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 A B S T R A C T

To verify theoretical results it is sometimes important to use a numerical example where the solution has a 
particular regularity. The paper describes one approach to construct such examples. It is based on the regularity 
theory for elliptic boundary value problems.
 

1. Introduction

The design of numerical examples is often a delicate task. The test 
problem should confirm the theory but the solution should not be more 
regular than assumed in the theory. We formulate here two types of 
examples for the Laplace and the Stokes problems. In Sections 2.1 and
3.1 we formulate families of solutions of the homogeneous differential 
equations which solve problems determined by the non-homogeneous 
boundary data. The solutions are smooth except in the vicinity of 
one boundary point, and a parameter controls their regularity. In Sec-
tions 2.2 and 3.2 the parameters are restricted to achieve homogeneous 
boundary conditions, at least in the vicinity of the singular boundary 
point. The solution is then determined by the boundary datum away 
from the singularity or, by using a cut-off function, by a smooth right 
hand side of the differential equation.

In the case of the Laplace operator, these examples are widely 
known but not so much for the Stokes problem. In order to explain the 
ideas we start, however, with the Laplace equation. We assume that 
the domain 𝛺 is two-dimensional and polygonal, and comment on the 
three-dimensional case in Sections 2.5 and 3.4.

2. The Laplace equation

In Sections 2.1 to 2.4 we assume that 𝛺 is a bounded polygon with 
a Lipschitz boundary.

✩ This article is part of a Special issue entitled: ‘EXCO_Numerical Methods 2025’ published in Examples and Counterexamples.
∗ Corresponding author.
E-mail address: katharina.lorenz@unibw.de (K. Lorenz).

2.1. Fundamental solutions

Let (𝑟, 𝜃) be polar coordinates centered in the corner of 𝛺 ⊂ R2

with maximal interior angle 𝜔 such that the edges of this corner are 
described by 𝜃 = 0 and 𝜃 = 𝜔. Then the function
𝑢(𝑟, 𝜃) = 𝑟𝜆𝛷(𝜃)

solves the Laplace equation 
− 𝛥𝑢 = 0 in 𝛺 (2.1)

iff 𝛷′′ + 𝜆2𝛷 = 0, i. e., iff

𝛷(𝜃) =

{

𝑐1 cos 𝜆𝜃 + 𝑐2 sin 𝜆𝜃 if 𝜆 ≠ 0,
𝑐1 + 𝑐2𝜃 if 𝜆 = 0,

such that the solution is 

𝑢(𝑟, 𝜃) =

{

𝑟𝜆(𝑐1 cos 𝜆𝜃 + 𝑐2 sin 𝜆𝜃) if 𝜆 ≠ 0,
𝑐1 + 𝑐2𝜃 if 𝜆 = 0.

(2.2)

This solution satisfies
𝑢 ∈ 𝐻𝑠(𝛺) ∀𝑠 < 1 + 𝜆

such that the choice of 𝜆 can be used to develop test examples of the
form

−𝛥𝑢 = 0 in 𝛺, (2.3)

𝑢 = 𝑔 on 𝛤 ∶= 𝜕𝛺, (2.4)
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or with other types of boundary conditions, with solutions of prescribed
regularity.

The case 𝜆 = 0 is of interest when the boundary data should have a 
jump at 𝑟 = 0.

2.2. Boundary conditions

The freedom of choosing 𝜆, 𝑐1, and 𝑐2 can also be used to satisfy
homogeneous boundary conditions, e. g.,
𝑐1 = 0, 𝜆 = 𝑘 𝜋

𝜔
, 𝑘 = 1, 2,… , leads to 𝑢(𝑟, 0) = 𝑢(𝑟, 𝜔) = 0,

𝑐2 = 0, 𝜆 = 𝑘 𝜋
𝜔
, 𝑘 = 0, 1, 2,… , leads to 𝜕𝑛𝑢(𝑟, 0) = 𝜕𝑛𝑢(𝑟, 𝜔) = 0,

𝑐1 = 0, 𝜆 = (𝑘 − 1
2
) 𝜋
𝜔
, 𝑘 = 1, 2,… , leads to 𝑢(𝑟, 0) = 𝜕𝑛𝑢(𝑟, 𝜔) = 0.

