let us assume that S C X is a directed set such that sup(S) exists and is an element of
sup(z)[U]. Thentheset P := {(s,s) € X x X : s € §}isa <yxx-directed set whose
<xxx-supremum exists and is equal to (sup(S), sup(S)). Remember that sup(S) €
sup@[U]. Let (x,x’) € U be an element of U with sup(S) = sup® (x, x’). We
conclude that x < sup(S) and x” < sup(S), hence, (x,x’) <xxx (sup(S), sup(S)).
As U is upwards closed we conclude (sup(S), sup(S)) € U. Thus,sup_,  (P) € U.
As U is Scott open we obtain P N U # . Thus, there exists some y € S with
(y,y) € U. This implies y = sup®(y, y) € sup®[U]. Thus, S Nsup®[U] # 3. We
have shown that sup®[U] is Scott open. O

Corollary 5.4 Let (X, <) be a sup semilattice. Then the function sup® : X x X — X
is open with respect to the product topology on X x X of the Scott topologies on both
copies of X (on the left hand side) and the Scott topology on X (on the right hand
side).

Proof This follows from Proposition 5.3 and from Lemma 4.2. O

6 Sobriety and the binary supremum function

In this section we present the observation by Wei and Shouli [14] that a slightly weaker
property than continuity of the binary supremum function with respect to the product
topology is equivalent to the property “sober”, for suitable posets. The following
definitions are copied from [6, Sect. O-5], [7, Sect. 8.2]. Let X be a topological space.
We call a subset C C X irreducible if it is nonempty and, for any closed subsets
A, B C X the following implication is true: if C € AUBthenC € AorC C B.1tis
clear that the closure cl({xp}) of a point xg is irreducible, for any xo € X. A topological
space X (or its topology) is called sober if it is a Ty space and for every irreducible
closed subset C C X there exists a point xg € X with C = cl({x¢}). Note that the Ty
property of a topological space X implies for xp, x1 € X: if cl({xo}) = cl({x1}) then
X0 = X1.

We wish to analyze which posets that are dcpos and sup semilattices (compare
Lemma 3.1) have a sober Scott topology. The following lemma is implicitly contained
in the proof of [6, Proposition II-1.11].
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Lemma 6.1 Let (X, <) be a dcpo and consider on X the Scott topology. For a closed
subset C C X the following two conditions are equivalent.

1. C is directed.
2. There exists a point xo € X with C = cl({xo}).

Proof Let xyp € X. On the one hand, in Example 3.4 we already mentioned that
cl({xo}) = {x0}. And it is clear that the set | {xp} is directed. On the other hand, if a
set C is directed then sup(C) exists because we assume that (X, <) isadcpo. Andif C
is closed and directed then sup(C) € C.Butin thatcase itis clear that C = | {sup(C)}.

O

It is well known that, if (X, <) is a dcpo and a sup semilattice and the function
sup® : X x X — X is continuous with respect to the product topology on X,
then X with the Scott topology is sober; see [5, Corollary II.1-12], [6, Corollary II-
1.12]. Wei and Shouli [14] observed that by weakening the continuity requirement
on sup'® one can obtain a condition that is equivalent to sobriety, under sufficiently
strong further assumptions. The following theorem was essentially stated by them
with slightly different assumptions.

Theorem 6.2 Let (X, <) be a poset that is a dcpo and a sup semilattice. Then the
following two conditions are equivalent.

1. The Scott topology o (X, <) is sober.
2. For every Scott open subset W C X whose complement is irreducible, the set
(sup®) "I [W] € X x X is open in the product topology on X x X.

Proof “(1) = (2)”: Let (X, 0 (X, <)) be sober. Let W C X be a proper Scott open
subset of X whose complement C := X \ W is irreducible. Let x, y € X be two
elements with sup® (x, y) =: z € W. We wish to show that there are Scott open
subsets U,V C X withx € U,y € V and sup(z)[U x V] € W. As C is irreducible
and X is sober there exists a point ¢ € X with C = cl({c}). If x and y would satisfy
x < candy < cthen their supremum z would satisfy z < c as well, thatis, z € | {c} =
cl({c}) = C. Thus, we observe that x f cory ﬁ c. Without loss of generality we
assume x f ¢, hence, x ¢ | {c} = cl({c}) = C, hence, x € W. But now the open sets
U:=WandV := Xsatisfyx € U,y € Vandsup@[U x V] = sup@[W x X] C W.

