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ABSTRACT

While direct numerical simulation (DNS) of multiphase flows has been the focus of many research investigations in recent years, large eddy
simulation (LES) of multiphase flows remains a challenge. There is no standardized set of governing equations for multiphase LES. Different
approaches and formulations have been discussed in the literature, each with its own advantages and disadvantages. In this paper, the
conventional (non-weighted) filtering approach is compared with the density-weighted Favre filtering method by evaluating the subgrid scale
(SGS) energy transfer for a simple test case of a shear-thinning droplet in air. The findings reveal that, unlike the Favre filtering approach, the
conventional filtering method results in a notable amount of nonphysical backward scatter in the flow. Based on these results, the Favre filter-
ing method appears preferable and is applied to the a priori analysis of shear-thinning liquid jets, where the viscosity has been modeled using
the Carreau–Yasuda model. First, by explicitly filtering existing DNS data of shear-thinning jet breakup into stagnant air, the order of magni-
tude of different SGS terms is evaluated using the Favre filtering method. Consistent with earlier studies on Newtonian jets, the present study
indicates that the diffusive term remains negligible, while the convective term plays a dominant role. Functional and structural models for the
closure of the convective SGS term are assessed by means of a correlation analysis and an order of magnitude study. Existing structural mod-
els provide good results for both Newtonian and shear-thinning cases. Promising a posteriori model candidates are discussed.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0219269

I. INTRODUCTION

Atomization is ubiquitous in various technical applications, such
as fuel injection, spray painting, and spray drying, as well as in natural
processes, such as waterfalls and breaking ocean waves.1 In many tech-
nical processes, particularly in spray painting and agricultural pro-
cesses, non-Newtonian fluids are involved. However, compared to
Newtonian jets, the dynamics of non-Newtonian jets remain incom-
pletely understood, particularly regarding their modeling in the pres-
ence of turbulence.

Due to significant improvements in computing power in recent
years, DNS of complex multiphase flows at moderate Reynolds and
Weber numbers has become feasible. Extensive research has been
devoted to the atomization process of Newtonian jets, with significant
focus on the primary atomization process of diesel-like sprays.2–7 A
few studies focused on non-Newtonian sprays. Ertl and Weigand8

investigated several shear-thinning jets, analyzing the effect of different
inlet velocity profiles on the primary breakup. A novel breakup mecha-
nism for shear-thinning jets, termed cavity breakup, is identified by
Zhu et al.9 This mechanism originates from the roll-up of interfacial
waves, forming a cavity structure on the interface that further disinte-
grates into droplets and ligaments. A turbulent transition due to elastic
instability in planar jets at low Reynolds numbers is observed by Soligo
and Rosti.10 Guimar~aes et al.11 compared several turbulent viscoelastic
jets with a reference Newtonian jet, demonstrating that viscoelastic jets
exhibit slower spreading and decay rates.

In many industrial applications, where atomization is character-
ized by high Reynolds and Weber numbers, DNS is not feasible
anymore. LES is a good compromise between DNS and Reynolds-
averaged Navier–Stokes (RANS) based approaches regarding compu-
tational cost and accuracy. While LES of Newtonian single-phase flows
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is well established, LES of multiphase flows is still in an early develop-
ment phase as it involves additional unclosed terms. Fundamental work
on governing equations for LES of multiphase flows was carried out by
Labourasse et al.,12 Liovic and Lakehal,13 and Toutant et al.14 Various
formulations of the LES governing equations exist in the literature, based
on the conventional (non-weighted) filtering and Favre averaging using
the one-fluid approach, as well as the multi-fluid formulation. Several a
priori studies have estimated the order of magnitude of the SGS terms in
academic test cases,14,15 as well as jet atomization,5,16 emphasizing their
importance for accurate multiphase LES.

A few models have been proposed for SGS terms arising solely
for multiphase flows, particularly the surface tension SGS term.
Aniszewski et al.17 applied the approximate deconvolution approach
of Stolz and Adams18 to close the surface tension SGS term. This
approach has been applied later by Saeedipour et al.19 to all unclosed
terms in an a posteriori study. Saeedipour and Schneiderbauer20

included surface tension in the subgrid eddy viscosity by a correction
term. A variety of models for the various SGS terms were tested by
Ketterl and Klein3 and Klein et al.5 A priori assessment of surface ten-
sion and interfacial SGS terms was conducted by Hasslberger et al.21

Ketterl et al.22 demonstrated the influence of SGS surface tension on
the interface dynamics in a posteriori studies.

Overall, progress in non-Newtonian LES remains limited. A few
studies focused on either deriving or adapting existing SGS closure
models for non-Newtonian single-phase flows. One of the pioneering
studies to explore additional non-Newtonian SGS terms was con-
ducted by Ohta and Miyashita,23 focusing on viscous, inelastic non-
Newtonian fluids. Their findings suggest that the non-Newtonian SGS
(NNSGS) term might be negligible. Moreover, they proposed an
extended Smagorinsky model for the closure of the convective SGS
term in wall-bounded flows, accounting for viscosity changes using a
damping function. Following the findings of Ohta and Miyashita,23

Gnambode et al.24 neglected the additional NNSGS term for LES of
turbulent pipe flow using various shear-thinning and shear-thickening
fluids. Amani et al.25 proposed dynamic models for the closure of the
NNSGS term for viscous, inelastic non-Newtonian fluids. In the case
of viscoelastic fluids, several studies have explored and evaluated addi-
tional terms resulting from the presence of polymers in the fluid.26–28

Given the important role non-Newtonian sprays play in technical
processes and the relatively sparse research in this regard, it is evident,
that there exists a pressing need to investigate SGS terms for non-
Newtonian LES of multiphase flows. Understanding the interaction
between turbulent structures and rheological properties is essential for
accurately predicting non-Newtonian multiphase flow behavior. Thus,
the aim of this paper is threefold:

1. Analyze the SGS energy transfer using conventional and Favre
filtering in order to identify which approach is better aligned
with common LES modeling assumptions;

2. Investigate the order of magnitude of the diffusive and convective
SGS terms and identify differences and commonalities between
non-Newtonian and Newtonian jets, particularly highlighting the
physics of the unclosed terms at the interface;

3. Assess a variety of functional and structural closure models for
the convective SGS term.

The remainder of the paper is organized as follows. The LES gov-
erning equations for multiphase flows using the one-fluid formulation

are introduced in Sec. II. In Sec. III, the SGS energy transfer is analyzed
using different filtering approaches. Further, SGS closure models are
presented in Sec. IV, followed by an a priori analysis of shear-thinning
jets in Sec. V. Finally, Sec. VI provides a summary of the findings. A
table of the nomenclature is included at the end of the paper.

