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To verify theoretical results it is sometimes important to use a numerical example where the solution has a
particular regularity. The paper describes one approach to construct such examples. It is based on the regularity
theory for elliptic boundary value problems.

1. Introduction

The design of numerical examples is often a delicate task. The test
problem should confirm the theory but the solution should not be more
regular than assumed in the theory. We formulate here two types of
examples for the Laplace and the Stokes problems. In Sections 2.1 and
3.1 we formulate families of solutions of the homogeneous differential
equations which solve problems determined by the non-homogeneous
boundary data. The solutions are smooth except in the vicinity of
one boundary point, and a parameter controls their regularity. In Sec-
tions 2.2 and 3.2 the parameters are restricted to achieve homogeneous
boundary conditions, at least in the vicinity of the singular boundary
point. The solution is then determined by the boundary datum away
from the singularity or, by using a cut-off function, by a smooth right
hand side of the differential equation.

In the case of the Laplace operator, these examples are widely
known but not so much for the Stokes problem. In order to explain the
ideas we start, however, with the Laplace equation. We assume that
the domain @ is two-dimensional and polygonal, and comment on the
three-dimensional case in Sections 2.5 and 3.4.

2. The Laplace equation

In Sections 2.1 to 2.4 we assume that Q is a bounded polygon with
a Lipschitz boundary.

2.1. Fundamental solutions

Let (r,0) be polar coordinates centered in the corner of 2 c R?
with maximal interior angle w such that the edges of this corner are
described by 6 = 0 and 0 = w. Then the function

u(r, ) = r*@d(9)

solves the Laplace equation

—4Au=0 inQ 2.1
iff " + 2@ =0, i.e., iff

¢ cosAb +c,sin A0 if A #0,
(9) = .

¢ +c0 if A=0,
such that the solution is

u(r. ) = (¢ cos A + ¢, sin 48) %f A#0, 2.2)
¢+ 0 ifA=0.

This solution satisfies

ue H'(Q) Vs<l1+4

such that the choice of 4 can be used to develop test examples of the
form

—Au=0 in Q, (2.3)
u=g onl :=0Q, 2.4)
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or with other types of boundary conditions, with solutions of prescribed
regularity.

The case 4 = 0 is of interest when the boundary data should have a
jump at r =0.

2.2. Boundary conditions

The freedom of choosing 4, ¢;, and ¢, can also be used to satisfy
homogeneous boundary conditions, e. g.,

¢ =0, A:ki, k=1,2,..., leads to u(r,0) = u(r,w) = 0,
=0, A= ki, k=0,1,2,..., leads to 9,u(r,0) = d,u(r,w) =0,
¢, =0, A:(k—%)i, k=1,2,..., leads to u(r,0) = d,u(r,w) = 0.

The remaining constant is still free. The function does not vanish at
boundary parts which are not adjacent to the point with r = 0. If
homogeneous boundary conditions should be satisfied on the whole
boundary of the domain, the functions could be multiplied by a smooth
cut-off function # : R, — R with

1 ifr<ry,

n(r) = L0 (2.5)
0 ifr>r >rp

and appropriately chosen positive constants ry,7; € R. Then f = —4u

is zero only for r < ry and r > r; but smooth in the region ry < r < ry.

Note that for a given domain £ the regularity can be influenced
only in discrete steps with this approach. But by adjusting the interior
angle of Q at r = 0, any desired regularity is adjustable.

2.3. Weak and very weak solutions

For 4 > 0, the function u from (2.2) is a weak solution of (2.1), in
the sense that it belongs to H'(£2) and satisfies

(Vu, Vo) =0 Vv € Hy(£).

and for —min(1,¢) < 1 <0, € := 2, it is a very weak solution, in the
sense that it belongs to L?(£2) and satisfies

(u,Av) = (u,0,v) Vo€V ={ve H)(Q): dv € LX(Q)},

see also [1].

If 2 < -1, then the function u is not a very weak solution since
u ¢ L2(Q) such that (u, 4v) is not well defined for all v € V.

If the domain 2 is non-convex and -1 < A < ¢, then for v =
n(r)résingd € V and for Iy = {x € T : r(x) < ry} the dual bracket
(u,0,v), is meaningless because the product ud,v is not Lebesgue
integrable. Indeed, on 6 = 0, we have

[ud,v] = |PO)] n(r) r*+<t,

which is not integrable except if &(0) = 0. Hence ud,v is integrable on
I if and only if @(0) = &(w) = 0, which is not possible since 1 # —ké&
forall k=1,2,....

Let us finally consider the limit case u*(r,6) = r~¢ sin 6. Note first
that Au* =0 in 2 and u* € H'(Q) for all t < 1 — £&.