“(2) = (1)”: Let us assume that (2) is true. Let C € X be a closed and irreducible
subset of X. According to Lemma 6.1 it is sufficient to show that C is directed. Let us
consider two elements x, y € C. We claim that the supremum z := sup(z) (x,y)isan
element of C. Suppose that this is not the case. Thenz € W := X'\ C. By Condition (2)
there exist Scott open subsets U, V € X withx € U,y € V and sup(z)[U xV]C W.
As U and V are upwards closed we obtain sup®[U x V] = U N V. Hence, we have
UNV C W.Fortheclosedsets A := X\ U and B := X \ V that means C € AU B.
As C is irrreducible this implies C € Aor C € B,hence, U C WorV C W. We
conclude x € W or y € W, in contradictionto x, y € C. |
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7 Continuity or discontinuity of the supremum function with respect
to the product topology on a complete lattice

Let (X, <) be asup semilattice. Proposition 5.3 says that the binary supremum function
is continuous with respect to the Scott topology on X x X. This leads to the question
whether it is necessarily even continuous with respect to the product topology on
X x X as well. This question was answered negatively by Isbell.

Theorem 7.1 (Isbell [10,11]) There exists a complete lattice (Z, <) such that the
binary supremum function sup\> : Z x Z — Z is not continuous with respect to the
product topology on Z x Z of the Scott topology on each copy of Z (on the left hand
side) and the Scott topology on Z (on the right hand side).

In fact, in [10] Isbell constructed a complete lattice such that this lattice with
the Scott topology is not sober. It follows from [5, Corollary II.1-12] as well as [6,
Corollary II-1.12] or Theorem 6.2 that the binary supremum function on this lattice is
not continuous with respect to the product topology. This result by Isbell leads to the
question (posed by Hoffmann, according to [11]) whether there exists a sober complete
lattice such that the binary supremum function is discontinuous with respect to the
product topology. This question was answered positively by Isbell, who constructed
such a lattice [11].

The observation described in the following lemma was made by Isbell in [11] for
complete lattices. This fact was rediscovered by the author [8, Proof of Theorem 4.2],
who at the time of writing [8] was not aware of the articles [10,11] by Isbell.

Lemma7.2 Let (X, <x) and (Y, <y) be sup semilattices such that Ly := inf(X)
and Ly :=inf(Y) exist and such that the product topology on X x Y is different from
the Scott topology on X x Y. Then Z := X x Y with <x«y is a sup semilattice such
that the binary supremum function sup® : Z x Z — Z is discontinuous with respect
to the product topology on Z.

For completeness sake we give the proof. First, we formulate and prove another
simple lemma.

Lemma7.3 Let (X, <x) and (Y, <y) be posets. For any x € X the function gy :
Y — X x Y defined by g, (y) := (x, y) is Scott continuous, and for any y € Y the
function gy : X — X x Y defined by g,(x) := (x, y) is Scott continuous.

Proof This follows directly by applying Lemma 5.2. O

Proofof Lemma 7.2 By Lemma 4.1 it is clear the (Z, <xxy) is a sup semilattice. Let
E C Z = X x Y be asubset that is open in the Scott topology on X x Y but not open
in the product topology on X x Y. We are going to show that the preimage

D = (sup(z))i1 [El={(z,Z) e Zx Z : supP(z,7) € E}

of E under the function sup® is not open in the product topology on Z x Z (of the
Scott topologies on each copy of Z). For the sake of a contradiction, let us assume that
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D is open in the product topology on Z x Z. We are going to show that this assumption
would imply that E is open in the product topology on Z = X x Y.

Let us fix some element (x©, y(o)) € E.Itis sufficient to show that the assumption
that D is open in the product topology on Z x Z implies that there exist a Scott open
subset F € X and a Scott open subset G C Y with x© ¢ F, with y(o) € G and with
FxG C E.How do we arrive at such sets? Note that sup® ((x @, Ly), (Lx, y@)) =
(x(o), y(o)) € E, hence,

(9, 1y), (Lx, y) e D.