II. LES GOVERNING EQUATIONS

A two-phase flow system of two immiscible, incompressible fluids
can be described using the one-fluid formulation of the Navier–Stokes
equations consisting of the continuity equation and the momentum
equation29

@ui
@xi

¼ 0; (1)

@qui
@t

þ @quiuj
@xj

¼ � @p
@xi

þ @

@xj
l

@ui
@xj

þ @uj
@xi

 !" #
þ CnijdS: (2)

Here, ui are the velocity components, q is the density, p is the pressure,
l is the dynamic viscosity, C is the surface tension coefficient, ni is the
unit vector normal to the interface, j is the local interface curvature, dS
is the interface indicator function, and the subscripts i; j ¼ 1; 2; 3 rep-
resent the Cartesian indices. In the volume of fluid (VOF)30 context,
the local volume fraction a

a ¼
0 in gaseous phase;

�0; 1½ in interface cells;

1 in liquid phase;

8><>: (3)

is used for the calculation of local material properties, such as density
and dynamic viscosity by linear interpolation, resulting in

q ¼ aql þ ð1� aÞqg ; l ¼ all þ ð1� aÞlg : (4)

Here, the indices g and l correspond to the gas and liquid phase,
respectively. The volume fraction a is advected using the following
equation:

@a
@t

þ @aui
@xi

¼ 0: (5)

To derive the LES governing equations, a spatial low-pass filter is
applied to any field variable / as defined by Sagaut31

�/ðxÞ ¼ G � / ¼
ð
/ðyÞGðx � yÞdy: (6)

Here, G is the Gaussian filter kernel

GðxiÞ ¼ 6

pD2

� �1=2

exp � 6x2i
D2

� �
;

Gðx; y; zÞ ¼ GðxÞGðyÞGðzÞ:
(7)

For variable density flows, such as compressible flows or reacting flows,
the density-weighted filtering, i.e., Favre filtering, is defined as32

~/ ¼ q/
�q

: (8)

In the context of multiphase flows, the Favre filtering method was
introduced by Labourasse et al.,12 Liovic and Lakehal,13,33 and Toutant
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et al.14 The Favre filtering approach has the advantage, that additional
unclosed correlations between density and any arbitrary additional
variable / can be avoided. However, the Favre filtering does not com-

mute with differentiation in time e@/@t 6¼ @~/
@t and in space e@/@xi 6¼ @~/

@xi
.

Additionally, it does not commute with averaging h~/i 6¼ gh/i.34
Moreover, there is no simple relation between �/ and ~/ and compari-
son of numerical simulations and experimental data is not obvious, as
numerical simulations give density-weighted filtered quantities.35

By applying the filtering operation [Eq. (6)] to Eqs. (1), (2), and
(5), the LES governing equations using the one-fluid formulation are
given as

@ �ui
@xi

¼ 0; (9)

@�q �ui
@t

þ @�q �ui �uj
@xj

¼ � @�p
@xi

þ @

@xj
�l

@ �ui
@xj

þ @ �uj
@xi

 !" #
þ C�j �ni �dS

þ snn;i � @

@t
stt;i � @

@xj
squu;ij þ @

@xj
slS;ij; (10)

@�a
@t

þ @�a �ui
@xi

¼ � @

@xi
sau;i: (11)

The filtering operation results in five unclosed subgrid terms, i.e., the
convective SGS term

squu;ij ¼ quiuj � �q �ui �uj ; (12)

the diffusive SGS term

slS;ij ¼ l
@ui
@xj

þ @uj
@xi

 !
� �l

@ �ui
@xj

þ @ �uj
@xi

 !
; (13)

the surface tension SGS term

snn;i ¼ CjnidS � C�j �ni �dS ; (14)

the acceleration SGS term

stt;i ¼ qui � �q �ui ; (15)

and the interfacial SGS term

sau;i ¼ aui � �a �ui : (16)

Using the Favre filtering operation given in Eq. (8), the LES equa-
tions read12,14

@eui
@xi

¼ sdiv; (17)

@�q eui
@t

þ @�q eui euj
@xj

¼ � @�p
@xi

þ @

@xj
�l

@ eui
@xj

þ @euj
@xi

 !" #
þ C�ni�j �dS

þ snn;i � @

@xj
squu;ij þ @

@xj
slS;ij; (18)

@�a
@t

þ @�a eui
@xi

¼ 0: (19)

In the context of Favre filtering, the SGS terms can be expressed as

sdiv ¼
ql � qg

q
@a
@xi

ui � @a
@xi
eui

 !
; (20)

squu;ij ¼ �qðguiuj � eui eujÞ; (21)

slS;ij ¼ l
@ui
@xj

þ @uj
@xi

 !
� �l

@eui
@xj

þ @euj
@xi

 !
; (22)

snn;i ¼ CnijdS � C�ni�j �dS : (23)

In contrast to the conventional filtering method, there is no temporal
SGS term in the Favre filtering approach. However, the divergence-
free assumption of the filtered velocities does not hold true anymore.

III. COMPARISON OF DIFFERENT FILTERING
APPROACHES

As the governing equations for multiphase LES are not fully
established yet,5 we assess different filtering approaches, i.e., conven-
tional filtering and Favre filtering by comparing the SGS energy trans-
fer in both cases. The SGS energy transfer is a fundamental parameter
in LES. Following the concept of an energy cascade as introduced by
Richardson,36 kinetic energy feeds the turbulent energy cascade
through the largest scales of motion and is transferred to smaller scales.
At the smallest scales, the energy is dissipated. Locally, energy can be
transferred from smaller to larger scales, while the mean dissipation
follows the energy cascade.

