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ARTICLE INFO ABSTRACT

2020 MSC: Isogeometric analysis (IGA) combines exact geometric representations with higher-order accuracy
65N30 for the numerical solution of partial differential equations. However, in geometrically complex
65N25

settings — such as domains with corner singularities or non-standard parameterizations — these

ZEE% advantages may not be fully realized by standard IGA techniques. In particular, commonly used
35A21 NURBS parameterizations can result in polar mappings, where one edge of the parametric domain

is collapsed onto a single point, known as the polar point. Although widely used in computer-
Keywords: aided design, such configurations lack a full convergence theory. Additionally, reduced solution
Isogeometric analysis regularity near corners can significantly limit the performance of standard IGA, as higher-order

Error estimates

Corner singularities
Local mesh refinement
Graded meshes

Polar parameterizations

convergence is no longer attainable.

In this work, both challenges are addressed by analyzing parameterizations in which the polar
point coincides with a corner of the physical domain. To tackle the resulting singularity, a simple
and effective local refinement strategy is proposed based on mesh grading toward the collapsed
edge. This produces a locally refined mesh in the vicinity of the polar corner that accurately
captures the singular behavior of the PDE solution.

To support this strategy, a numerical analysis tailored to polar domains with corners is devel-
oped. The framework includes the definition of polar function spaces on the parametric domain,
a quasi-interpolant for polar splines, and the derivation of error estimates in weighted Sobolev
norms. Optimal convergence is proven for smooth solutions under uniform refinement and for
singular solutions using appropriately graded meshes. Numerical experiments on benchmark do-
mains confirm the theoretical predictions and demonstrate the practical efficiency of the proposed
method.

1. Introduction
1.1. Motivation

Isogeometric analysis (IGA), introduced in [1], combines Galerkin methods with computer-aided design (CAD) by employing
spline-based shape functions such as B-splines and NURBS for both geometry representation and PDE solution approximation. This
unified framework offers key advantages, including exact representations of curved geometries, efficient higher-order approximations,
and enhanced smoothness of shape functions. However, standard Galerkin-based IGA faces substantial challenges on non-smooth
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$C_1 b \leq a \leq C_2 b$


$h$


$\bs \alpha = (\alpha _1, \alpha _2) \in \N ^2$


$|\bs \alpha | := \alpha _1 + \alpha _2$


$\bs \alpha , \bs \gamma \in \N ^2$


$\bs {\alpha } \ge \bs {\gamma }$


$\bs {\alpha } \le \bs {\gamma }$


$p \in \N _0$


$n \in \N $


$\Xi := \{\xi _1, \xi _2, \dots , \xi _{n+p+1}\}$


$p$


\begin {align*}\xi _1 = \xi _2 = \dots = \xi _{p+1} < \xi _{p+2} \leq \xi _{p+3} \leq \dots \leq \xi _{n-1} \leq \xi _{n} < \xi _{n+1} = \xi _{n+2} = \dots = \xi _{n+p+1} ,\end {align*}


$\xi _i \in \R $


$i =1, \dots , n+p+1$


$i$


$\xi _1=0$


$\xi _{n+p+1}=1$


$Z = \{\zeta _1, \dots , \zeta _N\}$


\begin {align*}\Xi = \{\underbrace {\zeta _1, \dots , \zeta _1}_{m_1 \text { times}}, \underbrace {\zeta _2, \dots , \zeta _2}_{m_2 \text { times}}, \dots , \underbrace {\zeta _N, \dots , \zeta _N}_{m_N \text { times}}\} ,\end {align*}


$N \in \N $


$m_j \in \N $


$\zeta _j$


$\sum _{j=1}^N m_j = n + p + 1$


$p$


$m_1=m_N=p+1$


$m_j \leq p+1$


$Z$


$[0,1]$


$p$


\begin {align*}\widehat {B}_{i,p} \colon [0,1] \to \R , \quad \zeta \mapsto \widehat {B}_{i,p}(\zeta ) , \quad i= 1, 2, \dots , n ,\end {align*}


$Z$


$p$


$p-m_j$


$\zeta _j$


$j=2, \dots , N-1$


$p-m_j=-1$


$\zeta _j$


\begin {align*}S_p(\Xi ) = \text {span}\left \{\widehat {B}_{i,p} : i=1,2,\dots ,n \right \}\end {align*}


$\Xi $


$\text {supp}(\widehat {B}_{i,p}) = [\xi _i, \xi _{i+p+1}]$


$I_j = (\zeta _j, \zeta _{j+1})$


$I_j=(\xi _i, \xi _{i+1})$


$i$


$\widetilde {I}_j$


\begin {align}\widetilde {I}_j = (\xi _{i-p}, \xi _{i+p+1}) , \label {eq: univariate support extension}\end {align}


$I_j$


\begin {align*}\overline {\widetilde {I}_j} = \bigcup _{\{k \, : \, \text {supp}(\widehat {B}_{k,p}) \cap I_j \neq \emptyset \}} \text {supp}(\widehat {B}_{k,p}) = [\xi _{i-p}, \xi _{i+p+1}] .\end {align*}


\begin {align*}W(\zeta ) = \sum _{l=1}^{n} w_l \, \widehat {B}_{l,p} (\zeta )\end {align*}


$w_l>0$


$l=1,\dots , n$


\begin {align*}\widehat {N}_{i,p} (\zeta ) = \frac {w_i \widehat {B}_{i,p} (\zeta )}{\sum _{l=1}^n w_l \, \widehat {B}_{l,p} (\zeta )} = \frac {w_i \widehat {B}_{i,p} (\zeta )}{W(\zeta )} , \quad i = 1, \dots , n ,\end {align*}


\begin {align*}N_p(\Xi , W) = \text {span}\left \{ \widehat {N}_{i,p} : i = 1, \dots , n \right \} .\end {align*}


$S_{p}(\Xi )$


$N_{p}(\Xi ,W)$


$S_{p^0}(\Xi ^0)$


$N_{p^0}(\Xi ^0,W)$


\begin {align}\label {eq: refinements of univariate spline and NURBS spaces} S_{p^0}(\Xi ^0) \subset S_{p}(\Xi ) \quad \text { and } \quad N_{p^0}(\Xi ^0,W) \subset N_{p}(\Xi ,W),\end {align}


\begin {align}\label {eq: univariate quasi-interpolant} \Pi _{p,\Xi } : L^1([0,1]) \to S_p(\Xi ), \quad \Pi _{p,\Xi } (v) : = \sum _{i=1}^n \lambda _{i,p}(v) \, \widehat {B}_{i,p} ,\end {align}


$\lambda _{j,p}$


\begin {align}\label {eq: univariate dual functional property} \lambda _{i,p}(\widehat {B}_{k,p}) = \delta _{ik} ,\end {align}


$\delta _{ik}$


$\Pi _{p,\Xi }$


$\{\lambda _{i,p}\}_{i=1,\dots ,n}$


\begin {align}\lambda _{i,p}(v) = \int _{\xi _j}^{\xi _{j+p+1}} v(s) \, D^{p+1} \psi _i(s) \, \Dd s , \label {eq: dual basis functionals}\end {align}


$\psi _i(\zeta ) = G_i(\zeta ) \Psi _i(\zeta )$


\begin {align}\label {eq: dual functional definition of Phi} \Psi _i(\zeta ) = \frac {(\zeta -\xi _{i+1}) \cdots (\zeta - \xi _{i+p})}{p!}\end {align}


\begin {align}\label {eq: dual functional definition of G} G_i(\zeta ) = g\left (\frac {2 \zeta - \xi _i - \xi _{i+p+1}}{\xi _{i+p+1} - \xi _i} \right ) ,\end {align}


$g$


$v \in L^1([0,1])$


$\widehat {\Gamma } = \{0,1\}$


\begin {align}\label {eq: univariate quasi-interpolant with boundary conditions} &{\Pi }^{\widehat \Gamma }_{p, \Xi } : C([0,1]) \to S_p(\Xi ), \quad {\Pi }^{\widehat \Gamma }_{p, \Xi }(v) := \sum _{i=1}^n {\lambda }^{\widehat \Gamma }_{i,p}(v) \, \widehat {B}_{i,p} \quad \text { with } \\ &{\lambda }^{\widehat {\Gamma }}_{1,p}(v) = v(0), \ {\lambda }^{\widehat {\Gamma }}_{n,p}(v) = v(1) , \ {\lambda }^{\widehat {\Gamma }}_{i,p}(v) = \lambda _{i,p}(v), \quad i=2,\dots ,n-1 \nonumber .\end {align}


\begin {align}\label {eq: dual functional property boundary univariate 1} {\lambda }^{\widehat {\Gamma }}_{1,p}(B_{1,p}) = B_{1,p}(0) = 1 \quad \text { and } \quad {\lambda }^{\widehat {\Gamma }}_{n,p}(B_{n,p}) = B_{n,p}(1) = 1 .\end {align}


\begin {align}\label {eq: dual functional property boundary univariate 2} {\lambda }^{\widehat {\Gamma }}_{1,p}(B_{i,p}) = B_{i,p}(0) = 0 \quad \text { and } \quad {\lambda }^{\widehat {\Gamma }}_{n,p}(B_{i,p}) = B_{i,p}(1) = 0 \quad \text { for } i = 2,3,\dots ,n-1 ,\end {align}


${\lambda }^{\widehat {\Gamma }}_{i,p}(v)$


$n_l \in \N $


$p_l\in \N $


$p_l$


$\Xi _l = \{\xi _{l,1}, \xi _{l,2} \dots , \xi _{l,n_l+p+1}\}$


$l=1,2$


$\bs p = (p_1, p_2)$


$\bs \Xi = (\Xi _1, \Xi _2)$


$N_l \in \N $


$l$


$Z_l = \{\zeta _{l,1}, \zeta _{l,2} \dots , \zeta _{l,N_l}\}$


$l=1,2$


$\widehat {\Omega } = (0,1)^2$


$\widehat {\mathcal {M}}$


\begin {align}\label {eq: parametric Bezier mesh} \widehat {\mathcal {M}} := \left \{Q_{\bs j} \subset \widehat {\Omega } : Q_{\bs j} = Q_{(j_1,j_2)} = (\zeta _{1,j_1} , \zeta _{1,j_1 + 1}) \times (\zeta _{2,j_2} , \zeta _{2,j_2 + 1}), \bs j \in \bs J \right \} ,\end {align}


$\bs J= \{\bs j = (j_1, j_2) : 1 \leq j_l \leq N_l - 1, l=1,2\}$


$Q_{\bs j} \in \widehat {\mathcal {M}}$


$h_{Q_{\bs j}}$


$\widehat {\mathcal {M}}$


$h = \max \{h_{Q_{\bs j}} : Q_{\bs j} \in \widehat {\mathcal {M}}\}$


$Q_{\bs j} \in \widehat {\mathcal {M}}$


\begin {align}\label {eq: bivariate support extension} \widetilde {Q}_{\bs j}:= \widetilde {I}_{1,j_1} \times \widetilde {I}_{2,j_2} ,\end {align}


$\widetilde {I}_{l,j_l}$


$l=1,2$


\begin {align*}\widehat {B}_{\bs i, \bs p} : [0,1]^2 \to \R , \quad \widehat {B}_{\bs i, \bs p} (\bs \zeta ) = \widehat {B}_{i_1,p_1}(\zeta _1) \, \widehat {B}_{i_2,p_2}(\zeta _2)\end {align*}


$\bs i \in \bs I = \{\bs i = (i_1, i_2) : 1 \leq i_l \leq n_l, l=1,2\}$


\begin {align*}S_{\bs p}(\bs \Xi ) = \text {span} \left \{\widehat {B}_{\bs i, \bs p} : \bs i \in \bs I \right \}.\end {align*}


\begin {align*}\widehat {N}_{\bs i, \bs p} (\bs \zeta ) = \frac {w_{\bs i} \, \widehat {B}_{\bs i, \bs p} (\bs \zeta )} {W(\bs \zeta )}\end {align*}


\begin {align}W(\bs \zeta ) = \sum _{\bs l \in \bs I} w_{\bs l} \, \widehat {B}_{\bs l, \bs p} (\bs \zeta ), \label {eq: weight function}\end {align}


$w_{\bs l} > 0$


$\bs l \in \bs I$


\begin {align*}N_{\bs p}(\bs \Xi , W) = \text {span} \left \{\widehat {N}_{\bs i, \bs p} : \bs i \in \bs I \right \}.\end {align*}


\begin {align}\bs F(\bs \zeta ) = \sum _{\bs i \in \bs I} \bs c_{\bs i} \widehat {N}_{\bs i, \bs p} (\bs \zeta ) , \label {eq: parameterization definition}\end {align}


$\bs c_{\bs i} \in \R ^2$


$\bs i \in \bs I$


$\bs F$


$\Omega = \bs F(\widehat {\Omega })$


$\widehat {\Omega } = (0,1)^2$


$\bs F \colon \widehat {\Omega } \to \Omega $


$\Omega $


$\bs F$


$Q_{\bs j} \in \widehat {\mathcal {M}}$


$K_{\bs j} =\bs F(Q_{\bs j} )$


\begin {align*}\mathcal {M}:= \left \{ K_{\bs j} \subset \Omega : K_{\bs j} = \bs F(Q_{\bs j}), \bs j \in \bs J \right \} ,\end {align*}


$\bs \Xi ^0 = (\Xi _1^0, \Xi _2^0)$


$\widehat {\mathcal {M}}_0$


$\mathcal {M}_0$


\begin {align*}\Pi _{\bs p, \bs \Xi }(v) = \left ( \Pi _{p_1, \Xi _1} \otimes \Pi _{p_2, \Xi _2} \right ) .\end {align*}


\begin {align}\label {eq: bivariate quasi-interpolant} \Pi _{\bs p,\bs \Xi } : L^1([0,1]^2) \to S_{\bs p}( \bs \Xi ) , \quad \Pi _{\bs p, \bs \Xi }(v) = \sum _{\bs i \in \bs I} \lambda _{\bs i, \bs p}(v) \widehat {B}_{\bs i, \bs p} ,\end {align}


\begin {align*}\lambda _{\bs i, \bs p}= \lambda _{i_1, p_1} \otimes \lambda _{i_2, p_2}\end {align*}


\begin {align}\label {eq: dual functional property} \lambda _{\bs i, \bs p}(\widehat {B}_{\bs k, \bs p}) = \delta _{\bs i \bs k} .\end {align}


$\delta _{\bs i \bs k}$


\begin {align*}\delta _{\bs i \bs k} = \begin {cases} 1 \quad \text { if } \bs i = (i_1,i_2) = (k_1,k_2) = \bs k , \\ 0 \quad \text { else} . \end {cases}\end {align*}


$\widehat {\Gamma } = \partial \widehat {\Omega }$


$\widehat {\Omega }$


\begin {align}\label {eq: bivariate quasi-interpolant with boundary conditions} {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } = \left ( {\Pi }^{\widehat \Gamma }_{p_1, \Xi _1} \otimes {\Pi }^{\widehat \Gamma }_{p_2, \Xi _2} \right ) : C([0,1]^2) \to S_{\bs p}( \bs \Xi ) .\end {align}


$\widehat \Gamma $


$({\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }v)\big |_{\widehat \Gamma _i}$


$v\big |_{\widehat \Gamma _i}$


$\widehat \Gamma _i$


$\widehat \Gamma $


\begin {align}\label {eq: bivariate quasi-interpolant with dual functionals} {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(v) = \sum _{\bs i \in \bs I} \lambda ^{\widehat \Gamma }_{\bs i, \bs p}(v) \widehat {B}_{\bs i, \bs p}\end {align}


$\lambda ^{\widehat \Gamma }_{\bs i, \bs p} = \lambda ^{\widehat \Gamma }_{i_1, p_1} \otimes \lambda ^{\widehat \Gamma }_{i_2, p_2}, \bs i \in \bs I$


$\widehat \Gamma $


$\widehat {\Gamma }=\{0,1\}$


$\widehat {\Gamma } = \partial \widehat \Omega $


$\bs F \colon \widehat {\Omega } \to \Omega $


\begin {align}\label {eq: collapsing edge} \bs {F}(0, \zeta _2) = \bs {P} = \bs {0} \quad \text {for all } \zeta _2 \in [0,1],\end {align}


$\bs {P} \in \R ^2$


$\bs {P} = \bs {0}$


$\Omega = \bs F(\widehat {\Omega })$


$\Omega \subset \R ^2$


$\bs P$


$\bs P \in \Gamma = \partial \Omega $


$\bs P$


$\Omega $


$\bs P$


$\omega \in (0,2\pi ]$


$\bs P$


$\omega = \pi $


$\bs P$


$\bs P \in \Gamma $


$\omega = \frac 23 \pi $


$\omega = \frac 53 \pi $


$\widehat {\Gamma }_i$


$i=1,\dots ,4$


$\widehat {\Gamma }_1$


\begin {align}\label {eq: collapsing control points} \bs c_{\bs i_{\pol }} = \bs P = \bs 0 \quad \text { for all } \bs i_{\pol } \in \bs I_{\pol } := \{ \bs i =(i_1,i_2) \in \bs I : i_1=1\} ,\end {align}


$\bs I_{\pol } \subset \bs I$


$\bs I$


\begin {align}\label {eq: Determinant of Jacobian of parameterization} \abs {\det (J_{\bs F} (\zeta _1,\zeta _2)) } = \abs {\zeta _1 \left (G_1(\zeta _2) \, G_2^{\prime }(\zeta _2) - G_2(\zeta _2) \, G_1^{\prime }(\zeta _2)\right )} \sim \zeta _1 .\end {align}


\begin {align*}\Xi _1^0 = \{ 0,0,1,1 \}\end {align*}


$\bs F$


\begin {align*}\bs F(\zeta _1,\zeta _2) =\sum _{i_2=1}^{n_2} \widehat {N}_{2,1}(\zeta _1) \widehat {N}_{i_2,p_2}(\zeta _2) \, \bs c_{(2,i_2)} =\zeta _1 \sum _{i_2=1}^{n_2} \widehat {N}_{i_2,p_2}(\zeta _2) \, \bs c_{(2,i_2)} = \zeta _1 \, \bs {G}(\zeta _2)\end {align*}


$\bs {G} = \left (G_1,G_2\right )^T \colon [0,1] \to \Gamma _{2}$


$\zeta _2$


$\Gamma _{2}:= \bs F(\widehat {\Gamma }_2) = \bs G([0,1]) \subset \partial \Omega $


$\Gamma _3:=\bs F(\widehat {\Gamma }_3)$


$\Gamma _4:=\bs F(\widehat {\Gamma }_4)$


$\bs F$


\begin {align}\bs F(\zeta _1,\zeta _2) = \zeta _1 \, \bs {G}(\zeta _2) \label {eq: parameterization general form}\end {align}


$\bs {G} = \left (G_1,G_2\right )^T \colon [0,1] \to \R ^2$


\begin {align*}\abs {\bs G(\zeta _2)} \sim 1 .\end {align*}


$G_1$


$G_2$


$\bs {F}$


\begin {align*}\abs {\bs {G}(\zeta _2) \times \bs {G}^\prime (\zeta _2)} = \abs {G_1(\zeta _2) \, G_2^\prime (\zeta _2) - G_2(\zeta _2) \, G_1^\prime (\zeta _2) } \sim 1.\end {align*}


$\bs {F}$


\begin {align}\label {eq: Jacobian of parameterization} J_{\bs F}(\zeta _1,\zeta _2) = \begin {pmatrix} G_1(\zeta _2) & \zeta _1 \, G_1^{\prime }(\zeta _2) \\ G_2(\zeta _2) & \zeta _1 \, G_2^{\prime }(\zeta _2) \end {pmatrix}\end {align}


$\bs \zeta = (\zeta _1,\zeta _2) \in \widehat \Omega $


$\bs {F}$


$\zeta _2$


\begin {align*}\frac {\partial \bs F}{\partial \zeta _2} (0,\zeta _2) = (0,0)^T \quad \text { and } \quad \det (J_{\bs F} (0,\zeta _2) )= 0 .\end {align*}


$\widehat {\Gamma }_1$


$\bs \zeta (\bs x) = (\zeta _1(\bs x), \zeta _2(\bs x)) = \bs F^{-1} (\bs x)$


$\bs x \neq \bs 0$


\begin {align}\label {eq: Jacobian of inverse parameterization} J_{{\bs F}^{-1}} (\bs x) = J^{-1}_{\bs F} (\zeta _1(\bs x),\zeta _2(\bs x)) = \frac {1}{\det (J_{\bs F} (\zeta _1(\bs x),\zeta _2(\bs x)))} \begin {pmatrix} \zeta _1(\bs x) G_2^{\prime }(\zeta _2 (\bs x) ) & - \zeta _1(\bs x) G_1^{\prime }(\zeta _2 (\bs x) ) \\ - G_2(\zeta _2 (\bs x) ) & G_1(\zeta _2 (\bs x) ) \end {pmatrix} .\end {align}


\begin {align}\label {eq: Determinant of inverse Jacobian} \quad \abs {\det \left (J_{\bs F^{-1}} (\bs x) \right )} \sim \frac {1}{\zeta _1(\bs x)}\end {align}


$r(\bs x) = \abs {\bs x}$


$\bs x \in \R ^2$


$\bs 0$


$\bs x \neq \bs 0$


\begin {align}\label {eq: relation between r and zeta_1} r(\bs x) = r(\bs F(\bs \zeta (\bs x))) = r (\zeta _1 (\bs x) \, \bs G(\zeta _2(\bs x))) = \zeta _1(\bs x) \abs {\bs G(\zeta _2(\bs x))} \sim \zeta _1(\bs x),\end {align}


$r(\bs 0) = 0$


$i_2$


\begin {align*}w_{(1,i_2)} = w_{(2,i_2)} = \cdots = w_{(n_1,i_2)} \quad \text { for } i_2 = 1,2, \dots , n_2 .\end {align*}


\begin {align*}W(\bs \zeta ) = \sum _{\bs i \in \bs I} w_{\bs i} \widehat B_{\bs i, \bs p}(\bs \zeta ) = \sum _{i_1=1}^{n_1}\widehat B_{i_1,p_1}(\zeta _1) \sum _{i_2 = 1}^{n_2} w_{(1,i_2)}\widehat {B}_{i_2, p_2}(\zeta _2) = \sum _{i_2 = 1}^{n_2} w_{(1,i_2)}\widehat {B}_{i_2, p_2}(\zeta _2)\end {align*}


$\zeta _2$


$\zeta _2$


$w:[0,1] \to \R $


\begin {align}\label {eq: assumption weight function} W(\bs \zeta ) = w(\zeta _2) \quad \text { for all } \bs \zeta = (\zeta _1,\zeta _2) \in \widehat {\Omega } .\end {align}


$\Omega $


$\omega \in (0, \pi )$


$\varphi _0 \in [0, 2 \pi )$


$\bs P =(0,0)$


$1$


$\Omega = \left \{(r \cos \varphi , r \sin \varphi ) : 0 < r < 1, \varphi _0 < \varphi < \varphi _0 + \omega \right \}$


$\Xi _1^0 = \{0,0,1,1\}$


$\Xi _2^0 = \left \{0,0,0, 1, 1, 1 \right \}$


$\bs c_{\bs i}$


$w_{\bs i}$


$\bs i \in \bs I$


$\omega \in (0,\pi )$


$\varphi _0 \in [0,2\pi )$


$1$


$\omega = \frac 23 \pi $


$\bs F \in \left (C^{2}(\widehat \Omega )\right )^2$


$\omega \in (\pi ,2\pi ]$


$\Xi _2^0$


$\omega = \frac 53 \pi $


$\frac 59 \pi $


$\Xi _1^0 = \{0,0,1,1\}$


$\Xi _2^0 = \left \{0,0,0, \frac 13, \frac 13, \frac 23, \frac 23, 1, 1, 1 \right \}$


$C^0$


$\bs F \in \left (C^{0}(\widehat \Omega )\right )^2$


$\omega =2\pi $


$\Xi _1^0 = \Xi _2^0 =[0,0,1,1]$


$\bs c_{(1,1)} = \bs c_{(1,2)} = (0,0)$


$\bs c_{(2,1)} = (1,0)$


$\bs c_{(2,2)} = (0,1)$


$w_{\bs i} = 1$


$\bs i \in \bs I$


$\bs P =(0,0)$


\begin {align*}\bs F : \widehat \Omega \to \Omega , \quad (\zeta _1, \zeta _2) \mapsto (\zeta _1, \zeta _1 \zeta _2) ,\end {align*}


$\bs F \in \left (C^{\infty }(\widehat \Omega )\right )^2$


$\Xi _1^0 = \{0,0,1,1\}$


$\Xi _2^0 = \left \{0,0,\frac 14, \frac 12, \frac 34, 1,1 \right \}$


$\bs c_{\bs i}$


$w_{\bs i}$


$\bs i \in \bs I$


$\Xi _2^0$


$C^0$


$\bs F \in \left (C^{0}(\widehat \Omega )\right )^2$


$\Gamma _2$


$\Gamma _3$


$\Gamma _4$


$\Gamma _{2}$


$\omega < \pi $


$\omega > \pi $


$C^0$


$C^1$


$2\pi $


$\Omega \subset \R ^2$


$\partial \Omega = \Gamma = \Gamma _N \cup \Gamma _D$


$\Gamma _D$


$\Gamma _N$


$\Gamma _N \cap \Gamma _D = \emptyset $


$\Gamma _{D} \neq \emptyset $


$\Gamma _{\gamma } \subset \Gamma _D$


$\Gamma _{\gamma } \subset \Gamma _N$


$\gamma = 2,3,4$


\begin {align}\label {eq: poisson equation} - \Delta u &= f \quad \text { in } \Omega , \nonumber \\ u &= 0 \quad \text { on } \Gamma _D ,\\ \frac {\partial u}{\partial n}& = 0 \quad \text { on } \Gamma _N . \nonumber \end {align}


$u \in V_0$


\begin {align}a( u, v) = b(v) \quad \forall v \in V_0 , \label {eq: weak formulation Poisson equation}\end {align}


\begin {align}V:= H^1(\Omega ) \quad \text { and } \quad V_0 := \left \{v \in V : v = 0 \text { on } \Gamma _D \right \} \label {eq: continuous space with bc Poisson equation}\end {align}


\begin {align*}a : V \times V \to \R , \quad & a( u, v) := \int _\Omega \nabla u \cdot \nabla v \, \mathrm {d} \bs x, \\ b : V \to \R , \quad & b(v) := \int _\Omega f v \, \mathrm {d} \bs x . \nonumber \end {align*}


$a$


$V_0$


$u \in V_0$


$V_{0h} \subset V_0$


$u_h \in V_{0h}$


\begin {align}\label {eq: discrete weak formulation Poisson equation} a( u_h, v_h)= b(v_h) \quad \forall v_h \in V_{0h} ,\end {align}


$u_{h} \in V_{0h}$


$u$


$\Omega \subset \R ^2$


$\Omega $


$H^{s}(\Omega )$


$s \in \N _0$


$L^2(\Omega ) = H^{0}(\Omega )$


$\mathcal {D}^\prime (\Omega )$


$\Omega $


$\Omega \subset \R ^2$


$r = r(\bs x) = \abs {\bs x} = \sqrt {x^2+y^2}$


$\bs x =(x,y) \in \Omega $


$\bs 0$


$H^{s}_{\beta }(\Omega )$


$V^{s}_{\beta }(\Omega )$


$s \in \N _0$


$\beta \in \R $


\begin {align*}H^{s}_{\beta }(\Omega ) := \left \{v \in \mathcal {D}^\prime (\Omega ) : \norm {v}_{ H^{s}_{\beta }(\Omega )} < \infty \right \} \quad \text { and } \quad V^{s}_{\beta }(\Omega ) := \left \{v \in \mathcal {D}^\prime (\Omega ) : \norm {v}_{ V^{s}_{\beta }(\Omega )} < \infty \right \} ,\end {align*}


\begin {align*}\norm {v}_{H^{s}_{\beta }(\Omega )} &:= \left (\sum _{\abs {\bs \alpha } \leq s} \norm {r^{\beta } D^{\bs \alpha }v}^2_{L^2(\Omega )} \right )^{1/2} = \left (\sum _{\abs {\bs \alpha } \leq s} \int _\Omega \abs {r(\bs x)^{\beta } D^{\bs \alpha }v(\bs x)}^2 \Dd \bs x \right )^{1/2}, \\ \norm {v}_{V^{s}_{\beta }(\Omega )} &:= \left (\sum _{\abs {\bs \alpha } \leq s} \norm {r^{\beta -s+\abs {\bs \alpha }} D^{\bs \alpha }v}^2_{L^2(\Omega )} \right )^{1/2} = \left (\sum _{\abs {\bs \alpha } \leq s} \int _\Omega \abs {r(\bs x)^{\beta -s+\abs {\bs \alpha }} D^{\bs \alpha }v(\bs x)}^2 \Dd \bs x \right )^{1/2}.\end {align*}


\begin {align*}\abs {v}_{H^{s}_{\beta }(\Omega )} := \abs {v}_{V^{s}_{\beta }(\Omega )} := \left ( \sum _{\abs {\bs \alpha } = s} \norm {r^{\beta } D^{\bs \alpha }v}^2_{L^2(\Omega )} \right )^{1/2}.\end {align*}


$\Omega $


$H^{s}(\Omega ) = H^{s}_{0}(\Omega )$


$V^{s}(\Omega ) = V^{s}_{0}(\Omega )$


$L^{2}_{\beta } (\Omega ) = H^{0}_{\beta }(\Omega ) = V^{0}_{\beta }(\Omega )$


$s \in \N $


$\beta \in \R $


\begin {align}\label {eq: embedding V and H spaces physical domain} V^{s}_{\beta }(\Omega ) \hookrightarrow H^{s}_{\beta }(\Omega ) .\end {align}


$u$


$r^{\nu }$


$\nu \in \R $


$\omega $


$\nu = \frac {\pi }{\omega }$


$\nu = \frac {\pi }{2\omega }$


$r=0$


\begin {align}\label {eq: weighted regularity of singular part V spaces} u \in V^{s}_\beta (\Omega ) \quad \text { for all } \beta \in \R \text { with } s- 1- \nu < \beta < s-1 + \nu ,\end {align}


$f \in V_{\beta }^{s-2}(\Omega )$


$s \in \N , s\geq 2$


\begin {align}\label {eq: a priori estimate Poisson V spaces} \norm {u}_{V^{s}_\beta (\Omega )} \leq C \norm {f}_{V_{\beta }^{s-2}(\Omega )}\end {align}


$u$


$s=2$


$\bs \Xi ^0 = (\Xi _1^0 , \Xi _2^0)$


\begin {align*}Z_l^{0} = \left \{ \zeta _{l,j_l} := (j_l-1) h_l^0 : 1 \leq j_l \leq N_l^0\right \} ,\quad l=1,2 ,\end {align*}


$h_l^0 = \frac {1}{N_l^0-1}$


$N_l^0 \in \N $


$\Xi _1^0$


$\Xi _1^{\mathrm {u}} = \{\xi _{1,1}^{\text {u}}, \xi _{1,2}^{\mathrm {u}} \dots , \xi _{1,n_1+p_1+1}^{\mathrm {u}}\}$


$\Xi _1^0$


$p_1$


$Z_1^{\mathrm {u}} = \{ \zeta _{1,j_1}^{\mathrm {u}} := (j_1-1) h_1 : 1 \leq j_l \leq N_1\}$


$h_1 = \frac {1}{N_1-1}$


$N_1 \in \N $


$\frac {N_1-1}{N_1^0-1} \in \N $


$\mu \in (0,1]$


$\Xi _1$


$\Xi _1^{\mathrm {u}}$


$\frac {1}{\mu }$


\begin {align*}\Xi _1 = \left \{ \xi _{1,i_1} := (\xi _{1,i_1}^{\mathrm {u}})^{\frac {1}{\mu }} : 1 \leq i_1 \leq n_1+p_1+1 \right \} =\left \{(\xi _{1,1}^{\mathrm {u}})^{\frac {1}{\mu }}, (\xi _{1,2}^\mathrm {u})^{\frac {1}{\mu }}, \dots , (\xi _{1,n_1+p_1+1}^{\mathrm {u}})^{\frac {1}{\mu }} \right \} .\end {align*}


$Z_1$


$\frac {1}{\mu }$


\begin {align}\label {eq: graded vector of breakpoints} Z_1 = \left \{ \zeta _{1,j_1} := (\zeta _{1,j_1}^{\mathrm {u}})^{\frac {1}{\mu }} = \left ((j_1-1) h_1\right )^{\frac {1}{\mu }} : 1 \leq j_1 \leq N_1 \right \} ,\end {align}