Our assumption that D is open in the product topology on Z x Z implies that there exist
two Scott open subsets D1, Dy € Z with (x(o), ly) € Dy, with (Ly, y(o)) € Dy,
and with D1 x D> € D. By Lemma 7.3 the sets

F:={xeX : (x,Lly)e D},
G:={yeY : (Lx,y) € Dy}.

are Scott open subsets of X resp. of Y. It is clear that x(¥ € F and y© € G. Finally,
we claim F x G C E. Indeed, for x € F and y € G we obtain (x, Ly) € Dy and
(Lx,y) € D2, hence,

(x,y) = sup@((x, Ly), (Lx, y)) € sup®[D; x D;] C E.

This shows FF x G C E. O

Proof of Theorem 7.1 The complete lattice (X, <x) defined in Example 4.7 (compare
Lemma4.9) and the complete lattice (¥, <y) where Y is the set of all Scott open subsets
of X and <y is set-theoretic inclusion (see Example 3.2) satisfy the assumptions of
Lemma 7.2; see Lemmas 4.5 and 4.10. O

In view of Theorem 7.1 one might even suspect that the binary supremum function is
necessarily discontinuous with respect to the product topology if the product topology
is different from the Scott topology. The question whether this is the case or not was
posed by an anonymous referee of [8]. The following theorem shows that this is not
the case. The binary supremum function can be continuous with respect to the product
topology even if the product topology is strictly weaker than the Scott topology.

Theorem 7.4 There exists a complete lattice (Z, <) such that the product topology on
Z x Z of the Scott topology on each copy of Z is different from the Scott topology on
Z x Z, and the binary supremum function sup® : Z x Z — Z is still continuous
with respect to the product topology on Z x Z of the Scott topology on each copy of
Z (on the left hand side) and the Scott topology on Z (on the right hand side).

Proof Let (X, <x) and (Y, <y) be complete lattices as in Proposition 4.6. We will
construct a suitable Z as the direct sum of X and Y except that we add an additional
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L
X Y A

Fig.2 The complete lattice Z in the proof of Theorem 7.4, constructed out of two complete lattices X and Y

smallest and an additional largest element in order to make Z a complete lattice.
Formally, this can be done as follows. Let

Z: =X x{0hu ¥ x{1h U{L, T},

where L and T are different elements that are not elements of (X x {0}) U (Y x {1}),
and let the binary relation <z on Z be defined by

7<z77: ¢ z=lor =Tor
@x,x e X)(z=(x,0)and 7/ = (x/,0) and x <x x') or

@y.y' eV)z=(y,Dandz = (y', 1) and y <y y),

forallz, 7 € Z.

We come to the correctness proof. In fact, for notational simplicity, in the following
we will identify X with X x {0} and Y with Y x {1}. In other words, we will assume
that L # T and that the three sets X, Y, and {_L, T} are pairwise disjoint. Then the
pair (Z, <z) consisting of a set Z and a binary relation <z on Z can be defined as
follows.

Z =XUYU{L T)
and
7<77: = z=Llor=Tor
(zeXandz € Xandz <y /) or
(zeYandz € Yandz <y 7)),

forall z, 7/ € Z. See Fig. 2.
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It is straightforward to check that (Z, <z) is a partial order. And for any subset
S C Z the supremum of § exists:

1 it § € {1},

sup, (SNX) ifSCXU{Lland SNX # ¢,
sup, (SNY) ifSCYU{llandSNY # 0,
T ifSZ€ XU{lland S € Y U{L}.

sup(S) = 2)
=z

Hence, (Z, <z) is a complete lattice. Next, we show that the Scott topology on Z x Z
is strictly finer than the product topology on Z x Z (that is, than the product topology
on Z x Z of the Scott topology on each copy of Z). Let E C X x Y be a Scott open
subset of X x Y that is not open with respect to the product topology on X x Y. We
claim that the set

G:=E U ((YU{T) x2Z) U (Zx(XU{T})

is a Scott open subset of Z x Z and not open with respect to the product topology on
Z x Z.