The SGS energy transfer is investigated using a configuration
with reduced complexity in terms of interface topology and turbulence
homogeneity. The analysis focuses on a shear-thinning droplet in air,
which is characterized by a reasonable complexity of the interface and
a sufficient dynamic range for filtering. The droplet represents a single,
isolated, and very well-resolved droplet of the liquid spray.

A. Numerical method and setup

The analysis is performed using the state-of-the-art open-source
multiphase code “PArallel Robust Interface Simulator” (PARIS).37 The
finite-volume based code solves the incompressible Navier–Stokes
equations on a staggered grid based on the one-fluid formulation. The
interface between the phases is captured using the VOF method, and
the volume fraction function is advected using the calcul d’interface
affine par morceaux (CIAM) scheme.38 A second-order time discreti-
zation scheme is used, while the Quadratic Upstream Interpolation for
Convective Kinematics (QUICK) scheme is employed for the convec-
tive term of the momentum equation. The diffusive term of the
momentum equation is discretized using the central differencing
scheme. The system of equations is solved in the framework of the pro-
jection method. A multigrid Poisson solver provided by the HYPRE
library is used for the calculation of the pressure field.

The computational setup is a shear-thinning droplet (Praestol 2500
0.3%,8 denoted as P2500 0.3% later) in turbulent air flow (Ddrop

¼ 5mm) in a triply periodic box with a domain length of L ¼ 10mm.
The surface tension coefficient at the liquid-air interface is
C ¼ 73:15mN=m. The drop Reynolds number is Re ¼ ux;relDdropqg=
lg � 2700, where ux;rel ¼ huxil � huxig � 8:3m=s is the relative
velocity in axial direction, where the gravitational force (gx
¼ 9:81m=s2) is acting. The mesh is cubic and equidistant with a grid
resolution of D ¼ Ddrop=128. Following the definition of Koebe et al.,39

the Kolmogorov length scale gK ¼ ð�3=eÞ1=4 can be estimated using
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� ¼ �g and e � ux;relgx , which yields gK ¼ 2:08 � D. The Carreau–
Yasuda viscosity model, as given by Tanner,40 was used to model the
shear-thinning behavior of the liquid phase:

llð _cÞ ¼ l1 þ ðl0 � l1Þ 1þ ðk _cÞa� �ðn�1Þ=a
: (24)

Here, l0 is the first Newtonian plateau, l1 is the second Newtonian
plateau, _c ¼ ffiffiffiffiffiffiffiffiffiffiffi

2SijSij
p

is the shear rate, Sij is the strain rate tensor, k is
the characteristic time, n is the power-law index, and a describes the
transition between the Newtonian plateau and power-law region.
The material properties8 are summarized in Table I. A visualization of
the test case is given as an isocontour at a ¼ 0:5, see Fig. 1.

B. Results and discussion

The DNS data have been explicitly filtered using a Gaussian filter
kernel in the case of conventional filtering. For the Favre filtering, the
filtered data have been additionally phase-weighted. The filtered data-
set has the same dimensions as the DNS field. Gradients of the filtered
DNS data are evaluated based on the coarse LES grid size D ¼ nDDNS

using a second order finite difference formula. The field of view for the
analysis corresponds to the snapshot provided in Fig. 1. For the analy-
sis, a single time step was taken after a statistically steady-state has
been achieved.

In the conventional (Favre) filtering approach, the SGS energy
transfer is defined as eSGS ¼ sijSij (eSGS ¼ sijeSij), where sij ¼ quiuj
��q �ui �uj (sij ¼ �qðguiuj � eui eujÞ) is the SGS term obtained from the

filtered DNS and �Sij ¼ 1=2ð@�ui=@xj þ @�uj=@xiÞ (eSij ¼ 1=2ð@eui=
@xj þ @euj=@xiÞ) is the filtered strain rate tensor. The SGS energy
transfer is assessed for a variety of filter widths D=DDNS ¼ 2; 4; and 8
across different flow regions as indicated by the filtered volume frac-
tion �a. The flow domain �a ¼ ½0; 1� is subdivided in five equally spaced
regions. Here, �a ¼ 0; �a ¼ 0:5, and �a ¼ 1 denote the gas bulk flow,
the interface and liquid bulk flow, respectively. Figure 2 depicts the
mean SGS energy transfer plotted against the filtered volume fraction
function �a. Additionally, the contributions of mean positive energy
transfer (backward scatter) and mean negative energy transfer (for-
ward scatter) are plotted.

The conventional filtering method results in a dominating
amount of backward scatter at all examined filter widths, leading to a
positive mean energy transfer in the flow. In contrast, the amount of
negative SGS energy transfer in the flow is low. Generally, the SGS
energy transfer increases with increasing filter width. The conventional
filtering method results in a significantly higher amount of both posi-
tive and negative SGS energy transfer compared to the Favre filtering
approach.

The density-weighted filtering leads to a moderate amount of
backward scatter in the flow compared to the mean forward scatter for
all investigated filter widths. As a result, the mean SGS energy transfer
in the flow is negative. Both the negative and positive SGS energy
transfer increase at higher filter widths. Similar results have been
obtained for a Newtonian case consisting of a falling water droplet in
air, which is not shown here. The results are more physically plausible
compared to the conventional filtering. Consequently, the Favre filter-
ing approach will be used in the following analysis, as it appears to be
better in line with conventional modeling assumptions, as well as phys-
ical expectations. It should be noted, that both filtering approaches
lead to minimal backward scatter in the liquid and gas bulk phases,
which is not shown in Fig. 2.