The remaining constant is still free. The function does not vanish at 
boundary parts which are not adjacent to the point with 𝑟 = 0. If 
homogeneous boundary conditions should be satisfied on the whole 
boundary of the domain, the functions could be multiplied by a smooth 
cut-off function 𝜂 ∶ R+ → R with 

(𝑟) =

{

1 if 𝑟 < 𝑟0,
0 if 𝑟 > 𝑟1 > 𝑟0,

(2.5)

nd appropriately chosen positive constants 𝑟0, 𝑟1 ∈ R. Then 𝑓 = −𝛥𝑢
is zero only for 𝑟 ≤ 𝑟0 and 𝑟 ≥ 𝑟1 but smooth in the region 𝑟0 < 𝑟 < 𝑟1.

Note that for a given domain 𝛺 the regularity can be influenced 
only in discrete steps with this approach. But by adjusting the interior
angle of 𝛺 at 𝑟 = 0, any desired regularity is adjustable.

2.3. Weak and very weak solutions

For 𝜆 > 0, the function 𝑢 from (2.2) is a weak solution of (2.1), in
the sense that it belongs to 𝐻1(𝛺) and satisfies
(∇𝑢,∇𝑣) = 0 ∀𝑣 ∈ 𝐻1

0 (𝛺),

and for −min(1, 𝜉) < 𝜆 ≤ 0, 𝜉 ∶= 𝜋
𝜔 , it is a very weak solution, in the 

ense that it belongs to 𝐿2(𝛺) and satisfies
(𝑢, 𝛥𝑣) = ⟨𝑢, 𝜕𝑛𝑣⟩𝛤 ∀𝑣 ∈ 𝑉 = {𝑣 ∈ 𝐻1

0 (𝛺)∶𝛥𝑣 ∈ 𝐿2(𝛺)},

ee also [1].
If 𝜆 ≤ −1, then the function 𝑢 is not a very weak solution since 

𝑢 ∉ 𝐿2(𝛺) such that (𝑢, 𝛥𝑣) is not well defined for all 𝑣 ∈ 𝑉 .
If the domain 𝛺 is non-convex and −1 < 𝜆 < −𝜉, then for 𝑣 =

(𝑟)𝑟𝜉 sin 𝜉𝜃 ∈ 𝑉  and for 𝛤0 = {𝑥 ∈ 𝛤 ∶ 𝑟(𝑥) < 𝑟0} the dual bracket 
𝑢, 𝜕𝑛𝑣⟩𝛤0  is meaningless because the product 𝑢𝜕𝑛𝑣 is not Lebesgue
integrable. Indeed, on 𝜃 = 0, we have
|𝑢𝜕𝑛𝑣| = |𝛷(0)| 𝜂(𝑟) 𝑟𝜆+𝜉−1,

which is not integrable except if 𝛷(0) = 0. Hence 𝑢𝜕𝑛𝑣 is integrable on 
𝛤0 if and only if 𝛷(0) = 𝛷(𝜔) = 0, which is not possible since 𝜆 ≠ −𝑘𝜉
for all 𝑘 = 1, 2,….

Let us finally consider the limit case 𝑢∗(𝑟, 𝜃) = 𝑟−𝜉 sin 𝜉𝜃. Note first 
that 𝛥𝑢∗ = 0 in 𝛺 and 𝑢∗ ∈ 𝐻 𝑡(𝛺) for all 𝑡 < 1 − 𝜉.