Let us show that G is <z z-upwards closed. The subsets (Y U {T}) x Z and
Z x (X U{T}) are obviously <z, z-upwards closed. Let us consider some (x, y) €
E and some (z1,22) € Z x Z with (x,y) <zxz (z1, z2). It is sufficient to show
(z1,72) € G.From E € X x Y we conclude z; € X U{T}and zp € Y U {T}
and, furthermore, z; € X = x <y zi, and, similarly, z20 € ¥ = y <y z22. If
z1 = T then (z1,22) € (Y U{T}) x Z C G, and similarly, if zo = T then (z1, z2) €
Z x (XU{T}) C G. So, let us assume that z; € X and zp € Y. Then x <y z; and
y <y z2, hence (x,y) <xxy (z1,22). As E is <xy-upwards closed we conclude
(z1,z2) € E € G. We have shown that G is <z, z-upwards closed.

Next, let S € Z x Z be a directed set such that sup—, Z(S) is an element of G
(note that sup, ~(S) exists because Z x Z is a complete lattice by Lemma 4.1 (4)).
We wish to show that S N G # @. For the sake of a contradiction, let us assume that
SNG=0.Then SN(YU{TH xZ)=0Wand SN (Z x (X U{T})) = @, hence,
S C (XU{L}) x (Y U{L}). This implies

sup_, (S) = (sup—, (m1[S]), sup—, (m2[SD)) € (X U {L}) x (¥ U (L)),

compare Lemma 4.1 (3). With sup Sz (S) € G and by the definition of G we obtain
sup_, ,(S) € E. This, in turn, implies 71[S] N X # ¢ (otherwise we would have
m1[S] = {L}, hence, also supSZ(m[S]) = _ in contradiction to supSZxZ(S) e E
and EN({L} x Z) =@)and m»[S]N Y # @. As S is a directed set we can conclude
that S N (X x Y) # 0. Furthermore, the set S N (X x Y) is a <yxy-directed subset
of X x Y with

sup-, (SN(X xY))=sup_, (SN(X xY))=sup_, (S)€E.
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As E is a Scott open subset of X x Y we conclude that SN (X x Y) N E # @, hence,
SN E # @, hence, S N G # (. Contradiction. We have shown that G is a Scott open
subset of Z x Z.

We still have to show that G is not open with respect to the product topology on
Z x Z. For the sake of a contradiction, let us assume that G is open with respect to
the product topology on Z x Z. We are going to show that this implies that the subset
E of X x Y is open with respect to the product topology on X x Y. Let us consider
an arbitrary element (x, y) of E. We wish to show that there exist Scott open subsets
U CXand V' CYwithx e U,y € V,;and U’ x V' C E. We make use of the fact
that (x, y) € E implies (x, y) € G. As by assumption G is open with respect to the
product topology on Z x Z there exist Scott open subsets U € Z and V C Z with
(x,y) €U xVandU x V C G. Then the set U’ := U N X is a Scott open subset of
X, and the set V' := V N Y is a Scott open subset of Y. We observe x € U’, y € V',
and U’ x V' € GN (X x Y) = E. Hence, G is indeed not open with respect to the
product topology on Z x Z.

Finally, we have to show that the function sup® : Z x Z — Z is continuous with
respect to the product topology on Z x Z. Let W C Z be a Scott open subset. It is
sufficient to show that (sup®)~![W]is open in the product topology on Z x Z. We can
assume that W is not empty. Let (21, z0) € Z x Z be a pair with sup(z) (z1,22) e W.
It is sufficient to show that there exist Scott open subsets Wi, Wo C Z with z1 € Wy,
22 € Woand Wy x Wy C (sup(Z))_1 [W]. We distinguish several cases for (z1, z2).

Case 1 z; = L. The sets Z and W are Scott open subsets of Z, z; = L € Z,
22 =supP(z1,20) € W,and Z x W C (sup®)~I[W].

Case 2 7o = L. This case is symmetric to Case 1 and is treated in the same way.

Case3z;=T.Then T = sup(z) (z1,z2) € W. The set {T} is a Scott open subset
of Z (indeed, if § C Z is a subset with sup(S) = T then SN (X U {T}) # ¥ and
SN Y U{T}) # @, and if S is directed this implies T € S). And the set Z is of
course a Scott open subset of Z as well. Finally, we note that z; € {T}, z2 € Z,
and {T} x Z C (sup®)~1[W].