$\mu =1$


$\mu \in (0,1]$


$\zeta _2$


$\Xi _2 =\Xi _2^{\mathrm {u}}$


$\Xi _2^{0}$


\begin {align}\label {eq: uniform vector of breakpoints 2} Z_2 = Z_2^{\mathrm {u}} = \left \{ \zeta _{2,j_2} = \zeta _{2,j_2}^{\mathrm {u}} = (j_2-1) h_2 : 1 \leq j_2 \leq N_2 \right \} ,\end {align}


$h_2 = \frac {1}{N_2-1}$


$N_2 \in \N $


$\frac {N_2-1}{N_2^0-1} \in \N $


\begin {align*}\widehat {\mathcal {M}}^\mu := \left \{Q_{\bs j} \subset \widehat {\Omega }: Q_{\bs j} = (\zeta _{1,j_1} , \zeta _{1,j_1 + 1}) \times (\zeta _{2,j_2} , \zeta _{2,j_2 + 1}) =\left ((\zeta _{1,j_1}^{\mathrm {u}})^{\frac {1}{\mu }}, (\zeta _{1,j_1+1}^{\mathrm {u}})^{\frac {1}{\mu }}\right ) \times \left (\zeta _{2,j_2}^{\mathrm {u}}, \zeta _{2,j_2+1}^{\mathrm {u}}\right ) , \bs j \in \bs J \right \} ,\end {align*}


\begin {align*}\mathcal {M}^\mu & := \left \{K_{\bs j} \subset \Omega : K_{\bs j} = \bs F (Q_{\bs j}), \bs j \in \bs J \right \}\end {align*}


$2\pi $


$\nu $


\begin {align}\label {eq: modified approximation space} V_h^{\pol } : = V_h \cap H^1(\Omega ) ,\end {align}


\begin {align}\label {eq: basis of modified space as push-forwards} V_h^{\pol } = \text {span}\left (\left \{N_{\pol , \bs p} \right \} \cup \left \{N_{\bs i, \bs p} =\widehat {N}_{\bs i, p_1} \circ \bs F ^{-1} : \bs i \in \bs I \setminus \bs I_{\pol } \right \} \right ) ,\end {align}


$\Omega $


$\widehat {V}_h = N_{\bs p}(\bs \Xi , W)$


$\widehat \Omega $


$h_1 \sim h_2$


$h=\max \{h_1,h_2\}$


$\bs p = (p_1,p_2)$


$p = \min \{p_1,p_2\}$


\begin {align}\label {eq: standard approximation space} V_h = \left \{f \circ \bs F^{-1} : f \in N_{\bs p}(\bs \Xi , W) \right \} = \text {span} \left \{ N_{\bs i, \bs p} (\bs x) := \widehat {N}_{\bs i, \bs p} \circ \bs F^{-1}(\bs x) : \bs i \in \bs I \right \}\end {align}


\begin {align}\label {eq: singular basis functions} \left \{ N_{\bs i_{\pol }, \bs p} = \widehat {N}_{\bs i_{\pol }, \bs p} \circ \bs F^{-1} : \bs i_{\pol } \in \bs I_{\pol } \right \}, \quad \text { with } \bs I_{\pol } \text { from } \eqref {eq: collapsing control points} ,\end {align}


$H^1(\Omega )$


$V_h \not \subset V = H^1(\Omega )$


$\widehat {\Gamma }_1$


$V_h \not \subset C^0(\overline {\Omega })$


$\mu $


$\bs p$


$C^0$


$\bs P$


$V_h^{\pol }$


$h$


$\Omega $


$\mu $


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$\nu \in \R $


$v \in V^{s}_{\beta }(\Omega )$


$\beta \in \R $


$s-1 - \nu < \beta < s - 1$


$\mu \in (0,1]$


\begin {align}\label {eq: mesh grading parameter condition} \mu < \frac {\nu -q+1}{s-q} ,\end {align}


$h>0$


$v_h \in V_h^{\pol }$


$\mathcal {M}^{\mu }$


\begin {align*}\norm {v - v_h}_{H^q(\Omega )} \leq C h^{s-q} \norm {v}_{V^{s}_{\beta }(\Omega )} .\end {align*}


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$\nu > s-1$


$v \in V^{s}_{\beta }(\Omega )$


$\beta \in \R $


$s-1 - \nu < \beta < s - 1$


$h>0$


$v_h \in V_h^{\pol }$


$\mathcal {M}^{1}$


\begin {align*}\norm {v - v_h}_{H^q(\Omega )} \leq C h^{s-q} \norm {v}_{V^{s}(\Omega )} .\end {align*}


$\nu > s-1$


$\nu - q + 1> s-q$


$\mu = 1$


$H^{s}(\Omega )$


$s$


$V^{s}_{\beta }(\Omega )$


$H^1$


$q=1$


$u$


$u_h \in V_h^{\pol }$


$p = s-1$


$\mu \in (0,1]$


\begin {align}\label {eq: mesh grading parameter condition q=1} \mu < \frac {\nu }{p} ,\end {align}


$h$


$L^2$


\begin {align*}\norm {u - u_h}_{H^q(\Omega )} \leq C h^{p+1-q} \norm {u}_{V^{s}_{\beta }(\Omega )} \quad \text { for } q \in \{0,1\}.\end {align*}


$q=1$


$q=0$


$\nu <1$


$u \in H^2(\Omega )$


$w$


\begin {align}\label {eq: dual problem} a(v,w) = (u-u_h , v) \quad \forall v \in H_0^1(\Omega ) ,\end {align}


$(\cdot ,\cdot )$


$L^2(\Omega )$


$\varepsilon \in (0,2\nu )$


$u - u_h \in V^{0}_{1-\nu +\varepsilon }(\Omega )$


$w \in V^{2}_{1-\nu +\varepsilon }(\Omega )$


$L^2(\Omega ) = V^0_0(\Omega ) \hookrightarrow V^{0}_{1-\nu +\varepsilon }(\Omega )$


$\epsilon >0$


$\nu \leq 1$


\begin {align}\label {eq: regularity result dual problem} \norm {w}_{V^{2}_{1-\nu +\varepsilon }(\Omega )} \leq C \norm {u - u_h}^2_{V^{0}_{1-\nu +\varepsilon }(\Omega )} \leq C \norm {u - u_h}^2_{L^2(\Omega )} .\end {align}


\begin {align*}\norm {u - u_h}^2_{L^2(\Omega )} = (u-u_h, u-u_h) = a(u-u_h, w) = a(u-u_h, w- w_h) \leq \norm {u-u_h}_{H^1(\Omega )} \norm {w - w_h}_{H^1(\Omega )} ,\end {align*}


$w_h \in V_h^{\pol }$


$w$


$\mu < \frac {\nu }{p} \leq \frac {\nu }{1}$


\begin {align*}\norm {u - u_h}^2_{L^2(\Omega )} \leq \left ( C h^p \norm {u}_{V^{p+1}_{\beta }(\Omega )} \right ) \left ( C h \norm {w}_{V^{2}_{1-\nu +\varepsilon }(\Omega )} \right ) \leq C h^{p+1} \norm {u}_{V^{p+1}_{\beta }(\Omega )} \norm {u - u_h}^2_{L^2(\Omega )} .\end {align*}


$\|u - u_h\|_{L^2(\Omega )}$


$u$


$\nu > s-1$


$u_h \in V_h^{\pol }$


$\mathcal {M}^1$


$p = s-1$


\begin {align*}\norm {u - u_h}_{H^q(\Omega )} \leq C h^{p+1-q} \norm {u}_{V^{p+1}(\Omega )} \quad \text {for } q \in \{0,1\} .\end {align*}


$\nu >s-1 = p$


$\mu = 1$


$\mu $


$\mu $


\begin {align}\label {eq: choice of grading parameter} \mu = \min \left \{ 0.9 \cdot \frac {\nu }{p} ,1 \right \}.\end {align}


$Q_{\bs j} \in \widehat {\mathcal {M}}^{\mu }$


$h_{1,j_1}$


$h_{2,j_2}$


$h_1$


$h_2$


$h = \max \{h_{Q} : Q \in \widehat {\mathcal {M}}^{\mu }\}$


$\mathcal {M}^{\mu }$


$\widehat {\mathcal {M}}^{\mu }$


$\mu \in (0,1]$


$\theta _l \geq 1$


$l=1,2$


\begin {align}\label {eq: locally quasi-uniform mesh assumption} \theta _l^{-1} \leq h_{l,j_l} / h_{l,j_l+1} \leq \theta _l, \quad j_l = 1,2, \dots , N_l-2 ,\end {align}


$\theta _1 = 2^{1/\mu }-1$


$\theta _2=1$


$\zeta _2$


\begin {align*}h_{2,j_2} &= \zeta _{2,j_2+1} - \zeta _{2,j_2} = (j_2 \, h_2) - ((j_2-1) \, h_2) = h_2, \quad j_2= 1,2, \dots , N_2-1,\end {align*}


$l=2$


$\theta _2 = 1$


$\zeta _1$


\begin {align*}h_{1,j_1} = \zeta _{1,j_1+1} - \zeta _{1,j_1} = \left (j_1^{1/\mu } - (j_1-1)^{1/\mu }\right ) \, h_1^{1/\mu } , \quad j_1=1, \dots , N_1-1,\end {align*}


\begin {align*}\Theta _1(j_1) := \frac {h_{1,j_1}}{h_{1,j_1+1}} = \frac {\left (j_1^{1/\mu } - (j_1-1)^{1/\mu }\right ) \, h_1^{1/\mu }}{\left ((j_1+1)^{1/\mu } - j_1^{1/\mu }\right ) \, h_1^{1/\mu }} = \frac {j_1^{1/\mu } - (j_1-1)^{1/\mu }}{(j_1+1)^{1/\mu } - j_1^{1/\mu }}.\end {align*}


$(\Theta _1(j_1))_{j_1 = 1}^\infty $


$\lim _{j_1 \to \infty }\Theta _1(j_1) = 1$


$\Theta _1(1)=\frac {1}{2^{1/\mu }-1}\in (0,1]$


$l=1$


$\theta _1 = 2^{1/\mu } - 1$


$\bs \theta = (\theta _1,\theta _2)$


\begin {align*}h_{1,j_1} \leq \theta _1 h_{1,j_1-1} \leq \dots \leq \theta _1^{j_1-1} h_{1,1}.\end {align*}


$Q_{\bs j} \in \widehat {\mathcal {M}}^{\mu }$


$j_1\leq p_1+1$


\begin {align*}h_{1,j_1} \leq C h_{1,1} = C h_1^{1/\mu } .\end {align*}


$Q_{\bs j} \in \widehat {\mathcal {M}}^{\mu }$


$j_1\geq 2$


$x_0 \in ((j_1-1) h_1,j_1 h_1)$


\begin {align*}h_{1,j_1} = \zeta _{1,j_1+1} - \zeta _{1,j_1} = (j_1 h_1)^{\frac {1}{\mu }} - ((j_1-1) h_1)^{\frac {1}{\mu }} = \left (\frac {1}{\mu } -1\right ) h_1 (x_0)^{\frac {1}{\mu } -1}.\end {align*}


$x \mapsto x^{1/\mu }$


\begin {align*}h_{1,j_1} = C h_1 (x_0)^{\frac {1}{\mu } -1} \leq C h_1 (j_1 h_1)^{\frac {1}{\mu } (1- \mu )} = C h_1 (\zeta _{1,j_1+1})^{1 - \mu } \leq C h_1 (\zeta _{1,j_1})^{1 - \mu } \quad \text { for } j_1\geq 2 .\end {align*}


$\widetilde {Q}_{\bs j}$


$Q_{\bs j} \in \widehat {\mathcal {M}}^{\mu }$


$\widetilde {h}_{1,j_1}$


$\widetilde {h}_{2,j_2}$


\begin {alignat}{2} \label {eq: edge lengths parametric support extension} &\widetilde {h}_{1,j_1} \leq C \, h_1^{1/\mu } &&\quad \text {for elements close to the singular edge, e.g., for } j_1 \leq p_1 + 1, \nonumber \\ &\widetilde {h}_{1,j_1} \leq C \, h_1 \, (\zeta _{1,j_1})^{1 - \mu } &&\quad \text {for elements away from the singular edge, e.g., for } j_1 > p_1 + 1, \\ &\widetilde {h}_{2,j_2} \leq C \, h_2 \, \nonumber &&\quad \text {for all elements}.\end {alignat}


\begin {align}\label {eq: modified basis function physical domain} N_{\pol ,\bs p} := \sum _{\bs i_{\pol } \in \bs I_{\pol }} N_{\bs i_{\pol }, \bs p} = \sum _{i_2 = 1}^{n_2} N_{(1,i_2), \bs p},\end {align}


$N_{\pol ,\bs p} \in H^1(\Omega )$


$\omega = \frac {5}{3} \pi $


$\frac 53 \pi $


\begin {align}&\widehat {B}_{\pol ,\bs p} \colon [0,1]^2 \to \R , \ \widehat {B}_{\pol ,\bs p} (\bs \zeta ) := \sum _{\bs i_{\pol } \in \bs I_{\pol }} \widehat {B}_{\bs i_{\pol }, \bs p} (\bs \zeta ) \quad \text { and } \nonumber \\ &\widehat {N}_{\pol ,\bs p} \colon [0,1]^2 \to \R , \ \widehat {N}_{\pol ,\bs p} (\bs \zeta ) := \sum _{\bs i_{\pol } \in \bs I_{\pol }} \widehat {N}_{\bs i_{\pol }, \bs p} (\bs \zeta ) , \label {eq: modified parametric NURBS basis function}\end {align}


$\zeta _1$


\begin {align*}\widehat {B}_{\pol ,\bs p} (\bs \zeta ) &= \sum _{i_2 = 1}^{n_2} \widehat {B}_{(1,i_2), \bs p} (\bs \zeta ) = \widehat B_{1,p_1} (\zeta _1)\sum _{i_2 = 1}^{n_2} \widehat {B}_{i_2, p_2} (\zeta _2) = \widehat B_{1,p_1} (\zeta _1), \\ \widehat {N}_{\pol , \bs p} (\bs \zeta ) &= \frac {\sum _{i_2 = 1}^{n_2} w_{(1,i_2)} \widehat {B}_{(1,i_2), \bs p} (\bs \zeta )}{W} = \frac {\widehat B_{1,p_1} (\zeta _1) \sum _{i_2 = 1}^{n_2} w_{(1,i_2)} \widehat {B}_{i_2, p_2}(\zeta _2)}{\sum _{i_2 = 1}^{n_2} w_{(1,i_2)} \widehat {B}_{i_2, p_2}(\zeta _2)} = \widehat B_{1,p_1} (\zeta _1) .\end {align*}


$\widehat {N}_{\pol , \bs p}$


$\widehat {\Gamma }_1$


$\widehat {N}_{\pol , \bs p}(0,\cdot ) = \widehat B_{1,p_1} (0) = 1$


$\widehat {N}_{\pol , \bs p}$


\begin {align}\label {eq: modified basis function as push forward} {N}_{\pol , \bs p} = \sum _{\bs i_{\pol } \in \bs I_{\pol }} N_{\bs i_{\pol }, \bs p} = \sum _{\bs i_{\pol } \in \bs I_{\pol }} \widehat {N}_{\bs i_{\pol }, \bs p} \circ \bs F ^{-1} = \widehat {N}_{\pol , \bs p} \circ \bs F ^{-1} .\end {align}


$\bs P$


$N_{\pol , \bs p} (\bs P) = 1$


$N_{\bs i, \bs p}(\bs P) = 0$


$\bs i \in \bs I \setminus \bs I_{\pol }$


\begin {align*}V_{0h}^{\pol } = V_{h}^{\pol } \cap V_{0} = \left \{v \in V_h^{\pol } : v = 0 \text { on } \Gamma _D \right \},\end {align*}


$V_0$


\begin {equation*}V_{0h}^{\pol } = V_{h}^{\pol } \cap V_{0} = V_{h} \cap V_{0} = V_{0h},\end {equation*}


$V_{0h}^{\pol } \subsetneq V_{0h}$


$V_h^{\pol }$


$V_h$


$\bs F$


$W$


\begin {align}\label {eq: standard projector physical domain} \Pi _{V_h} : L^1(\Omega ) \to V_h, \quad \Pi _{V_h} v := \frac {\Pi _{\bs p , \bs \Xi } (W( v \circ \bs F)) }{W} \circ \bs F^{-1} .\end {align}


$\bs F$


$V_h^{\pol } \subset V_h$


$\bs P$


$\widehat {\Gamma }_1$


$C([0,1]^2)$


\begin {align}\label {eq: modified projector physical domain new} \Pi _{V_h^{\pol }} : C(\overline {\Omega }) \to V^{\pol }_h, \quad \Pi _{V_h^{\pol }} v = \frac {{\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W( v \circ \bs F)) }{W} \circ \bs F^{-1} .\end {align}


$V^{s}_\beta (\Omega )\hookrightarrow H^{s}_{\beta }(\Omega ) \hookrightarrow H^{s-\beta }(\Omega ) \hookrightarrow C(\overline {\Omega })$


$\beta <s - 1$


$C(\overline {\Omega })$


$\Pi _{V_h^{\pol }}$


$V_h^{\pol }$


$\Pi _{V_h^{\pol }} v \in V_h^{\pol }$


$v \in C(\overline {\Omega })$


$\Pi _{V_h^{\pol }} v = v$


$v \in V_h^{\pol }$


$\Pi _{V_h^{\pol }} v \in V_{0h}^{\pol }$


$v \in C(\overline {\Omega })$


$v=0$


$\Gamma _D$


$v \in C(\overline {\Omega })$


$\widehat {v} = v \circ \bs F$


$\widehat v$


$\widehat {\Gamma }_1$


$c = v(\bs P) = \widehat {v}(0,\cdot )$


\begin {align*}{\lambda }^{\widehat \Gamma }_{1, p_1}(W \widehat v (\cdot ,\zeta _2)) = W \widehat v (0,\zeta _2) = c \, W(0,\zeta _2)\end {align*}


$\zeta _2 \in [0,1]$


\begin {align}{\lambda }^{\widehat \Gamma }_{\bs i_{\pol }, \bs p}(W \widehat v) = \left ({\lambda }^{\widehat \Gamma }_{1, p_1} \otimes {\lambda }^{\widehat \Gamma }_{i_2, p_2}\right )(W \widehat v) = {\lambda }^{\widehat \Gamma }_{i_2, p_2}(c \, W (0, \cdot )) = c \,{\lambda }^{\widehat \Gamma }_{i_2, p_2}(W (0, \cdot )) \label {eq: modified bivariate dual functionals evaluated}.\end {align}


$\widehat {\Gamma }_1$


${\Pi }^{\widehat \Gamma }_{p_2,\Xi _2}$


$S_{p_2}(\Xi _2)$


$W(0,\cdot ) \in S_{p_2}(\Xi _2)$


\begin {align*}\left ({\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W( v \circ \bs F))\right ) (0,\cdot ) &= \left ({\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {v})\right )(0,\cdot ) = \sum _{\bs i \in \bs I} {\lambda }^{\widehat \Gamma }_{\bs i, \bs p}(W \widehat v) \widehat {B}_{\bs i, \bs p} (0,\cdot ) = \sum _{\bs i_{\pol } \in \bs I_{\pol }} {\lambda }^{\widehat \Gamma }_{\bs i_{\pol }, \bs p}(W \widehat v) \widehat {B}_{\bs i_{\pol }, \bs p} (0,\cdot )\\ &= \ c \, \widehat B_{1,p_1}(0) \sum _{i_2 = 1}^{n_2}{\lambda }^{\widehat \Gamma }_{i_2, p_2}(W (0, \cdot )) \widehat {B}_{i_2, p_2} (\cdot ) = c \, {\Pi }^{\widehat \Gamma }_{p_2,\Xi _2} (W(0,\cdot )) = c \, W(0,\cdot ) .\end {align*}


$\Pi _{V_h^{\pol }} v$


$\bs P$


$\left (\Pi _{V_h^{\pol }} v\right ) (\bs P) = c$


$\Pi _{V_h^{\pol }} v \in H^1(\Omega )$


$\Pi _{V_h^{\pol }} v \in V_h$


$\Pi _{V_h^{\pol }}v \in V_h^{\pol }$


$\Pi _{V_h^{\pol }}$


$v \in V_h^{\pol }$


\begin {align*}v = c \, N_{\pol ,\bs p} + \sum _{\bs i \in \bs I \setminus \bs I_{\pol }} \alpha _{\bs i} N_{\bs i, \bs p} = c \sum _{\bs i_{\pol } \in \bs I_{\pol }} N_{\bs i_{\pol }, \bs p} + \sum _{\bs i \in \bs I \setminus \bs I_{\pol }} \alpha _{\bs i} N_{\bs i, \bs p},\end {align*}


$c = v(\bs P)$


$\alpha _{\bs i} \in \R ,\bs i \in \bs I \setminus \bs I_{\pol }$


$v = \widehat {v} \circ {\bs F}^{-1}$


\begin {align*}\widehat {v} = c \, \widehat {N}_{\pol , \bs p} + \sum _{\bs i \in \bs I \setminus \bs I_{\pol }}\alpha _{\bs i} \widehat {N}_{\bs i, \bs p} = c \sum _{\bs i_{\pol } \in \bs I_{\pol }} \widehat {N}_{\bs i_{\pol }, \bs p} + \sum _{\bs i \in \bs I \setminus \bs I_{\pol }}\alpha _{\bs i} \widehat {N}_{\bs i, \bs p} \in N_{\bs p}(\Xi ),\end {align*}


$\widehat {v} = \widehat {u}/W$


\begin {equation*}\widehat {u} = c \sum _{\bs i \in \bs I_{\pol }} w_{\bs i_{\pol }} \widehat {B}_{\bs i_{\pol }, \bs p} + \sum _{\bs i \in \bs I \setminus \bs I_{\pol }}\alpha _{\bs i}w_{\bs i} \widehat {B}_{\bs i, \bs p} \in S_{\bs p}(\Xi ) .\end {equation*}


${\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi }$


$S_{\bs p}(\Xi )$


\begin {align*}\Pi _{V_h^{\pol }} v = \frac {{\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W( v \circ \bs F)) }{W} = \frac {{\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat v) }{W} = \frac {{\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {u}/W) }{W} = \frac {{\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (\widehat {u}) }{W} = \frac { \widehat {u}}{W} \circ \bs F^{-1} = \widehat {v} \circ \bs F^{-1} = v\end {align*}


${\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi }$


$W = 1$


$\bs F$


$\bs \alpha =(\alpha _1, \alpha _2) \in \N _0^2$


$v: \Omega \to \R $


\begin {align*}D^{\bs \alpha } v:= \frac {\partial ^{\alpha _1}}{\partial x ^{\alpha _1}} \frac {\partial ^{\alpha _2} v}{\partial y ^{\alpha _2}} \quad \text { and } \quad \partial _x v = \frac {\partial v}{\partial x}, \, \partial _y v = \frac {\partial v}{\partial y}, \, \partial _{x x} v = \frac {\partial ^2 v}{\partial x^2}, \, \dots .\end {align*}


$\widehat v : \widehat \Omega \to \R $


\begin {align*}\widehat D^{\bs \alpha } \widehat v:= \frac {\partial ^{\alpha _1}}{\partial \zeta _1 ^{\alpha _1}} \frac {\partial ^{\alpha _2} \widehat v}{\partial \zeta _2 ^{\alpha _2}} \quad \text { and } \quad \widehat \partial _1 \widehat v = \frac {\partial \widehat v}{\partial \zeta _1}, \, \widehat \partial _2 \widehat v = \frac {\partial \widehat v}{\partial \zeta _2}, \, \widehat \partial _{1 1} \widehat v = \frac {\partial ^2 \widehat v}{\partial \zeta _1^2}, \, \dots .\end {align*}


$\bs F$


$\bs F$


$\bs g_1$


$\bs g_2$


\begin {align*}\bs g_i = \bs g_i(\bs x) = \frac {\partial \bs F}{\partial \zeta _i}(\bs F^{-1}(\bs x)) , \quad i =1,2 .\end {align*}


\begin {align}\bs g_1(\bs x) = \begin {pmatrix} G_1 (\zeta _2(\bs x)) \\ G_2 (\zeta _2(\bs x)) \end {pmatrix} \quad \text { and } \quad \bs g_2(\bs x) = \begin {pmatrix} \zeta _1(\bs x) \, G_1^{\prime }(\zeta _2(\bs x)) \\ \zeta _1(\bs x) \, G_2^{\prime }(\zeta _2(\bs x)) \end {pmatrix}, \label {eq: polar tangent base vectors}\end {align}


$\bs \zeta (\bs x) = (\zeta _1(\bs x), \zeta _2(\bs x)) = \bs F^{-1} (\bs x)$


$\bs x \neq \bs P$


$\bs F$


\begin {align*}&\frac {\partial v}{\partial \bs g_i}(\bs x) = \nabla v(\bs x) \cdot \bs g_i(\bs x) = \lim \limits _{t\to 0} \frac {v(\bs x+t\bs g_i(\bs x)) - v(\bs x)}{t} , \quad i =1,2 , \\ &\frac {\partial ^{\alpha _i} v}{\partial \bs g_i^{\alpha _i}} = \frac {\partial }{\partial \bs g_i} \left ( \frac {\partial ^{\alpha _i-1}v}{\partial \bs g_i^{\alpha _i-1}} \right ) = \frac {\partial }{\partial \bs g_i} \left ( \cdots \left ( \frac {\partial }{\partial \bs g_i} \left ( \frac {\partial v}{\partial \bs g_i} \right ) \right ) \right ) , \quad \alpha _i \in \N , i =1,2 , \\ & D_{\bs F}^{\bs \alpha } v = \frac {\partial ^{\alpha _1}}{\partial \bs g_1^{\alpha _1}} \frac {\partial ^{\alpha _2} v}{\partial \bs g_2^{\alpha _2}} , \quad \bs \alpha =(\alpha _1,\alpha _2) \in \N ^2 .\end {align*}


$\widehat v = v \circ \bs F$


$v: \Omega \to \R $


\begin {align}\mathrm {D}_{\bs F}^{\bs \alpha } v = (\widehat {D}^{\bs \alpha } \widehat v) \circ \bs F^{-1} = \left (\frac {\partial ^{\alpha _1}}{\partial \zeta _1} \frac {\partial ^{\alpha _2}\widehat v}{\partial \zeta _2}\right ) \circ \bs F^{-1} , \label {eq: relation parametric derivative and F-derivative}\end {align}


$\mathrm {D}_{\bs F}^{(1,0)} v = \widehat \partial _1 \widehat v \circ \bs F^{-1}$


$\mathrm {D}_{\bs F}^{(0,1)} v = \widehat \partial _2 \widehat v \circ \bs F^{-1}$


$\bs x \neq \bs 0$


\begin {align}\mathrm {D}_{\bs F}^{(1,0)} v (\bs x) & = G_1 (\zeta _2(\bs x)) \, \partial _x v (\bs x) + G_2 (\zeta _2(\bs x)) \, \partial _y v (\bs x), \label {eq: derivative wrt r} \\ \mathrm {D}_{\bs F}^{(0,1)} v (\bs x) & = \zeta _1(\bs x) \, G_1^{\prime }(\zeta _2(\bs x)) \, \partial _x v (\bs x) + \zeta _1(\bs x) \, G_2^{\prime }(\zeta _2(\bs x)) \, \partial _y v (\bs x). \label {eq: derivative wrt phi}\end {align}


\begin {align}\partial _x v (\bs x) & = G_2(\zeta _2(\bs x))\, \mathrm {D}_{\bs F}^{(1,0)} v (\bs x) - \frac {1}{\zeta _1(\bs x)} G_2^{\prime }(\zeta _2(\bs x)) \, \mathrm {D}_{\bs F}^{(0,1)} v (\bs x) , \label {eq: physical x-derivative transformed} \\ \partial _y v (\bs x) &= -G_1^{\prime }(\zeta _2 (\bs x)) \, \mathrm {D}_{\bs F}^{(1,0)} v (\bs x) + \frac {1}{\zeta _1(\bs x)} G_1(\zeta _2(\bs x)) \, \mathrm {D}_{\bs F}^{(0,1)} v (\bs x) \label {eq: physical y-derivative transformed}.\end {align}


$\widehat {\Gamma }_1$


$\zeta _1$


$\bs 0$


$Q \subset \widehat \Omega $


\begin {align*}\widehat H^{s}_{\beta }(Q) := \left \{\widehat v \in \mathcal {D}^\prime (Q) : \norm {\widehat v}_{\widehat H^{s}_{\beta }(Q)} < \infty \right \} \quad \text { and } \quad \widehat V^{s}_{\beta }(Q) := \left \{\widehat v \in \mathcal {D}^\prime (Q) : \norm {\widehat v}_{\widehat V^{s}_{\beta }(Q)} < \infty \right \} ,\end {align*}


\begin {align*}\norm {\widehat v}_{\widehat H^{s}_{\beta }(Q)} ^2 &:= \sum _{\abs {\bs \alpha } \leq s} \norm {\zeta _1^{\beta } \widehat D^{\bs \alpha }\widehat v}^2_{ \widehat L^2(Q)} := \sum _{\abs {\bs \alpha } \leq s} \int _{Q} \abs {\zeta _1^{\beta } \widehat D^{\bs \alpha } \widehat v(\bs \zeta )}^2 \Dd \bs \zeta , \\ \norm {\widehat v}_{\widehat V^{s}_{\beta }(Q)} ^2 &:= \sum _{\abs {\bs \alpha } \leq s} \norm {\zeta _1^{\beta - s + \abs {\alpha }} \widehat D^{\bs \alpha }\widehat v}^2_{ \widehat L^2(Q)} := \sum _{\abs {\bs \alpha } \leq s} \int _{Q} \abs {\zeta _1^{\beta - s + \abs {\alpha }} \widehat D^{\bs \alpha } \widehat v(\bs \zeta )}^2 \Dd \bs \zeta \end {align*}


\begin {align*}\abs {\widehat v}^2_{\widehat H^{s}_{\beta }(Q)} := \abs {\widehat v}_{\widehat V^{s}_{\beta }(Q)}^2 := \sum _{\abs {\bs \alpha } = s} \norm {\zeta _1^{\beta } \widehat D^{\bs \alpha } \widehat v}^2_{\widehat L^2(Q)}.\end {align*}


$Q$


$\widehat H^{s}(Q) = \widehat H^{s}_{0}(Q)$


$\widehat V^{s}(Q) = \widehat V^{s}_{0}(Q)$


$\widehat L^{2}_{\beta } (Q) = \widehat H^{0}_{\beta }(Q) = \widehat V^{0}_{\beta }(Q)$


$\widehat L^2(Q) = \widehat H^{0}(Q) = \widehat V^{0}(Q)$


$s \in \N $


$\beta \in \R $


$V$


$H$


\begin {align}\label {eq: embedding V and H spaces parametric domain} \widehat {V}^{s}_{\beta }(Q) \hookrightarrow \widehat {H}^{s}_{\beta }(Q) .\end {align}


$K \in \mathcal {M}$


$Q = \bs F^{-1}(K) \in \widehat {\mathcal {M}}$


$\widehat {v} = v \circ \bs F$


$v:\Omega \to \R $


$H^s_{\beta }(K)$


$\widehat H^s_{\beta }(Q)$


$v \in L^2(K)$


\begin {align}\norm {v}_{L^2(K)}^2 = \int _{Q} \abs {\widehat {v}} \abs {\det (J_{\bs F})} \Dd \bs \zeta \sim \int _{Q} \abs {\widehat {v}} ^2 \zeta _1 \Dd \zeta _1 \Dd \zeta _2 = \norm {\widehat {v}}_{\widehat {L}^2_{1/2}(Q)}^2 , \label {eq: transformation of L2-norm}\end {align}


$v \in L^2(K)$


$\widehat v \in \widehat {L}^2_{1/2}(Q)$


\begin {align*}\abs {v}^2_{V^1(K)} &= \abs {v}^2_{H^1(K)} = \int _{K} \abs {\partial _x v}^2 + \abs {\partial _y v} ^2 \Dd \bs x = \int _{Q} \left ( \left (G_2 \, \widehat \partial _1 \widehat v - \frac {1}{\zeta _1} G_2^{\prime } \, \widehat \partial _2 \widehat v\right )^2 + \left (-G_1^{\prime }\, \widehat \partial _1 \widehat v + \frac {1}{\zeta _1} G_1 \,\widehat \partial _2 \widehat v \right )^2 \right ) \abs {\det (J_{\bs F})} \Dd \bs \zeta \\ &\leq C \int _{Q} \left ( \left (\widehat \partial _1 \, \widehat v\right )^2 + \left ( \frac {1}{\zeta _1} \widehat \partial _2 \widehat v\right )^2 \right ) \zeta _1 \Dd \bs \zeta = C \left (\norm {\widehat \partial _1 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2 + \norm {\zeta _1^{-1}\widehat \partial _2 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2 \right ).\end {align*}