IV. SGS CLOSURE MODELS

In this section, SGS closure models are only presented in the con-
text of Favre filtering, as it is more suitable for this specific case than
the conventional filtering method, see Sec. III. The analysis in Sec. VB
reveals, that the diffusive term remains relatively small compared to
the convective term. Further, the interfacial term does not contain any
features that would be specific to non-Newtonian flows. Therefore,
only the modeling of the convective term will be addressed in detail.
Two eddy viscosity (EV) and two structural models are presented for
the closure of the convective SGS term.

EV models only model the deviatoric part of the SGS stress tensor
and rely on the theory of Boussinesq, which states that momentum
transfer in turbulent flows can be modeled using a turbulent viscosity
�t, as defined by

sEVquu;ij ¼ sij � 1
3
skkdij ¼ �2�q�t eSij : (25)

Among the EV models, the standard Smagorinsky model41 (S) is
often used for the closure of the convective SGS stress term. The
underlying assumption of EV models is that the balance of the mean
energy transfer alone between resolved and unresolved scales is suffi-
cient to describe the action of the subgrid scales, together with the
hypothesis that the transfer mechanism from the resolved to the

TABLE I. Shear-thinning droplet: overviews of the material properties.

Fluid qðkg=m3Þ l0ðPa sÞ l1ðPa sÞ kðsÞ að�Þ nð�Þ
P2500 0.3% 999.4 0.046 0.004 0.157 1.036 0.576
Air 1.189 1:82 � 10�5 – – – –

FIG. 1. Isocontour of shear-thinning droplet in air at a ¼ 0:5 (blue) in turbulent flow.
Flow structures are visualized using the isosurfaces from Q-criterion at
Q ¼ 3� 108 s�2 (gray).
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subgrid scales is analogous to the molecular diffusion mechanism.31

For the Smagorinsky model, the turbulent viscosity

�St ¼ ðCsDÞ2j eSij j; j eSij j ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2 eSij eSijq

; Cs ¼ 0:17; (26)

and the corresponding model constant can be derived based on the
local equilibrium hypothesis and by assuming a K�5=3 Kolmogorov
spectrum with a cutoff wavenumber in the inertial range. The model
constant is independent of the cutoff wavenumber Kc. This implies,
that the same assumptions should be applicable to non-Newtonian
flows as long as the energy spectrum has an inertial range which
includes the cutoff wavenumber.

Using forced homogeneous isotropic turbulence (HIT), we inves-
tigate the K�5=3 scaling in the inertial range of a shear-thinning fluid,
which is investigated later in Sec. VB 1, see Appendix A. The results
demonstrate a longer inertial range for the shear-thinning fluid com-
pared to the Newtonian case and consequently a shift of the energy
dissipation to higher wavenumbers. This suggests that the eddy

viscosity models should be applicable to shear-thinning fluids as well,
with perhaps minor adjustments to the model constants. A note of
caution is that the above derivation assumes isotropic homogeneous
turbulence and that the situation might change for example in the
vicinity of walls.

A disadvantage of the Smagorinsky model is that Cs depends on
the flow configuration. In addition, the model does not vanish for lam-
inar flow conditions and does not have the correct wall scaling. For
this reason, Germano et al.42 proposed a dynamic Smagorinsky model.
However, dynamic models may not be well suited for multiphase flows
with a sharp interface, as they typically require spatial averaging.

Another EV model that will be included in the current analysis is
the Sigma model (r) by Nicoud et al.43 Unlike the Smagorinsky model,
the Sigma model vanishes as soon as the resolved field is either two-
dimensional or two-component. Additionally, it can accurately repre-
sent the cubic scaling of �t close to solid boundaries, which can be ben-
eficial regarding a certain analogy of wall-turbulence and interface-
turbulence interaction.44 The eddy viscosity reads:

FIG. 2. Shear-thinning droplet: Total (blue), forward (red) and backward (yellow) SGS energy transfer plotted against the flow region for several filter widths. Black dash-dotted
line indicates heSGSi ¼ 0.
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�rt ¼ CrDð Þ2 r3ðr1 � r2Þðr3 � r2Þ
r21

;

Gij ¼ @ euk
@xj

@ euk
@xi

; Cr ¼ 1:35:
(27)

Here, ri are the square roots of the eigenvalues of Gij and are ordered
such that r1 � r2 � r3.

Among the structural models is a scale similarity type model for
compressible flows (V-SS) proposed by Vreman et al.45 The scale simi-
larity hypothesis relies on the idea that the resolved small scales mimic
the behavior of the unknown SGS scales. For variable-density flows the
model reads:

sV�SS
quu;ij ¼ d�qeui euj �d�qeui c�qeuj = b�q : (28)

Here, the secondary filter operation b� is performed using the filter
operation by Anderson and Domaradzki,46 as given in the following
equation:

b/i;j;k ¼
Xþ1

l¼�1

Xþ1

m¼�1

Xþ1

n¼�1

bl � bm � bn � /iþl;jþm;kþn: (29)

The three dimensional filter is the product of the convolution of three
one dimensional filters with the coefficients ðb�1; b0; bþ1Þ
¼ ðC; 1� 2C;CÞ. The constant C is set to 1/12.

The last model is Clark’s gradient model47 (C), which can be
obtained by a Taylor series expansion of the filtered velocity. The
model approximates the SGS tensor by

sCquu;ij ¼ �q
D2

12
@eui
@xk

@euj
@xk

: (30)

Unlike the presented EV models, which only account for forward
scatter, structural models try to represent the SGS tensor instead of
modeling its global effect. Therefore, they are able to account for back-
ward scatter as well. Structural models can be derived based on mathe-
matical principles, e.g., deconvolution of the filtering operation. In
addition, it can be shown in constant density flows,31 that, e.g., the
Bardina model48 sij ¼ �ui �uj � ��ui ��uj is equivalent to the second order
gradient model sij ¼ D2=12@ �ui=@xk @ �uj=@xk.

47 For this reason struc-
tural models can be considered to be to some extent independent of
the constitutive equation for the stress tensor, which could be benefi-
cial in non-Newtonian flows.