However, we can show that
(𝑢∗, 𝛥𝑣) − ⟨𝑢∗, 𝜕𝑛𝑣⟩𝛤 ≠ 0

for 𝑣 = 𝜂(𝑟)𝑟𝜉 sin 𝜉𝜃 ∈ 𝑉 . Indeed, for any 𝜀 > 0, by setting 𝛺𝜀 =
⧵ 𝐵̄(0, 𝜀), where 𝐵̄(0, 𝜀) is the closed ball centered at the origin with 
adius 𝜖 > 0, we may write

𝑢∗, 𝛥𝑣) = lim
𝜀→0+∫𝛺𝜀

𝑢𝛥𝑣.

ow since 𝑢∗ and 𝑣 are smooth in 𝛺𝜀, we can use the Green formula to
show that

(𝑢∗, 𝛥𝑣) = lim (𝑢∗𝜕𝑛𝑣 − 𝑣𝜕𝑛𝑢
∗).
𝜀→0+∫𝜕𝛺𝜀

2 
Fig. 1. Illustration of 𝑢∗.

Splitting the integral in 𝜕𝛺𝜀 into the integral into the boundary of the 
isc 𝐵(0, 𝜀) and the remainder part, and using the form of 𝑢 and 𝑣, we 
et

(𝑢∗, 𝛥𝑣) − ⟨𝑢∗, 𝜕𝑛𝑣⟩𝛤 = lim
𝜀→0+∫

𝜔

0
(𝑢∗𝜕𝑛𝑣 − 𝑣𝜕𝑛𝑢

∗)𝜀 d𝜃 = −2𝜉 ∫

𝜔

0
sin2(𝜉𝜃) d𝜃

= −𝜋,

which proves the assertion. Alternatively, one could show that the 
problem (2.4) with 𝑔 = 𝑢∗ on 𝛤  has a weak solution 𝑢 ≠ 𝑢∗ which also
means that 𝑢∗ is not a weak or very weak solution, see Section 2.4.

2.4. Numerical test for the limit case

The numerical test is carried out using the method described in [1,
Section III.B] which proved to be able to approximate very weak
solutions, even with pole, see [1, Section IV]. For the illustration here, 
we consider a polygonal domain 𝛺 ⊂ R2 with an interior angle 𝜔 = 3

2𝜋. 
Accordingly, we set 𝜉 = 2

3 , and the boundary data 𝑔 is given by

𝑔(𝑟, 𝜃) = 𝑟−
2
3 sin( 23 𝜃).

It fulfills 𝑔(𝑟, 0) = 𝑔(𝑟, 32𝜋) = 0 and is not zero at the boundary parts 
which are not adjacent to (0, 0). However, the obtained solution 𝑢(𝑟, 𝜃)
is not 𝑟− 2

3 sin( 23 𝜃). In particular, it has no pole, see the illustration in Fig.
1. The explanation is that the boundary data is piecewise smooth and
continuous, hence at least in 𝐻 1

2 (𝛤 ) such that a unique weak solution 
𝑢 ∈ 𝐻1(𝛺) exists. In conclusion, this numerical test confirms that we 
are in the limit case, where 𝑟− 2

3 sin( 23 𝜃) ∈ 𝐿2(𝛺) is not a very weak 
solution although is harmonic and solves the Laplace equation.

2.5. Three-dimensional case

The boundary of a polyhedral domain has edges and corners. Near
an edge, the typical behavior of a solution of the Poisson equation is
𝑐𝑟𝜆𝛷(𝜃) ∈ 𝐻𝑠(𝛺), 𝑠 < 1 + 𝜆,

with some function 𝑐, where we used polar coordinates (𝑟, 𝜃) perpen-
dicular to the edge. Boundary conditions can be satisfied as in the
two-dimensional case described in Section 2.2.

A second family of fundamental solutions has to be considered near 
corners. Using spherical coordinates (𝑅, 𝜗, 𝜃), they can be described by
𝑅𝜈𝛷 (𝜗, 𝜃) ∈ 𝐻𝑠(𝛺), 𝑠 < 3 + 𝜈
𝑐 2
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if 𝛷𝑐 is smooth enough. Boundary conditions can be satisfied when 𝛷𝑐
is an eigenfunction of the Laplace–Beltrami operator defined on the 
intersection of 𝛺 with a sphere centered at the corner; however this 
can be done analytically only in very special cases.

3. The Stokes system

In Sections 3.1 to 3.3 we assume that 𝛺 is a bounded polygon with 
a Lipschitz boundary.