\begin {align*}\norm {r^{-1} v}_{L^2(K)}^2 \sim \int _{Q} \abs {\zeta _1^{-1} \widehat {v}} \zeta _1 \Dd \bs \zeta = \norm {\zeta _1^{-1} \widehat {v}}_{\widehat {L}^2_{1/2}(Q)}^2 .\end {align*}


$V^1$


\begin {align}\norm {v}^2_{V^1(K)} = \norm {r^{-1} v}_{L^2(K)}^2 + \abs {v}^2_{V^1(K)} \leq C \norm {\widehat {v}}_{\widehat {V}^1_{\pol }(Q)}^2, \label {eq: transformation V^1-norm one direction}\end {align}


$\norm {\widehat {v}}_{\widehat {V}^1_{\pol }(Q)}^2 := \norm {\zeta _1^{-1} \widehat {v}}_{\widehat {L}^2_{1/2}(Q)} + \norm {\widehat \partial _1 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2 + \norm {\zeta _1^{-1} \widehat \partial _2 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2$


\begin {align*}\norm {\widehat \partial _1 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2 &= \int _Q \left (\widehat \partial _1 \widehat {v} \right )^2 \zeta _1 \Dd \bs \zeta = \int _K \left (\widehat \partial _1 \widehat {v} \circ \bs F^{-1} \right )^2 \zeta _1 (\bs x) \abs {\det (J_{\bs F^{-1}})} \Dd \bs x \sim \int _K \left (\mathrm {D}_{\bs F}^{(1,0)} v \right )^2 \Dd \bs x \\ &= \int _K \left ( G_1 (\zeta _2(\bs x)) \partial _x v + G_2 (\zeta _2(\bs x)) \partial _y v \right )^2 \Dd \bs x \leq C \int _{K} \abs {\partial _x v}^2 + \abs {\partial _y v} ^2 \Dd \bs x = C \abs {v}_{V^1(K)}^2 .\end {align*}


\begin {align*}\norm {\zeta _1^{-1} \widehat \partial _2 \widehat {v}}_{\widehat L^2_{1/2}(Q)}^2 &= \int _Q \left (\zeta _1^{-1} \widehat \partial _2 \widehat {v}\right )^2 \, \zeta _1 \Dd \bs \zeta \sim \int _K \left ( \zeta _1^{-1}(\bs x) \, \mathrm {D}_{\bs F}^{(0,1)} v \right )^2 \Dd \bs x \\ &= \int _K \left ( G_1^{\prime }(\zeta _2(\bs x)) \partial _x v + G_2^{\prime }(\zeta _2(\bs x)) \partial _y v \right )^2 \Dd \bs x \leq C \int _{K} \abs {\partial _x v}^2 + \abs {\partial _y v} ^2 \Dd \bs x = C \abs {v}_{V^1(K)}^2 .\end {align*}


\begin {align}\label {eq: transformation V^1-norm} \norm {v}^2_{V^1(K)} \sim \norm {\widehat {v}}_{\widehat {V}^1_{\pol }(Q)}^2 .\end {align}


$s \in \N _0$


$\beta \in \R $


$Q \subset \widehat \Omega $


\begin {align*}\widehat {H}^s_{\pol ,\beta }(Q) := \left \{ \widehat {v} \in \mathcal {D}'(Q) \colon \norm {\widehat v}_{\widehat {H}^{s}_{\pol ,\beta }(Q)} < \infty \right \} \quad \text { and } \quad \widehat {V}^s_{\pol ,\beta }(Q) := \left \{ \widehat {v} \in \mathcal {D}'(Q) \colon \norm {\widehat v}_{\widehat {V}^{s}_{\pol ,\beta }(Q)} < \infty \right \} ,\end {align*}


\begin {align*}\norm {\widehat v}_{\widehat H^{s}_{\pol ,\beta }(Q)} ^2 &:= \sum _{\abs {\bs \alpha } \leq s} \norm {\zeta _1^{\beta - \alpha _2} \widehat D^{\bs \alpha }\widehat v}^2_{ \widehat L^2_{1/2}(Q)} = \sum _{\abs {\bs \alpha } \leq s} \int _{Q} \abs {\zeta _1^{\beta - \alpha _2} \widehat D^{\bs \alpha } \widehat v(\bs \zeta )}^2 \zeta _1 \Dd \bs \zeta , \\ \norm {\widehat v}_{\widehat V^{s}_{\pol ,\beta }(Q)} ^2 &:= \sum _{\abs {\bs \alpha } \leq s} \norm {\zeta _1^{\beta - s + \alpha _1} \widehat D^{\bs \alpha }\widehat v}^2_{\widehat L^2_{1/2}(Q)} = \sum _{\abs {\bs \alpha } \leq s} \int _{Q} \abs {\zeta _1^{\beta - s + \alpha _1} \widehat D^{\bs \alpha } \widehat v(\bs \zeta )}^2 \zeta _1 \Dd \bs \zeta \end {align*}


\begin {align*}\abs {\widehat v}^2_{\widehat H^{s}_{\pol ,\beta }(Q)} := \abs {\widehat v}_{\widehat V^{s}_{\pol ,\beta }(Q)}^2 := \sum _{\abs {\bs \alpha } = s} \norm {\zeta _1^{\beta -\alpha _2} \widehat D^{\bs \alpha } \widehat v}^2_{\widehat L^2_{1/2}(Q)}.\end {align*}


$\widehat {H}^s_{\pol }(Q) = \widehat {H}^s_{\pol ,0}(Q)$


$\widehat {V}^s_{\pol }(Q) = \widehat {V}^s_{\pol ,0}(Q)$


$\widehat {H}^{0}_{\pol }(Q)= \widehat {V}^{0}_{\pol }(Q) =\widehat {L}^2_{1/2}(Q)$


$\widehat {H}^{0}_{\pol ,\beta }(Q)= \widehat {V}^{0}_{\pol ,\beta }(Q) =\widehat {L}^2_{1/2 + \beta }(Q)$


$\frac 12$


$V$


$V$


$s\in \N _0$


$\beta \in \R $


$v \in V^{s}_{\beta }(K)$


$\widehat v = v \circ \bs F$


\begin {align}\label {eq: transformation of norm on single element adjacent to polar point} \norm {v}_{V^{s}_{\beta }(K)} \sim \norm {\widehat {v}}_{\widehat {V}^{s}_{\pol ,\beta }(Q)} .\end {align}


$\beta =0$


$s =0,1$


$s\in \mathbb N$


$\beta \in \mathbb R$


\begin {align}\label {eq: polar spaces and 1/2-spaces} \norm {\widehat {v}}_{\widehat {H}^s_{1/2+\beta }(Q)} \leq C \norm {\widehat {v}}_{\widehat {H}_{\pol ,\beta }^s(Q)} \leq C \norm {\widehat {v}}_{\widehat {V}_{\pol ,\beta }^s(Q)} \quad \text { for all } \widehat v \in V_{\pol ,\beta }^s(Q) ,\end {align}


$\widehat {V}_{\pol ,\beta }^s(Q) \subset \widehat {H}_{\pol ,\beta }^s(Q) \subset \widehat {H}^s_{1/2+\beta }(Q)$


$C^0$


$\Xi _2^0$


$E \subset \Omega $


$K \in \mathcal {M}$


$\widehat E = \bs F^{-1}(E)\subset \widehat {\Omega }$


$\bs F$


$L^2(K)$


$K \in E$


$L^2(E)$


\begin {align*}\norm {\mathrm {D}_{\bs F}^{\bs \alpha } v}_{\mathcal {L}^2(E)}^2 = \sum _{K \in E} \norm {\mathrm {D}_{\bs F}^{\bs \alpha } v}_{L^2(K)} \quad \text {and} \quad \norm {\mathrm {D}_{\bs F}^{\bs \alpha } v}_{\mathcal {L}^2_{\beta }(E)}^2 = \sum _{K \in E} \norm {\mathrm {D}_{\bs F}^{\bs \alpha } v}_{L^2_{\beta }(K)},\end {align*}


$L^2_{\beta }(E)$


$\beta \in \R $


$K \in E$


$\widehat v = v \circ \bs F$


$v \in V^s_{\beta }(E)$


$\widehat {V}^s_{\pol ,\beta }(\widehat {E})$


$Q_1, Q_2 \in \widehat {\mathcal {M}}$


$m_{Q_1,Q_2}$


$\bs F$


$\partial Q_1 \cap \partial Q_2$


$\mathcal {X}^s_{\beta }(\widehat {E}) = \mathcal {H}^s_{\beta }(\widehat {E})$


$\mathcal {X}^s_{\beta }(\widehat {E}) = \mathcal {V}^s_{\beta }(\widehat {E})$


$s \in \N $


$s\geq 1$


$\beta >0$


\begin {align*}\mathcal {X}^s_{\beta }(\widehat {E}) := \left \{\begin {array}{ll} \widehat v \in L^2(\widehat E) \colon \left \{\begin {array}{ll} \widehat v_{|Q} \in \widehat X^s_{\beta }(Q) & \text {for all } Q \in \widehat {E} \text { and } \\ \widehat \nabla ^q(\widehat v_{|Q_{1}}) = \widehat \nabla ^q (\widehat v_{|Q_2}) & \text {on } \partial Q_1 \cap \partial Q_2 \text { for } q=0,1,\dots , \min \{m_{Q_1, Q_2},s-1 \\ & \text {for all } Q_1, Q_2 \text { with } \partial Q_1 \cap \partial Q_2 \neq \emptyset \end {array}\right \} \end {array}\right \} ,\end {align*}


$\widehat X^s_{\beta }(Q) = \widehat H^s_{\beta }(Q)$


$\widehat X^s_{\beta }(Q) = \widehat V^s_{\beta }(Q)$


$\widehat \nabla ^q$


$q$


$\widehat \nabla ^0 v = v$


\begin {align*}\norm {\widehat v}^2_{\mathcal {X}^{s}_{\beta }(\widehat {E})} :=\sum _{Q \in \widehat E} \norm {\widehat v}^2_{\widehat {X}^{s}_{\beta }(Q)} , \quad \abs {\widehat v}^2_{\mathcal {X}^{s}_{\beta }(\widehat {E})} :=\sum _{Q \in \widehat E} \abs {\widehat v}^2_{\widehat {X}^{s}_{\beta }(Q)} .\end {align*}


$\mathcal {H}^{s}(\widehat {E}) = \mathcal {H}^{s}_{0}(\widehat {E})$


$\mathcal {V}^{s}(\widehat {E}) = \mathcal {V}^{s}_{0}(\widehat {E})$


$\mathcal {X}^s_{\pol ,\beta }(\widehat {E}) = \mathcal {H}^s_{\pol ,\beta }(\widehat {E})$


$\mathcal {X}^s_{\pol ,\beta }(\widehat {E}) = \mathcal {V}^s_{\pol ,\beta }(\widehat {E})$


$s \in \N $


$s \geq 1$


$\beta >0$


\begin {align*}\mathcal {X}^s_{\pol ,\beta }(\widehat {E}) := \left \{\begin {array}{ll} \widehat v \in L^2(\widehat E) \colon \left \{\begin {array}{ll} \widehat v_{|Q} \in \widehat {X}^s_{\pol ,\beta }(Q) & \text {for all } Q \in \widehat {E} \text { and } \\ \widehat \nabla ^q( \widehat v_{|Q_{1}}) = \widehat \nabla ^q (\widehat v_{|Q_2}) & \text {on } \partial Q_1 \cap \partial Q_2 \text { for } q=0,1,\dots , \min \{m_{Q_1, Q_2}, s-1 \\ & \text {for all } Q_1, Q_2 \text { with } \partial Q_1 \cap \partial Q_2 \neq \emptyset \end {array} \right \} \end {array} \right \},\end {align*}


$\widehat X^s_{\pol ,\beta }(Q) = \widehat H^s_{\pol ,\beta }(Q)$


$\widehat X^s_{\pol ,\beta }(Q) = \widehat V^s_{\pol ,\beta }(Q)$


\begin {align*}\norm {\widehat v}^2_{\mathcal {X}^{s}_{\pol ,\beta }(\widehat {E})} :=\sum _{Q \in \widehat E} \norm {\widehat v}^2_{\widehat {X}^{s}_{\pol ,\beta }(Q)} , \quad \abs {\widehat v}^2_{\mathcal {X}^{s}_{\pol ,\beta }(\widehat {E})} :=\sum _{Q \in \widehat E} \abs {\widehat v}^2_{\widehat {X}^{s}_{\pol ,\beta }(Q)} .\end {align*}


$\mathcal {H}^s_{\pol }(\widehat {E}) = \mathcal {H}^s_{\pol ,0}(\widehat {E})$


$\mathcal {V}^s_{\pol }(\widehat {E}) = \mathcal {V}^s_{\pol ,0}(\widehat {E})$


\begin {align}\label {eq: transformation polar bent Sobolev spaces} \norm {v}_{V^{s}_{\beta }(E)} \sim \norm {\widehat {v}}_{\mathcal {V}^{s}_{\pol ,\beta }(\widehat {E})} \quad \text { for all } v \in V^{s}_{\beta }(E),\end {align}


$s \in \N _0$


$\beta \in \R $


\begin {align}\label {eq: bent polar spaces and 1/2-spaces} \norm {\widehat {v}}_{\mathcal {H}^s_{1/2+\beta }(\widehat {E})} \leq C \norm {\widehat {v}}_{\mathcal {H}_{\pol ,\beta }^s(\widehat {E})} \leq C \norm {\widehat {v}}_{\mathcal {V}_{\pol ,\beta }^s(\widehat {E})} \quad \text { for all } \widehat v \in \mathcal {V}_{\pol ,\beta }^s(\widehat {E}).\end {align}


$\mathcal {V}_{\pol ,\beta }^s(\widehat {E}) \subset \mathcal {H}_{\pol ,\beta }^s(\widehat {E}) \subset \mathcal {H}^s_{1/2+\beta }(\widehat {E})$


$\Pi : \mathcal {X}^{s}_{\pol ,\beta } (\widehat {\Omega }) \to S_{(s-1,s-1)}(\bs \Xi )$


$s$


$s-1$


\begin {align}\label {eq: projector for bent polar spaces} \widehat v - \Pi (\widehat v) \in \widehat {X}^{s}_{\pol ,\beta }(\widehat {\Omega }) \quad \text { for all } \widehat v \in \mathcal {X}^{s}_{\pol ,\beta } (\widehat {\Omega }) .\end {align}


$q=0$


\begin {align}\norm {v - \Pi _{V_h^{\pol }} v }^2_{L^2(K)} &= \int _{K} \abs {v - \Pi _{V_h^{\pol }} v} ^2 \Dd \bs x \sim \int _{Q} \abs {v \circ \bs F - \Pi _{V_h^{\pol }} v \circ \bs F} ^2 \zeta _1 \Dd \bs \zeta \nonumber = \int _{Q} \abs {\frac { W(v \circ \bs F) - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W( v \circ \bs F)) }{W}} ^2 \zeta _1 \Dd \bs \zeta \nonumber \nonumber \\ &\leq C \int _{Q} \abs { W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi }( W \widehat {v})} ^2 \zeta _1 \Dd \bs \zeta = C \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {v})}_{\widehat L^2_{1/2}(Q)}^2 , \label {eq: transformation of projection error L^2}\end {align}


$W$


$W^{-1}$


$\widehat {v} = v \circ \bs F$


$q=1$


\begin {align}\abs {v - \Pi _{V_h^{\pol }} v }^2_{H^1(K)} &= \int _{K} \abs {\partial _x\left ({v - \Pi _{V_h^{\pol }} v}\right )}^2 + \abs {\partial _y \left ({v - \Pi _{V_h^{\pol }} v}\right )} ^2 \Dd \bs x \nonumber \\ &\sim \int _{Q} \left (\abs {\widehat \partial _1\left ({v \circ \bs F - \Pi _{V_h^{\pol }} v \circ \bs F}\right )}^2 + \abs {\frac {1}{\zeta _1} \widehat \partial _2 \left ({v \circ \bs F - \Pi _{V_h^{\pol }} v \circ \bs F}\right )} ^2 \right ) \zeta _1 \Dd \bs \zeta \nonumber \\ &= \int _{Q} \left ( \abs {\widehat \partial _1\left (\frac { W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) }{W}\right )}^2 + \abs {\frac {1}{\zeta _1} \widehat \partial _2 \left (\frac { W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v} )}{W}\right )} ^2 \right ) \zeta _1 \Dd \bs \zeta \nonumber \\ & \leq C \bigg ( \norm {\widehat \partial _1 \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2_{1/2}(Q)}^2 + \norm {W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\widehat L^2_{1/2}(Q)}^2 \nonumber \\ & \ \qquad + \norm {\widehat \partial _2\left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2_{-1/2}(Q)}^2 + \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\widehat L^2_{-1/2}(Q)}^2 \bigg ) , \label {eq: transformation of projection error H^1}\end {align}


\begin {align}\partial ^{\bs \alpha } \left (\frac {g}{W}\right ) = \sum _{\{\bs \beta : \bs \beta \leq \bs \alpha \}} \binom {\bs \alpha }{ \bs \beta } \left (\partial ^{\bs \beta } g\right ) \left (\partial ^{\bs \alpha - \bs \beta } W^{-1}\right ) \label {eq: Leibniz formula}\end {align}


$g=\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \widehat {v}$


$W$


$W^{-1}$


$E \subset \Omega $


$K \in \mathcal {M}$


$\widehat E = \bs F^{-1}(E)\subset \widehat {\Omega }$


\begin {align*}\norm {v - \Pi _{V_h^{\pol }} v }^2_{L^2(E)} \leq \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {v})}_{\mathcal {L}^2_{1/2}(\widehat {E})}^2\end {align*}


\begin {align*}\abs {v - \Pi _{V_h^{\pol }} v }^2_{H^1(E)} & \leq C \bigg ( \norm {\widehat \partial _1 \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\mathcal L^2_{1/2}(\widehat {E})}^2 + \norm {W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\mathcal L^2_{1/2}(\widehat {E})}^2 \nonumber \\ & \ \qquad + \norm {\widehat \partial _2\left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\mathcal L^2_{-1/2}(\widehat {E})}^2 + \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\mathcal L^2_{-1/2}(\widehat {E})}^2 \bigg ).\end {align*}


$h$


$\widehat {\mathcal {M}}^\mu $


$\mathcal {M}^\mu $


$\Xi _1$


$\Xi _2$


$\mu \in (0,1]$


$\bs p =(p_1,p_2)$


$\bs P$


$K_{\bs j} = \bs F(Q_{\bs j}) \in \mathcal {M}^\mu $


\begin {align*}\bs P \in \overline {\widetilde {K}_{\bs j}} = \overline {\bs F(\widetilde {Q}_{\bs j})} = \bs F(\overline {\widetilde {Q}_{\bs j}}) ,\end {align*}


$\widetilde {K}_{\bs j}$


${Q}_{\bs j}$


\begin {align*}\Gamma _1 \cap \overline {\widetilde {Q}_{\bs j}} = (\{0\} \times [0,1]) \cap \left ( \overline {\widetilde {I}_{1,j_1}} \times \overline {\widetilde {I}_{2,j_2}} \right ) = \left (\{0\} \cap \overline {\widetilde {I}_{1,j_1}}\right ) \times \overline {\widetilde {I}_{2,j_2}} \neq \emptyset ,\end {align*}


$\Gamma _1$


$\widetilde {Q}_{\bs j}$


$0 \in \overline {\widetilde {I}_{1,j_1}}$


$\zeta _1$


\begin {align}\label {eq: knot vector p-refined} \Xi _1 = \{\xi _{1,1}, \xi _{1,2}, \dots , \xi _{1,n_1+p_1+1}\} = \{\underbrace {\zeta _{1,1},\dots ,\zeta _{1,1}}_{p_1+1 \text { times}}, \zeta _{1,2}, \zeta _{1,3}, \dots , \zeta _{1,N_1-2}, \zeta _{1,N_1-1}, \underbrace {\zeta _{1,N_1},\dots ,\zeta _{1,N_1}}_{p_1+1 \text { times}} \} .\end {align}


$n_1+p_1+1 = N_1 + 2p_1$


\begin {align*}{I}_{1,j_1} =\left (\zeta _{1,j_1}, \zeta _{1,j_1+1}\right ) =\left (\xi _{1,j_1+p_1}, \xi _{1,j_1+p_1+1}\right ) , \quad j_1 = 1,2,\dots , N_1-1 .\end {align*}


\begin {align*}\widetilde {I}_{1,j_1} = \left (\xi _{1,j_1+p_1-p_1}, \xi _{1,j_1+p_1+p_1+1}\right ) = \left (\xi _{1,j_1}, \xi _{1,j_1+2 p_1+1}\right ) , \quad j_1 = 1,2,\dots , N_1-1 .\end {align*}


$\xi _{1,j_1} = 0$


$0 \in \overline {\widetilde {I}_{1,j_1}}$


$j_1\leq p_1+1$


$\widehat {\mathcal {M}}^\mu $


$\mathcal {M}^\mu $


\begin {align*}\widehat {\mathcal {M}}^\mu = \widehat {\mathcal {M}}^\mu _C \cup \widehat {\mathcal {M}}^\mu _R \quad \text { and } \quad \mathcal {M}^\mu = \mathcal {M}^\mu _C \cup \mathcal {M}^\mu _R ,\end {align*}


\begin {alignat*}{2} \widehat {\mathcal {M}}^\mu _C &:= \{Q_{\bs j}\}_{j_1\in \{1,2, \dots , p_1+1\}, j_2\in \{1,2, \dots , N_2\}} , \quad \widehat {\mathcal {M}}^\mu _R &&:= \{Q_{\bs j}\}_{j_1\in \{p_1+2,p_1+3, \dots , N_1\}, j_2\in \{1,2, \dots , N_2\}} ,\\ \mathcal {M}^\mu _C &:= \{K_{\bs j}\}_{j_1\in \{1,2, \dots , p_1+1\}, j_2\in \{1,2, \dots , N_2\}} , \quad \mathcal {M}^\mu _R &&:= \{K_{\bs j}\}_{j_1\in \{p_1+2,p_1+3, \dots , N_1\}, j_2\in \{1,2, \dots , N_2\}} .\end {alignat*}


\begin {align}\widehat {\Omega } = \widehat {\Omega }_C \cup \widehat {\Omega }_R , \text { with } \widehat {\Omega }_C:= (0, \zeta _{1,p_1+2}] \times (0,1) \text { and } \widehat {\Omega }_R:= [\zeta _{1,p_1+2},1) \times (0,1) . \label {eq: definition of parametric strips}\end {align}


\begin {align*}\Omega = \Omega _C \cup \Omega _R,\end {align*}


\begin {align*}\Omega _C := \bs F(\widehat {\Omega }_C) = \bs G(\widehat {\Omega }_C) = \left \{ \zeta _1 \, \bs G(\zeta _2) \in \R ^2: 0 < \zeta _1 \leq \zeta _{1,p_1+2}, 0 < \zeta _2 < 1\right \} ,\end {align*}


\begin {align*}\Omega _R := \bs F(\widehat {\Omega }_R) = \left \{ \zeta _1 \, \bs G (\zeta _2) \in \R ^2: \zeta _{1,p_1+2} \leq \zeta _1 < 1, 0 < \zeta _2 < 1\right \} ,\end {align*}


$\bs F$


$h_1$


$p_1$


$\mathcal {M}^\mu _C$


$\mathcal {M}^\mu _R$


\begin {align}\label {eq: overlapping splitting} \widetilde {\widehat {\Omega }}_{C}:=\bigcup _{Q_{\bs j} \in \widehat {\mathcal {M}}_C^\mu } \widetilde {Q}_{\bs j} , \quad \widetilde {\widehat {\Omega }}_{R}:=\bigcup _{Q_{\bs j} \in \widehat {\mathcal {M}}_R^\mu } \widetilde {Q}_{\bs j} , \quad \widetilde {\Omega }_{C}:=\bigcup _{K_{\bs j} \in \mathcal {M}_C^\mu } \widetilde {K}_{\bs j} , \quad \widetilde {\Omega }_{R}:=\bigcup _{K_{\bs j} \in \mathcal {M}_R^\mu } \widetilde {K}_{\bs j} .\end {align}


$\Omega _R$


$\Omega _R$


$\Omega _R$


$0\leq r_1 \leq s_1 \leq p_1 + 1$


$0 \leq r_2 \leq s_2 \leq p_2 +1$


$C$


$\bs p, \bs \theta $


$Q_{\bs j} \in \widehat {\mathcal {M}}^\mu $


\begin {align*}\norm {\widehat {D}^{(r_1,r_2)} (\widehat v - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi } \widehat v)}_{\widehat {L}^2(Q_{\bs j})} \leq C \left (\widetilde {h}_{1,j_1}^{s_1-r_1} \norm {\widehat {D}^{(s_1,r_2)} \widehat v }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s_2-r_2} \norm {\widehat {D}^{(r_1,s_2)} \widehat v }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right )\end {align*}


$\widehat v: \widehat {\Omega } \to \R $


$\widehat {D}^{(s_1,r_2)} \widehat v$


$\widehat {D}^{(r_1,s_2)} \widehat v \in \mathcal {L}^2(\widetilde {\Omega }_{R})$


$\widetilde {\Omega }_{R}$


$\Omega _{R}$


$p = \min \{p_1,p_2\}$


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$v \in V^{s}_{\beta }(\widetilde {\Omega }_R)$


$\beta \in \R $


$s-1-\nu < \beta < s-1$


$C$


$p,\bs \theta , \bs F, W$


\begin {align*}\abs {v - \Pi _{V_h^{\pol }} v}_{H^q(\Omega _R)} \leq C h^{s-q} \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_R)} ,\end {align*}


$\widetilde {\Omega }_R$


$K_{\bs j} \in \mathcal {M}_R^\mu $


$Q_{\bs j} = \bs F ^{-1}(K_{\bs j}) \in \widehat {\mathcal {M}}_R^\mu $


$K_{\bs j}$


$\bs P \not \in \overline {K_{\bs j}}$


$\bs F$


$\overline {Q_{\bs j}}$


$K_{\bs j}$


$Q_{\bs j}$


$\widehat {\Gamma _1}$


$Q_{\bs j}=(\zeta _{1,j_1} , \zeta _{1,j_1 + 1}) \times (\zeta _{2,j_2} , \zeta _{2,j_2 + 1}) \in \mathcal {M}^{\mu }_R$


\begin {align}\label {eq: bounded determinant on ring elements and their support extension} \abs {\det (J_{\bs F})} \sim \zeta _{1,j_1} \quad \text { and } \quad \abs {\det (J_{\bs F^{-1}})} \sim \zeta _{1,j_1} \quad \text { in } \widetilde {Q}_{\bs j}.\end {align}


\begin {align*}\norm {v - \Pi _{V_h}^{\pol } v}_{L^2(K_{\bs j})} \leq C \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {v})}_{\widehat L^2_{1/2}(Q_{\bs j})} \leq C \zeta _{1,j_1}^{1/2} \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi } (W \widehat {v})}_{\widehat L^2(Q_{\bs j})}\end {align*}


\begin {align}\abs {v - \Pi _{V_h} v}^2_{H^1(K_{\bs j})} &\leq C \bigg ( \zeta _{1,j_1} \norm {\widehat \partial _1 \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q_{\bs j})}^2 + \zeta _{1,j_1} \norm {W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi } (W \widehat {v}) }_{\widehat L^2(Q_{\bs j})}^2 \label {eq: proof of ring domain terms positive weight}\\ & \ \qquad + \zeta _{1,j_1}^{-1} \norm {\widehat \partial _2\left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q_{\bs j})}^2 + \zeta _{1,j_1}^{-1} \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi } (W \widehat {v}) }_{\widehat L^2(Q_{\bs j})}^2 \bigg ) \label {eq: proof of ring domain terms negative weight}.\end {align}


$s_1=s$


$s_2=s-q$


$r_1=q$


$r_2=0$


$W$


$W^{-1}$


$\widehat {D}^{\bs \alpha }W$


$\bs \alpha \geq (1,0)$


$q \in \{0,1\}$


\begin {align*}\norm {\widehat \partial _1^q \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q_{\bs j})} &\leq C \left (\widetilde {h}_{1,j_1}^{s-q} \norm {\widehat {D}^{(s,0)}(W\widehat v) }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-q} \norm {\widehat {D}^{(q,s-q)} (W\widehat v) }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right )\\ &\leq C \left (\widetilde {h}_{1,j_1}^{s-q} \sum _{\substack {\bs \alpha \leq (s,0) \\ \bs \alpha \geq (s,0)}} \norm {\widehat {D}^{\bs \alpha }\widehat v }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-q} \sum _{\substack {\bs \alpha \leq (q,s-q) \\ \bs \alpha \geq (q,0)}} \norm { \widehat {D}^{\bs \alpha }\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right ) \\ &= \left (\widetilde {h}_{1,j_1}^{s-q} \norm {\widehat {D}^{(s,0)}\widehat v }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-q} \sum _{\alpha _2 = 0}^{s-q} \norm { \widehat {D}^{(q,\alpha _2)}\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right ).\end {align*}


$\bs F$


\begin {align}\zeta _{1,j_1}^{1/2} \norm {\widehat \partial _1^q \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q_{\bs j})} &\leq C\left (\frac {\zeta _{1,j_1}}{\zeta _{1,j_1}}\right )^{1/2} \left (\widetilde {h}_{1,j_1}^{s-q} \norm {D^{(s,0)}_{\bs F}v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-q} \sum _{\alpha _2 = 0}^{s-q} \norm {D^{(q,\alpha _2)}_{\bs F}v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ) \nonumber \\ &\leq C \left (\widetilde {h}_{1,j_1}^{s-q} \sum _{\abs {\bs \gamma } \leq s} \norm {D^{\bs \gamma }v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-q} \sum _{\alpha _2 = 0}^{s-q} \sum _{\abs {\gamma }\leq q+\alpha _2} \norm {r^{\alpha _2} D^{\bs \gamma }v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ) \nonumber \\ &\leq C\, h^{s-q} \left ( \left (\zeta _{1,j_1}\right )^{(1-\mu )(s-q)} \sum _{\abs {\bs \gamma } \leq s} \norm {D^{\bs \gamma }v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2 = 0}^{s-q} \sum _{\abs {\bs \gamma }\leq q+\alpha _2} \norm {r^{\alpha _2} D^{\bs \gamma }v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ), \label {eq: proof ring domain transform back to physical domain}\end {align}


$h = \max \{h_1,h_2\}$


\begin {align}\zeta _{1,j_1} \sim \zeta _1(\bs x) \sim r (\bs x) \quad \text { for all } \bs x \in \widetilde {K}_{\bs j}, \label {eq: proof of ring domain pull zeta into norm}\end {align}


$\bs \zeta (\bs x) = (\zeta _1(\bs x),\zeta _2(\bs x))= \bs F^{-1} (\bs x) \in \widetilde {Q}_{\bs j}$


$\beta =(1 - \mu )(s-q)$


$\mu \in (0,1]$


\begin {align}\beta \leq s -q \quad \text { and } \quad \beta > \left (1 - \frac {\nu -q+1}{s-q} \right )(s-q) = s-q -(\nu -q+1) = s-1-\nu . \label {eq: beta property}\end {align}


\begin {align*}\zeta _{1,j_1}^{1/2} \norm {\widehat \partial _1^q \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q_{\bs j})} &\leq C \, h^{s-q} \left (\sum _{\abs {\bs \gamma } \leq s} \norm {r^{\beta } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2 = 0}^{s-q} \sum _{\abs {\bs \gamma }\leq q+\alpha _2} \norm {r^{\beta - (s-q) + \alpha _2} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-q} \left (\sum _{\abs {\bs \gamma } \leq s} \norm {r^{\beta } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2 = 0}^{s-q} \sum _{\abs {\bs \gamma }\leq q+\alpha _2} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-q} \left (\sum _{\abs {\bs \gamma } \leq s} \norm {r^{\beta } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\abs {\bs \gamma }\leq s} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-q} \left (\norm {v}_{H^s_{\beta }(\widetilde {K}_{\bs j})} + \norm {v}_{V^{s}_{\beta }(\widetilde {K}_{\bs j})} \right ) \leq C \, h^{s-q} \norm {v}_{V^{s}_{\beta }(\widetilde {K}_{\bs j})}.\end {align*}