As all previously introduced models are algebraic, it can be
expected that in a posteriori LES their computation will consume
�5%� 10% of the total computational time for one time step for an
explicit projection scheme, with Vreman’s scale similarity model being
slightly more expensive because of the secondary filtering.49 The

specifics of these numbers will naturally depend on the numerical
scheme used and on the application in a posteriori LES.

V. A PRIORI ANALYSIS OF SHEAR-THINNING JET
BREAKUP

This section introduces the DNS database used for the present
analysis, discusses the magnitude of the unclosed terms in the momen-
tum equation and analyzes the aforementioned of SGS closures.

A. DNS database

The following a priori study is based on explicit filtering of exist-
ing DNS data of shear-thinning jet breakup by Ertl and Weigand.8 The
multiphase DNS code “Free Surface 3D” (FS3D)50 was used for the
simulations. FS3D has been developed and continuously improved for
the past 30 years. The fundamental working of the code has been vali-
dated by Rieber51 against classical VOF test cases. FS3D has been used
in various multiphase problems including drop-film interactions,52,53

drop evaporation,54 and both Newtonian and shear-thinning jet
breakup.9,55 The code is based on the finite volume method and solves
the incompressible Navier–Stokes equations for mass and momentum
conservation in the one-fluid formulation on a marker-and-cell
(MAC) staggered grid. Surface tension forces are calculated using the
conservative continuous surface stress model (CSS) by Lafaurie et al.56

FS3D uses the VOF method to capture the interface separating the
phases. The interface is reconstructed using the piecewise linear inter-
face calculation (PLIC) method57 to maintain a sharp interface. Ertl
and Weigand8 used the Carreau–Yasuda model,40 as given in Eq. (24),
to account for the change in viscosity of the non-Newtonian liquid
phase. The implementation of the Carreau–Yasuda viscosity model
has been validated against experimental results of non-Newtonian
droplet oscillations.58

The flow configuration is a round shear-thinning jet breakup
in stagnant gas. In this study, we investigate four cases, where
different liquids are injected into air (qg ¼ 1:189 kg=m3; lg ¼ 1:82
�10�5 Pa s): a shear-thinning case consisting of a solution of water
and Praestol 2500 (referred to as P2500 0.3% later) and its correspond-
ing pseudo-Newtonian reference case (NP2500 0.3%), and two other
shear-thinning cases with different concentrations (denoted as P2500
0.8% and P2540 0.05% below). Table II provides the respective mate-
rial properties for the different fluids investigated. The model parame-
ters a, k and n were fitted by Ertl and Weigand8 to experimental data
provided by Ertl et al..58 The investigated cases can be described
using non-dimensional parameters, such as the Reynolds number
Re ¼ qlU0D=ll;0, where U0 is the mean velocity at the inlet and D is
the nozzle diameter, the Weber number We ¼ qlU

2
0D=C, the density

ratio ql=qg and the viscosity ratio ll;0=lg , see Table III.

TABLE II. Shear-thinning jets: Overview of the fluid properties and model parameters.

qðkg=m3Þ l0ðPa sÞ l1ðPa sÞ k ðsÞ að�Þ nð�Þ CðmN=mÞa

P2500 0.3% 999.4 0.046 0.004 0.157 1.036 0.576 73.15
NP2500 0.3% 999.4 0.046 – – – – 73.15
P2500 0.8% 1000.9 0.759 0.008 1.2995 1.058 0.488 75.55
P2540 0.05% 1049.2 1.59 0.005 10.065 2.842 0.266 76.51

aSurface tension coefficient at fluid-air interface.
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The computational domain is a rectangular box with the dimen-
sions 42D� 10D� 10D. The left side of the domain is a no-slip wall
with a round inflow at the center. All the other sides of the domain are
set to outflow boundary conditions, where Neumann boundary condi-
tions with zero gradient for the pressure and velocity fields are pre-
scribed. For stability reasons, negative velocities at the domain side
opposite to the inflow are clipped to zero to suppress back flow. The
outlet mass flow is then corrected to ensure global continuity.59 The
computational mesh has over 700� 106 cells and a local grid refine-
ment has been applied in the region of the jet in lateral directions
extending from 3D < y < 7D and 3D < z < 7D, respectively. Within
the refined region, the Kolmogorov length scale gK is of the order of
the grid size. The refined mesh region up to x ¼ 20D is used for the a
priori analysis. At the inflow, a parabolic velocity profile is superim-
posed by isotropic turbulent fluctuations with an integral length scale
of Lt ¼ D=8 and a turbulence intensity of u0=U0 ¼ 0:1% following the
method of Huber et al.60

A visualization of the investigated cases is given in Fig. 3 exem-
plarily for the cases P2500 0.3% and NP2500 0.3% by extracting the
a ¼ 0:5 isocontour. The shear-thinning jet (P2500 0.3%) displays a
more disturbed surface compared to the Newtonian jet (NP2500
0.3%), especially near the nozzle, where small droplets surround the
core. The breakup mechanism is more enhanced for the shear-
thinning case. The Newtonian jet seems to exhibit more ligaments and
larger structures.

Figure 4 shows the normalized viscosity of case P2500 0.3% as an
instantaneous y–x slice through the non-Newtonian jet center. The
parabolic velocity profile has lower velocity gradients in the center;
therefore, the viscosity is highest in the center of the jet. Higher velocity
gradients at the outer part of the jet core, and thus higher shear rates

lead to a lower viscosity due to the shear-thinning behavior of the fluid.
This results in a lower resistance of the liquid phase to deformation
caused by interaction with the surrounding gas phase. Interface waves
can be clearly observed on the jet surface in the region 5 < x=D < 10
resulting in higher velocity gradients and therefore higher shear rates.
Finally, the viscosity decreases even in the center of the jet (x=D > 8).
Together with the merging of the shear layers, this leads to a strong
breakup. Further downstream, the jet exhibits mostly ligaments and
droplets.