However, we can show that

(W, Av) — (u*,0,v) # 0

for v = n(r)¥singd € V. Indeed, for any € > 0, by setting 2, =
2\ B(0,¢), where B(0,¢) is the closed ball centered at the origin with
radius € > 0, we may write

Ww*, Av) = lim/ udv.
QF

-0+

Now since »* and v are smooth in ,, we can use the Green formula to
show that

W*, Av) = lim W*0,v — vo,u™).
=0+ Joqo,
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Fig. 1. Illustration of u*.

Splitting the integral in 0£2, into the integral into the boundary of the
disc B(0,¢) and the remainder part, and using the form of u and v, we
get

® ®
W, Av) — (u*,9,0)p = lim / W*d,v — va,u*)e do = —25/ sin?(£0) do
=0+ /o 0
= -,

which proves the assertion. Alternatively, one could show that the
problem (2.4) with g = u* on I" has a weak solution u # v* which also
means that u* is not a weak or very weak solution, see Section 2.4.

2.4. Numerical test for the limit case

The numerical test is carried out using the method described in [1,
Section III.B] which proved to be able to approximate very weak
solutions, even with pole, see [1, Section IV]. For the illustration here,
we consider a polygonal domain £ c R? with an interior angle & = %n’.
Accordingly, we set &£ = %, and the boundary data g is given by

2,
g(r,0)=r3 sm(gé’).

It fulfills g(r,0) = g(r, %n) = 0 and is not zero at the boundary parts
which are not adjacent to (0,0). However, the obtained solution u(r, §)
is not r’§ sin(%&). In particular, it has no pole, see the illustration in Fig.
1. The explanation is that the boundary data is piecewise smooth and
continuous, hence at least in H % (I') such that a unique weak solution
u € H'(Q) exists. In (:onclusioni this numerical test confirms that we
are in the limit case, where r™3 sin(%ﬁ) € L*(Q) is not a very weak
solution although is harmonic and solves the Laplace equation.

2.5. Three-dimensional case

The boundary of a polyhedral domain has edges and corners. Near
an edge, the typical behavior of a solution of the Poisson equation is

cr*®(0) € H(Q), s<1+4,

with some function ¢, where we used polar coordinates (r,0) perpen-
dicular to the edge. Boundary conditions can be satisfied as in the
two-dimensional case described in Section 2.2.

A second family of fundamental solutions has to be considered near
corners. Using spherical coordinates (R, 9, 6), they can be described by

R'®,(9,0) € H(Q), s< % +v
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if @, is smooth enough. Boundary conditions can be satisfied when @,
is an eigenfunction of the Laplace-Beltrami operator defined on the
intersection of 2 with a sphere centered at the corner; however this
can be done analytically only in very special cases.

3. The Stokes system

In Sections 3.1 to 3.3 we assume that Q is a bounded polygon with
a Lipschitz boundary.

3.1. Fundamental solutions

We describe now solutions of the Stokes system of the form

u(r,0) = r*u®), pr,0) =r*"'P®), 3.1

where again (r, 9) with r € R, 6 € (0, ) are polar coordinates centered
in the corner with maximal interior angle, such that

—Au+Vp=0 in QcR?,
V.u=0 in Q.

It is now important to write u in polar components, u = u,e, +uyey with
e, =cosfe; +sinfe,, ey = —sinfe; + cosb e,, such that |le,|| = [legll =
1. Note that the components u, and u, are related to the Cartesian
components of u via a rotation computed by

up\ _ (cos® —sin@\ (u,
<u2> h <sin9 cos 0 ) <u9> ’
We follow the derivation in [2, Sect. 5.1] and [3, Sect. 9.3.2].
Inserting the ansatz (3.1) into the equations, the variable r cancels out,

and it remains a system of ordinary differential equations for U and P.
The four solutions of this system are for 6 # 0

PD =0,
PO =0,
PP = —44cos(1 — 1),
P® = —425in(1 — A)6.

U = cos(1 + )0,
U® =sin(1 + 4)0,
U® = (1 - A)cos(l — 10,
U® = (1= Asin(l = )0,

U{" = —sin(1 + )6,

UP = cos(l + 26,

U = —(1 + Dsin(l - 10,
U = (1 + Acos(l — 16,
For the convenience of the reader, we convert the velocities to Cartesian
components in Appendix. In the case A = 0, the functions (U®, P¥),

i = 1,2, remain the same (with simplifications), but the others have to
be replaced by

P® = —4cos 9,
PW = _4sing.

Ur(3) = —cosf +20sinf
Ur(4) = —sinf — 26 cos O

US) = —sinf + 20 cos 6,
U;” =cos 6 +260sinb,

The solutions u, p, from (3.1) can now be concluded with

4 4
U®) = Z UD®), P@O)= Z ¢, PO (0),
i=1 i=1

with arbitrary 4 and arbitrary coefficients ¢;. They satisfy

ue HY(RQ), pe H™'(Q) Vs<1+4,

and the parameter A can be chosen such that the test example has the
desired regularity.