$s_1=s-1$


$s_2=s$


$r_1=0$


$r_2=1$


\begin {align*}\norm {\widehat \partial _2 \left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q)} &\leq C \left (\widetilde {h}_{1,j_1}^{s-1} \norm {\widehat {D}^{(s-1,1)}(W\widehat v) }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-1} \norm { \widehat {D}^{(0,s)}( W\widehat v) }_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right ) \\ &\leq C \left ( \widetilde {h}_{1,j_1}^{s-1} \sum _{\alpha _2 =0}^{1} \norm {\widehat {D}^{(s-1,\alpha _2)}\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-1} \sum _{\alpha _2=0}^{s} \norm { \widehat {D}^{(0, \alpha _2)}\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right ) .\end {align*}


\begin {align*}\zeta _{1,j_1}^{-1/2} \norm {\widehat \partial _2 \left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q)} &\leq C \, (\zeta _{1,j_1} \zeta _{1,j_1})^{-1/2} \left ( \widetilde {h}_{1,j_1}^{s-1} \sum _{\alpha _2 =0}^{1} \norm { D^{(s-1,\alpha _2)}_{\bs F}v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-1} \sum _{\alpha _2=0}^{s} \norm { D^{(0,\alpha _2)}_{\bs F}v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, \zeta _{1,j_1}^{-1} \left ( \widetilde {h}_{1,j_1}^{s-1} \sum _{\alpha _2 =0}^{1} \sum _{\abs {\bs \gamma } \leq s-1+\alpha _2} \norm {r^{\alpha _2} D^{\bs \gamma }v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \widetilde {h}_{2,j_2}^{s-1} \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{\alpha _2} D^{\bs \gamma }v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-1} \left ( \left (\zeta _{1,j_1}\right )^{(1-\mu )(s-1)} \sum _{\alpha _2 =0}^{1} \sum _{\abs {\bs \gamma } \leq s+\alpha _2-1}\norm {r^{\alpha _2 -1} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{\alpha _2-1} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) .\end {align*}


$\beta =(1 - \mu )(s-q)$


$q=1$


\begin {align*}\quad \zeta _{1,j_1}^{-1/2} \norm {\widehat \partial _2 \left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q)} &\leq C \, h^{s-1} \left (\sum _{\alpha _2 =0}^{1} \sum _{\abs {\bs \gamma } \leq s+\alpha _2-1} \norm {r^{\beta + \alpha _2 -1} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{ \beta - (s-1) + \alpha _2-1 } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-1} \left (\sum _{\alpha _2 =0}^{1} \sum _{\abs {\bs \gamma } \leq s+\alpha _2-1} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-1} \sum _{\abs {\bs \gamma }\leq s} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} = C \, h^{s-1}\norm {v}_{V^{s}_{\beta }(\widetilde {K}_{\bs j})} .\end {align*}


\begin {align*}\quad \zeta _{1,j_1}^{-1/2} \norm {\left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p,\bs \Xi }( W \widehat {v}) \right )}_{\widehat L^2(Q)} &\leq C \left ( \widetilde {h}_{1,j_1}^{s} \norm {\widehat {D}^{(s,0)}\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} + \widetilde {h}_{2,j_2}^{s} \sum _{\alpha _2=0}^{s} \norm { \widehat {D}^{(0, \alpha _2)}\widehat v}_{\mathcal {L}^2(\widetilde {Q}_{\bs j})} \right ) \\ &\leq C \, \zeta _{1,j_1}^{-1} \left ( \widetilde {h}_{1,j_1}^{s} \sum _{\abs {\bs \gamma } \leq s} \norm {D^{\bs \gamma }v }_{\mathcal {L}^2(\widetilde {K}_{\bs j})} + \widetilde {h}_{2,j_2}^{s} \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{\alpha _2} D^{\bs \gamma }v}_{\mathcal {L}^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-1} \left (\sum _{\abs {\bs \gamma } \leq s} \norm {r^{\beta } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} + \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{ \beta - s + \alpha _2 } D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \\ &\leq C \, h^{s-1} \left (\norm {v}_{H^s_{\beta }(\widetilde {K}_{\bs j})} + \sum _{\alpha _2=0}^{s} \sum _{\abs {\bs \gamma } \leq \alpha _2} \norm {r^{\beta - s + \abs {\bs \gamma }} D^{\bs \gamma }v}_{L^2(\widetilde {K}_{\bs j})} \right ) \leq C \, h^{s-1} \norm {v}_{V^{s}_{\beta }(\widetilde {K}_{\bs j})} .\end {align*}


$p$


$h$


\begin {align*}\abs {v - \Pi _{V_h^{\pol }} v}^2_{H^q(\Omega _R)} = \sum _{K \in \mathcal {M}_R^{\mu }} \abs {v - \Pi _{V_h}^{\pol } v}^2_{H^q(K)} \leq C \, h^{2(s-q)} \sum _{K \in \mathcal {M}_R^{\mu }} \norm {v}^2_{V^{s}_{\beta }(\widetilde {K}_{\bs j})} \leq C h^{2(s-q)} \norm {v}^2_{V^{s}_{\beta }(\widetilde {\Omega }_R)}\end {align*}


$q\in \{0,1\}$


$\Omega _C$


$\Omega _{C}$


$\widehat {\Omega }_{C}$


$h_{1, \widehat {\Omega }_C}=\zeta _{1,p_1+2}$


$\widehat {\Omega }_C = \left (0, h_{1, \widehat {\Omega }_C}\right ] \times (0,1)$


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$v \in V^{s}(\widetilde {\Omega }_{C})$


$C$


$p,\bs \theta , \bs F, W$


\begin {equation*}\abs {v - \Pi _{V_h^{\pol }} v}_{H^q(\Omega _{C})} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {v}_{V^{s}(\widetilde {\Omega }_C)} ,\end {equation*}


$\widetilde {\Omega }_C$


$q=0$


\begin {align*}\norm {v - \Pi _{V_h^{\pol }} v }^2_{L^2(\Omega _C)} \leq C \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p , \bs \Xi } (W \widehat {v})}_{ \mathcal {L}^2_{1/2}(\widehat {\Omega }_C)}^2 ,\end {align*}


$q=1$


\begin {align}\abs {v - \Pi _{V_h^{\pol }} v }^2_{H^1(\Omega _C)} &\leq C \bigg ( \norm {\widehat \partial _1 \left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\mathcal L^2_{1/2}(\widehat {\Omega }_C)}^2 + \norm {W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\mathcal L^2_{1/2}(\widehat {\Omega }_C)}^2 \label {eq: error components H^1 projection first line} \\ & \qquad + \norm {\widehat \partial _2\left ( W \widehat {v} -{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}) \right )}_{\mathcal L^2_{-1/2}(\widehat {\Omega }_C)}^2 + \norm {W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) }_{\mathcal L^2_{-1/2}(\widehat {\Omega }_C)}^2 \bigg ) . \label {eq: error components H^1 projection second line}\end {align}


$\Omega _R$


$\bs F$


$\Omega _{C}$


$v$


\begin {align*}\abs {v - \Pi _{V_h^{\pol }} v }_{H^q(\Omega _C)} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {\widehat {v}}_{\mathcal {H}_{\pol }^{s}\left (\widetilde {\widehat {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {\widehat {v}}_{\mathcal {V}_{\pol }^{s}\left (\widetilde {\widehat {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {v}_{V^{s}(\widetilde \Omega _C)} ,\end {align*}


$\widetilde {\widehat {\Omega }}_C$


$\widetilde \Omega _C$


$\widehat {\Omega }$


$\mr \Omega := (0,1/h_{1,\widehat {\Omega }_C}) \times (0,1)$


\begin {align}\mr {\bs \Phi } : \mr \Omega \to \widehat {\Omega }, \quad \mr {\bs \Phi }(\mr \zeta _1, \mr \zeta _2) = \begin {pmatrix} h_{1,\widehat {\Omega }_C} \mr \zeta _1 \\ \mr \zeta _2 \end {pmatrix} = \begin {pmatrix} \zeta _1 \\ \zeta _2 \end {pmatrix}. \label {eq: scaling transformation}\end {align}


$\widehat {\Omega }_C$


\begin {align*}\mr \Omega _C := \mr {\bs \Phi }^{-1} \left (\widehat {\Omega }_C\right ) = (0,1)^2,\end {align*}


$h$


$\mr {\bs \Phi }$


$\mr {\Omega }$


$\mr {\Omega }_C$


$\widehat {\Omega }$


$\widehat {\Omega }_C$


$\mr {v} = \widehat {v} \circ \mr {\bs \Phi }$


$\mr v : \mr \Omega \to \R $


\begin {align*}\mr D^{\bs \alpha } \mr v:= \frac {\partial ^{\alpha _1}}{\partial \mr \zeta _1 ^{\alpha _1}} \frac {\partial ^{\alpha _2} \mr v}{\partial \mr \zeta _2 ^{\alpha _2}} \quad \text { and } \quad \mr \partial _1 \mr v = \frac {\partial \mr v}{\partial \mr \zeta _1}, \, \mr \partial _2 \mr v = \frac {\partial \widehat v}{\partial \mr \zeta _2}, \, \mr \partial _{1 1} \mr v = \frac {\partial ^2 \mr v}{\partial \mr \zeta _1^2}, \, \dots .\end {align*}


$\widetilde {\widehat {\Omega }}_{C}$


\begin {align*}\widetilde {\mr {\Omega }}_C := \mr {\bs \Phi }^{-1} \left ( \widetilde {\widehat {\Omega }}_{C} \right ) = \left (0, h_{1,\widetilde {\widehat {\Omega }}_{C}} \Big / h_{1, \widehat {\Omega }_C}\right )\times (0,1) ,\end {align*}


$\widetilde {\widehat {\Omega }}_C$


$\widetilde {\mr {\Omega }}_C$


\begin {align}\breve {\bs \Phi }: \breve {\Omega } \to \Omega , \quad \breve {\bs \Phi }(\breve x, \breve y) = \begin {pmatrix} h_{1,\widehat {\Omega }_C} \breve x \\ h_{1,\widehat {\Omega }_C} \breve y \end {pmatrix} = \begin {pmatrix} x \\ y \end {pmatrix} , \label {eq: scaling transformation physical reference domain}\end {align}


$\widetilde {\Omega }_C$


$\widetilde {\breve {\Omega }}_C$


$h_{1,\widetilde {\widehat {\Omega }}_{C}} / h_{1, \widehat {\Omega }_C} \sim 1$


$\breve {\Omega } := \breve {\bs \Phi }^{-1} (\Omega )$


$\breve {\Omega }_C := \breve {\bs \Phi }^{-1} \left ({\Omega }_C\right )$


$\widetilde {\breve \Omega }_C := \breve {\bs \Phi }^{-1} \left (\widetilde {\Omega }_C\right )$


$h$


$\mr v \in \widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )$


$\mr v \in \mathcal H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )$


$s \geq 2$


\begin {align*}\norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \, \mr {v}\right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} ^2 \leq C \norm {\mr {v}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )}^2 \quad \text { or } \quad \norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \, \mr {v}\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)} ^2 \leq C \norm {\mr {v}}_{\mathcal H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )}^2 ,\end {align*}


$q \in \{0,1\}$


$q \in \{0,1\}$


$\mr v \in \widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )$


$\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }$


\begin {align*}\norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \, \mr {v}\right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} ^2 &= \int _{\mr \Omega _C} \abs {\mr {\partial }^q_{1} \left (\sum _{\bs i \in \bs I} {\mr \lambda }^{\widehat \Gamma }_{\bs i, \bs p}(\mr {v}) \mr {B}_{\bs i,\bs p}\right )}^2 \mr \zeta _1 \Dd \mr \zeta _1 \Dd \mr \zeta _2 \leq \int _{\mr \Omega _C} \left ( \sum _{\bs i \in \bs I} \abs {{\mr \lambda }^{\widehat \Gamma }_{\bs i, \bs p}(\mr {v}) \, \mr {\partial }^q_{1} \mr {B}_{\bs i,\bs p}} \right )^2 \mr \zeta _1 \Dd \mr \zeta _1 \Dd \mr \zeta _2 \\ & \leq \int _{\mr \Omega _C} \left (\sum _{\bs i \in \bs I} C \norm {\mr v}_{L^{\infty }\left (\widetilde {\mr \Omega }_C\right )} \abs {\mr {\partial }^q_{1} \mr {B}_{\bs i,\bs p}} \right )^2 \mr \zeta _1 \Dd \mr \zeta _1 \Dd \mr \zeta _2 \leq C \norm {\mr v}_{C^{0}\left (\overline {\widetilde {\mr \Omega }_C}\right )}^2 \int _{\mr \Omega _C} \left (\sum _{\bs i \in \bs I} \abs {\mr {\partial }^q_{1} \mr {B}_{\bs i,\bs p}} \right )^2 \mr \zeta _1 \Dd \mr \zeta _1 \Dd \mr \zeta _2 .\end {align*}


$\mr {\Omega }_C$


$\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right ) \hookrightarrow C^0\left (\overline {\widetilde {\mr {\Omega }}_C}\right )$


\begin {align*}\norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \, \mr {v}\right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} ^2 \leq C \norm {\mr {v}}_{C^0\left (\overline {\widetilde {\mr {\Omega }}_C}\right )}^2 \int _{\mr \Omega _C} 1 \Dd \mr \zeta _1 \Dd \mr \zeta _2 \leq C \norm {\mr {v}}_{C^0\left (\overline {\widetilde {\mr {\Omega }}_C}\right )}^2 \leq C \norm {\mr {v}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )}^2 .\end {align*}


$\mathcal L^2_{1/2}(\widehat {\Omega }_C)$


$q\in \{0,1\}$


\begin {align*}\norm {\widehat \partial _1^q\left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})\right )}_{\mathcal L^2_{1/2}(\widehat {\Omega }_C)} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} .\end {align*}


$\mr v = \mr W \mr v$


\begin {align}\norm {\widehat \partial _1^q\left ( W \widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})\right )}_{\mathcal L^2_{1/2}(\widehat {\Omega }_C)} &= \left (\int _{\widehat {\Omega }_C} \left (\widehat \partial _1^q \left (W \widehat v - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W \widehat v) \right ) \right )^2 \zeta _1 \Dd \bs \zeta \right )^{1/2} \nonumber \\ &= \left ( \int _{\mr \Omega _C} \left ( \frac {\mr {\partial }^q_{1} \left ( \mr W \mr {v} - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (\mr W \mr {v})\right )}{h_{1,\widehat {\Omega }_C}^q} \right ) ^2 h_{1, \widehat {\Omega }_C} \, \mr \zeta _1 \, h_{1, \widehat {\Omega }_C} \, \Dd \mr \zeta _1 \Dd \mr \zeta _2 \right )^{1/2} \nonumber \\ &= h_{1, \widehat {\Omega }_C} ^{1-q} \norm {\mr {\partial }^q_{1} \left (\mr {v} -\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)}. \label {eq: scaling argument r-derivative}\end {align}


$\mathcal {P}_{s-1}$


$s-1$


$\mr {\Omega }_C$


$\mr {\Pi }$


$s-1$


\begin {align*}\norm {\mr {\partial }^q_{1} \left (\mr {v} -\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)} & = \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {\partial }^q_{1} \left (\mr {v} - \mr {\Pi }(\mr v) - \mr {w} - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(\mr {v} - \mr {\Pi }(\mr v) - \mr {w})\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)} \\ & \leq \inf _{\mr {w} \in \mathcal {P}_{s-1}} \left ( \norm {\mr {\partial }^q_{1} \left (\mr {v} - \mr {\Pi }(\mr v) - \mr {w}\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)} + \norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (\mr {v} - \mr {\Pi }(\mr v) - \mr {w})\right )}_{\mathcal L^2_{1/2}(\mr \Omega _C)}\right ) \\ & \leq C \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {v} - \mr {\Pi }(\mr v) - \mr {w}}_{\mathcal H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} = \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {v} - \mr {\Pi }(\mr v) - \mr {w}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} .\end {align*}


\begin {align}\label {eq: deny-lions argument higher order} \inf _{\mr {w}\in \mathcal {P}_{s-1}} \norm {\mr {z} - \mr {w}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \abs {\mr {z}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )}\end {align}


$\mr {z} = \mr {v} - \mr {\Pi }(\mr v) \in \widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )$


$\mr {\Pi }$


\begin {align*}\norm {\widehat \partial _1^q\left ( W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})\right )}_{\widehat L^2_{1/2}(\widehat {\Omega }_C)} &\leq C h_{1, \widehat {\Omega }_C}^{1-q} \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {v} - \mr {\Pi }(\mr v) - \mr {w}}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{1-q} \abs {\mr {v} - \mr {\Pi }(\mr v)}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \\ & = C h_{1, \widehat {\Omega }_C}^{1-q} \abs {\mr {v}}_{\mathcal {H}^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \abs {W\widehat {v}}_{\mathcal {H}^{s}_{1/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} ,\end {align*}


$\mr {\Pi }$


$\mr {\Pi }$


\begin {align*}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v})\right )}_{\widehat {L}^2_{-1/2}(\widehat {\Omega }_C)} \leq C h_{1, \widehat {\Omega }_C}^{s-1} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} .\end {align*}


$c \in \R $


$\widehat {v}(0,\cdot )= v \circ \bs F(0,\cdot ) = v(\bs P) = c$


$\widehat {v}_0 = \widehat v - c \widehat {B}_{1,p_1}$


$(W\widehat {v}_0)(0,\cdot ) = (W \widehat v) (0,\cdot ) - c W \widehat {B}_{1,p_1}(0) = 0$


\begin {align*}{\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}_0) ={\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (c W B_{1,p_1}) ={\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W \widehat {v}) - c W B_{1,p_1}\end {align*}


$W \widehat {v}_0 - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v}_0) = W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v})$


${\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v}_0)(0,\cdot ) = 0$


$\mr v_0 = \mr W \mr v_0$


\begin {align*}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v})\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} & = \norm {\widehat \partial _2\left ( W \widehat {v}_0 - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v}_0)\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} \\ &\leq \norm {\widehat \partial _2 (W\widehat {v}_0)}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} + \norm {\widehat \partial _2\left ( {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v}_0) \right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} \\ &\leq \norm {\mr {\partial }_2 \mr {v}_0}_{\widehat L^2_{-1/2}(\mr {\Omega }_C)} + \norm {\mr {\partial }_{2}\left ( \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right )}_{\widehat L^2_{-1/2}(\mr {\Omega }_C)},\end {align*}


$\zeta _1=0$


\begin {align*}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v})\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} & \leq C \norm {\mr {\partial }_{2} \mr {v}_0}_{\widehat L^2_{-1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \norm {\mr {\partial }_{2}\mr {v}_0}_{\widehat L^{2}_{-1}\left (\widetilde {\mr {\Omega }}_C\right )}.\end {align*}


$\mr {\partial }_{2}\mr {v}_0 (0, \cdot )=0$


\begin {align*}\norm {\mr {\partial }_{2}\mr {v}_0}_{\widehat L^{2}_{-1}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \abs {\mr {\partial }_{2}\mr {v}_0}_{\widehat H^{1}\left (\widetilde {\mr {\Omega }}_C\right )}\end {align*}


\begin {align*}\abs {\mr {\partial }_{2}\mr {v}_0}_{\widehat H^{1}\left (\widetilde {\mr {\Omega }}_C\right )} &\leq C \left ( \norm {\mr \partial _{1 2} \mr {v}_0 }_{\widehat L^2\left (\widetilde {\mr {\Omega }}_C\right )} + \norm {\mr \partial _{2 2} \mr {v}_0 }_{\widehat L^2\left (\widetilde {\mr {\Omega }}_C\right )} \right ) \leq C \left ( \norm {\mr \partial _{1 2} \mr {v}_0 }_{\widehat L^2_{-1/2}\left (\widetilde {\mr {\Omega }}_C\right )} + \norm {\mr \partial _{2 2} \mr {v}_0 }_{\widehat L^2_{-3/2}\left (\widetilde {\mr {\Omega }}_C\right )} \right ) \\ &\leq C h_{1, \widehat {\Omega }_C} \left ( \norm {\widehat \partial _{1 2} (W\widehat {v}_0) }_{\widehat L^2_{-1/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} + \norm {\widehat \partial _{2 2} (W\widehat {v}_0) }_{\widehat L^2_{-3/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} \right ) \leq C h_{1, \widehat {\Omega }_C} \norm {\widehat {v}}_{\mathcal {H}^{2}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} , \nonumber \end {align*}


$s=2$


$s \geq 3$


$\mr {\Pi }^{\widehat \Gamma , \mr \partial _2}_{\bs p, \bs \Xi }$


\begin {align}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v})\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} &= \norm {\mr {\partial }_{2}\left ( \mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right )}_{\widehat L^2_{-1/2}(\mr \Omega _C)} = \norm {\mr {\partial }_{2} \mr {v}_0 - {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } \left (\widehat \partial _2\mr {v}_0\right )}_{\widehat L^2_{-1/2}(\mr \Omega _C)} \nonumber \\ &\leq C \norm {\mr {\partial }_{2} \mr {v}_0 - {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } \left (\widehat \partial _2\mr {v}_0\right )}_{\widehat L^2_{-1}(\mr \Omega _C)} \nonumber \\ &\leq C \abs {\mr {\partial }_{2} \mr {v}_0 - {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } \left (\widehat \partial _2\mr {v}_0\right )}_{\widehat H^1(\mr \Omega _C)} \nonumber \\ &= C \inf _{\mr {w} \in \mathcal {P}_{s-2}}\abs {\mr {\partial }_{2} \mr {v}_0 - \mr {w} + {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } \left (\widehat \partial _2\mr {v}_0 - \mr {w} \right )}_{\widehat H^1(\mr \Omega _C)} \nonumber \\ &\leq C \inf _{\mr {w} \in \mathcal {P}_{s-2}} \left (\abs {\mr {\partial }_{2} \mr {v}_0 - \mr {w}}_{\widehat H^1(\mr \Omega _C)} + \abs {{\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } \left (\widehat \partial _2\mr {v}_0 - \mr {w} \right )}_{\widehat H^1(\mr \Omega _C)} \right ) \nonumber \\ &\leq C \inf _{\mr {w} \in \mathcal {P}_{s-2}} \norm {\mr {\partial }_{2} \mr {v}_0 - \mr {w}}_{\widehat H^1\left (\widetilde {\mr {\Omega }}_C\right )} . \label {eq: estimate of phi-derivative with weights 1}\end {align}


$H^1$


${\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{\bs p, \bs \Xi }$


$\widehat H^{s-1}_{1/2}(\mr \Omega _C) \hookrightarrow \widehat H^1(\mr \Omega _C)$


\begin {align*}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } (W\widehat {v})\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} &\leq C \inf _{\mr {w} \in \mathcal {P}_{s-2}} \norm {\mr {\partial }_{2} \mr {v}_0 - \mr {w}}_{\widehat H^{s-1}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \abs {\mr {\partial }_{2} \mr {v}_0}_{\widehat H^{s-1}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \abs {\mr {v}_0}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \\ &\leq C h_{1, \widehat {\Omega }_C}^{s-1} \abs {W\widehat {v}_0}_{\widehat {H}^{s}_{1/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} \nonumber \leq C h_{1, \widehat {\Omega }_C}^{s-1} \norm {\widehat {v}}_{\mathcal {H}^{s}_{1/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-1} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} ,\end {align*}


\begin {align*}\norm {W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})}_{\widehat L^2_{-1/2}(\widehat \Omega _C)} \leq C h_{1, \widehat {\Omega }_C}^{s-1} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )} .\end {align*}


$\widehat {v}_0 = \widehat v - c \widehat {B}_{1,p_1}$


$\mr v_0 = \mr W \mr v_0$


\begin {align*}\norm {W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})}_{\widehat L^2_{-1/2}(\widehat \Omega _C)} =\norm {W\widehat {v}_0 - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v}_0)}_{\widehat L^2_{-1/2}(\widehat \Omega _C)} =\norm {\mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0}_{\widehat L^2_{-1/2}(\mr \Omega _C)} .\end {align*}


$H^1$


$\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }$


\begin {align*}\norm {\mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0}_{\widehat L^2_{-1/2}(\mr \Omega _C)} \leq C \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {v}_0 - \mr w}_{\widehat H^1\left (\widetilde {\mr \Omega }_C\right )} .\end {align*}


$\widehat H^{s}_{1/2}(\mr \Omega _C) \hookrightarrow \widehat H^1(\mr \Omega _C)$


$s\geq 2$


\begin {align*}\norm {\mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0}_{\widehat L^2_{-1/2}(\mr \Omega _C)} \leq C \inf _{\mr {w} \in \mathcal {P}_{s-1}} \norm {\mr {v}_0 - \mr w}_{\widehat H^s_{1/2}\left (\widetilde {\mr \Omega }_C\right )} \leq C \abs {\mr {v}_0}_{\widehat H^{s}_{1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-1} \abs {W\widehat {v}_0}_{\widehat {H}^{s}_{1/2}\left (\widetilde {\widehat {\Omega }}_{C}\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-1} \norm {\widehat {v}}_{\mathcal {H}^{s}_{\pol }\left (\widetilde {\widehat {\Omega }}_{C}\right )}\end {align*}


$v \in V^{s}(\widetilde {\Omega }_{C})$


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$v \in V^{s}_{\beta }(\widetilde {\Omega }_C)$


$\beta \in \R $


$s-1-\nu < \beta < s-1$


$C$


$p,\bs \theta , \bs F, W$


\begin {equation*}\abs {v - \Pi _{V_h^{\pol }} v}_{H^q(\Omega _{C})} \leq C h_{1, \widehat {\Omega }_C}^{s - q - \beta } \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)} ,\end {equation*}


$\widetilde {\Omega }_C$


$H^{s}_{\beta }\left (\widetilde {\breve {\Omega }}_C\right ) \hookrightarrow H^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right )$


$H^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right ) \hookrightarrow C^0\left (\overline {\widetilde {\breve {\Omega }}_C}\right )$


$\beta <s-1$


\begin {align}\label {eq: stability of projector weighted} \norm {\mr {\partial }^q_{1} \left (\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \, \mr {v}\right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} \leq C \norm {\mr {v}}_{C^0\left (\overline {\widetilde {\mr {\Omega }}_C}\right )} = C \norm {\breve {v}}_{C^0\left (\overline {\widetilde {\breve {\Omega }}_C}\right )} \leq C \norm {\breve {v}}_{H^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\breve {v}}_{H^{s}_{\beta }\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\breve {v}}_{V^{s}_{\beta }\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\mr {v}}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )} .\end {align}


$V^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right ) \hookrightarrow V^{1}\left (\widetilde {\breve {\Omega }}_C\right )$


$V^{s}_{\beta }\left (\widetilde {\breve {\Omega }}_C\right ) \hookrightarrow V^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right )$


$s-\beta >1$


\begin {align}\label {eq: embedding weighted} \norm { \mr {v}}_{\widehat V^{1}_{\pol }\left (\widetilde {\mr {\Omega }}_{C}\right )} \leq C \norm {\breve {v}}_{V^{1}\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\breve {v}}_{V^{s-\beta }\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\breve {v}}_{V^s_{\beta }\left (\widetilde {\breve {\Omega }}_C\right )} \leq C \norm {\mr {v}}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )}.\end {align}


\begin {align*}\norm {\widehat \partial _1^q\left ( W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }(W\widehat {v})\right )}_{\widehat L^2_{1/2}(\widehat {\Omega }_C)} &\leq C h_{1, \widehat {\Omega }_C} ^{1-q} \norm {\mr {\partial }^q_{1} \left (\mr {v} -\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}\right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} \\ & \leq C h_{1, \widehat {\Omega }_C} ^{1-q} \left (\norm {\mr {v}}_{\widehat H^{1}_{1/2}(\mr \Omega _C)} + \norm {\mr {\partial }^q_{1} \left ( \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }\mr {v} \right )}_{\widehat L^2_{1/2}(\mr \Omega _C)} \right ) \\ & \leq C h_{1, \widehat {\Omega }_C} ^{1-q} \left (\norm {\mr {v}}_{\widehat V^{1}_{\pol }\left (\widetilde {\mr {\Omega }}_{C}\right )} + \norm { \mr {v}}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )} \right ) \\ &\leq C h_{1, \widehat {\Omega }_C} ^{1-q} \norm { \mr {v}}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q-\beta } \norm {\widehat {v}}_{\mathcal {V}^{s}_{\pol ,\beta }\left (\widetilde {\widehat {\Omega }}_{C}\right )} .\end {align*}


$V$


$\widehat v_0$


$\widehat v_0(0,\cdot ) = 0$


$\mr v_0 = \mr W \mr v_0$


\begin {align*}\norm {\widehat \partial _2\left (W\widehat {v} - {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }( W \widehat {v})\right )}_{\widehat L^2_{-1/2}(\widehat {\Omega }_C)} &= \norm {\mr {\partial }_{2}\left ( \mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right )}_{\widehat L^2_{-1/2}(\mr \Omega _C)} = \norm {\mr {\partial }_{2} \mr {v}_0 - {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } (\widehat \partial _2\mr {v}_0)}_{\widehat L^2_{-1/2}(\mr \Omega _C)} \\ & \leq C \norm { \mr {\partial }_{2} \mr {v}_0}_{\widehat L^2_{-1/2}\left (\widetilde {\mr {\Omega }}_{C}\right )} \leq C \norm {\mr v_0}_{\widehat V^1_{\pol }\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \norm {\mr {v}_0}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )} \\ & \leq C h_{1, \widehat {\Omega }_C}^{s-1-\beta } \norm {\widehat {v}}_{\mathcal {V}^{s}_{\pol ,\beta }\left (\widetilde {\widehat {\Omega }}_{C}\right )} ,\end {align*}


$V$


$\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }$


$L^2_{-1/2}(\mr \Omega _C)$


\begin {align*}\norm {\mr {v}_0 - \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0}_{\widehat L^2_{-1/2}(\mr \Omega _C)} \leq C \norm {\mr {v}_0}_{\widehat L^2_{-1/2}\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \norm {\mr {v}_0}_{\widehat V^1_{\pol }\left (\widetilde {\mr {\Omega }}_C\right )} \leq C \norm {\mr {v}_0}_{\widehat {V}^{s}_{\pol ,\beta }\left (\widetilde {\mr {\Omega }}_{C}\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-1-\beta } \norm {\widehat {v}}_{\mathcal {V}^{s}_{\pol ,\beta }\left (\widetilde {\widehat {\Omega }}_{C}\right )} .\end {align*}


\begin {align*}\abs {v - \Pi _{V_h^{\pol }} v }_{H^q(\Omega _C)} \leq C h_{1, \widehat {\Omega }_C}^{s-q-\beta } \norm {\widehat {v}}_{\mathcal {V}_{\pol ,\beta }^{s}\left (\widetilde {\widehat {\Omega }}_C\right )} \leq C h_{1, \widehat {\Omega }_C}^{s-q-\beta } \norm {v}_{V^{s}_{\beta }(\widetilde \Omega _C)} ,\end {align*}


$\Omega $


$q \in \{0,1\}$


$s \in \N $


$2 \leq s \leq p +1$


$v \in V^{s}_{\beta }(\Omega )$


$\beta \in \R $


$s-1-\nu < \beta < s-1$


$h$


\begin {align*}\norm {v - \Pi _{V_h^{\pol }}v}_{H^q(\Omega )} \leq C h^{s-q} \norm {v}_{V^{s}_{\beta }(\Omega )}.\end {align*}


\begin {align*}\norm {v-\Pi _{V_h^{\pol }}v}_{H^q(\Omega )}^2 = \norm {v-\Pi _{V_h^{\pol }}v}_{H^q(\Omega _C)}^2 + \norm {v-\Pi _{V_h^{\pol }}v}_{H^q(\Omega _R)}^2 .\end {align*}


$h_{1,\Omega _C} \sim \widetilde {h}_{1,j_1}$


$\Omega _C$


$\beta = (1-\mu )(s-q)$


\begin {align*}\norm {v-\Pi _{V_h^{\pol }}v}_{H^q(\Omega _C)}^2 \leq C h_{1,\Omega _C}^{2(s - q- \beta )} \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)} = C h_{1,\Omega _C}^{2(s - q)(1-1+\mu )} \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)} \leq C h_1^{2(s - q)\mu /\mu } \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)} = C h_1^{2(s-q)} \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)}^2 .\end {align*}


$h_1 \sim h_2$


$h=\max \{h_1,h_2\}$


\begin {align*}\norm {v-{\Pi }^{\widehat \Gamma }_{V_h}v}_{H^q(\Omega )}^2 \leq C h^{2(s-q)} \left (\norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_C)}^2 + \norm {v}_{V^{s}_{\beta }(\widetilde {\Omega }_R)}^2 \right ) \leq C h^{2(s-q)} \norm {v}_{V^{s}_{\beta }(\Omega )}^2 ,\end {align*}