For the present a priori analysis, the data have been extracted
after several flow through times, after a statistically steady-state has
been achieved. The field of view for the analysis corresponds to the
refined mesh region extending from 3D < y < 7D and 3D < z < 7D
in the lateral directions. In axial direction, the refined mesh region up
to x=D ¼ 20 is used. The DNS data are explicitly filtered using a vari-
ety of filter widths D ¼ nDDNS. The filtered dataset is of the same
dimensions as the DNS field. In a priori analysis, LES model evaluation
can either be carried out on the fine DNS grid or on the coarse LES
grid. Liu et al.61 suggest that for a priori analysis to be meaningful, the
model stress should be solely evaluated based on the coarse grid, as
only variables on the coarse grid are available in a posteriori LES.
Using filtered data sampled on the fine DNS mesh could artificially
raise the level of agreement between a model and the real stress.
Therefore, differentiation of closure models in the following analysis is
based on the coarse grid using a second order finite difference formula,
while SGS stress based on the filtered DNS is evaluated directly on the
fine mesh. For a more detailed discussion the reader is referred to
Klein et al.62

B. Results and discussion

In this section, we present the results of our study. Initially, we
evaluate the order of magnitude of the convective and the diffusive
SGS terms. Subsequently, we assess several functional and structural
LES models for closing the convective SGS term.

1. Order of magnitude of SGS terms

The order of magnitude analysis provides an initial understand-
ing of the significance of the various SGS terms. For sufficiently high
Re and consistent with earlier analysis of Newtonian jets5,16 where the
diffusive SGS term is only nonzero at the liquid-gas interface, it could

TABLE III. Shear-thinning jets: Non-dimensional parameters of the investigated
cases.

Case Re We ql=qg ll;0=lg

P2500 0.3% 19 500 950 000 841 252 7
NP2500 0.3% 19 500 950 000 841 252 7
P2500 0.8% 118 0 891 000 842 41 703
P2540 0.05% 590 913 000 882 87 362

FIG. 3. Shear-thinning jets: Isocontour of
investigated cases at a ¼ 0:5. Only the
region considered for the analysis is dis-
played. Top: Shear-thinning case P2500
0.3%. Bottom: Newtonian reference case
NP2500 0.3%.
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be expected that this SGS term plays a minor role. However, for the
current setup l can vary sharply in the vicinity of the interface, espe-
cially as we are dealing with a high viscosity ratio. Finally, due to the
shear-thinning behavior of the liquid phase, this term does not vanish
in the bulk liquid region.

Figure 5 shows the order of magnitude of the diffusive and con-
vective SGS terms of the investigated cases plotted against the filter
widths D=DDNS ¼ 2; 4; 6 and 8. The terms are evaluated only at the
interface and are normalized by the resolved convective term at the
interface obtained from the DNS. For the sake of brevity, only the axial
velocity component is considered, but the results are qualitatively simi-
lar for all other components.

Notably, the magnitude of the diffusive term shows a slight
decrease with increasing filter width, while the opposite trend is
observed for the convective SGS term. In case P2500 0.3%, the diffusive
SGS term slS is about a factor of 10 lower compared to the Newtonian
reference case. This is due to the decrease in the viscosity of the liquid
phase at the interface, resulting in a lower viscosity jump, which is
responsible for the non-vanishing nature of this term. At the smallest
filter width examined, the convective term in case P2500 0.3% sur-
passes the diffusive term by two orders of magnitude, underlining the
small significance of the diffusive term. This trend becomes more pro-
nounced for more realistic larger filter widths. Further, in cases P2500
0.8% and P2540 0.05%, the diffusive SGS term exhibits similarly low
magnitudes. Other studies in the context of Newtonian jet breakup
and phase separation have similarly demonstrated the negligible
impact of the diffusive term.5,15

In contrast, the convective SGS term squu exhibits a slight
increase in case P2500 0.3% compared to its Newtonian reference case,
highlighting the increased importance of closure models. This can be
explained by the lower viscosity of the shear-thinning jet which results
in an increased Reynolds number and consequently smaller SGS struc-
tures. Cases P2500 0.8% and P2540 0.05% show comparable results as
case P2500 0.3%. Notably, the magnitude of squu increases with

increasing filter width, consistent with the analysis of single-phase
flows by Pope,63 indicating that the SGS stress scales with the filter
width as s 	 D2=3.

Finally, the order of magnitude analysis of the diffusive term is
complemented by evaluating the term in the liquid bulk region for the
shear-thinning cases, see Table IV. The results have again been nor-
malized by the resolved convective term in the liquid bulk phase. For
brevity, only results in the axial direction are shown for two filter
widths. It is worth mentioning that the other components follow a
similar trend. Unlike in Newtonian multiphase flows, where the diffu-
sive SGS term would vanish in the bulk phase, the term does not van-
ish for the shear-thinning jets. However, it can be observed that even
at large filter widths this term plays a minor role in all cases. Similar
observations have been made for non-Newtonian single-phase flows in
the literature.23 Compared to the magnitude of this term at the inter-
face, see Fig. 5, the diffusive SGS term is about 1–2 orders of magni-
tude smaller in the liquid bulk regions.

2. Closure of convective SGS term

Closure models for the convective SGS term have been intro-
duced in Sec. IV. To assess these closure models, we calculate the
Pearson correlation coefficient and the Euclidean L2-norm. The

FIG. 4. Shear-thinning jets: Instantaneous
two dimensional view of the normalized
viscosity through the shear-thinning jet
center of case P2500 0.3%.

FIG. 5. Shear-thinning jets: Order of magnitude of diffusive (left) and convective (right) SGS term of the investigated cases. All terms are evaluated at the interface and in axial
direction and normalized by the resolved convective term at the interface.

TABLE IV. Shear-thinning jets: Order of magnitude of the diffusive term in the liquid
bulk region in the axial direction normalized by the resolved convective term in the
liquid bulk phase.

D ¼ 2DDNS D ¼ 8DDNS

P2500 0.3% 0.0006% 0.0018%
P2500 0.8% 0.0018% 0.0076%
P2540 0.05% 0.0003% 0.0009%
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analysis is limited to the case P2500 0.3% and its Newtonian reference
case NP2500 0.3%. The results for the other shear-thinning jets are
very similar and do not provide additional insight. Both correlation
analysis and L2-norm calculations are performed across various filter
widths and flow regions.