Case 4 7o = T. This case is symmetric to Case 3 and is treated in the same way.

Case 571 € Xandzo € Y. Then T = sup®(z1,z2) € W. The sets X U {T}
and Y U {T} are Scott open subsets of Z, z1 € X U{T}, zo0 € Y U{T}, and
(X ULTH x (Y U{T) < (sup®)'[{T}] < (sup®)~ [W].

Case 6 z1 € Y and z; € X. This case is symmetric to Case 5 and is treated in the
same way.

Case7 z1 € X and zo € X. By Proposition 5.3 the function sup® : Zx Z — Z'is
continuous with respect to the Scott topology on Z x Z. Hence, (sup®)~![W]isa
Scott open subset of Z x Z. We claim that the set W' := (sup(2))_l [WIN(X x X)
is a Scott open subset of X x X (that means, Scott open with respect to <y x x). This
follows directly from the fact that the restriction of <z, 7 to X x X is identical
with <y, x. By the second condition in Proposition 4.6 the Scott topology on
X x X is identical with the product topology. Hence, the subset W’ of X x X
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is open in the product topology. Furthermore (z;, z2) € W’. Hence, there exist
<x-Scott open subsets Uy, Uy € X withz; € Uy, zp € Upand Uy x U, € W',
The sets Wy := U; U {T} and W, := U, U {T} are <z-Scott open subsets of Z
and satisfy z1 € Wy, z0 € Wh,and W1 x Wy C (sup(z))_l[W].

Case 8 z1 € Y and z» € Y. This case is treated in the same way as Case 7, using
the third condition in Proposition 4.6 instead of the second condition. O

8 Failure of bounded completeness for the directed complete partial
order of Scott continuous functions

Let us consider some poset (Z, <) and an arbitrary topological space X. We call a
function f : X — Z Scott continuous if it is continuous with respect to the given
topology on X and the Scott topology on Z. Let C(X, Z) denote the set of all Scott
continuous functions f : X — Z. Itis clear that the binary relation <c defined on X
by

f=Zcg:e= (VxeX) f(x) <gl),
for f, g € C(X, Z), is a partial order, that is, (C(X, Z), <c) is a poset.

Proposition 8.1 ( [13, Lemma 1-4.6], [9, Prop. 6]) Let (Z, <) be a dcpo, and let X
be an arbitrary topological space. Then C(X, Z) with <c is a dcpo. Furthermore, if
F € C(X, Z) is a <c-directed set then the function g : X — Z defined by

g) ==sup({f(x) : feF}

(this is well defined because, for any x € X, the set { f(x) : f € F} is directed and
because (Z, <) is a dcpo) is Scott continuous and the least upper bound of F.

Let (Z, <) be a poset. A subset S € Z is called bounded if there exists an upper
bound z € Z for S. The poset (Z, <) itself is called bounded if Z is a bounded set.
The poset (Z, <) is called bounded complete if for any bounded subset S C Z there
exists a supremum of S in Z. An element of Z is called a least element of Z if it is a
lower bound of Z. Obviously, if a least element exists then it is unique. Note that any
bounded complete poset (Z, <) has a least element (the element sup(¥J) does the job).
And note that any complete lattice is a dcpo and that a poset is a complete lattice if,
and only if, it is bounded and bounded complete.

Lemma 8.2 Let X be an arbitrary topological space.

1. If (Z, <) is a bounded poset then (C(X, Z), <c) is a bounded poset as well.
2. If (Z, <) is a poset with least element then (C(X, Z), <c) is a poset with least
element as well.

Proof Let (Z, <) be a poset. We have already seen that then (C(X, Z), <c) is a poset
as well.
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1. Let T € Z be an upper bound for Z. The constant function f : X — Z with
f(x) :=T forall x € X is Scott continuous, thus, an element of C(X, Z), and it
is an upper bound for C(X, Z).

2. Let L € Z be a least element of Z. The constant function f : X — Z with
f(x) := L forall x € X is Scott continuous, thus, an element of C(X, Z), and it
is a lower bound for C(X, Z). O

The following question arises: If (Z, <) is bounded complete, is then C(X, Z)
bounded complete as well? This is true if the topology considered on X is the Scott
topology induced by a partial order relation on X.