$\widetilde {\Omega }_C$


$\widetilde {\Omega }_R$


$h$


$H^q$


\begin {align*}s-q-\beta <s-q-(s-1-\nu ) = \nu + 1 - q .\end {align*}


$\nu + 1 < s$


$H^1$


$\nu - \varepsilon $


$\varepsilon > 0$


$L^2$


$2\nu $


$\nu +1 - \varepsilon $


$h$


$p=5$


$36$


$6$


$p$


$k=p-1$


\begin {align*}u: \Omega \to \R , \quad u(x,y) =\invbreve u(r,\varphi ) = r^\nu \sin (\nu \varphi ) ,\end {align*}


$\nu = 2$


$\invbreve u(r,\varphi ) =u(r\cos \varphi , r \sin \varphi ) =u(x,y)$


$16$


$p=3$


$H^1(\Omega )$


$L^2(\Omega )$


\begin {align*}u(x,y) = \invbreve u(r,\varphi ) = r^2 \sin (2 \varphi ) = 2 r^2 \sin \varphi \cos \varphi = 2xy .\end {align*}


$u \in H^s(\Omega )$


$s \in \N $


$V$


$u \in V^s_{\beta }(\Omega )$


$s\in \N $


$\beta \in \R $


$s-1-\nu < \beta < s-1$


$\nu = 2$


$\nu > s-1$


$s\leq 2$


$H^1(\Omega )$


$L^2(\Omega )$


$h$


$p$


$\mu =1$


$1$


$H^1(\Omega )$


$2$


$L^2(\Omega )$


$p$


$H^1(\Omega )$


$p+1$


$L^2(\Omega )$


$\omega =\frac 23 \pi $


$f: \Omega \to \R , \ f(x,y) = \invbreve f(r,\varphi ) = -r^{\nu -1} \sin (\nu \varphi )(-2\nu -1)$


$\nu = \frac {\pi }{2\omega } = \frac 34$


\begin {align*}u: \Omega \to \R , \quad u(x,y) = \invbreve u(r,\varphi ) = r^\nu \sin (\nu \varphi ) (1-r) .\end {align*}


$\omega = \frac {2}{3}\pi $


$16$


$H^1(\Omega )$


$L^2(\Omega )$


$r^{\nu }$


$H^1(\Omega )$


$L^2(\Omega )$


$h$


$p$


$\mu =1$


$\mu = 0.9 \frac {\nu }{p}$


$\nu $


$2\nu $


$p$


$p+1$


$H^1(\Omega )$


$L^2(\Omega )$


$\omega = \frac 32 \pi $


$\Xi _1= \{0,0,1,1\}$


$\Xi _2=\Xi _1= \{0,0,0,0,0,\frac 12,\frac 12,1,1,1,1,1\}$


$\bs c_{\bs i}$


$\bs i \in \bs I$


$\frac {\pi }{2}$


\begin {align*}u: \Omega \to \R , \quad u(x,y) = \invbreve u(r,\varphi ) = r^\nu \sin (\nu \varphi ) ,\end {align*}


$\nu = \frac 23$


$H^1(\Omega )$


$L^2(\Omega )$


$\omega = \frac {5}{3}\pi $


$\bs F \in (C^0(\widehat \Omega ))^2$


$f: \Omega \to \R , \ f(x,y) = \invbreve f(r,\varphi ) = -r^{\nu -1} \cos (\nu \varphi )(-2\nu -1)$


$\nu = \frac {\pi }{\omega } = \frac 35$


\begin {align*}u: \Omega \to \R , \quad u(x,y) = \invbreve u(r,\varphi ) = r^\nu \cos (\nu \varphi ) (1-r) ,\end {align*}


$H^1(\Omega )$


$L^2(\Omega )$


$H^1(\Omega )$


$L^2(\Omega )$


$h$


$C^0$


$C^2$


$k=0$


$k=p-1$


$H^1(\Omega )$


$L^2(\Omega )$


$C^0$


$C^{p-1}$


$L^2$


$C^0$


$C^0$


\begin {align*}u: \Omega \to \R , \quad u(x,y) = \invbreve u(r,\varphi ) = r^\nu \sin (\nu \varphi )\end {align*}


$\nu = \frac 43$


$4\times 4$


$0.9$


$H^1(\Omega )$


$L^2(\Omega )$


$H^1(\Omega )$


$L^2(\Omega )$


$h^{-2} \sim \mathrm {ndof}$


$\frac {p}{2}$


$H^1(\Omega )$


$\frac {p+1}{2}$


$L^2(\Omega )$


$\nu = \frac 13$


\begin {align*}f: \Omega \to \R , \quad f(x,y) = \invbreve f(r,\varphi ) = r^{\nu } \left ( (4 + 4\nu - 2r^2 - \nu r^2) \sin (\nu \varphi ) + \nu r^2 \sin (\varphi (\nu - 4))\right ),\end {align*}


\begin {align*}u: \Omega \to \R , \quad u(x,y) = \invbreve u(r,\varphi ) = r^\nu \sin (\nu \varphi ) (1-r^2 + r^4 \cos ^2(\varphi ) \sin ^2(\varphi )) .\end {align*}


$(1-x)(1+x)(1-y)(1+y) = 1-r^2 + r^4 \cos ^2\varphi \sin ^2\varphi $


$u=0$


$\Gamma _2$


$u \in V^{s}_{\beta }(\Omega )$


$(s,\beta ) \in \N \times \R $


$s-1-\nu < \beta < s-1 + \nu $


$H^1(\Omega )$


$L^2(\Omega )$


$H^1(\Omega )$


$L^2(\Omega )$


$\omega =2\pi $


$H$


$C^k$


$k\geq 1$


$C^0$


$\bs F$


$\bs F$


$\bs F$


$\bs \alpha $


$G_{\bs \gamma }:[0,1] \to \R $


$1 \leq \abs {\bs \gamma }\leq \abs {\bs \alpha }$


\begin {align}\label {eq: directional derivatives in terms of standard derivatives} D^{\bs \alpha }_{\bs F} v = \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1 ^{-\alpha _1 + \abs {\bs \gamma }} G_{\bs \gamma } D^{\bs \gamma } v,\end {align}


$\bs \zeta = (\zeta _1,\zeta _2) = (\zeta _1(\bs x), \zeta _2(\bs x)) = \bs F^{-1}(\bs x)$


$G_{\bs \gamma } = G_{\bs \gamma }(\zeta _2(\bs x))$


$\bs x \neq \bs 0$


$\abs {\bs \alpha }$


$\abs {\bs \alpha }=1$


$\bs \alpha $


$\abs {\bs \alpha } = s \in \N $


$G_{\bs \gamma }$


$\zeta _2$


$G_{\bs \gamma }$


$\zeta _2$


\begin {align*}D^{(\alpha _1 + 1, \alpha _2)}_{\bs F} v &= D^{(1,0)}_{\bs F} \left (D^{\bs \alpha }_{\bs F} v \right ) = D^{(1,0)}_{\bs F} \left ( \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} G_{\bs \gamma } D^{\bs \gamma } v \right ) \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \left [ D^{(1,0)}_{\bs F} \left (\zeta _1^{-\alpha _1 + \abs {\bs \gamma }}\right ) G_{\bs \gamma } D^{\bs \gamma } v + \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} G_{\bs \gamma } D^{(1,0)}_{\bs F} \left (D^{\bs \gamma } v \right ) \right ] \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \left [(-\alpha _1 +\abs {\bs \gamma }) \zeta _1^{-(\alpha _1 + 1)+ \abs {\bs \gamma }} G_{\bs \gamma } D^{\bs \gamma } v + \zeta _1^{- \alpha _1 + \abs {\bs \gamma }} G_{\bs \gamma } \left ( G_1 \, \partial _x ( D^{\bs \gamma } v) + G_2 \, \partial _y (D^{\bs \gamma } v) \right ) \right ] \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} (-\alpha _1 +\abs {\bs \gamma }) \zeta _1^{-(\alpha _1+1) + \abs {\bs \gamma }} G_{\bs \gamma } D^{\bs \gamma } v + \sum _{1\leq \abs {\bs \gamma ^\prime }\leq \abs {\bs \alpha }+1} \zeta _1^{-(\alpha _1+1)+ \abs {\bs \gamma ^\prime }} G_{\bs \gamma ^\prime } D^{\bs \gamma ^\prime } v \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }+1} \zeta _1^{-(\alpha _1+1) + \abs {\bs \gamma }} {G}_{\bs \gamma } D^{\bs \gamma } v .\end {align*}


\begin {align*}D^{(\alpha _1, \alpha _2 + 1)}_{\bs F} v &= D^{(0,1)}_{\bs F} \left (D^{\bs \alpha }_{\bs F} v \right ) = D^{(0,1)}_{\bs F} \left (\sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} G_{\bs \gamma } D^{\bs \gamma } v \right ) = \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} D^{(0,1)}_{\bs F} \left (G_{\bs \gamma } D^{\bs \gamma } v \right ) \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} \left (G_{\bs \gamma }^\prime D^{\bs \gamma } v + G_{\bs \gamma } \left ( \zeta _1 G_1^\prime \partial _x (D^{\bs \gamma } v) + \zeta _1 G_2^\prime \partial _y (D^{\bs \gamma } v \right ) \right ) = \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }+1} \zeta _1^{-\alpha _1 + \abs {\bs \gamma }} {G}_{\bs \gamma } D^{\bs \gamma } v .\end {align*}


$\bs \alpha ^{\prime }$


$|\bs \alpha ^{\prime }|=s+1$


$\bs \alpha $


$G_{\bs \gamma }:[0,1] \to \R $


$1 \leq \abs {\bs \gamma }\leq \abs {\bs \alpha }$


\begin {align}\label {eq: standard derivatives in terms of directional derivatives} D^{\bs \alpha } v = \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\abs {\bs \alpha } + \gamma _1} G_{\bs \gamma } D^{\bs \gamma }_{\bs F} v ,\end {align}


$\bs \zeta = (\zeta _1,\zeta _2) = (\zeta _1(\bs x), \zeta _2(\bs x)) = \bs F^{-1}(\bs x)$


$G_{\bs \gamma } = G_{\bs \gamma }(\zeta _2(\bs x))$


$\bs x \neq \bs 0$


$\abs {\bs \alpha }$


$\abs {\bs \alpha }=1$


$\bs \alpha $


$\abs {\bs \alpha } = s \in \N $


$G_{\bs \gamma }$


$\zeta _2$


\begin {align*}\partial _x{\zeta _1} &= G_2 \, \mathrm {D}_{\bs F}^{(1,0)} \zeta _1 - \zeta _1^{-1} G_2^{\prime } \, \mathrm {D}_{\bs F}^{(0,1)} \zeta _1 = G_2, \\ \partial _x(G_{\bs \gamma }) &= G_2 \, \mathrm {D}_{\bs F}^{(1,0)} G_{\bs \gamma } - \zeta _1^{-1} G_2^{\prime } \, \mathrm {D}_{\bs F}^{(0,1)} G_{\bs \gamma } = -\zeta _1^{-1} G_2^{\prime } G_{\bs \gamma }^{\prime },\end {align*}


\begin {align*}D^{(\alpha _1 + 1, \alpha _2)} v &= D^{(1,0)} \left (D^{\bs \alpha } v \right ) = \partial _x \left ( \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\abs {\bs \alpha } + \gamma _1} G_{\bs \gamma } D_{\bs F}^{\bs \gamma } v \right ) \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \left [ \partial _x \left (\zeta _1^{-\abs {\bs \alpha } + \gamma _1}\right ) G_{\bs \gamma } D^{\bs \gamma }_{\bs F} v + \zeta _1^{-\abs {\bs \alpha } + \gamma _1} \partial _x \left (G_{\bs \gamma } D^{\bs \gamma }_{\bs F} v\right ) \right ] \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} (-\abs {\bs \alpha } + \gamma _1) \zeta _1^{-(\abs {\bs \alpha } + 1) + \gamma _1} \partial _x{\zeta _1} \, G_{\bs \gamma } D^{\bs \gamma }_{\bs F} v + \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }} \zeta _1^{-\abs {\bs \alpha } + \gamma _1}\left ( \partial _x(G_{\bs \gamma }) D^{\bs \gamma }_{\bs F} v + G_{\bs \gamma } \left ( G_2 D_{\bs F}^{\bs \gamma + (1,0)} v - \zeta _1^{-1} G_2^{\prime } D^{\bs \gamma +(0,1)}_{\bs F} v \right ) \right ) \\ &= \sum _{1\leq \abs {\bs \gamma }\leq \abs {\bs \alpha }+1} \zeta _1^{-(\abs {\bs \alpha } + 1) + \gamma _1} {G}_{\bs \gamma } D^{\bs \gamma }_{\bs F} v .\end {align*}


$D^{(\alpha _1, \alpha _2+1)} v$


$\bs \alpha ^{\prime }$


$|\bs \alpha ^{\prime }|=s+1$


$V$


$v \in V^s_{\beta }(K)$


$K \in \mathcal {M}^{\mu }, s \in \N $


$\beta \in \R $


$Q =\bs F^{-1}(K)$


$\widehat v = v \circ \bs F$


\begin {align*}\norm {v}_{V^{s}_{\beta }(K)} \sim \norm {\widehat {v}}_{\widehat {V}^{s}_{\pol ,\beta }(Q)}.\end {align*}


$\|v\|_{V^{s}_{\beta }(K)}$


\begin {align*}r^{\beta -s+|\bs \alpha |}|D^{\bs \alpha }v| \sim \zeta _1^{\beta -s+|\bs \alpha |}|D^{\bs \alpha }v| \le \sum _{|\bs \gamma |\le |\bs \alpha |} \zeta _1^{\beta -s+\gamma _1}|G_{\bs \gamma }|\,|D_{\bs F}^{\bs \gamma }v|.\end {align*}


$|\bs \alpha |\le s$


$G_{\bs \gamma }$


\begin {align*}\|v\|_{V^{s}_{\beta }(K)}^2 =\sum _{|\bs \alpha |\le s} \int _K r^{2(\beta -s+|\bs \alpha |)}|D^{\bs \alpha }v|^2\,d\bs x \leq C \sum _{|\bs \gamma |\le s} \int _Q \zeta _1^{2(\beta -s+\gamma _1)}|D_{\bs F}^{\bs \gamma }v|^2\,\zeta _1\,d\bs \zeta = C\,\|\widehat v\|_{\widehat V^{s}_{\pol ,\beta }(Q)}^2.\end {align*}


$\norm {\widehat {v}}_{\widehat {V}^{s}_{\pol ,\beta }(Q)}$


\begin {align*}\zeta _1^{\beta -s+\alpha _1}|D_{\bs F}^{\bs \alpha }v| \leq \sum _{|\bs \gamma |\le |\bs \alpha |} \zeta _1^{\beta -s+|\bs \gamma |}|G_{\bs \gamma }|\,|D^{\bs \gamma }v|,\end {align*}


\begin {align*}\|\widehat v\|_{\widehat V^{s}_{\pol ,\beta }(Q)}^2 \leq C \sum _{|\bs \alpha |\le s} \int _K \zeta _1^{2(\beta -s+\alpha _1)}|D_{\bs F}^{\bs \alpha }v|^2\,d\bs x \leq C\,\sum _{|\bs \gamma |\le s}\!\int _K r^{2(\beta -s+|\bs \gamma |)}|D^{\bs \gamma }v|^2\,d\bs x = C\,\|v\|_{V^{s}_{\beta }(K)}^2.\end {align*}


\begin {align*}{\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi }: C(\mr \Omega ) \to S_{(p_1,p_2-1)}( \bs \Xi ),\end {align*}


$\mr \Omega $


\begin {align*}\mr {\partial }_{2}\left ( \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right ) = {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } (\mr {\partial }_{2} \mr {v}_0 )\end {align*}


$\mr v_0 \in C(\mr \Omega )$


$\mr v_0(0,\cdot ) = 0$


$\mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi }$


$\lambda ^{\widehat \Gamma }_{\bs i_{\pol }, \bs p}$


$\bs i_{\pol } \in I_{\pol }$


$\mr v_0 \in C(\mr \Omega )$


$\mr v_0(0,\cdot ) = 0$


$W \equiv 1$


$c=0$


\begin {align*}\mr {\partial }_{2}\left ( \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right ) (\mr \zeta _1, \mr \zeta _2) &= \mr {\partial }_{2}\left (\sum _{\bs i \in \bs I \setminus \bs I_{\pol }} {\mr \lambda }_{\bs i, \bs p}(\mr {v}_0) \mr {B}_{\bs i,\bs p} (\mr \zeta _1, \mr \zeta _2) \right ) = \sum _{\bs i \in \bs I \setminus \bs I_{\pol }} {\mr \lambda }_{\bs i, \bs p}(\mr {v}_0) \, \mr {\partial }_{2} \mr {B}_{\bs i,\bs p} (\mr \zeta _1, \mr \zeta _2) \\ &= \sum _{i_1=2}^{n_1} \sum _{i_2=1}^{n_2} (\mr \lambda _{i_1, p_1} \otimes \mr \lambda _{i_2, p_2})(\mr {v}_0) \, \mr {B}_{i_1,p_1}(\mr \zeta _1) \, p_2 \left ( \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} - \frac {\mr B_{i_2+1,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2+1,2} - \mr \xi _{i_2+1,2}}\right ) \\ &= p_2 \sum _{i_1=2}^{n_1} \sum _{i_2=1}^{n_2} \mr \lambda _{i_1, p_1} \left ( \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(\cdot , t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \Dd t \right ) \mr {B}_{i_1,p_1}(\mr \zeta _1) \left ( \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} - \frac {\mr B_{i_2+1,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2+1,2} - \mr \xi _{i_2+1,2}}\right ) \\ &= p_2 \sum _{i_1=2}^{n_1} \mr \lambda _{i_1, p_1} \left (\sum _{i_2=1}^{n_2} \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(\cdot , t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \Dd t \left ( \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} - \frac {\mr B_{i_2+1,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2+1,2} - \mr \xi _{i_2+1,2}}\right ) \right ) \mr {B}_{i_1,p_1}(\mr \zeta _1) .\end {align*}


$\mr \lambda _{i_1,p_1}$


\begin {align*}&\sum _{i_2=1}^{n_2} \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(\cdot , t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \Dd t \left ( \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} - \frac {\mr B_{i_2+1,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2+1,2} - \mr \xi _{i_2+1,2}} \right ) \\ &= \int _{\mr \xi _{1,2}}^{\mr \xi _{1+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{1}(t) \, \dt \, \frac {\mr B_{1,p_2-1}(\mr \zeta _2)}{\mr \xi _{1+p_2,2} - \mr \xi _{1,2}} \\ &\quad +\sum _{i_2=2}^{n_2} \left ( \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt - \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2-1}(t) \, \dt \right ) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} \\ &\quad - \int _{\mr \xi _{n_2,2}}^{\mr \xi _{n_2+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{n_2}(t) \,\dt \, \frac {\mr B_{n_2+1,p_2-1}(\mr \zeta _2)}{\mr \xi _{n_2+p_2+1,2} - \mr \xi _{n_2+1,2}} \\ &= \sum _{i_2=2}^{n_2} \left ( \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt - \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2-1}(t) \, \dt \right ) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} .\end {align*}


$\Xi _2$


\begin {align}& \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt - \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2-1}(t) \, \dt \nonumber \\ &= \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(s,t) \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt - \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \mr {v}_0(s,\alpha (t)) \, \mathring {D}^{p_2+1}( \mr \psi _{i_2-1} \circ \alpha (t)) \abs {\alpha '(t)} \, \dt \label {eq: new dual functional two parts} ,\end {align}


$\alpha (t) := t - h_{2}$


$h_{2}$


\begin {align*}\psi _{i_2-1}(t- h_2) &= G_{i_2-1}(t - h_2) \Phi _{i_2-1} (t- h_2) \\ &= g\left (\frac {2 (t- h_2) - \xi _{i_2-1,2} - \xi _{i_2+p_2,2}}{\xi _{i_2+p_2,2}- \xi _{i_2-1,2}}\right ) \left (\frac {(t- h_2-\xi _{i_2,2}) \cdots (t- h_2 - \xi _{i_2+p_2-1,2})}{p_2!}\right ) \\ &= g\left (\frac {2 t - (\xi _{i_2-1,2} + h_2) - (\xi _{i_2+p_2,2}+h_2)}{\xi _{i_2+p_2+1,2} - h_2- (\xi _{i_2,2} - h_2)}\right ) \left (\frac {(t-(\xi _{i_2,2}+h_2)) \cdots (t - (\xi _{i_2+p_2-1,2}+h_2))}{p_2!}\right ) \\ &= g\left (\frac {2 t - \xi _{i_2,2} - \xi _{i_2+p_2+1,2}}{\xi _{i_2+p_2+1,2}- \xi _{i_2,2}}\right ) \left (\frac {(t-\xi _{i_2+1,2}) \cdots (t - \xi _{i_2+p_2,2}))}{p_2!} \right ) = G_{i_2}(t) \Phi _{i_2} (t) = \psi _{i_2}(t) .\end {align*}


\begin {align*}\mu _{i_2,p_2-1} (\mr {w}) := \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \int _{\alpha (t)}^{t} \mr {w}(z) \Dd z \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt ,\end {align*}


$\mr w(\cdot ) = \mr {\partial }_{2}\mr {v}_0(s,\cdot )$


\begin {align*}\mr {\partial }_{2}\left ( \mr {\Pi }^{\widehat \Gamma }_{\bs p, \bs \Xi } \mr {v}_0\right ) &= p_2 \sum _{i_1=2}^{n_1} \lambda _{i_1,p_1} \left (\sum _{i_2=2}^{n_2} \mu _{i_2,p_2-1} (\mr {\partial }_{2}\mr {v}_0(s,\cdot )) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} \right ) \mr {B}_{i_1,p_1}(\mr \zeta _1) \\ &= p_2 \sum _{i_1=2}^{n_1} \sum _{i_2=2}^{n_2} \left (\lambda _{i_1,p_1} \otimes \mu _{i_2,p_2-1}\right ) (\mr {\partial }_{2}\mr {v}_0) \mr {B}_{i_1,p_1}(\mr \zeta _1) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} = {\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } (\mr {\partial }_{2} \mr {v}_0 ) ,\end {align*}


\begin {align}{\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi }(\mr w):= p_2 \sum _{i_1=2}^{n_1} \sum _{i_2=2}^{n_2} \left (\lambda _{i_1,p_1} \otimes \mu _{i_2,p_2-1}\right ) (\mr w) \mr {B}_{i_1,p_1}(\mr \zeta _1) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2,2} - \mr \xi _{i_2,2}} \label {eq: new projector derivative of projector}\end {align}


$C>0$


\begin {align*}\norm {{\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } (\mr {\partial }_{2} \mr {v}_0 ) }_{\widehat L^2_{-1/2}(\mr \Omega _C)} \leq C \norm {\mr {\partial }_{2}\mr {v}_0}_{\widehat L^{2}_{-1/2}\left (\widetilde {\mr {\Omega }}_C\right )}\end {align*}


$\mr v_0 \in C(\mr \Omega )$


$\mr v_0(0,\cdot ) = 0$


\begin {align*}\norm {{\mr \Pi }^{\widehat \Gamma , \mr \partial _2}_{(p_1,p_2-1), \bs \Xi } (\mr {\partial }_{2} \mr {v}_0 ) }_{\widehat L^2_{-1/2}(\mr \Omega _C)}^2 &\leq p_2^2 \sum _{i_1=2}^{n_1} \sum _{i_2=2}^{n_2} \abs {(\lambda _{i_1,p_1} \otimes \mu _{i_2,p_2-1}) (\mr {\partial }_{2}\mr {v}_0)}^2 \int _{\mr \Omega _C} \abs {\mr \zeta _1 ^{-1/2} \, \mr {B}_{i_1,p_1}(\mr \zeta _1) \frac {\mr B_{i_2,p_2-1}(\mr \zeta _2)}{\mr \xi _{i_2+p_2+1,2} - \mr \xi _{i_2,2}}}^2 \Dd \mr \zeta _1 \Dd \mr \zeta _2 \\ &\leq p_2^2 \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2}\abs { \int _{\mr \xi _{i_1,1}}^{\mr \xi _{i_1+p_1+1,1}} \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \int _{\alpha (t)}^{t} \mr {\partial }_{2}\mr {v}_0(s,z) \Dd z \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt \, \mathring {D}^{p_1+1} \mr \psi _{i_1}(s) \Dd s }^2 C h_{2}^{-2} \\ & \leq C h_{2}^{-2} \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2}\abs { \int _{\mr \xi _{i_1,1}}^{\mr \xi _{i_1+p_1+1,1}} \int _{\mr \xi _{i_2,2}}^{\mr \xi _{i_2+p_2+1,2}} \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2+1,2}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z)} \Dd z \, \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt \, \mathring {D}^{p_1+1} \mr \psi _{i_1}(s) \Dd s }^2 \\ &= C h_{2}^{-2} \left (\int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2+1,2}} \mathring {D}^{p_2+1} \mr \psi _{i_2}(t) \, \dt \right )^2 \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2}\abs { \int _{\mr \xi _{i_1,1}}^{\mr \xi _{i_1+p_1+1,1}} \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2+1,2}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z)} \Dd z \, \mathring {D}^{p_1+1} \mr \psi _{i_1}(s) \Dd s }^2 \\ &\leq C \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2}\abs { \int _{\mr \xi _{i_1,1}}^{\mr \xi _{i_1+p_1+1,1}} \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2+1,2}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z) \mathring {D}^{p_1+1} \mr \psi _{i_1}(s)} \Dd z \Dd s }^2 .\end {align*}


$E_{(i_1,i_2)}:=(\mr \xi _{i_1,1},\mr \xi _{i_1+p_1+1,1}) \times (\mr \xi _{i_2-1,2},\mr \xi _{i_2+p_2+1,2}) \subset \widetilde {\mr {\Omega }}$


\begin {align*}& C \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2}\abs { \int _{\mr \xi _{i_1,1}}^{\mr \xi _{i_1+p_1+1,1}} \int _{\mr \xi _{i_2-1,2}}^{\mr \xi _{i_2+p_2+1,2}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z) \mathring {D}^{p_1+1} \mr \psi _{i_1}(s)} \Dd z \Dd s }^2 \\ &\leq C \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \left (\int _{E_{(i_1,i_2)}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z)}^2 \Dd z \Dd s \right ) \left (\int _{E_{(i_1,i_2)}} \abs {\mathring {D}^{p_1+1} \mr \psi _{i_1}(s)}^2 \Dd z \Dd s \right ) \\ &\leq C \left (\sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \left (\int _{E_{(i_1,i_2)}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z)}^2 \Dd z \Dd s \right )^{2} \right )^{1/2} \left (\sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \left ( \int _{E_{(i_1,i_2)}} \abs {\mathring {D}^{p_1+1} \mr \psi _{i_1}(s)} \Dd z \Dd s \right )^{2} \right )^{1/2} \\ &\leq C \left (\sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \int _{E_{(i_1,i_2)}} \abs {\mr {\partial }_{2}\mr {v}_0(s,z)}^2 \Dd z \Dd s \right ) \left (\sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \int _{E_{(i_1,i_2)}} \abs {\mathring {D}^{p_1+1} \mr \psi _{i_1}(s)} \Dd z \Dd s \right ) \\ &\leq C \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} \norm {\mr {\partial }_{2}\mr {v}_0}^2_{L^{2}\left ( E_{(i_1,i_2)}\right )} \sum _{i_1=2}^{n_1}\sum _{i_2=2}^{n_2} h_2 h_1 \leq C \norm {\mr {\partial }_{2}\mr {v}_0}_{\widehat L^{2}\left (\widetilde {\mr {\Omega }}_C\right )}^2 \cdot 1 \leq C \norm {\mr {\partial }_{2}\mr {v}_0}_{\widehat L^{2}_{-1/2}\left (\widetilde {\mr {\Omega }}_C\right )}^2 ,\end {align*}


$\alpha \geq 1$


$(\Theta (j))_{j = 1}^\infty $


\begin {align*}\Theta (j) := \frac {j^\alpha - (j-1)^\alpha }{(j+1)^\alpha - j^\alpha }\end {align*}


$\lim _{j \to \infty } \Theta (j) = 1$


$\alpha =1$


$\Theta (j) = 1$


$j \in \N $


$\alpha >1$


\begin {align*}\Theta : [1,\infty ) \to \R , \quad \Theta (x) := \frac {x^\alpha - (x-1)^\alpha }{(x+1)^\alpha - x^\alpha } ,\end {align*}


$\alpha \in \{2,3,\dots ,6\}$


$\Theta $


$\alpha \in \{2,3,\dots ,6\}$


$f:[1,\infty ) \to \R , \ f(x):=x^{\alpha }$


$g:[1,\infty ) \to \R , \ g(x):=(x+1)^{\alpha }$


\begin {align*}\Theta (j) = \frac {f(j) - f(j-1)}{g(j)-g(j-1)} = \frac {f'(x)}{g'(x)} = \left ( \frac {x}{x + 1} \right )^{\alpha - 1} =:\widetilde {\Theta }(x) .\end {align*}


$x \in (j-1,j)$


$j \in \N $


$\widetilde {\Theta }$


\begin {align*}\widetilde {\Theta }'(x) = \left (\alpha -1\right )\left ( \frac {x}{x + 1} \right )^{\alpha - 2} \frac {1}{(x + 1)^2} = \left (\alpha -1\right ) x^{\alpha - 2} (x + 1)^{-\alpha },\end {align*}


$\alpha > 1$


$x > j-1 \geq 0$


$\widetilde {\Theta }'(x) >0$


$\widetilde {\Theta }$


$(\Theta (j))_{j = 1}^\infty $


\begin {align*}\lim \limits _{j \to \infty } \Theta (j) = \lim \limits _{x \to \infty } \widetilde {\Theta }(x) = \lim \limits _{x \to \infty } \left ( \frac {x}{x + 1} \right )^{\alpha - 1} = 1\end {align*}
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domains with geometric singularities such as corners. The reduced regularity of PDE solutions in the vicinity of singularities prevents
higher-order convergence and significantly limits achievable accuracy. To overcome these limitations, various refinement strategies
have been proposed in the literature, with adaptive algorithms being among the most popular. To this end, several advanced spline
technologies have emerged, including T-splines, LR-splines, PHT-splines, and hierarchical approaches; a comprehensive overview is
provided in [2]. While these methods enable localized refinement, they introduce additional complexity in both implementation and
computation.

The reduced regularity associated with corner singularities is well understood and can often be characterized a priori, motivating
simpler yet equally effective refinement schemes. It is well-known from classical finite element methods that these singularities can be
efficiently handled through graded mesh refinement [3-7]. However, when grading tensor-product meshes on smoothly parameterized
domains, the refinement inevitably propagates along the mapped edges of the parametric domain, resulting in a non-local refinement
pattern, see, e.g., previous works on mesh grading in IGA [8,9].

The only scenario in which mapped graded tensor-product meshes achieve truly local refinement near a point singularity is when
one edge of the parametric domain is collapsed into the corner. Such parameterizations closely resemble transformations from polar to
Cartesian coordinates; consequently, these geometries are naturally referred to as polar domains with corners, the associated mappings
as polar parameterizations and the considered corner as polar corner. By grading the parametric mesh toward the collapsed edge,
refinement of the Bézier mesh can be effectively concentrated around the singularity, while maintaining the tensor-product structure
of the mesh. As demonstrated numerically for the Laplace eigenvalue problem circular sectors in our recent work [10], this strategy
leads to optimal approximation rates for singular solutions when suitable grading parameters are chosen. In the present paper, we
extend this approach to more general corner domains and provide a comprehensive mathematical analysis.

Polar parameterizations emerge naturally within CAD applications, especially for rotationally symmetric domains. Examples in-
clude the modeling of cylindrical sector geometries arising in electromagnetics [11] and arterial geometries in biomechanics [12,13],
and different applications in structural mechanics like the modelling of cylindrical continuum rods [14], vibration analysis of circu-
lar plates [12,15] or acoustic analysis of reactive mufflers [16]. Furthermore, polar parameterizations appear prominently in scaled
boundary parameterizations within IGA [17], which have recently been extended to simulate plates and shells [18-20]. The widely
known Pacman domain also serves as a singularly mapped benchmark for evaluating adaptive refinement strategies in IGA boundary
element methods [21,22].