3.1. Fundamental solutions

We describe now solutions of the Stokes system of the form 
𝑢(𝑟, 𝜃) = 𝑟𝜆𝑈 (𝜃), 𝑝(𝑟, 𝜃) = 𝑟𝜆−1𝑃 (𝜃), (3.1)

where again (𝑟, 𝜃) with 𝑟 ∈ R+, 𝜃 ∈ (0, 𝜔) are polar coordinates centered
in the corner with maximal interior angle, such that
−𝛥𝑢 + ∇𝑝 = 0 in 𝛺 ⊂ R2,

∇ ⋅ 𝑢 = 0 in 𝛺.

t is now important to write 𝑢 in polar components, 𝑢 = 𝑢𝑟𝑒𝑟+𝑢𝜃𝑒𝜃 with 
𝑟 = cos 𝜃 𝑒1 + sin 𝜃 𝑒2, 𝑒𝜃 = − sin 𝜃 𝑒1 + cos 𝜃 𝑒2, such that ‖𝑒𝑟‖ = ‖𝑒𝜃‖ =
. Note that the components 𝑢𝑟 and 𝑢𝜃 are related to the Cartesian 
omponents of 𝑢 via a rotation computed by
𝑢1
𝑢2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

𝑢𝑟
𝑢𝜃

)

.

We follow the derivation in [2, Sect. 5.1] and [3, Sect. 9.3.2]. 
nserting the ansatz (3.1) into the equations, the variable 𝑟 cancels out, 
nd it remains a system of ordinary differential equations for 𝑈 and 𝑃 . 
he four solutions of this system are for 𝜃 ≠ 0

(1)
𝑟 = cos(1 + 𝜆)𝜃, 𝑈 (1)

𝜃 = − sin(1 + 𝜆)𝜃, 𝑃 (1) = 0,
𝑈 (2)
𝑟 = sin(1 + 𝜆)𝜃, 𝑈 (2)

𝜃 = cos(1 + 𝜆)𝜃, 𝑃 (2) = 0,
𝑈 (3)
𝑟 = (1 − 𝜆) cos(1 − 𝜆)𝜃, 𝑈 (3)

𝜃 = −(1 + 𝜆) sin(1 − 𝜆)𝜃, 𝑃 (3) = −4𝜆 cos(1 − 𝜆)𝜃,
𝑈 (4)
𝑟 = (1 − 𝜆) sin(1 − 𝜆)𝜃, 𝑈 (4)

𝜃 = (1 + 𝜆) cos(1 − 𝜆)𝜃, 𝑃 (4) = −4𝜆 sin(1 − 𝜆)𝜃.

For the convenience of the reader, we convert the velocities to Cartesian
components in Appendix. In the case 𝜆 = 0, the functions (𝑈 (𝑖), 𝑃 (𝑖)), 
= 1, 2, remain the same (with simplifications), but the others have to
be replaced by
𝑈 (3)
𝑟 = −cos 𝜃 + 2𝜃 sin 𝜃 𝑈 (3)

𝜃 = − sin 𝜃 + 2𝜃 cos 𝜃, 𝑃 (3) = −4 cos 𝜃,
𝑈 (4)
𝑟 = − sin 𝜃 − 2𝜃 cos 𝜃 𝑈 (4)

𝜃 = cos 𝜃 + 2𝜃 sin 𝜃, 𝑃 (4) = −4 sin 𝜃.

The solutions 𝑢, 𝑝, from (3.1) can now be concluded with

(𝜃) =
4
∑

𝑖=1
𝑐𝑖𝑈

(𝑖)(𝜃), 𝑃 (𝜃) =
4
∑

𝑖=1
𝑐𝑖𝑃

(𝑖)(𝜃),

with arbitrary 𝜆 and arbitrary coefficients 𝑐𝑖. They satisfy
∈ 𝐻𝑠(𝛺), 𝑝 ∈ 𝐻𝑠−1(𝛺) ∀𝑠 < 1 + 𝜆,

nd the parameter 𝜆 can be chosen such that the test example has the 
desired regularity.