The correlation analysis is conducted on tensor level and on vec-
tor level after taking the divergence of the convective SGS term. The
Pearson correlation coefficient is a measure for the linear correlation
between s and sm and takes values between�1 and þ1. A value ofþ1
corresponds to a total positive linear correlation, 0 is no linear correla-
tion and �1 is a total negative linear correlation. To validate the qual-
ity of an SGS closure model, it is desirable for the correlations to
approachþ1. The Pearson correlation coefficient PCC is defined as

PCC ¼ Cov s; smð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var sð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Var smð Þp ; (31)

where Cov denotes the covariance, and Var is the variance. Values
obtained from explicitly filtered DNS and values predicted by the cor-
responding model are denoted by s and sm, respectively.

Figure 6 shows the correlation analysis for the shear-thinning
case plotted against varying filter widths for the entire investigated
flow field. Structural models, such as Vreman’s scale similarity type
model (V-SS) and Clark’s gradient model (C), and functional closure
models, i.e., the standard Smagorinsky model (S) and Nicoud’s sigma
model (r), are compared. On tensor level, exemplarily shown here for
two diagonal components squu;11 and squu;22 (other components show
very similar behavior) both structural models exhibit strong correla-
tions across all filter widths. This can be explained by the specific struc-
ture of these models, as they can be derived based on mathematical
principles (i.e., Taylor series expansion of the filter), which are inde-
pendent of the constitutive equation for the shear stress. Vreman’s
scale similarity model overall gives the best performance. On the con-
trary, functional models display weaker correlations (q < 0:4). This
behavior is observed as well in other studies conducted for both multi-
phase flows3,5 and single-phase flows.47 As the filtered momentum
equation, see Eq. (18), incorporates the divergence of squu;ij rather than
the tensor itself, the correlation analysis is shown here exemplarily in
the axial direction on vector level, as this is the dominating compo-
nent. The correlation coefficients deteriorate for all models after taking
the divergence of squu;ij, particularly at large filter widths, due to differ-
entiation errors.62 At larger filter widths, Clark’s model slightly outper-
forms the other models.

Next, the correlation analysis is extended to compare the shear-
thinning and its Newtonian case reference conditionally for different
flow regions for D ¼ 4DDNS, as depicted in Fig. 7. The flow domain is
divided in five flow regions, where the gas bulk phase and the liquid
bulk phase are denoted by “g” and “l,” respectively. The interface is
marked by “i.” The regions approaching the interface from the gas side
are denoted by “g/i,” while the region approaching the liquid phase
from the interface is denoted by “i/l.” The two latter regions surround
the interface with a thickness of the same order as the filter size. This
enables a more detailed evaluation of the closure models in the differ-
ent flow regions, particularly in the liquid phase where the viscosity is
changing with the shear rate. The correlation analysis is shown exem-
plarily for the diagonal component s11. In both the Newtonian and
shear-thinning scenarios, Vreman’s scale similarity model and Clark’s
model follow a similar trend, particularly when approaching the liquid

bulk flow. Notably, the correlation of Vreman’s structural model with
the actual SGS stress deteriorates in the “g/i” region, consistent with the
study by Klein et al.5 As observed earlier, the EV models show poor cor-
relations across all flow regions for both Newtonian and shear-thinning
case. In particular, it is noted that a counter-gradient transport is
observed in the gas phase for this particular component of the SGS
stress. The higher correlations of the models for the liquid side can be
explained by the fact that the liquid Reynolds number is lower than the
gas Reynolds number, resulting in a reduced amount of subgrid activity.

The correlation coefficient is invariant with respect to multiplica-
tion of the model with a constant. Hence, it cannot be used to evaluate
the magnitude of the unclosed terms. Instead, this can be evaluated
using the L2-norm, defined as follows:

FIG. 6. Shear-thinning jets: Correlation analysis of closure models for the convec-
tive SGS term conducted on tensor level for squu;11 and squu;22 (top and middle)
and on vector level for squu;1 (bottom) for the shear-thinning case (P2500 0.3%)
plotted against the filter width.
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jjsjj2 ¼
ffiffiffiffiffiffiffiffi
hs2i

p
: (32)

Figure 8 depicts the L2-norm of the convective SGS term on tensor level
at a filter width of D ¼ 4DDNS across different flow regions. The magni-
tude of the filtered DNS, as well as the closure models, are shown for
both Newtonian and shear-thinning cases. The results are given for one
diagonal component of the SGS stress, namely s11. Structural models
show a similar trend in both Newtonian and shear-thinning cases, while
functional models tend to under-predict the actual stress across the dif-
ferent flow regions. In the shear-thinning case, the discrepancy between
the magnitude of the filtered DNS and the predicted stress from EV
models increases, particularly in the liquid bulk phase, as these models
only model the deviatoric part of the stress tensor.

The results of the a priori analysis show a good performance of the
structural models on tensor and vector level. However, structural models
often become unstable in a posteriori studies, because they are not dissi-
pative enough.5 In this context it is worth mentioning, that Klein et al.64

suggested a parameter-free modeling strategy to combine structural and
functional models by avoiding undesirable backward scatter. Vreman
et al.65 applied a dynamic procedure to the original Clark model for sta-
bilization. Recently, Hasslberger66 suggested a sensor-based mixed
model using the Smagorinsky model and Clark’s gradient model.

VI. CONCLUSION

In this study, we compared two filtering approaches, namely, the
conventional filtering method and the Favre filtering method, using an

a priori analysis of a shear-thinning droplet to determine which
approach is more suitable for LES modeling of two-phase flow. By ana-
lyzing the SGS energy transfer conditional at the interface, we found
that the conventional filtering approach is less suitable, as it results in
an excessive amount of backward scatter, which is not in agreement
with the common LES modeling assumptions.