3.2. Boundary conditions

As in Section 2.2, the coefficients ¢; and the parameter A can be used
to satisfy homogeneous boundary conditions. Two boundary conditions
for both # = 0 and 0 = » give a homogeneous linear system of 4
equations which has a non-trivial solution iff the determinant vanishes.
This condition is used to find again a countable number of values
of A. Let us sketch this approach for the case of Dirichlet boundary
conditions and 4 # 0.

The condition U(0) = 0 leads to

U0\ _ (e;+A=Me3 _ (0 e () 2 (~0=De
Up(0)) ~ \ey+(1+Mey) ~\0)° T \e) T\ =+ ey )
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hence
U@) = —(1 = DesUD () = (1 + DesUP (@) + ;U (@) + ;U ().

The 2 X 2 linear system U(w) = 0 for the coefficients c; and c, has the
determinant

4(sin® Aw — A% sin? w) = 4(sin Aw — A sin w)(sin Aw + A sin w). (3.2)

This means that for given angle w one gets the corresponding exponents
A € C by solving (separately) the two transcendental, scalar equations
sinAw = +Asinw. All values Rel € [%,4] are given for w, = kz /10,
k=4,5,...,20, in [4].

3.3. Weak and very weak solutions

As in Section 2.3, the pair (4, p) is a weak solution for 4 > 0 and a
very weak solution for —min(1,¢) < 4 < 0, where
& = min{ReA > 0: A satisfies (3.2)}

in the case of Dirichlet boundary conditions. The weak solution (u, p) €
H'(Q) x L3(®) is defined by
(Vu,Vo)=(V-0,p) =0 Vv € Hj(Q),

(V-uq) =0 Vg€ L} (Q).

The very weak solution (u, p) € L*(2) x P’ with P’ the dual-space of
P={ve H(Q)n LX) : r've LX(Q)} is defined by

(u,—Av+Vq) = (V-v,p)=(u,qn—0,0)p V(v,q) €V
where V := {(v,q) € Hy(2) X L}(2): — dv+Vq € L*(Q),V -v € P},
see [5].

3.4. Three-dimensional case

The three-dimensional case is very similar to the Laplace case
described in Section 2.5. The most interesting difference is that the
function u is a vector function with different regularities of the compo-
nents near edges. The components u, and u, have the two-dimensional
behavior as described in Sections 3.1 and 3.2. The component in the
edge direction, however, has a behavior as for the Laplace operator.
For more details, see e. g. [3, Chap. 9].
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Appendix. Velocities in Cartesian coordinates

Since most finite element packages work with Cartesian compo-

nents of the vector functions, we convert here the velocities in the
fundamental solutions of the Stokes system.

Ul(l) _ [cosf —sin@ cos(1 + 4)0
Uz(l) “ \sin® cos @ —sin(l + 4)0

cos @ cos(1 + A)8 + sin @ sin(1 + /1)0) _ ( cos A6 >
<U1(2)>
2)
U,

—sin A0
(3)
U,

sin 6 cos(1 + A)0 — cos @ sin(1 + 1)0

sin O cos 6 cos(1 + 4)0

<cos 0 sin(1 + A)8 — sin @ cos(1 + /1)0) _ <sin /19>

cos 6 —sin0> <sin(1 +A)0>

sin @ sin(1 + 4)0 + cos O cos(1 + 4)0 cos A0
cos 6 —sin9> < (1 = A)cos(1 — 10 )

sin@  cosf —(1+ A)sin(l — 1)6
(1 —4)cosBcos(l — 4)0 + (1 + A)sin O sin(l — A)B)

(1 = A)sinf cos(1 — A1) — (1 + A) cos @ sin(1l — 1)@
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cos A0 — Acos(2 — A)0
—sin A0 — Asin(2 — 1)0

u® cosf —sind\ [ (1—)sin(l — A)0
U<4) sin@  cos@ J \(1+ A)cos(l — A)0

(I = A)cos@sin(l1 — A)8 — (1 + A)sin b cos(1 — 4)0
(1 = A)sinfsin(1 — 4)0 + (1 + A)cos O cos(1 + A)é‘)
—sin A0 — Asin(2 — 1)0

—cos A0 + Acos(2 — 1)9>

In the case 1 = 0 we modify U® and U® to

U(g) cosf —siné —cos 6 +20sin 6
U(3) sin 6 cos 6 —sinf + 20 cos 6
_ [ cos0(—cos 8 + 20 sin 0) — sin O(—sin & + 20 cos 0)
~ \sin (= cos 6 + 26 sin §) + cos O(— sin 6 + 26 cos 9)
—cos 20
26 + sin 26
U(4) cosf —siné —sin6 — 20 cos 6
U(4) sin O cos O cosf + 20sin
cos O(—sin O — 26 cos 0) — sin O(cos O + 20 sin §)
sin 0(— sin @ — 26 cos 0) + cos 6(cos 0 + 20 sin 0)
—sin26
cos 20
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