3.2. Boundary conditions

As in Section 2.2, the coefficients 𝑐𝑖 and the parameter 𝜆 can be used 
to satisfy homogeneous boundary conditions. Two boundary conditions 
for both 𝜃 = 0 and 𝜃 = 𝜔 give a homogeneous linear system of 4
equations which has a non-trivial solution iff the determinant vanishes.
This condition is used to find again a countable number of values 
of 𝜆. Let us sketch this approach for the case of Dirichlet boundary
conditions and 𝜆 ≠ 0.

The condition 𝑈 (0) = 0 leads to
𝑈𝑟(0)

)

=
(

𝑐1 + (1 − 𝜆)𝑐3
)

=
(

0
)

, i. e. 
(

𝑐1
)

=
(

−(1 − 𝜆)𝑐3
)

,

𝑈𝜃(0) 𝑐2 + (1 + 𝜆)𝑐4 0 𝑐2 −(1 + 𝜆)𝑐4

3 
hence

𝑈 (𝜔) = −(1 − 𝜆)𝑐3𝑈 (1)(𝜔) − (1 + 𝜆)𝑐4𝑈 (2)(𝜔) + 𝑐3𝑈
(3)(𝜔) + 𝑐4𝑈

(4)(𝜔).

The 2 × 2 linear system 𝑈 (𝜔) = 0 for the coefficients 𝑐3 and 𝑐4 has the
determinant 
4(sin2 𝜆𝜔 − 𝜆2 sin2 𝜔) = 4(sin 𝜆𝜔 − 𝜆 sin𝜔)(sin 𝜆𝜔 + 𝜆 sin𝜔). (3.2)

This means that for given angle 𝜔 one gets the corresponding exponents 
𝜆 ∈ C by solving (separately) the two transcendental, scalar equations 
sin 𝜆𝜔 = ±𝜆 sin𝜔. All values Re𝜆 ∈ [ 12 , 4] are given for 𝜔𝑘 = 𝑘𝜋∕10, 
𝑘 = 4, 5,… , 20, in [4].

3.3. Weak and very weak solutions

As in Section 2.3, the pair (𝑢, 𝑝) is a weak solution for 𝜆 > 0 and a
very weak solution for −min(1, 𝜉) < 𝜆 ≤ 0, where
𝜉 = min{Re𝜆 > 0∶ 𝜆 satisfies (3.2)}
in the case of Dirichlet boundary conditions. The weak solution (𝑢, 𝑝) ∈
𝐻1(𝛺) × 𝐿2

0(𝛺) is defined by
(∇𝑢,∇𝑣) − (∇ ⋅ 𝑣, 𝑝) = 0 ∀𝑣 ∈ 𝐻1

0 (𝛺),
(∇ ⋅ 𝑢, 𝑞) = 0 ∀𝑞 ∈ 𝐿2

0(𝛺).

The very weak solution (𝑢, 𝑝) ∈ 𝐿2(𝛺) × 𝑃 ′ with 𝑃 ′ the dual-space of 
= {𝑣 ∈ 𝐻1(𝛺) ∩ 𝐿2

0(𝛺) ∶ 𝑟−1𝑣 ∈ 𝐿2(𝛺)} is defined by
(𝑢,−𝛥𝑣 + ∇𝑞) − (∇ ⋅ 𝑣, 𝑝) = ⟨𝑢, 𝑞𝑛 − 𝜕𝑛𝑣⟩𝛤 ∀(𝑣, 𝑞) ∈ 

where  ∶= {(𝑣, 𝑞) ∈ 𝐻1
0 (𝛺) × 𝐿2

0(𝛺)∶ − 𝛥𝑣 + ∇𝑞 ∈ 𝐿2(𝛺),∇ ⋅ 𝑣 ∈ 𝑃 },
see [5].