By using the Favre filtered formulation of the LES governing equa-
tions in the one-fluid formulation, several unclosed SGS terms have
been investigated for shear-thinning and Newtonian liquid jets. In
Newtonian two-phase flows, the diffusive SGS term exists only at the
interface due to the discontinuity of the viscosity. However, when deal-
ing with shear-thinning flows, the diffusive SGS term does not vanish in
the non-Newtonian bulk phase. An order of magnitude analysis shows,
that the diffusive term at the interface and in the shear-thinning bulk
phase can be neglected for the investigated cases. However, it was shown
that the magnitude of the unclosed convective SGS term increases in the
shear-thinning cases, and this trend increases with increasing Reynolds
number, underlining the importance of a high-fidelity closure model.
Therefore, several SGS models have been evaluated for the convective
SGS term in terms of a correlation analysis and their order of magni-
tude. The results have shown accurate performance of the structural
models in both shear-thinning and Newtonian cases. Conversely, func-
tional models showed marginally inferior performance for the shear-
thinning jet compared to the Newtonian reference case, as they are
directly dependent on the shear rate.

In fact, simulations of shear-thinning fluids in linearly forced iso-
tropic turbulence have demonstrated a longer inertial range compared

FIG. 7. Shear-thinning jets: Correlation analysis of closure models for the convec-
tive SGS term conducted on tensor level for squu;11 plotted against the flow region
for D ¼ 4DDNS. Top: Shear-thinning case (P2500 0.3%). Bottom: Newtonian case
(NP2500 0.3%).

FIG. 8. Shear-thinning jets: L2-norm of the convective SGS term at tensor level plot-
ted across different flow regions at moderate filter width D ¼ 4DDNS. Top: shear-
thinning case (P2500 0.3%). Bottom: Newtonian case (NP2500 0.3%).
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to the Newtonian case, and consequently a shift of the energy dissipa-
tion to higher wavenumbers. This suggests that the eddy viscosity
models (away from walls) should in principal be applicable to shear-
thinning fluids as well, with perhaps minor adjustments to the model
constants.

The findings indicate that functional models, without any modifi-
cations, might be less suitable for non-Newtonian two-phase LES. As
the dynamic procedure will be difficult to apply to two-phase flows
due to the moving sharp interface (because of the required regulariza-
tion), a Lagrangian dynamic procedure applied conditionally to the
respective phases could be an alternative option in future a posteriori
LES. Since the present a priori analysis indicates similar behavior of
SGS closures for Newtonian and shear-thinning cases, existing mixed
models might offer a promising compromise in a posteriori LES of
shear-thinning two-phase flow, as structural models tend not to be dis-
sipative enough. Addressing these questions forms the basis of our
future work.
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NOMENCLATURE

Greek symbols

a Local volume fraction
C Surface tension coefficient
_c Shear rate

D Filter width

dS Interface indicator function
e Dissipation rate

eSGS Subgrid scale energy transfer
gK Kolmogorov length scale
j Local interface curvature
k Characteristic time
l Dynamic viscosity
l0 First Newtonian plateau
l1 Second Newtonian plateau
� Kinematic viscosity
�t Turbulent viscosity
q Density
ri Square roots of the eigenvalues of Gij

s Subgrid scale stress
/ Field variable

Roman Symbols

A Forcing parameter
a Transition between Newtonian plateau and power-law
CS Smagorinsky model constant
Cr Sigma model constant
D Nozzle diameter

Ddrop Droplet diameter
E Turbulent kinetic energy spectrum
G Gaussian filter kernel
gi Gravitational acceleration
K Wavenumber
Kc Cutoff wavenumber
K0 Lowest non-zero wavenumber
k Turbulent kinetic energy
k0 Desired turbulent kinetic energy
L Domain length
Lt Integral length scale
n Power-law index
ni Unit vector normal to interface
p Pressure
Sij Strain rate tensor
t Time

U0 Mean velocity at the inlet
u0 Velocity fluctuations
ui Velocity vector
xi Position vector

Subscripts

l Liquid phase
g Gas phase

APPENDIX: FORCED HOMOGENEOUS ISOTROPIC
TURBULENCE

The Lundgren linear forcing method67 is used to investigate
the energy spectrum in the inertial region of forced HIT of shear-
thinning single-phase flows. The open-source code PARIS37 was
used for this study. Forcing in physical space is achieved by applying
an external force to the Navier–Stokes equations. The governing
equations are given as
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where A is the forcing parameter, which controls the amount of
energy added to the velocity field. It is derived from the turbulent
kinetic energy equation

dk
dt

¼ �eþ 2Ak; (A3)

where dk=dt ¼ 0 for a statistically stationary state. Here, k is the
turbulent kinetic energy (TKE) and e is the dissipation rate. Carroll
and Blanquart68 proposed a modification to Lundgren’s forcing
term, allowing a faster convergence to a desired TKE k0. The modi-
fied forcing term A then reads

A ¼ e
2k

k0
k
: (A4)

Two configurations are considered in this study, a shear-
thinning case (P2500 0.8%) and its Newtonian reference case
(NP2500 0.8%). The Carreau–Yasuda model40 is used to model the
viscous behavior of the fluid. The fluid parameters, such as density
and viscosity model parameters are given in Table IV in Sec. VB 1.

The computational domain is a triply periodic box with a
length of L ¼ 2p and 10243 cells. The grid resolution is of the order
of the Kolmogorov length scale gK. In the shear-thinning case,
gK ¼ ðh�i3=heiÞ1=4 ¼ 1:11 � D, whereas in the Newtonian case,
gK ¼ 2:17 � D. The desired TKE is set to k0 ¼ 0:1m2=s2 for both
investigated cases.

Figure 9 depicts the one dimensional energy spectra E11 for
both investigated cases normalized by the lowest non-zero wave-
number K0 ¼ 2p=L. A clear E 	 K�5=3 scaling can be observed for
both cases in the inertial range, while the non-Newtonian case
exhibits a larger inertial range, as the Reynolds number based on
the Taylor microscale Rek is higher for the latter.
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