Proposition 8.3 Let (X, <x) be a poset and consider on X the Scott topology. If
(Z, <z) is a bounded complete poset then (C(X, Z), <c) is a bounded complete
poset as well.

Proof Let F C C(X, Z) be a <c-bounded set. Then for each x € X the set
Fx):={f(x) : feF}={zeZ : 3feF)z=f)}

is bounded (indeed, if # € C(X, Z) is a <c-upper bound of F then, for every x € X,
the element 21(x) € Z is a <z-upper bound of the set F'(x)). Since we assume (Z, <z)
to be bounded complete, we can define a function g : X — Z by

g(x) := sup(F (x)).

First, we show that this function g is Scott continuous. We use the characterization
in Lemma 5.2. First we show that g is monotone. Let us consider x, y € X with
x <x y. As each function f € F is monotone, we have for each function f € F

f&) <z f(y) <z gy,
hence, g(x) <z g(y). Thus, g is monotone. Now, let S C X be a directed set such that
sup(S) exists. For every s € S we have g(s) <z g(sup(S)) because g is monotone,

hence, g(sup(S)) is an upper bound of g[S]. Let zo € Z be an arbitrary upper bound
of g[S]. We wish to show g(sup(S)) <z zo. For every f € F and every s € S,

f(s) <z g(s) <z z0.

Asevery f € F is Scott continuous, for every f € F, sup(f[S]) exists and we obtain

f(sup(8)) = sup(f[SD =z zo.

We conclude

g(sup(S)) = sup(F(sup(S))) = sup{f(sup(S)) : f € F} =z zo.

This completes the proof of our claim that g is Scott continuous.
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It is obvious that g is an upper bound of F.If 7 € C(X, Z) is any upper bound of
Fthenforallx € X andall f € F, f(x) <z h(x), hence, g(x) =sup{f(x) : f €
F} <z h(x), hence, g <c h. We have shown that g is the least upper bound of . O

One may now speculate whether for an arbitrary topological space X and an arbi-
trary bounded complete dcpo Z (with least element) the dcpo C(X, Z) is bounded
complete as well. For example, Edalat [4, p. 502] claims that this is the case by writ-
ing: “For any topological space Z and any bounded complete dcpo D with bottom
L, let Z — D be the bounded complete dcpo of Scott continuous functions from Z
to D.” But we are going to show that in general this is not the case; see Theorem 8.5
below.

Remark 8.4 The claim by Edalat, cited above, is a crucial step in his argument in [4]
why the notion of the L-derivative, introduced by him in [4], is well-defined. As this
claim is incorrect the reader might now be worried whether the L-derivative is well-
defined at all. But indeed it is. One can replace the cited claim by a different argument;
compare [9].

Theorem 8.5 There exist a topological space X and a complete lattice (Z, <) with
the following properties:

1. C(X, Z) is a bounded dcpo with least element, but not bounded complete.
2. There exist two functions |, g € C(X, Z) with the following two properties.

(a) The set {f, g} does not have a <c-supremum in C(X, Z).
(b) The pointwise supremum of f and g, that is, the function h : X — Z defined
by h(x) := sup{ f(x), g(x)}, is not Scott continuous.

It is clear that Property (a) in Theorem 8.5 implies Property (b). The converse in
not so obvious, but true as well, as the following lemma shows. It will be used in the
proof of Theorem 8.5.

Lemma 8.6 For any topological space X, any bounded sup semilattice (Z, <z), and
any two functions f, g € C(X, Z) the following two conditions are equivalent.

1. The set {f, g} has a <c-supremum in C(X, Z).
2. The pointwise supremum h : X — Z of f and g defined by

h(x) :=sup{f(x), g(x)},

forall x € X, is Scott continuous.

Furthermore, if one (and then both) of these two conditions is satisfied then the point-
wise supremum of f and g is the <c-supremum of { f, g} in C(X, Z).

Proof Fix some functions f,g € C(X,Z), and let h : X — Z be the pointwise
supremum of f and g.