Nonetheless, polar mappings suffer from a lack of regularity, and standard isogeometric approximation spaces — defined as push-
forwards of the corresponding parametric spaces — are not suitable [23,24]. The development of appropriate spline spaces for polar
domains have become the subject of substantial recent interest [25,26]. Although polar parameterizations are extensively employed
in practical engineering applications of IGA, their mathematical foundations, in particular, the availability of corresponding approxi-
mation estimates, still remain underdeveloped. A primary reason for this gap is the inherent singularity introduced at the polar point
[23,24], which conflicts with the smoothness assumptions underlying classical IGA approximation theory [27,28]. Consequently,
such singular configurations are typically excluded. To date, approximation properties in the presence of polar singularities have
only been established for specialized cases, such as singularly parameterized triangular domains [29] and, more recently, within
subdivision-based IGA frameworks [30].

The present work aims to bridge this gap by providing a detailed numerical analysis and deriving error estimates that account for
the specific structure of polar parameterizations, thereby addressing the challenges associated with the presence of a polar point. Fur-
thermore, we establish a theoretical foundation for the choice of the mesh grading parameter that is required to handle characteristic
singularities of the PDE solution at the polar corner.

1.2. Main novelties and contributions

The main contributions of this work to the state of the art are as follows:

¢ A numerical analysis framework tailored to polar parameterizations: We develop a numerical analysis framework for iso-
geometric mappings that collapse one edge of the parametric domain onto a physical corner. This includes the definition of a
quasi-interpolant for polar splines on the parametric square, the construction of a corresponding projection operator in the phys-
ical domain, and the introduction of a new class of polar function spaces. These spaces are built upon weighted Sobolev norms
and are naturally suited for pull-backs of functions defined on polar domains with corners.

¢ Error estimates for smooth solutions: Within this framework, we derive error estimates in polar function spaces and transfer
them to the physical domain. For a class of sufficiently smooth solutions, our analysis confirms optimal convergence rates that
have been previously observed numerically for uniformly refined meshes mapped via a polar parameterization; see, for example,
the recent study [30].

» Error estimates for singular solutions: We extend our analysis to functions exhibiting classical corner singularities at the polar
point. These singularities are captured within appropriately defined weighted Sobolev spaces, enabling a systematic convergence
analysis in the non-smooth setting.

¢ A graded mesh refinement scheme toward the polar corner: To approximate the singularity at the polar point, we introduce
a boundary-fitted graded mesh refinement strategy based on a grading parameter. This approach effectively concentrates degrees
of freedom near the polar corner and restores optimal approximation accuracy for non-smooth solutions.
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Analysis of the optimal grading parameter: By combining the known singular behavior of solutions with the structure of the
polar function spaces, we derive explicit conditions on the grading parameter that ensure optimal convergence rates. This provides
practical guidance for the construction of effective graded meshes.

¢ Numerical implementation and illustrative examples: We show how to integrate the proposed method into existing IGA codes
with minimal effort. A series of benchmark Poisson problems on various polar domains with corners confirms the computational
efficiency of the approach and validates the theoretical error estimates.

In particular, this paper contributes to several active research directions in the IGA community:

e Alignment with CAD representations: Rotationally symmetric geometries are naturally described in CAD using polar coordi-
nates, as noted in the seminal IGA textbook [12]. Our analysis strengthens the mathematical foundation for incorporating such
parameterizations within IGA. This addresses one of the original goals of IGA — seamless integration with CAD - and highlights a
key advantage over classical FEM, which cannot exactly represent circular geometries.

¢ Parameterization-sensitive error analysis: Classical approximation theory in IGA assumes globally smooth parameterizations.
In contrast, our framework explicitly accommodates one of the most common geometric singularities — the presence of a polar point
[24,28,31]. Embedding the mapping properties directly into the analysis represents a first step toward parameterization-aware
error estimates in IGA.

¢ Simple local refinement methods for corner singularities: Many local refinement methods in IGA rely on advanced spline
technologies that require substantial implementation effort and additional libraries, see, e.g., [32]. In contrast, the graded mesh
refinement proposed in this paper can be incorporated into existing IGA codes with minimal modifications, typically as a post-
processing step of standard refinement routines. As such, it offers a practical and illustrative tool to study the impact of corner
singularities and local refinement, making it particularly useful for both research and educational purposes.

1.3. Outline of the paper

The outline of this paper is as follows. Section 2 provides an overview of the mathematical foundations of IGA, which are subse-
quently applied in Section 3 to introduce polar parameterizations, the model problem under consideration and the proposed graded
mesh refinement scheme. In particular, Section 3.4 states the key results of our work — namely error estimates in the vicinity of polar
corners that establish optimal convergence rates for suitable mesh grading parameters. In Section 4, we construct a projector onto the
space of polar splines and define polar function spaces on the parametric domain. These tools are then used in Section 5 to derive the
necessary projection error estimates required for our convergence analysis. The theoretical results are confirmed through numerical
experiments in Section 6. Finally, Section 7 summarizes the main findings and discusses potential extensions of this work.

In the sequel, the symbol C is used for a generic positive constant, which may be different at each occurrence. Moreover, for
a,b> 0 we use the notation a ~ b if there are positive constants C; and C, such that C;b < a < C,b. The mentioned constants are
independent of the mesh parameter 4 and the function under consideration. Besides, we use standard multi-index notation. A multi-
index is denoted by a = (a;,®,) € N?, and we set |a| := a; + a,. For two multi-indices &,y € N?, the relations a > y and & < y are
understood componentwise.

2. Fundamentals of B-splines and NURBS

This section contains a brief overview of the fundamentals of B-Splines, NURBS and related quasi-interpolants, largely following
the framework presented in the review paper [28]. For more details, the interested reader may consult the books [12,33,34].

2.1. Univariate B-splines and NURBS

First, we introduce the concept of B-splines and NURBS in the univariate case. Let p € Nyand n € N. We call B 1= {£,, &, ..., &1y 1 }
a p-open knot vector if

S1=8 = =81 <& S & S K6 6 <1 =62 = T Sl
where & €R, i =1,...,n+ p+1, is called the i-th knot which is allowed to occur repeatedly. Without loss of generality, we assume
that &, =0 and ¢, ,,, = 1. Further, we define the vector Z = {{;,...,{y} of knots without repetitions, also called breakpoints, with

E={{,....¢1.8, .6, Ens - 8N )
—— —— ——

my times  my times mp times
where N € N is the total number of pairwise different knots and m; € N denotes the multiplicity of the breakpoint ¢; such that
Z;V:l m; =n+ p+ 1. For p-open knot vectors, m; = my = p+ 1 always holds, and we assume m; < p+ 1 for the internal knot multi-
plicities. The entries of Z define a mesh on the unit interval [0, 1].
From the given knot vector, B-spline basis functions of degree p, denoted by
Bi,: [0,1]-R, ¢w B 0. i=12...n
can be constructed using the iterative scheme as explained, for instance, in [12, Section 2.1]. They build a basis of the space of
splines on the subdivision Z, that is, piecewise polynomials of degree p with p — m; continuous derivatives at the internal breakpoints

3



T. Apel and P. Zilk Computer Methods in Applied Mechanics and Engineering 452 (2026) 118695

{p»j=2,...,N — 1, where p—m; = —1 stands for a discontinuity at ¢;. Besides other characteristics, the B-spline basis functions are
non-negative and form a partition of unity. Finally, we denote by

Sy@ =span{ B, :i=1.2....n}

the univariate spline space spanned by the B-splines associated with the knot vector E.
The support of each basis function is given by supp(B; ;) = [&;, & 4] For each interval I; = ({;,{;), which can also be written

as I; = (§;, &) for a unique i, we further define the support extension /; by

T =Cip Eiipat): 2.1

which represents the interior of the union of the supports of basis functions whose support intersects I, i.e.,

Nzl

j= U supp(By. ) = [&i—p &ipr1 ]
{k: supp(ﬁk_,,)nlj#@]

Classical splines face restrictions in representing essential geometries like conic sections. To overcome this limitation, non-uniform
rational B-splines (NURBS) are introduced, see [35] for more details. Therefore, the weight function

W) =Y w B0
=1

is determined by choosing positive constants w;, > 0, / = 1, ..., n, which are called weights. The NURBS basis functions are defined by
w;B;, &) w;B @)

T w B, WO

and we denote the corresponding NURBS space by

N, =

i=1,...,n,

N,E W) = span{N,-yp ci=1,.. ,n}.
Moreover, we say that S,(E) and N,(E, W) are refinements of given spline and NURBS spaces S0 (% and N 0 (B0, W), if
SoE) CS,E) and NH@E',W)CN,EW), 2.2)

respectively. B-splines and NURBS can be refined through knot insertion and degree elevation. In total, three refinement schemes can
be constructed by combining the algorithms [1].

Next, we introduce a projection operator onto the space of univariate splines that is used in standard literature on isogeometric
approximation theory [8,27,28]. We define

M,z : LY(0,1) = S,(8), M=) = Y A,0) B, 2.3)
i=1

where 4; , are dual functionals with
Ai,p(ﬁk,p) = 5ik’ (24)

and &, is the Kronecker symbol. In general, I1, = is not an interpolation operator, but it is typically called a quasi-interpolant in the
literature. The dual basis {4;,},; ., can be chosen in multiple ways [36]. Here, we stick to the classical construction from [33,
Section 4.6],

§/+p+
Aip(0) = / 1 u(s) Dy (s) ds, (2.5)

$j
where y;(§) = G;({)¥;(¢) with
€ =E&ip) (€= &iyp)
p!

¥,(0) = (2.6)

and

20 — & — &
g 61 51+p+l >’ (27)

§f+p+1 - gi

G(O) = g(

where g is the transition function described in [33, Theorem 4.37]. Note that the dual basis functionals (2.5) are well-defined for
v € LY([0, 1]), see [33, Theorem 4.41].
The presented quasi-interpolant is commonly adapted further to be interpolatory at the boundary I" = {0, 1}, see [28],

ml_cqo.1) ~ 5, 1) = ; i B, with 2.8)

A @) =00, & )=o), AL @)= 4,0, =201

4
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Since we only consider open knot vectors, the first and last B-spline basis function are interpolatory, that is,
A ,Bi)=B,0=1 and A (B,,)=B,,(1)=1 (2.9)
Moreover, we have

A& (B)=B,0=0 and A (B,)=B,1)=0 fori=23 ...n-1, (2.10)

1

hence, the modified functionals /l,f,p(u) also satisfy the dual functional property (2.4).
2.2. Bivariate B-splines and NURBS

Bivariate B-splines and NURBS are defined as tensor products of their univariate counterparts. Let n; € N, the degrees p, € N and
the p;-open knot vectors E; = (£, &5 ... &, +p+1 } D€ given for I = 1,2. We define the polynomial degree vector p = (p;, p,) and the
bivariate knot vector E = (8, E,). Further, let N; € N be the number of knots without repetition in the /-th direction such that the
corresponding univariate knot vectors of breakpoints are given by Z; = {{;1.{;5 ..., ¢ n,} for I = 1,2. They form a Cartesian grid in

the parametric domain Q= (0, 1)%, which defines the parametric Bézier mesh ./\’/\l,
M= {Q,- CQ:0;=0q,y = Crjp>E1jy+) X (G250 82p41)-J € J}’ (2.11)

where we introduce the set of multi-indices J = {j = (ji,j,) : 1 <j; < N, =1,/ = 1,2}. The diameter of each element Q; € M is
denoted by th, and the global mesh size of M is defined as h = max{th 105 € M}. Moreover, we introduce the support extension

of a Bézier element Q; € M by

0; =T, %D, (2.12)
where IN, " I = 1,2, are the univariate support extensions (2.1). Bivariate B-spline functions are then defined as
B, 1017 >R, B, =8 ,)B,, &)
forieI ={i=(,,iy) : 1 <i;<n,I=1,2}, and the spline space is given by
S,@ =span{B,, 1 iel}.
The corresponding bivariate NURBS basis functions read

wy ﬁi,p(c)
Z4(9)

using the weight function

W) =, w By, (2.13)

lel

N p© =

where we choose weights w; > 0 for all I € I. The space of NURBS on the parametric domain is finally denoted by
N,E W)= span{N,.’p tie I}.

Refinements of bivariate spline and NURBS spaces can be obtained similar to (2.2) and the refining algorithms extend naturally to
the bivariate setting.

NURBS parameterizations of planar geometries are defined as linear combinations of the tensor product functions introduced
above,

F(©) =) ¢;N; (0. (2.14)
iel

where each basis function is associated with a control point ¢; € R2, i € I. The F-image Q = F (ﬁ) of the parametric domain O= 0,1)?
is commonly referred to as the physical domain. Using this construction, exact parameterizations F : Q - Q of various types of
domains, including geometric primitives like conic sections, can be obtained [12,35,37,38].

To define a mesh in Q, we consider the image under F of the partition given by the knot vectors without repetitions, i.e., each
element Q; € M of the parametric Bézier mesh (2.11) is mapped to an element K ; = F(Q)) in the physical domain. We set

M:={K;cQ:K;=FQ.jeJt},

which is commonly known as the physical Bézier mesh, or simply Bézier mesh. The meshes for the coarsest knot vector &° = (20, 59)

=2
will be denoted by M, and M,,.
The univariate quasi-interpolant (2.8) can be generalized to the bivariate case by a tensor product construction [28],

Mpe(v) = (HPIvEl ®Il, =, )
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It can also be expressed in terms of a dual basis,
M,z : L'(0,117) = S,@), T,z) =Y 4 ,)B,, (2.15)
il
where the dual functionals are again given by tensor products [37, Chapter XVII],

Aip = Aiyp ® 4

12:P2

and satisfy
Aip(Bip) = Big- (2.16)
Here, §,; stands for a multi-index Kronecker symbol, i.e.,

1 ifi=(iy,ip) = (ky, ky) = k,
Oy =
0 else.

This operator is typically modified further for the consideration of boundary conditions on the boundary T* = 08 of &. Using the
univariate construction (2.8), we define

mh.=(nf - enl _):cqo.1p) - 5,@. (2.17)

Due to the properties (2.9) and (2.10), the modified projection satisfies a strong locality property on T'. In more detail, (HE 20 ¢ only

depends on U‘F for every face ﬁ- of . Moreover, we obtain a representation
f t o\
() = Z A, (B, (2.18)
iel
lf] 0 ® Ag ool €L which also satisfy the dual functional property (2.16) since all considered knot
vectors are open. Note that the notation f* is used both for I = {0,1} in the univariate setting and f* = 48 in the tensor product
configuration.

with modified functionals AEP =1

3. Main concepts and results

In this section, the main concepts and results of the paper are presented. First, we define polar parameterizations of domains with
corners, introduce the model problem, and investigate regularity properties of the solutions. To address the corner singularity, we
then explain the proposed graded mesh refinement scheme. Finally, in Section 3.4, the key results of our work are provided, including
error estimates on graded polar meshes that establish optimal convergence rates for suitable grading parameters.

3.1. Polar parameterizations of domains with corners

Polar parameterizations in IGA have been extensively studied in multiple research works [23-26]. The terminology originates
from the analogy with the classical transformation from polar to Cartesian coordinates. To establish notation and highlight essential
properties, we introduce the following definition, which aligns closely with standard configurations in the literature.

Definition 3.1 (Polar parameterization, polar point, polar domain). An isogeometric mapping F : $ - Q of the form (2.14), con-
structed as described in Section 2.2, is called a polar parameterization if it collapses the left edge of the parametric domain into a single
point,

F(0,,)=P=0 forall¢, €[0,1], (3.1)

where P € R? is termed the polar point and, without loss of generality, is always chosen as P = 0. The corresponding image Q = F&)
is referred to as a polar domain.

Next, we specify the considered class of polar domains further with respect to the location of the polar point within the domain.

Definition 3.2 (Polar domain with corner, polar corner). Let Q c R? be a polar domain such that the polar point P lies on the
boundary of the domain, i.e., P € I' = 9Q. Then, P represents a vertex of the domain, and Q is called a polar domain with corner. The
corresponding interior angle at P is denoted by w € (0,2z]. In this context, P is also called the polar corner of the domain. Strictly
speaking, the case w = z does not constitute a corner in the geometric sense, but we still regard P as a corner of the parameterization
for the purposes of the subsequent analysis.

Definition 3.2 is typically not required in the available literature on polar domains [23-26], and we point out the background of
this choice in the following Remark.
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Remark 3.3. The condition P € I" excludes parameterizations in which the polar point is located inside the domain. A well-known
example of such an excluded scenario is the polar parameterization of a unit disk, which additionally requires prescribing periodic
boundary conditions on the two boundary edges adjacent to the polar point. In most related publications, a periodicity condition is
imposed explicitly [25,26]. Here, we instead require that the boundary of the parametric domain is mapped onto the boundary of
the polar domain. The mathematical convergence analysis of the periodic case introduces additional challenges, which go beyond
the scope of this paper. Nonetheless, the mathematical framework developed here may serve as a foundation for future investigations
on polar domains without corners like the unit disk - in particular, since numerical results are very promising, see for instance [8,
Remark 6.12].

In Fig. 1, we illustrate exemplary parameterizations of polar domains with corners, which will be discussed in more detail in
Examples 3.6-3.8 at the end of this section. Beforehand, we explain how such isogeometric mappings can be constructed and point
out some central properties. We denote the four boundary edges of the parametric domain by f,-, i=1,...,4, following the ordering
proposed in [39], see also Fig. 1. The left edge of the parametric domain collapses as required in (3.1) if all the control points
associated to T | are located at the polar point [23,24],

¢, =P=0 foralligely :={i=(ip)el ij=1} (3.2)

where I, C I is called the polar index set and I is defined as in Section 2.2. In the following, we further demonstrate that the
condition (3.5) on the Jacobian is fulfilled if the coarse linear knot vector

29 =1{0,0,1,1}

is employed in the first parametric direction, as in Examples 3.6-3.8. Formula (2.14) and the partition of unity property of NURBS
then yield that F is of the form

ny n
F.0) = ), Ny @ON, @) ey =6 D, Niy (@) €y = 61 G(&)
ir=1 ir=1

with a function G = (G, GQ)T : [0,1] — T', that only depends on ¢, and maps into the boundary part away from the polar point, I, :=
F(lA"z) = G([0, 1]) C Q. The remaining parametric boundary edges are mapped onto the edges adjacent to the corner, I'; := F(ﬂ),
and I'; := F(I';). This motivates the following assumption which will be useful for the proofs in our paper.

Assumption 3.4. We assume that F is of the form

F(&,,8)=¢,G6(&) 3.3)
with a function G = (G, GZ)T : [0,1] » R? such that

|G| ~ 1.

Moreover, we assume that G, and G, have bounded derivatives at all points where F is differentiable with respect to the second
component, and that

|G x G'(&)]| = ‘Gl(Cz)Gé(Cz) - G(&)G(&)| ~ 1.

For completeness, we remind the reader that the isogeometric mapping F generally does not change during the refinement process.
The Jacobian of a parameterization of the form (3.3) is given by

Gi(&H) & G;((z)) (3.4)

Te(C.0) = !
FC18) (Gz<¢2) 5 e

at all points ¢ = (¢;,¢,) € G where F is differentiable with respect to ¢,. Consequently, under Assumption 3.4, we obtain
|det(Jp (&1, 8| = ‘§1 (G1(L) GY(&) - GL(5) G (Cz))) ~ . (3.5)
The parameterization (3.3) contains a polar singularity in the sense that

%(O,Cz)z(O,O)T and  det(J£(0,8,)) =0.

In this regard, the collapsing edge IA“I will sometimes also be called the singular edge. Furthermore, we set {(x) = (¢;(x), {,(x)) = Fl(x)
for all x # 0 and by the inverse function theorem, we have

- 1 SX0GHGHX) =6 ()G (Cz(x))>
J e =J! X = 2 1 . 3.6
F 00 =T Q0. 000 = G T G0 o < ~Gy(6() G/ (&) 36
Due to Assumption 3.4 and (3.5), the determinant of the Jacobian of the inverse transformation is given by
1
|det (-1 G0)| ~ A 3.7)
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G2 Co

1 1
F
T, O L, = > Ty O
0 0
0 ['3 1 o 0 T's
(a) (b)
G2 Co
1 1 Ty
F = F : :
I Q Iy e 0 Iy I Iy -~ Q
w .
0 G I's 0 G
O F;; 1 P 0 F:E 1
(c) (d)

Fig. 1. Polar parameterizations of exemplary domains with corners and corresponding boundary notation. (a): Circular sector with angle w = %7[

(b): Circular sector with angle w = %ﬂ, also known as Pacman domain. (c): Triangle. (d): L-shaped domain.

and blows up near the polar point. In this context, we further note another property. Let r(x) = |x| be the distance of every point
x € R? to 0. Then, for all x # 0, it follows from Assumption 3.4 that
r(x) = r(F((x)) = r(§) (%) GG (x) = §(X)| GG (x))| ~ & (x), (3.8)

while r(0) = 0 trivially holds.
Lastly, we comment on the weight function (2.13) introduced in Section 2.2. Typically, as in the considered Examples 3.6-3.8,
the weights associated with the same i,-index are chosen identically,

w(]".z) = w(z”.2> = .. = w("1,12> for i, = 1,2,... ,Hhy.

Using the partition of unity formed by univariate B-splines, it follows that the weight function has the form

ny ny ny
W) = Z w;B; ,(§) = Z B;, €D Z W(1,i)Biy p, (62) = 2 W,ip)Biy p, (62)

il i=1 ip=1 ir=1
and thus depends only on ¢,. This leads to the following assumption:
Assumption 3.5. The weight function (2.13) depends solely on ¢,, that is, there exists a function w : [0, 1] - R such that
W) =w@) foralld=(.0) el (3.9)
In the following, we investigate in more detail the polar domains with corners depicted in Fig. 1. Assumptions 3.4 and 3.5 hold
for all considered parameterizations, confirming their practical relevance.

Example 3.6 (Circular sector). Consider a circular sector Q with interior angle w € (0, z) and starting angle ¢, € [0, 2z). Without loss
of generality, we assume the sector is centered at P = (0, 0) and has radius 1, that is, Q = {(r cos@,rsing) : 0<r<1,9)<@<g@,+ a)}.
Such a sector can be parameterized using the knot vectors Efl’ ={0,0,1,1} and Eg =1{0,0,0,1,1, 1}, along with the control points and

weights provided in Table 1, see also [12,40]. An example that illustrates this parameterization for an interior angle of w = 2ris
displayed in Fig. 1(a). The resulting isogeometric mapping is smooth throughout the interior of the domain, in more detail, it holds
F e (Cz(ﬁ))z, see [8, p.10]. In contrast, a polar parameterization for a circular sector with angle w € (r,2x] can be constructed by
combining multiple small sectors. To this end, repeated knot values are inserted into the knot vector Eg. For example, a circular
sector of angle w = gn- can be composed of three smaller sectors, each having an angle of gn, using the knot vectors E(l) =1{0,0,1,1}
and Eg = {0, 0,0, % % % % 1,1,1 } The seven control points and corresponding weights are derived by combining those of the three
smaller sectors as listed in Table 1, where repetitions are omitted. The resulting geometry mapping is visualized in Fig. 1(b). However,

8
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Table 1
Definition of control points ¢; and weights w;, i € I, for a polar parameterization of a circular
sector with inner angle w € (0, ), starting angle ¢, € [0, 27) and radius 1.

Cliis Wiy =1 ip=2 ihp=3
=1 0,07;1 (0,0)7; cos(%) 0,071
(0r2) nloes) )’
cos (@o+ 5 sin (@+ 5 © .
i =2 (cos(@p). sin(eg))"; 1 <mw(77) c:(mj ) ; cos (;) (cos(py + @), sin(py + )3 1
Table 2

Definition of control points ¢; and weights w;, i € I, for a polar parameter-
ization of an L-shaped domain.

Cliin)s W iy) =1 =2 ih=3 i =4 =5

i=1 0,071 0,071 (0,071 0,071 0,071
i =2 6O (L, (LD (=L=DT1 (0,-D751

AN2
inserting repeated knot values reduces the inter-element smoothness to C?, thus yielding a parameterization F € (CO(Q)) . An explicit

representation of such an isogeometric mapping, together with a detailed comparison to the classical transformation from polar to
Cartesian coordinates is provided in [10] for the special case of a circular sector with angle w = 2.

Example 3.7 (Triangle). Another domain that can be represented by a polar parameterization is a triangle, using the knot vectors
E‘l’ = Eg =[0,0, 1, 1]. For instance, choosing the control points as ¢(; ;) = ¢(; 2) = (0,0), €5,y = (1,0) and ¢ 5) = (0, 1) and weights w; =
1, i € I, generates a triangular domain defined by the three distinct control points. In this construction, the polar singularity is
located at the vertex P = (0,0). Such triangular configurations have been extensively studied in previous works [29,41]. The resulting

parameterization is given by

F:Q-Q (.0~ 060,
A2
which is smooth at all inner points of the domain, i.e., F € (C‘”(Q)) .

Example 3.8 (L-Shape). More complex geometries can be constructed by combining multiple polar triangles. For instance, an L-

shaped domain can be represented by connecting four polar triangles, each parameterized from a strip of the unit square via a polar

113
, Z s E 5 Z >
in Table 2. The resulting isogeometric mapping is depicted in Fig. 1(d). Due to the repeated knot values in Eg, the global mapping is
2

mapping. Precisely, we can use the knot vectors E? ={0,0,1,1} and Eg = {0, 0 1,1 } and the control points and weights listed

only C-continuous, that is, F € (Co(ﬁ))

Remark 3.9.
Lastly, we discuss limitations of the polar parameterizations considered in this work and compare them with alternative strategies
available in the literature.

* Generally, the polar domains considered in this paper possess multiple corners, not only the polar corner. More specifically, at least
two further corners usually occur at the intersections of the boundary edge I', with its adjacent edges I'; and I, as illustrated
in all examples shown in Fig. 1. Additional corners may also appear along the boundary segment I';, as seen in the L-shaped
domain discussed in Example 3.8. However, these corners do not correspond to polar points of the parameterization, and the
approximation properties near such corners are well understood. In accordance with the focus of this paper, we therefore restrict
our analysis to the local behavior near polar corners and do not further investigate the remaining ones.

¢ The continuity of the polar parameterizations depends strongly on the interior angle at the corner and leads to trade-offs deter-
mined by the chosen refinement strategy and the underlying geometry representation.

— For corner angles w < r, the polar parameterization remains smooth throughout the interior of the domain, preserving all
advantages of higher-order smooth spline spaces, see Examples 3.6 and 3.7.

— For domains with interior angles w > r, repeated knot insertion is required, which reduces inter-element continuity, as demon-
strated in Examples 3.6 and 3.8. This phenomenon can be explained via the geometric interpretation of NURBS parameteriza-
tions as projective transformations of piecewise quadratic curves and has been investigated in the literature, see, for instance,
the discussion of circular arcs in the seminal IGA book [27, Section 2.2.1]. While C°-continuity remains sufficient for second-
order PDEs, higher smoothness can be achieved using more advanced parameterization techniques instead. These include mul-
tipatch constructions, unstructured spline methods such as splines on triangulations, D-patch constructions, subdivision-based
discretizations, almost-C'! schemes, and trimming; see for instance [25,26,30,42-44]. Given the range of available approaches,
the list is not exhaustive. However, these methods typically require careful patch layout, interface compatibility, or specialized
basis functions. In addition, trimming-based techniques may struggle with corner angles of 2z, as encountered in domains with
cracks. In this work, we focus on the standard polar parameterization and intentionally keep the geometric complexity to a
minimum in order to facilitate analysis and maintain compatibility with standard IGA frameworks.

9
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o For the sake of simplicity, this work is confined to single-patch polar parameterizations. Extending the approach to multipatch
configurations with potentially smooth coupling could overcome the continuity deficits and remains a topic for future research.

3.2. Model problem and regularity properties

In the following, we describe our main model problem and investigate reduced regularity properties of the resulting solutions,
which lead to inaccurate approximation with standard methods. Let Q c R? be a polar domain with corner, as introduced in Defi-
nition 3.2, and let 0Q =T" =T'y, UT'p be its boundary, where the Dirichlet and Neumann boundary are denoted by I', and Iy, with
I'y NTp = @. We assume non-empty Dirichlet boundary, I';, # @, and require each boundary edge to be completely contained in either
the Dirichlet or the Neumann boundary, i.e., I, CI'p or I, C I'y for y = 2,3,4. Our model problem is the Poisson equation

—Au=f inQ,
u=0 onTl), (3.10)
Ju
— =0 I'y.
= onTy

For the sake of simplicity, we assume homogeneous boundary conditions. The numerical analysis of inhomogeneous boundary data
adds further complexity which is not in the scope of this paper. The weak formulation of problem (3.10) reads: Find u € ¥}, such that

a(u,v) = b(v) Yv €V, (3.11)
where we define the spaces

V:=H'Q and V,:={veV:v=00nTy} (3.12)
and the bilinear and linear form

a: VXV ->R, a(u,v)::/Vu~Vudx,
Q

b:V >R, b := / fuvdx.
Q
Since both forms are bounded and a is coercive on ¥}, the variational problem (3.11) has a unique solution u € V},. Let further V), c ¥,
be a subspace of finite dimension. The corresponding discrete problem reads: Find u, € V}, such that
a(uy, vy) = b(vy) Vv, € Vo, (3.13)

which yields a unique discrete solution u;, € V.

The regularity of the solution u can be described conveniently using the concept of weighted Sobolev spaces, which we introduce in
the following. For a given domain Q C R?, we denote the usual Sobolev spaces on Q by H*(Q), s € N, with L*(Q) = H°(Q). Moreover,
let D'(Q) be the space of distributions on Q.

Definition 3.10 (Weighted Sobolev spaces on the physical domain). Let Q c R? be a bounded domain and let r = r(x) = |x| =
v/x2 + y? be the distance of every point x = (x,y) € Q to 0. We define the weighted Sobolev spaces H ;(Q) and V; (Q) for s € Ny and
p € R by

HyQ) := {u e D@ : lolyya < oo} and V(@) = {u D@ : oy < oo},
respectively, where

) 1/2
||U||H;(9) = < Z “rﬂDaU”ﬂ(Q)) - <

la|<s

||U||Vﬁs(9) = < Z “rﬂ—s+|a|DaU

la|<s

1/2
Z/‘r(x)ﬂD“v(x)rdx) ,
Q

la|<s

R 12 , 1/2
— p-s+lal pa
LZ(Q)> - < Z/Q |r(x) TeD U(x)| dx) ’

la|<s

Corresponding seminorms are defined by
, 12
|U|H;(Q) = lUlVI;(Q) = ( Z ”rﬁDaU”L2(Q)> .
|a|=s
The Sobolev spaces on Q without weight are denoted by H*(Q) = H3(Q) and V5(Q) = V5 (Q) and we write L;(Q) = Hg(Q) = VﬂO(Q).

Such spaces have been studied both in the analytic setting [45-47] and in the context of finite element methods [3,6]. It is well-known
that they form Hilbert spaces and corresponding embedding theorems have been derived. In particular, for all s € N and g € R, the
embedding

V;(Q) E H;(Q). (3.14)
follows directly.

10
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In general, the solution u of the Poisson equation (3.10) has a singularity of type rV in the vicinity of the polar corner, where the
singular exponent v € R is defined by the boundary conditions and the corner angle w. More precisely, it is v = uf) for Dirichlet or
Neumann boundary conditions on both edges adjacent to the corner and v = le for mixed boundary conditions at r = 0. In terms of
weighted spaces, the regularity is characterized as follows. For Dirichlet and mixed boundary conditions at the corner, we have

uEVI;(Q) forall feRwiths—1-v<f<s—1+v, (3.15)

provided that the right-hand side satisfies f € V;‘Z(Q) for s € N,s > 2. In addition, the a priori estimate
”u“Vﬁ‘(ﬂ) < C”f”]/ﬁlfzqz) (3.16)

holds [48, Chapter 2, Theorem 3.1]. For Neumann boundary conditions, additional restrictions are required due to the presence of
constants in the solution. For instance, assuming that u vanishes at the polar corner restores the regularity results above at least for
s=2.

Remark 3.11. Consistent with the title and focus of this paper, we do not analyze solution regularity at the non-polar corners of the
domain, see also Remark 3.9. At those vertices, we assume the solution is sufficiently smooth so as not to affect our local analysis
around the polar corner.