3.4. Three-dimensional case

The three-dimensional case is very similar to the Laplace case 
described in Section 2.5. The most interesting difference is that the 
function 𝑢 is a vector function with different regularities of the compo-
nents near edges. The components 𝑢𝑟 and 𝑢𝜃 have the two-dimensional 
behavior as described in Sections 3.1 and 3.2. The component in the
edge direction, however, has a behavior as for the Laplace operator. 
For more details, see e. g. [3, Chap. 9].
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Appendix. Velocities in Cartesian coordinates

Since most finite element packages work with Cartesian compo-
ents of the vector functions, we convert here the velocities in the 
undamental solutions of the Stokes system.
(

𝑈 (1)
1

𝑈 (1)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

cos(1 + 𝜆)𝜃
− sin(1 + 𝜆)𝜃

)

=
(

cos 𝜃 cos(1 + 𝜆)𝜃 + sin 𝜃 sin(1 + 𝜆)𝜃
sin 𝜃 cos(1 + 𝜆)𝜃 − cos 𝜃 sin(1 + 𝜆)𝜃

)

=
(

cos 𝜆𝜃
− sin 𝜆𝜃

)

(

𝑈 (2)
1

𝑈 (2)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

sin(1 + 𝜆)𝜃
cos(1 + 𝜆)𝜃

)

=
(

cos 𝜃 sin(1 + 𝜆)𝜃 − sin 𝜃 cos(1 + 𝜆)𝜃
sin 𝜃 sin(1 + 𝜆)𝜃 + cos 𝜃 cos(1 + 𝜆)𝜃

)

=
(

sin 𝜆𝜃
cos 𝜆𝜃

)

(

𝑈 (3)
1

𝑈 (3)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

(1 − 𝜆) cos(1 − 𝜆)𝜃
−(1 + 𝜆) sin(1 − 𝜆)𝜃

)

=
(

(1 − 𝜆) cos 𝜃 cos(1 − 𝜆)𝜃 + (1 + 𝜆) sin 𝜃 sin(1 − 𝜆)𝜃
)

(1 − 𝜆) sin 𝜃 cos(1 − 𝜆)𝜃 − (1 + 𝜆) cos 𝜃 sin(1 − 𝜆)𝜃



T. Apel et al.

I
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=
(

cos 𝜆𝜃 − 𝜆 cos(2 − 𝜆)𝜃
− sin 𝜆𝜃 − 𝜆 sin(2 − 𝜆)𝜃

)

(

𝑈 (4)
1

𝑈 (4)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

(1 − 𝜆) sin(1 − 𝜆)𝜃
(1 + 𝜆) cos(1 − 𝜆)𝜃

)

=
(

(1 − 𝜆) cos 𝜃 sin(1 − 𝜆)𝜃 − (1 + 𝜆) sin 𝜃 cos(1 − 𝜆)𝜃
(1 − 𝜆) sin 𝜃 sin(1 − 𝜆)𝜃 + (1 + 𝜆) cos 𝜃 cos(1 + 𝜆)𝜃

)

=
(

− sin 𝜆𝜃 − 𝜆 sin(2 − 𝜆)𝜃
−cos 𝜆𝜃 + 𝜆 cos(2 − 𝜆)𝜃

)

n the case 𝜆 = 0 we modify 𝑈 (3) and 𝑈 (4) to
(

𝑈 (3)
1

𝑈 (3)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

−cos 𝜃 + 2𝜃 sin 𝜃
− sin 𝜃 + 2𝜃 cos 𝜃

)

=
(

cos 𝜃(− cos 𝜃 + 2𝜃 sin 𝜃) − sin 𝜃(− sin 𝜃 + 2𝜃 cos 𝜃)
sin 𝜃(− cos 𝜃 + 2𝜃 sin 𝜃) + cos 𝜃(− sin 𝜃 + 2𝜃 cos 𝜃)

)

=
(

−cos 2𝜃
2𝜃 + sin 2𝜃

)

(

𝑈 (4)
1

𝑈 (4)
2

)

=
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)(

− sin 𝜃 − 2𝜃 cos 𝜃
cos 𝜃 + 2𝜃 sin 𝜃

)

=
(

cos 𝜃(− sin 𝜃 − 2𝜃 cos 𝜃) − sin 𝜃(cos 𝜃 + 2𝜃 sin 𝜃)
sin 𝜃(− sin 𝜃 − 2𝜃 cos 𝜃) + cos 𝜃(cos 𝜃 + 2𝜃 sin 𝜃)

)

=
(

−2𝜃 − sin 2𝜃
cos 2𝜃

)

4 
Data availability

No data was used for the research described in the article.
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