“2 = 17 If h is Scott continuous and r € C(X, Z) any function with f <c r and
g <c r then h <c r. Thus, in this case & is a supremum of { f, g} in C(X, Z).
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“l1 = 2”: For the converse direction, let us first show the following claim.
Claim. For any xo € X there exists a function sy, € C(X, Z) with f <c sy,, with
g =c Sxy»> and with sy, (x0) = sup{f (xo0), g(x0)}.

Proof of this claim. Let T := sup(Z) (this exists because (Z, <) is assumed to be
bounded). Let us fix an arbitrary point xo € X. Let us define a “step function” sy, :
X — Zby

__)sup{f(x0), g(x0)} ifx € cl(fxo}),
Sxo(X) 1= .
T otherwise.
We claim that this function has the desired properties. First, we claim that s, is Scott
continuous. This is clear if sup{f(xp), g(x0)} = T because in that case sy, is the
constant function with value T. Also in the case sup{ f (xo), g(x0)} # T for any Scott
open subset V C Z the set

7} if V=0,
Sx_ol[V] =X \cl({xo}) if V # @ and sup{f(xo), gxo)} ¢V,
X if sup{f(xo), g(x0)} € V

is an open subset of X. Hence, the function sy, is Scott continuous, thus, an element of
C(X, Z). We claim that furthermore f <c sy,. Indeed, if x ¢ cl({xp}) then f(x) <z
T = sx(x). Let us now consider the case x € cl({xo}). The set

Vi={zeZ : z%z f(x0)}

is a Scott open subset of Z by Example 3.4. As f : X — Z is Scott continuous, the set
U = f_l[V] is an open subset of X. It is clear that xo ¢ U. Hence, x € cl({xo}) <
X\ U, thatis, x ¢ U. This means f(x) <z f(xp). We obtain

f(x) <z f(x0) <z sup{f(x0), g(x0)} = sx(x).

We have shown f <c sy,. By the same argument g <c sy, follows. Finally, it is clear
that sy, (x0) = sup{f(xo), f(x0)}. We have shown the claim.

Now let us assume that the set { f, g} has a supremum in C(X, Z). Let us call this
supremum ¢. Let us consider some xg € X. Clearly h(xg) = sup{f(x0), g(x0)} <z
t(xp). According to the claim that we have just proved, there exists a function
sy, € C(X, Z) with f <c sx,, With g <c sy, and with sy,(xo) = sup{f(xo), g(x0)}.
This implies ¢+ = sup{f,g} =<c sy, and in particular f(xg) <z sy,(x0) =
sup{ f (x0), g(x0)} = h(xp). Thus, we do not only have h(xg) <z t(xp) but also
t(xg) <z h(xp), thus, t(xg) = h(xg). As this is true for all xo € X, we have r = h,
that is,  must be the pointwise supremum of f and g. O

Proof of Theorem 8.5 Let (Z, <) be a complete lattice as in Theorem 7.1. Then Z
is bounded (sup(Z) is an upper bound) as well as bounded complete and directed
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complete (every subset has a supremum), and it has a least element. For X we choose
Z x Z with the product topology of the Scott topologies on each copy of Z. By
Proposition 8.1 C(X, Z) is a dcpo and by Lemma 8.2 it is bounded and has a least
element. Once we have shown that there exist two functions f, g € C(X, Z) that
do not have a supremum in C(X, Z) we have shown that C(X, Z) is not bounded
complete.

In fact, for f and g we can take the projection functions 71,7 : X =Z x Z — Z
defined by 7;(z1, z2) := z; fori = 1,2 and all z1, zp € Z. Fori = 1, 2 the projection
function 7; is continuous with respect to the product topology on X = Z x Z, thus,
7; € C(X, Z). Note that the function sup'® is the pointwise supremum of 771 and 75.
As we have chosen Z to be a complete lattice as in Theorem 7.1 and X tobe Z x Z
with the product topology, the function sup® is not an element of C(X, Z), that is,
sup® is not continuous. Thus, the pointwise supremum of the continuous functions
m : X — Zand mp : X — Z is not continuous. And, according to Lemma 8.6,
the set {1, w2} does not have a <c-supremum in C(X, Z). This ends the proof of
Theorem 8.5. O
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