3.3. Graded isogeometric mesh refinement for polar domains with corners

Next, we describe how isogeometric meshes can be refined in a graded way to tackle the corner singularities numerically. The idea
of mesh grading toward corners is inspired by comparable approaches for finite elements [3-5,7]. Similar concepts have also been
proposed in isogeometric literature [8,9], but only for smoothly parameterized domains, leading to non-local refinement along the
mapped edges of a patch. In our recent work [10], we introduced the grading scheme for polar parameterizations of circular sectors,
which will be generalized in the following. To simplify notation and without loss of generality, we assume that the coarse parametric
Bézier mesh defined by the coarse knot vector =20 = (E?, Eg) is uniform. That is, we have the coarse vectors of breakpoints

70 = {g,,j, =G —DRY 1<) < N,O}, 1=1,2,

1
0
N,—l

with the uniform coarse mesh sizes h? = for some N P € N. The construction extends analogously to non-uniform coarse meshes.

The central idea of our method is to modify the typical uniform refinement procedure for the coarse radial knot vector E‘l’.
In this way, we achieve a grading of the resulting Bézier mesh toward the corner of the polar domain. In more detail, let E} =

{ }‘,1, ;1,2 e i"l _— } be a uniform refinement of E, obtained by standard knot insertion and degree elevation up to degree p;, and

let Z} ={¢}'. :=(j— Dhy : 1 <j, < N;} be the corresponding uniform vector of knots without repetitions, where h, = ﬁ for
o

L
Ny-1

some N, € N with V7 € N. We choose a grading parameter u € (0, 1] and define the graded knot vector &, by taking all the entries
0_

of the uniform vector EY to the power of %,

1 1 1 1
B, = {51,,.1 :=(§]“J.I)E 21<i; <n +p +1} = {(éluj);’(é?l);’""(élu,nl+p]+l);}'

Hence, the corresponding graded vector of knots without repetitions is also given by taking all the entries of Z; to the power of i,

1 1
z, = {41,,-1 = (@) = (G = Dhy) ¥ 1S4 < Nl}, (3.17)

which we refer to as graded mesh refinement. Note that choosing 4 = 1 leads to standard uniform refinement, making the proposed
scheme a generalization of classical refinement. In this sense, mesh grading may be interpreted as a post-processing of the uniform
mesh. Throughout our paper, we work exclusively with graded refinement in the first parametric direction, allowing any u € (0, 1].

In ¢,-direction, no adjustments are needed, and we employ a standard uniform refinement =, = E} of Eg and its corresponding
uniform vector of breakpoints

Z,=20= {gz’jz =8, =Gh-Dhy 1<) < Nz}, (3.18)
with h, = ﬁ for N, € N with % € N. Consequently, we obtain a graded parametric Bézier mesh

2

—~ A~ 1 1

M= {Q, CQ: 0= Gya) X Gy 2jpe) = <(§i’,n)”’@il,n+1)”> X (C;,jz’gzuml)’j € J}’
which is locally refined towards the singular edge. The corresponding physical Bézier mesh

M ={K;cQ:K;=F@Q),jeJ}

is locally refined towards the polar corner of the domain. In Fig. 2(a) and (b), we illustrate the graded meshes exemplarily for a
circular sector and an L-shaped domain.

11
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Fig. 2. Graded parametric and physical Bézier meshes. (a): Circular sector. (b): L-shaped domain.

Remark 3.12. Finally, we collect several observations on the proposed a priori grading scheme.

¢ Grading the mesh toward the polar corner enables resolution of the singularity through a better distribution of degrees of freedom,
without increasing the total number compared to uniform refinement.

e Previous mesh grading strategies in IGA either restricted refinement to mapped edges of smoothly parameterized domains [8,9],
or relied on trimming techniques that can fail when the corner angle equals 27, see for instance [43]. In contrast, our approach
enables mesh grading directly toward the polar point singularity and remains robust even for domains exhibiting cracks.

¢ Our analysis focuses on the local approximation behavior in the vicinity of the polar corner. This setting is particularly challenging
due to the singularity of the isogeometric mapping. Therefore, the solution is assumed to be sufficiently smooth elsewhere, and
the treatment of other corners is omitted; see also Remarks 3.9 and 3.11.

¢ Since corner singularities are local phenomena, the grading construction around the polar corner can be applied repeatedly

to treat domains with multiple singularities, connected through a multipatch framework. An example is shown in Fig. 3(a),

where several polar triangles are combined to form a U-shaped geometry. Alternatively, a discontinuous multipatch approach

may be employed, as demonstrated in [43, Section 3.3]. For more general domains with one single corner singularity, scaled
boundary parameterizations provide an effective alternative, as illustrated exemplarily in Fig. 3(b). A detailed investigation of
these multipatch strategies lies beyond the scope of the present work.

A priori graded versus adaptive hierarchical refinement: When the singular behavior at a corner is known or can be estimated a

priori, graded refinement offers a conceptually simple and computationally efficient alternative to adaptive methods. In particular,

it is sufficient to have a lower bound for the singular exponent v, which is available for many PDE problems. Graded meshes achieve
optimal convergence without requiring refinement indicators or major changes to solver infrastructure. Due to their simplicity,
they enable highly accurate approximations on fine meshes, particularly when combined with higher-order basis functions. In this

context, a priori mesh grading also provides a benchmark for the optimal convergence rates that adaptive methods based on a

posteriori error estimators are expected to achieve. In contrast, fully adaptive methods offer significantly greater flexibility. The

proposed grading approach cannot automatically detect and resolve unexpected singular behaviors — capabilities that adaptive
hierarchical methods are specifically designed to address. Finally, we note that mesh grading preserves the global tensor-product
structure of the underlying Bézier mesh. However, the resulting polar spline space (3.21) generally no longer possesses a tensor-
product form, as can be seen from its basis representation (4.4), except for specific constellations of boundary conditions, see

Remark 4.1. Conversely, hierarchical refinement breaks the global tensor-product structure but retains locally structured tensor-

product meshes and spline spaces.

3.4. Main results

In this section, we state the main results of our paper, given by error estimates on polar domains with corners, which will then be
proven in the subsequent sections. In particular, we establish optimal approximation rates on graded meshes with suitable grading
parameters. Let Q be a polar domain with corner and let I7h = Np(E, W) be a standard NURBS space on &, which has been obtained by
graded refinement of the initial polar discretization, following an isoparametric approach. Throughout the remainder of the paper, we
work under Assumptions 3.4 and 3.5. For simplicity, we further assume h; ~ h, for the mesh sizes in both parametric directions and set
h =max{h,, h,}. Moreover, p = (p;, p,) denotes the bivariate NURBS degree of the refined approximation space and p = min{p,, p,}.
The lack of regularity in the polar parameterization results in a variational crime when standard isogeometric approximation spaces

Vi={foF " : /€ Ny@ W)} =span{ N, (x) := N joF ') i €1 | (3.19)
are used since the basis functions associated to the control points collapsing in the polar point,

{Nig = NigpoF ™" i €10}, with I from (3.2), (3.20)

12
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(a) (b)

Fig. 3. Sketch of multipatch parameterizations for complex domains based on polar mappings. (a): U-shaped domain parameterized by eight polar
triangles with graded meshes toward the two corners. (b): Scaled boundary parameterization of a segment of a flower-shaped domain, where a
circular sector with a graded mesh is employed locally near the corner.

are not in H'(Q) and thus V}, ¢ V = H'(Q), see [23,24]. Besides, the functions (3.20) are not well-defined at the po_lar point since
the corresponding parametric functions are not constant on the singular edge I';, which also implies that ¥}, ¢ C%(Q). Instead, the
modified polar approximation space

Ve =V, nH'(Q), (3.21)

which was initially proposed in [23], see also [25], is employed. Note that the space also depends on the grading parameter y and
the polynomial degree p, although this dependence is not indicated explicitly in the notation. It is well-known that (3.21) yields a
space of NURBS that are C°-continuous at the polar point P. Advanced approaches have been proposed in the literature to generate
higher continuity at the polar point [25,26]. Since our main focus lies on deriving error estimates for the second-order model problem
(3.10), we only consider the simple construction (3.21), which satisfies the minimum regularity requirements for a standard Galerkin
IGA approach [23,24,31] and keeps the complexity of the polar spline space as low as possible.

The main result of our paper is the optimal approximation power of the space Vh0 with respect to the mesh parameter & for the
approximation of possibly singular functions on Q, provided that the grading parameter u is chosen correctly. We formulate this in
the following theorem.

Theorem 3.13. Letq € {0,1} and s € Nwith2 < s < p+ 1. Further, letv € R such that v € VﬂS(Q)forallﬁ eRwiths—1-v<pf<s—1
If the mesh grading parameter u € (0, 1] satisfies the condition
P lhay (3.22)
s—q

then, for every h > 0, there is a NURBS function v, € Vho on the corresponding graded mesh M* such that
”” - ”h”m(ﬂ) < Chx_q”””vl;(ﬂ)'
In particular, we derive a projection error estimate for sufficiently smooth functions on uniform meshes.
Corollary 3.14. Letq € {0,1} ands € Nwith2 < s < p+ 1. Moreover, letv > s —1andv € V;(Q)forallﬁ eERwiths—1-v<p<s—1
Then, for every h > 0, there exists a NURBS function v, € Vho on the corresponding uniform mesh M! such that
”” - ”h”m(sz) < Ch ol s gy

Proof. Since v > s — 1 isequivalenttov —gq+ 1 > s — ¢, condition (3.22) is satisfied for 4 = 1, and the assertion follows directly from
Theorem 3.13. O

Remark 3.15. In general, functions belonging to the standard Sobolev spaces H*(Q) do not satisfy the regularity assumptions of
Corollary 3.14 for any s, since the definition of the weighted spaces VI; () involves stronger integrability conditions on lower-order
derivatives, see Definition 3.10. Nevertheless, the numerical experiments indicate that uniform meshes still yield optimal approxima-
tion rates, see Example 6.1. Hence, the present result may not be sharp for functions with quadratically integrable derivatives, but it
constitutes a first step toward a comprehensive analysis.

Since the approximation error in the H'!-norm decreases with the same order as the projection error, we can immediately deduce
approximation error estimates for the model problem (3.10) by requiring the grading parameter to satisfy (3.22) for g = 1.

13
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Corollary 3.16. Let u be the solution of the variational model problem (3.11) such that the regularity property (3.15) is satisfied. Further,
let u, € Vh‘D be the solution of the discrete weak problem (3.13), where the discretization is based on the graded mesh refinement scheme
presented in Section 3.3 for NURBS degree p = s — 1. If the mesh grading parameter u € (0, 1] satisfies

u< (3.23)
14

we obtain optimal convergence with respect to the mesh size h in the energy norm and the L*>-norm,
4 = unll o) < Ch”“*qlluﬂvl;(ﬂ) for g e {0,1}.

Proof. For g = 1, the assertion follows directly from Céa’s lemma and Theorem 3.13. For ¢ = 0, we apply a duality argument for
weighted Sobolev spaces. Without loss of generality, let v < 1, since otherwise, we have the higher regularity u € H*(Q) and a
standard duality argument can be used. Now, let w be the solution of the dual problem

a(v,w) = (u - up,v) Vo € HY(Q), (3.24)

where (-, -) denotes the standard scalar product in L*(Q). For all € € (0, 2v), we have u — u), € V0 (Q), and the regularity result (3.15)

1-v+e

yields that w € V2 | ,.(Q). Moreover, the a priori estimate (3.16) and the embedding L2(Q) =V)(Q) < V10_V+£ (), which holds for all
e>0and v < 1, imply that

2 2
vz, < Cllu=mllye @ = Clle= iz (3.25)
By applying Eq. (3.24) and the Galerkin orthogonality, we further obtain
[|ue — “h||2Lz(Q) = (u—up,u—up) = a(u—up, w) = al —uy, w—wy) < ||u- uh”Hl(Q)”w — Wh”Hl(gy

where w), € Vh® is the NURBS approximation of w from Theorem 3.13. Since the grading parameter satisfies u < /Zz < %, it follows
with (3.24) and (3.25) that

2 —+1 2
= wnz gy < <Ch”||u||V;+1(Q)> (Chllwllvlz_m(g)) < R il o g = 2
Dividing by |lu — up |l ;2(q, completes the proof. [

In particular, we obtain an approximation result for smooth solutions, corresponding to the projection error estimate in Corol-
lary 3.14.

Corollary 3.17. Let u be the solution of the variational model problem (3.11) such that the regularity property (3.15) is satisfied for
v > s — L. Further, letu, € Vho be the solution of the discrete weak problem (3.13) on the corresponding uniform mesh M! for NURBS degree
p = s — 1. Then, it holds

llu = wnll oy < CH" '~ Nullyper () for g € {0,1).
Proof. Since v > s — 1 = p, condition (3.23) is satisfied for x = 1, and the assertion follows directly from Corollary 3.16. O

We finish this chapter with a remark on the explicit choice of grading parameter u. Eq. (3.22) in Theorem 3.13 only states
a necessary condition for optimal convergence, but for an actual computation it arises the question how to choose u precisely.
This has been discussed several times in the literature, see for instance [49]. Based on the numerical studies in [10], where the
Laplace eigenfunctions of circular sectors, which possess comparable regularities as the solutions of our model problem (3.10), are
approximated using different grading parameters, we choose

”=min{0.9~ﬁ,1}. (3.26)
p

3.5. Properties of graded meshes

In this section, we deduce essential properties of the constructed graded isogeometric meshes. The parametric and physical Bézier
mesh both contain anisotropic elements [10]. Therefore, instead of using the seminal approximation framework described in [27],
which is restricted to uniform meshes, we orientate ourselves on the anisotropic theory from [8,28]. To begin with, we show that
graded parametric meshes satisfy a local quasi-uniformity assumption, see [28, Assumption 4.10]. In the following, we denote the
edge lengths of each element Q; € M# by hy;, and h, ;. We recall that h; and h, are the refinement parameters in each direction

defined in Section 3.3, and h = max{hy : Q € ./(/l\"} is the global mesh size of M*.

Lemma 3.18. The graded parametric Bézier mesh M is locally quasi-uniform for all u € (0, 1], i.e., there are constants 6, > 1, [ = 1,2,
such that

07" <hyj/hije <6, Ji=12,...,N; =2, (3.27)
in particular, 6, =2'/# — 1 and 6, = 1.
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Proof. In {,-direction, the uniform vector of breakpoints (3.18) leads to a constant edge length,

hz,jz = C2,j2+1 - Czjz =)= =Dhy)=hy, jp=12,....,N, =1,
and thus condition (3.27) is fulfilled for / = 2 with 8, = 1. In ¢, -direction, the graded vector of knots without repetition (3.17) yields

1 . 1 .

hij, =841 =61, = (11/” -0 - 1)1/”> h]/”, ji=1,...,N -1,

and we define
A/u ; 1 1/u . R
hyj, (11 —Gi=D /#)hl _Jll/”—(h—l)l/”

0,3 1= ——= = .
Pt (G D= Gy D=

In Lemma C.1 of the Appendix, we show that the sequence (0, jl));?i’

Furthermore, we have 0,(1) = L e (0, 1], and we obtain the desired local quasi-uniformity property (3.27) for / =1 with 6, =

21/u—1
2w 1. O

_, is monotonously increasing and satisfies lim; _., ©,(j;) = 1.

Throughout this paper, we will refer to the parameter 0 = (6, 6,) in the sense of Lemma 3.18. In the following, we compute further
quantities to describe the graded meshes in more detail. Due to property (3.27), it holds

-1
hij SO1hyj o < <O hyy

Hence, for elements O s M* that are located close to the singular edge, e.g., for j; < p; + 1, we have
hy; <Chy,=Ch/".

IfQ; e M is not adjacent to the singular edge, e.g., j, > 2, the mean value theorem yields the existence of xo € ((j; — Dhy, jihy)
such that

P ) 1 1 L1
hyj, =841 — 6y, = Urhpr = (U — Dhpw = <; - 1>h](x0)u .
As the function x — x!/# is monotonously increasing, it follows by definition (3.17) and Lemma 3.18 that

L . La- _ _ .
hyj, = Chy(xg)i ™" < Chy(ih) ™ = Chy(&y )™ < Chy(G )1 for jy > 2.

A similar way to prove this property is demonstrated in [50, page 143]. Furthermore, we denote the edge lengths of the support
extension Q; of O ;€ MH by h;, i and h, j,- Due to the local quasi-uniformity of the mesh, we obtain similar relations,

ZIJI <C h:/“ for elements close to the singular edge, e.g., for j; < p; + 1,
EIJI SChi&y, )I=#  for elements away from the singular edge, e.g., for j; > p; + 1, (3.28)
%2, 5, SChy for all elements.

For additional details, a more precise characterization of the support extensions is given in Section 5.1.
4. Function spaces and projectors for polar parameterizations

In this section, we describe suitable isogeometric approximation spaces on polar domains with corners and introduce a corre-
sponding projector. Furthermore, we present the concept of polar Sobolev spaces on the parametric domain, which are defined as
pull-backs of classical Sobolev spaces on the physical domain.

4.1. The polar approximation space and a suitable projection

We start by recalling polar spline and NURBS spaces, which have been studied extensively in isogeometric literature [23-26],
and define a suitable projector into these spaces. A basis of the polar spline space (3.21) can be constructed by replacing all the basis
functions (3.20) with a single function consisting of their sum [23,24],

ny
Nop:= 2 Nip=2 Napp (4.1)
ig€lg ir=1
which satisfies Nop€H 1(Q). In Fig. 4(a) and (b), we exemplarily display the excluded basis functions (3.20) and the modified
basis function (4.1) for a coarse discretization of a circular sector with angle gzr. The parametric B-spline and NURBS functions
corresponding to the modified physical basis function (4.1) are given by \

§O,p: 0,1 > R, §o,p(§) = Z Eio’p(g) and
ig€lg
ﬁo,p: 0,17 > R, ﬁo,p(f) = Z [\‘riovp(g)’ “.2)

io€lg
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() (b)

Fig. 4. Basis functions for a coarse discretization of a circular sector sector with angle o = glr, Some mesh lines that do not correspond to the coarse
discretization are inserted for better visualization. (a) Standard singular basis functions (3.20). (b): Modified basis function (4.1).

respectively. In fact, due to the specific form (3.9) of the weight function required in Assumption 3.5, both functions reduce to the
first univariate B-spline basis function in ¢, -direction,

ny ny
Bop(©) =Y, By p@) =By, &) Y By, (&) =B, &),
ir=1 ir=1
p ~ . n .
Z,-Zzzl Wt,ig) Bit,in).p(8) _ Bl,Pl(Cl)Zizzzl Wit By py (&)

Nop(©) = ! a P
" i Z1'22=l w(lyiz)Biz,pz(é‘Z) P

Since univariate B-splines constructed from open knot vectors are interpolatory at the boundary, ﬁo,p is constant on lA"l, with
ﬁo,p(o, D= lA?Lpl (0) = 1. Hence, the push-forward of ﬁo,p is well-defined and yields the modified NURBS basis function (4.1),

_ _ N -1 _ &7 -1
Nop= 2 Nip= 2 Ny ,oF ' =Ng,oF " (4.3)

ig€lg (=T

Thus, we will write the basis of our approximation space throughout the paper as

V2 =span({No,} U{ Ny, = Ny oF ' i€ I\ Io }), (4.4)
noting that all basis functions are continuous in P with Nop(P)=1 and N;p(P)=0 forallie I\ I.
Lastly, we define the space

Vo =v2nVy={veV? :v=00nT,},

with ¥, from (3.12), which also takes homogeneous Dirichlet boundary conditions into account. Here, we highlight the following
observation.

Remark 4.1. The structure of the modified approximation space with boundary conditions depends crucially on whether the polar
corner is included in the homogeneous Dirichlet boundary. If this is the case, i.e., when Dirichlet or mixed boundary conditions are
prescribed on the adjacent edges, the basis functions associated with the polar point are not active. Hence, the modified space with
boundary conditions coincides with the standard space,

Vo =Yk =V, =V,

and the tensor-product structure is preserved. Only for Neumann boundary conditions at the corner is the modified space a proper

subspace, V,© C V-

In the next step, we define a projector onto the modified isogeometric approximation space Vho. In standard literature [8,27,28], a
projection onto the usual approximation space V), is constructed based on the multivariate quasi-interpolant for the parametric spline
space (2.15), the parameterization F and the weight function W,

HPE(W(UOF))
TO

However, the isogeometric mapping F is typically assumed to satisfy certain regularity properties, which are not fulfilled by polar
parameterizations. In what follows, we propose a slightly modified projector that is adapted to the polar setting and maps into the
subspace V,° C V;,.

The standard projection (4.5) is generally not well-defined at the polar point P due to the collapsing edge effect (3.1). This can be
remedied by using a spline projector on the parametric domain that takes Dirichlet boundary conditions into account - in particular,
on the singular edge IA“l. For simplicity, we employ the modified quasi-interpolant (2.17), which is interpolatory at the complete

my, : L'Q) -V, T v:= FL (4.5)
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parametric boundary [8,28], and requires functions from C([0, 1]%). We then define a projector onto the polar approximation space
(3.21) by

. m_wweF)
HVho . C(Q) - Vh N HVhOU = TOF . (4.6)
Due to the regularity property (3.15) of the considered PDE solution and the embeddings V[; Q) H ;(Q) S HP(Q) o C(ﬁ), which

hold for g < s — 1, see (3.14) and [51], it is justified to work with a projector that requires functions in C(ﬁ). The following Lemma
establishes the expected properties of this projection.

Lemma 4.2. The operator I1,0 is a well-defined projector onto V2, that is, I1,ov € V2 for all v € C(Q) and I,,ov = v for all v € V2.
h h h
Moreover, we have ITj,ov € VOCZ forall v e C(Q) withv=0onT),.
h
Proof. Letv € C(ﬁ) and 0 = voF. Then, 7 is constant on fl, and we set ¢ = v(P) = 0(0, -). The first univariate dual functional defined
in (2.8) satisfies
llr,pl (W(-,5)) = Wi(0,5,) = c W(0,8)

for all ¢, € [0, 1]. Hence, the bivariate dual functionals corresponding to the collapsed edge reduce to

0= (3, @, )W W0 = e 000 @

- defined in (2.8)

=2
is a projector onto S, (Ed), and we have W (0,-) € S, (E). Therefore, the modified bivariate quasi-interpolant (2.17), which is also

given in the form (2.18), can be computed explicitly on the collapsed edge,

(M= woFy)©.9 (“§,5<W®)<0~>=;AEAW@@LP(O"F X A WDB 0.

ig€lg

Besides, most of the B-spline basis functions vanish on the collapsing edge |, the univariate quasi-interpolant HEZ

2.p2 P22

ny N . R
¢Bi, 0 Y A (WO, )B,, ()=cIl _ (W(O,))=cW(Q,).
ir=1

As a consequence, the projection IT,ov is well-defined and continuous in P, with (HVo u)(P) =c¢, and it holds IT,cv € H 1(Q), see
h h h
[23,24]. By definition of the spaces (3.19) and (3.21), we further obtain IT,ev € V, and also IT,,ov € Vho, and thus the operator (4.6)
h h

is well-defined.
Next, we show that e is indeed a projector. Therefore, let v € Vho, that is, with (4.3) and (4.4),
h

v=c No,p + Z aiNi,p =c Z Nie,p + Z a,-Ni!p,
iel\Ig ig€lg iel\Ig
where ¢ = v(P) and o; € R,i € I \ I,. Then, it is v = Do F~! with
b=cNop+ Y aN,=c Y N_,+ Y oN,eN,@,
iel\lg i€l iel\Ig
see (4.2). Further, we have 0 = i/W with

d=c Y w B ,+ Y awB,eS,E.
iel, iel\Iq

Since HE,E is a projector onto S, (E), it follows

m_WweFy) TIE_wd . wa/w) IE.@ -
I _ _PE _ _PE _ _pE B L B
yov = = = = = o = o =v
h w w w w w
and the proof is complete. The result for the functions satisfying Dirichlet boundary conditions follows directly from the construction

of the quasi-interpolant HEE. a

Remark 4.3. Note that all the constructions of Section 4.1 can be extended to a non-isoparametric approach by simply setting
w =1

4.2. Polar Sobolev spaces on the parametric domain

In standard isogeometric approximation theory, error estimates are typically derived on the parametric domain and then trans-
ferred to the physical domain, where the Jacobian of the geometry mapping F and its inverse are assumed to be bounded [8,27,28].
This condition, however, is not satisfied by polar parameterizations, see Egs. (3.5) and (3.7). Therefore, the corresponding transfor-
mations of derivatives and norms must be treated more carefully, as demonstrated in this section. Consequently, we introduce a novel
class of Sobolev spaces on the parametric domain to characterize pull-backs of functions on polar domains with corners.
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4.2.1. Polar transformation of derivatives
We start by analyzing the transformation between derivatives on the physical domain and their corresponding pull-back deriva-
tives. To this end, we first introduce some notation. Let a = («;,a,) € N(z) be a multi-index. We denote derivatives of functions
v : Q — R defined on the physical domain by
" 9%2p v v v

and oJv=— 0v=—,0xxv=ﬁ

D%y := >
0x% Qy®2 * ox’ Y dy

PR

In contrast, for a function 9 : Q — R acting on the parametric domain, we write

~ o a: ~ S A N 27
op= 290 g G5=22 5,0=20 §,0=28,
oy ocy? ot o0, o2

Moreover, following the framework in [8,28], we define the coordinate system naturally induced by F, referred to as the F-coordinate
system, whose tangent base vectors g; and g, are given by

_ _OF . o
gi—g,-(x)—agi(F x), i=1,2.

As computed in (3.4), we have

G1(Cz(x))> (C; (%) G (Cz(x))>
= and = ) , 4.8
80 <Gz<¢2<x>> £209={ ¢, G100 48)
where we set {(x) = ({;(x), {H(x)) = F~!(x) for all x # P. We also consider derivatives with respect to the F-coordinates,

9 () = Vo) - gy(x) = lim LEFIED TV

0g; -0 t

@ a;—1

aal.)=i 0%ty =i<<i<ﬂ>>> @ eNi=1,2,

og;' 08 ag;"'_l 0g; 9g; \ 9g;

o  _ 0% 0%2v _ 5
DFU—ag—alag—az, a = (a),a,) €N~

Now, let 0 = voF be the pull-back of a sufficiently smooth function v : Q - R. As shown in [8, Proposition 5.1], we have

~ 04 9%y
D%v = (D*D)oF~! = (— )oF—l, (4.9)
F o¢) 04,
0,1)

i.e., in particular, D(li'o)v =9,00F ! and Dy
directional derivatives at all points x # 0 by

v =d,00F~!. By inserting the polar tangent base vectors (4.8), we obtain the first

DY 0(x) = Gy (£2(x)) 90(x) + G (£ (x)) 9, v(x), (4.10)

D u() = £1(3) G} (G(x)) 9,0(x) + §1(3) G((x)) 9,0(). @11
Vice versa, Egs. (3.5), (3.6) and (4.9) yield

9,0(x) = Go(&(x) DYV u(x) - mG;(Cz(x)) D u(x), (4.12)

9,0(x) = =G/ (&, (x)) DY v(x) + mcl (&) DYV o(x). (4.13)

In Lemmata A.1 and A.2 of the Appendix, we derive precise representations for the polar transformation of derivatives of arbitrary
orders, thereby extending the formulas presented here.

4.2.2. Polar transformation of norms and polar Sobolev spaces

With that, we now consider the transformation of Sobolev norms on the physical domain to the parametric domain. To this end,
we first define weighted function spaces on the parametric domain, which differ from the ones in Definition 3.10 in the sense that
the distance of a point to the edge fl, that is, the first coordinate ¢, is weighted and not the distance to 0. However, since those
quantities correspond to each other, recall (3.8), this is a natural choice. That is, for O ﬁ, we set

a50) := {ﬁe D@ : |8y < oo} and V(0 := {ﬁe D@ : oy < oo},
with the norms

7050 = XI5 = Z Jerpraof e

0= 3 Je il - 3 [ Jrpeaef e
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and seminorms

2 RPN _ b Hag
li30) = 1Pl920) = X [e7pro

le|=s

‘Lz(Q)

The Sobolev spaces on Q without weight are denoted by A*(Q) = ﬁé(Q) and V*(Q) = I/}OX(Q) and we write flzj(Q) = ﬁg(Q) = I7ﬂO(Q)

and fz(Q) =f Q) = I7°(Q). Similar to (3.14), for all s € N and § € R, we have an embedding of the V'-spaces into the H-spaces,
750) < 130 (4.14)

In the following, let K € M be an element of the Bézier mesh, 0 = F"1(K) € M its corresponding parametric element and let
0 = voF be the pull-back of a function v : Q — R. When working with smooth parameterizations as considered in [8,27,28], it can
be shown that a function belongs to H ;(K ) if and only if its pull-back lies in H ;(Q). However, the same does not hold for pull-backs

based on polar parameterizations. To demonstrate this, we first consider the pull-back of a function v € L*(K). By a simple integral
transformation, taking into account the Jacobian (3.5), we obtain the relation

oI, = / |o]|det(7p)| dg ~ / 061 46y deo = o1, o (4.15)

that is, we have v € L?(K) if and only if € L1 /2(Q). In the next steps, we compute the transformation of Sobolev norms. By combining
Egs. (4.12), (4.13) and (4.9), the Jacobian determinant (3.5), a transformation of integrals and Assumption 3.4, we obtain

2 2
2 2 NS (PPN NS PP,
1002 140y = 102710, = /K|0xu| +(ayu) dx:/((Gzalu—aG'2620> +<-G’1 0,0+ Gy ()2v> >|det(JF)|d§

scé(@ﬂﬁ(%@))@gc@@hwgﬂ% s o)
By using (3.8) and again (3.5), it further follows
”FIUHZLZ(K) / |C1 |§' ¢ = Hgl “L2 ,©)
Thus, we have an estimate for the V!-norm,
el = ” a “ZLZ(K) Il < C”ﬁ”%@)’ (4.16)
with ||u||V o) - HCI ”L%/Z(Q) + HZ)\I ﬁ) Zif/z(g) + ”gl—l%ﬁ) Zif/z(g)' In the other direction, it follows with relations (3.7), (3.8), (4.9),

(4.10), and Assumption 3.4 that

”51"”2 o /Q(é\lﬁ)zgl dC:/ (51EOF_1>2C1(x)|det(J _1)|dx~/ (D(;‘O)u)zdx

1/2
=/K( LG (0,0 + Gy (G (x))9,0)° dx<C/ lo.o] + o, u( dx=Clol, -

By using similar arguments and (4.11), we compute

2, /(Cl_lazﬁ)zgl dCN/ (4{'(x)D‘£’”v)2dx

/K (G (&(x))0, 0 + G (L (X)), v) dx < C/ |0, U| |0 U‘ dx = Clvlvl(K)

e a:0];

Hence, we have not only the one-way estimate (4.16), but the equivalence relation

lloll? (4.17)

Al12
V1K) ”U”[?(;(Q)'

To generalize this pattern, we introduce weighted polar Sobolev spaces of order s € N, with weight € R on any subset O C G of
the parametric domain,

ﬁg’ﬁ(g) = {ﬁe D'(O): ||ﬁ||ﬁaﬁ(Q) < oo} and ﬁgﬁ(g) = {ﬁe D'(O): ”3”17(;,;@) < oo},
with the norms

1817, o) = an”Dw

B0 / |0 beoo)| e,

la|<s

”6”%/1@ = ”gﬂ o H %/Z(Q) lal<s ,/|Cﬂ S+alDaA(C)| f1dg
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and seminorms

~2 2 . P~ f
ol: 0 = 1715: 0 1= lalzzs |«™p 1/2@)'

Polar Sobolev spaces without weight will be denoted by i (0 = a (‘f) 0@ and I%;(Q) = 175 0O Furthermore, it holds ﬁg(Q) =
Vo) =12 (@) and H, HO 0@ = v 5@ = 2 1245(Q)- We emphasize that the definition of the polar Sobolev spaces intrinsically in-
cludes the weight 1 7» although this is not explicitly indicated in the notation.

A key property of the polar V-spaces is their natural correspondence to the standard V -spaces on the physical domain. Specifically,
forallseNy, feRandv e Vl; (K), the pull-back © = voF based on a polar parameterization satisfies

”U”V;(K) ~ ”ﬂh?&ﬁ(g)' (4.18)

We verified this property for § =0 and s =0, 1 in (4.15) and (4.17). A technical proof valid for all s € N and § € R is provided in
Lemma A.3 in the Appendix. Additionally, it is easy to see that

<c| <clp

U”@ o forallo eV} 0@ (4.19)

o ”H]Y/2 5(© U”ﬁaﬁ(g)

recall also (4.14), and thus the embeddmgs ,;(Q) C Héﬂ(Q) C H1/2+ﬂ(Q) hold.

4.2.3. Bent polar Sobolev spaces
In general, the Sobolev regularity of a pull-back function is affected not only by the polar singularity, but also by the reduced
continuity of the isogeometric parameterization across element interfaces. In particular, polar parameterizations as defined in Sec-

tion 3.1 are only C°-continuous along coarse mesh lines if the associated knot values in the coarse knot vector Eg are repeated, see

for instance Examples 3.6 and 3.8. Therefore, bent Sobolev spaces, as introduced in [27], must be taken into account.

Throughout this section, let E C Q be a union of elements K € M and let E = FY(E) c Qbethe corresponding union of parametric
elements. First, we note that some of the derivatives (4.9) with respect to the F-coordinates may be in L2(K) for all K € E, but not
necessarily in L?(E). Therefore, we introduce the broken norms

Fo r2k) Z Fol 2k Folr2(p) Z Foll 2y
KeE s KeE s

which is useful for distributions that are not in L2(E), with g € R. This definition enables us to generalize the computations from
Section 4.2.2 to unions of mesh elements. Even though we have the element-wise relation (4.18) for all K € E, the pull-back 0 = voF
of a function v € VI;(E ) is not necessarily in Vé ﬂ(E ). For two adjacent parametric elements Q,, 0, € M, let mo, 0, denote the maximal

order of continuous derivatives of F across their common edge 00 N 0Q,. Then, we define weighted bent Sobolev spaces X;(f )= H;(E )
and X;(E) = V;(E) of order s € N, s > 1 with weight g > 0 by

Do € X5(0) forall Q € E and
Xj(E) :=1 DeLX(E):q Vi) =V, ondQ,naQ,forqg=0.1,...,minfmy o .s—1 .
for all 0,, 0, with 00, N 9Q, # @

where we insert X ;(Q) =i /;‘(Q) and X E(Q) = 17/;‘(Q), respectively, and ¥4 denotes the gth order partial derivative operator, with

V0 = v. This definition yields well-defined Hilbert spaces endowed with the broken norm and seminorm

IIAIIA»(E) ZIIAIIX s AIXA(D ZIAIX S0

The standard bent Sobolev spaces without weight are denoted by H“’(E) = HS(E) and VS(E) =V (E).
In the next step, we combine the concepts of polar and bent function spaces and introduce weighted bent polar Sobolev spaces
X3 J(E) = Hy () and X3 (E) = V3 (E) of order s €N, s > 1 with weight f > 0,

Do € )?g_ﬂ(Q) for all Q € E and
Xy ,(E) =1 De LX(E): y Vi@, =V(B)p,) ondQ, N0, for g=0,1,....min{mg o,.s— 1 :
for all 0,0, with 00, Nn9Q, # ¢

where we insert X° ﬁ(Q) = ﬁ(Q) and X* ﬁ(Q) Vs ﬁ(Q), respectively, endowed with the broken norm and seminorm
IIAIIXA B Z IIAIIXA @ AIXA B Z IAIXA o

Bent polar Sobolev spaces without weight are denoted by H (E) 0(E) and V, (E) é, O(E). From (4.18), we immediately obtain
the characteristic relation

lollvzey ~ Pllys 7y forall ve V() (4.20)
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with s € Ny and g € R, and Eq. (4.19) yields the estimate

<clo < C||?]

U”"é,ﬂ(E) forall b e V¢ ﬂ(E) (4.21)

” ||HA/2 ﬂ(E) = ”Haﬂ(f)
Thus, the embeddings V: ﬂ(E) C M ﬂ(E) C H$ /2+ﬂ(E) hold.

In this context, suitable projectors IT : X ©@ - S(s-1,s-1)(E) are required that map from weighted bent polar Sobolev spaces of
order s into the spline spaces of degree s — 1 and satisfy the crucial property

0-TI(0) € X3 ﬁ(Q) for all § € x* ﬁ(g) (4.22)
The existence of such projectors can be shown by analogy to similar results from the literature [28].
4.2.4. Polar transformation of the projection error

Ultimately, we perform a transformation of the projection error, which will be needed to prove Theorem 3.13. Therefore, in
addition to the computations above, the weight function has to be taken into account. For ¢ = 0, we obtain

2 2
= Jelemme] 4
L2(K) K Qo

v—-1Il,ev
Vi

2 W (woF) — Tl _(W (voF)) ’
¢ d¢ _/ W’ 4

v— HV}? v voF — HVho voF

< c/ |Wﬁ—nf_(WA)’ ¢ de = c”Wu—Hr (4.23)
o /2(Q)
where we use the boundedness of W and its inverse W~!, see [28], and set # = voF. For g = 1, we compute
2 2 2
v—1Il,ev =/ d(v—l’[ ov) +d(v—l’[ ou) dx
ol Jel™ v y v
A~ 2 1A~ 2
N/ < 01<U°F_HV®”°F) + '—02(UOF—HV®qu) )gl d¢
0 h & )
2 N
(wo-n _(Wu) 1 A Wﬁ—ng=(Wﬁ)
= 0 +|=0| ——2= || |¢,d¢
/Q 1 5% W 1
R N 2
gc< a(wo-nl.ov)| - +|wo-nl,
L7 ,© /z(Q)
) f ’ r
+|9 (Wﬁ—H ,(Wﬁ)) A +||wo-nt, > (4.24)
: pE 2,0 ” 2,,@

where we employ the Leibniz formula

a“(%) =y (;) (0Pg) (0> Pw 1) (4.25)

{B:p<a}

with g=0- ot _ _0 and Young’s formula. Here, we remark again that the weight function W and its inverse W~! as well as their
derivatives are bounded [28]. Throughout the paper, the latter will be used multiple times, and the Leibniz formula will be applied
in combination with the weight function without further explication.

Finally, let E C Q be given by a union of elements K € M and let E=F -Y(E)c o. Then, we have analogous results to (4.23) and
(4.24), but with bent Sobolev spaces,

v—TI, 00 < HWﬁ— (W")”
h LZ(E) /2(E)
and
2 . . 2 .
v—Tlov <cC a(wﬁ—n-wa) +|wo-nf _ows
Vho HI(E) (“ 1 p»='( ) L:%/Z(E) ” ( )HEZ/ (E)
+1[9 (Wﬁ—n =(Wﬁ)> +|wo-nf _wa) >
2 PE EEI/Z(E) ” HLZI/Z(E)

5. Proof of Theorem 3.13

In this section, we derive several error estimates for the proposed modified projector under graded h-refinement on polar domains
with corners. These estimates are then combined to establish Theorem 3.13. The error is analyzed separately in the neighborhood of
the polar point and in the remainder of the domain, which is not affected by the corner singularity.
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5.1. Splitting of the polar domain

To begin, we explain in more detail how the model domain and the underlying meshes can be split suitably. Let M# and M¥ be
graded parametric and physical meshes, respectively, resulting from the knot vectors E; and E, for some grading parameter u € (0, 1]
and polynomial degrees p = (p,, p,), recall Section 3.3. To describe a region surrounding the corner P, we consider the physical Bézier
elements K ;= F(Q;) e M* whose support extensions satisfy

P ek, =F(@)=FQ).

that is, the closure of the support extension K ; contains the singularity. The corresponding parametric mesh elements Q; are charac-
terized by the condition

r, nQTJ-:({O} x[0,1))n (ﬂxﬁ) = <{0} n:) X?,/ﬁéﬂ

i.e., the singular edge I'; touches the closure of the support extension Q ;» which, by Eq. (2.12), is equivalent to 0 € INl j,- The refined
knot vector in ¢ -direction can be expressed in terms of the breakpoints (3.17),

B =80 8inpap 1t = 81801 612: 6135 -5 Civy =20 vy =1 Sy s -5 Sy - (5.1
—_—— —_—
p1+1 times pp+1 times

Thus, it holds n; + p; + 1 = N; +2p, and

I|v/1 = <§1,j1’Cl,jl+]) = <§|,/1+p]5§]J]+[)l+]), ji1i=12,...,N -1
With definition (2.1), we obtain
le = <§|v/1+P1—I)1’51’11+P1+IJ1+1) = (51,/'1’51,/]+2p1+]>5 ji=L2...,N -1

By construction (5.1), we further have ¢, ; =0 and hence, itis 0 € 71 j, if and only if j; < p; + 1. Therefore, we divide the graded

parametric and physical Bézier mesh M and M* into two submeshes,
il — M () AH _ AqH Iz
M =M uMy and  MF = Mp UM,
respectively, with
TH - — MHE =
M =105 et +theltz Ny M 1= {Q5hj el 42,43, Liel 12,00 )0
"o "o
M =K} et1a.p+ibetiz. Ny My 1=K elp 420043, N Lbel12..N, )
Induced by these partitions, we also divide the parametric domain into two subdomains,
Q=00 U Qg with Oc 1= (0.4, 1] x (0. 1) and Qg 1= [{, 2. 1) X (0. 1). (5.2)
In this way, we obtain the desired partition of the physical domain,
Q=0Q,UQy,
into a small polar domain surrounding the corner,
Qc 1= Fo)=GOp) = {gl G ER* 1 0<¢ £y 4200<E < 1},
and the remaining ring-type domain
Qg 1= FQp) = {C1 GG ER ¢, < <1,0<G< 1},

where we used the representation of the polar parameterization F from Assumption 3.4. In Fig. 5, we provide an illustration of the
partitioned domains and meshes for a circular sector and an L-shaped domain. Note that the splitting depends on the mesh size &,
and the polynomial degree p, of the first univariate direction, which is not pointed out explicitly in the notation. Lastly, we define
the overlapping domains consisting of the union of the support extensions of all elements in Mg and M‘;, respectively,

8= | 0, Gi= U 0, 8= U R 8= U R 5.3)

VL 4 R H . "
QIEMC QjeMR KJEMC KJEMR

5.2. Projection error estimates

Next, we proceed with the projection error estimates for the two regions of the polar domain.
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(a) (b)

Fig. 5. Splitting of the parametric and physical domain and the corresponding meshes. (a): Circular sector (b): L-shaped domain.

5.2.1. Estimates on Qp

We begin by deriving estimates on Qp, where the distance to the singularity is strictly positive. In this setting, a similar strategy
to that used in standard anisotropic approximation theory can be applied [8,28], in which element-wise estimates on the parametric
domain are mapped to the physical domain via a change of variables. However, in contrast to the literature, the transformed quantities
depend on the distance between each element and the singularity, and thus, by construction of Q, also on the mesh size. The following
element-wise error estimate on the parametric domain from the literature serves as the starting point for our analysis.

Lemma 5.1. Let the integers 0 <r; <s; <p;+1and 0 <r, < s, < p, + 1. Then, there exists a constant C depending only on p, 0 such
that for all elements Q ; € MY, we have

| <€ (7 by
20)) L £2(0))

for all functions 7 : Q& — R with D¢1725, D155 e £2(Qy), where Qy, is defined as in (5.3).

G s A
”D @-10 _5)

5(%&)3” 4R
2@y | 2h

Proof. The result is proven in [8, Proposition 4.1] together with [8, Remark 4.2]. O

Based on Lemma 5.1, we can develop an estimate on the full ring-type domain part Q. As in Section 3.4, we set p = min{p,, p,}
from now on.

Theorem 5.2. Letq € {0,1} and s e Nwith2 < s < p+ 1. Further, letv € V;(flk)for alpeRwiths—1—-v<pf<s—1,recal (3.15).
If the mesh grading parameter satisfies condition (3.22), then there exists a constant C depending only on p, 0, F, W such that

v—1Il,ev

f @)

< Cr ol
H(Qp) s

with S~2R as defined in (5.3).

Proof. Let K; € M‘;e andQ; =F Ik NS M\ﬁ By construction of the splitting from Section 5.1, the element K is not adjacent to the
polar point, P ¢ ?j, and thus the Jacobian of F is bounded on Q_J However, the bounds depend on the distance of K; to the polar

point, which is equivalent to the distance of Q; to the singular edge ﬁ In more detail, let Q; = ({5, &1 j,+1) X (&5,5 82 j,4+1) € M.
Then, due to Egs. (3.5), (3.7) and the local quasi-uniformity of the mesh, see Lemma 3.18, we have

[det(Jp)| ~ &, and  |det(Jp-1)| ~ ¢y in Q. (5.4)
With (4.23), we thus obtain

—1@ < - (WD <cellweo—nf _ws

”U HVhU”LZ(Kj) - C”WU HP’=(WU) |i§/2(Qj) - Cgl,in ”WU HP~=(WU) |i2<Q,>

and with (4.24), it follows
|o-m v(z <cl¢ . |5 (Wﬁ—nf (W@) ’ e ”Wﬁ—nf (Wﬁ)“2 (5.5)
Vi HY(K) = Ljr||”1 pE 20, Lj; P.E 20) :
N 2 ~
e 52(Wa—nr_(Wﬁ)) e ”Wz?—l'[r_(WU)|2A : (5.6)
Lji PE i20)) Lji PE 2@p

First, we estimate the terms in line (5.5). Therefore, we use Lemma 5.1 with s; =5, s, = s — ¢, r; = g and r, = 0 and apply the Leibniz
formula (4.25), where we note that the weight function W and its inverse W~! as well as their derivatives are bounded [28]. In more
detail, we recall that the weight function has the form (3.9) and consequently, all derivatives D*W for a > (1,0) vanish.
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1t follows for ¢ € {0, 1} that

s(wo-tawo)], sc(Rplo o, 4ol )

<Chs ! Z “DaAHL:Z@,)_‘_z;jZ Z HDaA”ﬁ(Q,)

a<(g.5—q)
a>(.v 0) a(q,0)

_ [ 75| peorg) @a)g ”
(R0l 7t 2 107, )

Now, we transfer these norms to the physical domain based on the ideas from Section 4.2.2. More precisely, we first perform an
integral transformation and employ (4.9) as well as the bound (5.4) for the determinant of the inverse parameterization. Then, we
bound the norms of the derivatives with respect to the F-coordinates by the norms of the classical physical derivatives as shown in
Lemma A.1. Such an argument will be used multiple times in the following and will be referred to as a change of variables. It follows

9 A1 DB, (@),
20, < C(glj hln ” ”£2(1?> 2/2 Z ”D ”ﬁZ(K )
( h e Z ”Dy””N( +h;];’ z Z [|~ 2D7”||c2(1<)>

\7 <s =0 |y|<q+ay

(I=p)(s—q)
SChS_q<(Cl,jl> o Z | D7 U||£2(1<)+ Z Z [lF2 D7 v| o2 g, )> (5.7

lyl<s =0 |y|<g+a

1/2

& aj’(Wﬁ— H;F’E(Wﬁ)>

where, in the last step, we inserted the mesh properties (3.28) with 2 = max{h,, h,}. Due to the local quasi-uniformity of the mesh,
recall Lemma 3.18, and relation (3.8), we further have

Gy ~G@) ~r(x) forallx € K, (5.8)

with ¢(x) = (£ (x), {(x) = Flx) e Qj. Moreover, we set f = (1 — u)(s — g). Then, as u € (0, 1] satisfies condition (3.22), it holds
p<s—q and p> (1—%)(s—q)=s—q—(v—q+l)=s—l—v. (5.9)

By combining (5.7), (5.8) and (5.9), we obtain

s=q
s—=q P B—(s—@)+ay py
T O X S il U”L%))

=0 |y|<q+ay

(;
<Ch- Q< Z;, [ oo Lz(,;jﬁ i 2z “rﬂ_HmDyUHLZ(Ej)>
(3

172

& a;’(Wﬁ _(WA)>

L(Q)

I7l =0 |y|<g+ay

H = s+I7IDrU“ _
L2(Kj)

< Chs"i<||u||H;(Ej) + ||u||V§(Ej)> < CH ol g,

Next, we estimate the first term in line (5.6) using Lemma 5.1 for s; = s— 1, s, = s, r; = 0 and r, = 1 and the Leibniz formula (4.25),

5 DY
<cri( X DULZ(E)
I<s

lyl<s

&(wo-nl owp) o sc(%;‘;} |5¢tvaws) LT 1\|5(°'”<W@Hp@,>>

£2Q;) %k

1 s
< -1 ”ﬁ(s—l.az)/\” N -1 Hﬁ(o,nz)A” N
< C<hwl Z v £2(Q1>+h2’/2 Z v 2@,
a=0 ay=0

Then, we apply a change of variables and exploit the mesh properties (3.28) and (5.8),

) -1/2[ Fs-1 G-la), ” ” pO®), ”
720 SCG ) <h Z ”D EZ(KJ) 212 Z L2(K))
< CCE},( Lj Z Z ||ra2DyU||£2(1? y T h;,; Z Z [|~ 2Dy””£2(1< ))

-1/2
Ly

¢

&(wo-nf.w)

=0 |y|<s—1+ay =0 |y|<ay
- (== o . : 4
cor((6) 7% 3 g 5 3 ol )
=0 [y|<sTa-1 K 520 1rZe )
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We set again f = (1 — u)(s — q) for ¢ = 1 and recall that (5.9) is satisfied. It follows

1
-1/2 ( _]—If‘ ) < s—1 ” /}+nt2 lDy ” H /i—(s—l)+n(2—lDy ”
éVln o,(wo p,E(Wﬁ) 72 sCh Z L2(K>+ Z Ulrak,)
@ a2_0|7\<3+ﬂ2 1 =0 y|<a I
1
S DD ST D o) e ey
=0yl <sry -1 K =01y I<m )

<cn-! Z ”rﬁ_HmDy'JHH(E —Chw- 1||U||Vs
)

lyl<s

Ky

The second term in line (5.6) can be computed similarly,

N
R CH LT T [ L
<cg (%/1 2 107l e, + s, Z Z 0, ))

-1/2
Lj1

& Pl (wo-nt.ovd)|

lyl<s =0 |y|<ay
s—1 ﬁ Y ﬂ sty Y
SCh <z ” b U”LZ(K)+ Z Z H b U“LZ(K ))
lyI<s =0 y|<x;
1 - s—1
<Ch- (llvllH &)+ Z > “ # ‘+|"|Dyu)‘L2(Ej)> <CR N0l g
a=0 [y|<ay

Finally, we sum over all elements and remark that the overlap of support extensions depends only on the polynomial degree p and is
thus bounded with respect to 4. We obtain

2

AT
" h THA(K) "
KEMR KEMR

2(s—q) 2 2(s—q) 2
< ( E < (
<Ch ”U”VS(K h ”U”V (Q )

U—thev

HIQp)
for ¢ € {0, 1} and the assertion follows. [

5.2.2. Estimates on Q.
Next, we analyze the projection error on the small polar domain Q. that is surrounding the polar point. Therefore, we adopt the
proof strategy from [52], where a similar error estimate has been shown for interpolation with linear finite elements. The radial size

of the corresponding parametric strip ﬁc will be denoted by h, 60 = {1,p,+2 such that ﬁc = (O, h, ﬁc] % (0, 1), recall (5.2).

Theorem 5.3. Letqe€ {0,1},seNwith2<s<p+1landve VS(SNEC). Then, there exists a positive constant C depending only on p, 0, F, W
such that

< Ch
H1(Q¢)

v—1Il, 00

s—q
< o Mol

with ﬁc as defined in (5.3).

Proof. Similar to the proof of Theorem 5.2, we transform the projection error to the polar coordinate system as illustrated in Sec-
tion 4.2.4. For g = 0, we thus have

v— HVhou

< C”WU - Hr_(WU)H
LZ(Q ) /2(9(,)
and for g = 1, it follows

2

U—HVhov

pwa-aovall, o, e

<c<”§1(Wﬁ— % ))

H'(@Q0)

£ ,@c)

62<WU—HF_(W’7)

- 2

+|\wo -1l _(Wb) . > (5.11)
r2 20 (ﬁc) “ P.E Ht{l/z(g(,)

However, in contrast to Theorem 5.2, where the projection error on Qy is considered, the Jacobian of the inverse of the polar
parameterization F is not bounded on Q, see (3.7). In the following Lemmata 5.5-5.7, we will thus show that each of the weighted
error terms is bounded by the bent polar Sobolev norm of v introduced in Section 4.2.3. With Eq. (4.21) and the transformation (4.20)
back to the physical domain, we obtain the assertion,
v-Il,ev

Vi

<cr 2ol iz N SCRZB) =\ SCRTL vl
HiQ) 18 ”U”Hé<ﬁc> = I’QC”U”V5<SA2C> S I’QC“U”V‘ @)

where ﬁc and ﬁc are defined as in (5.3). O
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Fig. 6. Illustration of the scaling transformation & with the reference domains € and flc and the corresponding parametric domains G and flc.

An essential ingredient for the following estimates is the bijective scaling transformation between the parametric domain G and
the reference domain € := (0,1/h, ﬁc) % (0, 1), given by

e s oA e s h g ¢
d:0-0, ®¢.4)= 1054 2 <§'>, (5.12)
& &
In this way, the size of the reference domain corresponding to the parametric strip ﬁc, namely
o o1/~
O = (QC) =, 17,

is independent of the global mesh size A, and a typical scaling argument can be applied. The transformation and reference domains
are illustrated visually in Fig. 6. Any quantity that is transformed to the reference domain will be marked accordingly with a circle
on top, e.g. & = Do, and will be called the corresponding reference quantity or scaled quantity. Similarly, we denote the derivatives
of a scaled function 5 : Q@ — R by

o G0 . 5 e D e 25
b= 2900 and b6= 22 0= 20 40= 20 .
o8 o o8, 08, oF

Moreover, we define the reference domain of the extended parametric strip ﬁc, recall (5.3), by

e o -1 (X
G = (QC) = <o,h1’éc/hlyﬁc> X (0, 1),

which is displayed in the top row of Fig. 7. Its size is also independent of the mesh size, since the relation h1 H /h G0~ 1 holds due
R0 ”

to the local quasi-uniformity of the mesh, recall Lemma 3.18. Finally, we introduce the corresponding physical reference domains,
which are obtained using the transformation

L . hy g X x
D:0-0 dEH=( " )= , (5.13)

h 5. Y y
with & 1= &' (Q), as illustrated in the bottom row of Fig. 7. Similarly to the parametric reference configuration, the sizes of Q. :=

i (©Q¢) and Qc = o (ﬁc) are independent of . Any scaled quantity will be marked accordingly with a breve on top.

We start with a stability result for the scaled version of the quasi-interpolant defined in (2.17), which will be used more often in
the remainder of this section.

Lemma 5.4. Let either & € H* (QC> orveH; (QC> for s > 2. Then, it holds

12 1/2
~ 2 ~ 2
5(nf20) <cll, - or |o(if20) <clél? .
= > & s = 3 S
L%/z(gc) Hl/Z(QC) C%/z(ﬂc) H1/2(QC)

respectively, for q € {0,1}.

Proof. Letq e {0,1} and 6 € H ! 1 (QC) By using the representation (2.18) of f[EE and the stability property of the dual functionals

[33, Theorem 4.41], we compute
2 (&l 2 2 of o

P ( =ﬁ) =/ s St )8,
PR 00 Jac ]! gz’ e

2 2
= /Q (Z; C“ﬁ“m(a(,))é‘.’ éi,p1> biddydy < ol ®) /Q (Z; 5i’éi,,,|> ¢ d¢ dé,.
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O Q
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0 1 hl,_(:z /7l,§c & 0 hlﬁchl 5 1 ¢
F

9

Q

Fig.7. First row: Illustration of the parametric scaling transformation (5.12), with the extended parametric strip ﬁc and the corresponding reference
domain Q. being hatched in green. Second row: Illustration of the physical scaling transformation (5.13), with the extended small polar domain ﬁc

and the corresponding reference domain Q. being hatched in green. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

The diameter of the reference domain Q- does not depend on the mesh size, and we have the embedding A ! 1 (QC> o P (Qc> , see

[6, Theorem 4.7]. Hence, we obtain
R 2
g(nfee)l o <cn’® / 1dgy dg, < Cllsl®  — <ClIgl’ - - .
| L3, c) C0<ﬂc') Qc c0<fzc> Hf/z(nc)

To prove the assertion for bent Sobolev norms, we simply apply the estimate above on every mesh element and sum over all ele-
ments. O

Now, we estimate the two terms in line (5.10), that is, the projection error and its first parametric derivative in the £% /z(ﬁc)-norm.

Lemma 5.5. Let the assumptions of Theorem 5.3 hold. Then, for q € {0, 1}, it follows

PH (Wﬁ— HE’E(WS))

' <Rl e
£3,@c) 19c ™ THg (ﬂc)
Proof. First, we apply a typical scaling argument using the reference configuration introduced above and, to simplify notation, we

set 5 = W&. We obtain
5 1/2
- d(wo—tt _wo)) ¢ de
o ([ @Ovo-rtwo))'e

2 1/2

3 (Wﬁ— HE’E(Wﬁ))

5 (wo-1t_ovo)) ] o
-1/ hag &g, 44
Qc

h‘l
1.9c
= (o-rls)) (5.14)
1L.Qc q/z(szc)

In the rest of the paper, such estimates will be used more often. The underlying steps will not be carried out in detail anymore, but
we will refer to it as scaling argument.
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Next, let P,_, be the space of piecewise polynomials up to degree s — 1 on . and I1 be the scaled projector from the bent Sobolev
space to the spline space of degree s — 1 that satisfies property (4.22). Due to Lemma 5.4, we have

5;’(5 - ﬁf,ﬁ)
P.E

o Héf(a —1100) — i~ 1 5~ 1106~ 1))
o2 12@c) WEP;_;

2
LI/Z(QC)

< inf [ [69(s-11) - o+ éQ(ﬁF (6 —TI(5) - u")))
wePy_ <“ 1( ) L?/z(QC) \pE [:f/z(ﬂc)
< C inf ﬂ—ﬁo—a ¥ = inf o—ﬁo—o,\ T\
SO ”U (®) WHH;/Z(QC) e, ”” () wl i3, (9c)
Then, we apply the weighted Deny-Lions-type argument [6, Theorem 4.6],
inf 12—l gz \ <CIEL., (% (5.15)
WeEPs-) Ap(0c) Ap(0c)

for =5 —Ti(5) € H H P (E!C) Finally, we combine all the steps and use again the definition of I1, a scaling argument, the embedding

(4.21) and the Leibniz formula (4.25) to compute

x>\ < Chl_Aq

5"(Wﬁ—nf=(Wﬁ)) _
1 pE i, (QC) 1.9¢

<cr'f inf ”u —TI(5) — b
Lf/z(gc) 1.Q¢ WePs_y

P10l )

=Ch' 018l z \SCR WD 2\ SCRT D] /2 v\
1.9¢ HI/Z(QC) 1.9¢ Hf/2<9c> 1.9¢ Hé(gc)

and the demonstration is complete. [

In the proof of Lemma 5.5, the projector I that satisfies property (4.22) was only inserted for the interplay between bent Sobolev
norms and their non-bent counterparts, recall Section 4.2.3. This adds a further technicality to the proof, which is not in the scope
of this paper, and has already been investigated in detail in standard approximation literature [28]. For the sake of simplicity, we
will not elaborate this argument anymore in the rest of our paper and, without loss of generality, we will assume that pull-backs of
functions are sufficiently smooth across mesh lines. The generalization can always be done by inserting the projector IT at the correct
places, as shown in the demonstration of Lemma 5.5.

To continue the proof of Theorem 5.3, we estimate the first term in line (5.11) in the next lemma.

Lemma 5.6. Let the assumptions of Theorem 5.3 hold. Then, it follows

P (Wﬁ-nf,(Wﬁ))H <ot o] sy
: p= zzl/z(Qc) 1.Qc “ ||H5(QC>

Proof. Let ¢ € R such that §(0, -) = voF(0, ) = v(P) = c. We define the auxiliary function 5, = 0 — C§1,p1 , which satisfies (W 7))(0, -) =
w00, — chA?l’p] (0) = 0. Moreover, we have

I, (W 0p) = I, (WD) ~ 1T, (W B, ,) = I, (WD) ~ W By,

and it follows W5, — HEE(W’U‘O) =W0i- HEE(WQ and HEE(Wﬁo)(O, -) = 0. Using a scaling argument and the notation &, = I/T/ﬁo, we
compute

32(Wﬁ— HE)E(WQ) 52(W60 - l'l;E(WﬁO))

Zil/z(ﬁc) I:EI/Z(QC)
g”éz(Wﬁo)“A o+ 32<Hf=(Wﬁo)) o
LE]/Z(QC) P Lzl/z(ﬂc)
] e 52(1%?,130) ,
L2, p@c) = L2, )0

where all terms are well-defined despite the negative weight of the norms as the corresponding functions vanish for ¢; = 0. In
Lemma B.1, we show that the second derivative of our projector can be written as another projector, and in Lemma B.2, we estimate
the corresponding norm. Hence, we obtain

&,(wo-nl owd)

2, @0 < 0“52170“231/2(5C) < Cuéﬁo“iil(éc)'

It is shown in [6, Corollary 4.1] that, under the condition 52130(0, -) = 0, the inequality

s

2, (6c) = <1900l 3, )
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holds. By a scaling argument, it follows

|zg3 (%) )

(i) PO ()£ Ml

il iy = (Wil Wil ) = (sl o)+ o

<Chg. H512(Wﬁo>|

which yields the assertion for s = 2. For higher regularity s > 3, the proof needs to be adapted. We rewrite the error in terms of the

projector 1212’22 derived in Lemma B.1, and compute

3 (PP 2 ~
- = ||92% H(l’l-l’z—l)ﬁ(azv())

3, (i}o -1l f)o>

&(wo-nf.w)

2, ,@c) 2, @0 2, @0
s o < 1.0, ~
< -
< oy~ 11,7,y (32t ) .
-1
s o o 1.0, ~
< —
<oty - 11,2, 2 (3200 .
=C inf |80 — w4112 (30— )
WeP,_, (propy=DE H'©c)
<C inf (|dop—it|. . +]|0® (82— )
WEP,_, H1(©e) (p1,p2=1).E Al@e)
<C inf “a 5 -ay“A . 5.16
wep,_, lI'270 H1<QC) (5.16)

In the last step, we used the H!-stability of the new projector f[;’iz which can be shown as in [28]. Finally, by applying the embedding

21 1‘/‘21 (fzc) o Al (fzc) from [6, Remark 4.1], the Deny-Lions type estimate (5.15), a scaling argument and the relation (4.21), we obtain

&,(wo-nl )

<C inf “55 —u";“u 5 gc‘éﬁ)_ s\ <Cligla
2, e = Sl 1700 g @) = C10lag @) < ola @)

SCh L Woy| .z \ SCR| - /2 \ SCR B 2 s
LQc iy, <QC> 1.Qc M) (QC) 1O ™ THy <9C>
and the assertion is established. [
Finally, we estimate the last term in line (5.11).
Lemma 5.7. Let the assumptions of Theorem 5.3 hold. Then, it follows

[wo-nf .ovo)

Lo e SCRAY =y
Lil/z(QC) 1.Q¢ 7-% (QC>

Proof. As in the proof of Lemma 5.6, we use again the auxiliary functions 7, = 0 — C§1,p1 and set &, = W, A scaling argument
yields
[wo-nt ovo)

o o o
~ ~ =0y =1L -0
LE]/Z(QC) ” 0 pE0

= [wao -1 v ay)|

|231/2<ﬁc) ”231/2@6)'

Then, due to the H!-stability of fIE o> We can show similar to (5.16) that

S <C T
2 HP»E”"HZEI,Z@) <C 8 Moo=l g, )
With the embedding bis 13 1 (f)c) o ! (s"’zc) for s > 2, see [6, Remark 4.1], the Deny-Lions type estimate (5.15), another scaling argument
and the relation (4.21), it follows

o0 _ TR . o e - o - s—1 o~ N s—1 || -
20Tzl o < €000 Moo=l 5y < Clinly (&) < Mg, W0l (5) = Maclhy (a)

and the proof is complete. O

Recall that by proving Lemmata 5.5-5.7, the proof of Theorem 5.3 is complete. For now, we have assumed that v € VS(EEC).
However, as seen in Section 3.2, this is generally not the case for solutions of PDEs on polar domains with corners. Therefore, we
show a corresponding result to Theorem 5.3 for functions with reduced regularity by moving to a weighted function space setting.
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Theorem 5.8. Letq € {0,1} and s € Nwith2 < s < p+ 1. Further, letv € V;(ﬁc)forallﬂ € Rwiths—1—v < f <s— 1. Then, there is
a positive constant C, depending only on p, 0, F, W, such that

<Ch 2 ”nvnw
HI(Qc)

v—1Il,ev

h Qc)’

with SNZC as defined in (5.3).

Proof. Just as in the proof of Theorem 5.3, we estimate the four error terms of the sum in (5.10) and (5.11). First, we adapt the
stability result stated in Lemma 5.4, which is needed to estimate the first two terms. To this end, we use the embedding H (Qc)

HF (QC) from [51] on the physical scaled reference domain defined in (5.13), and combine it with the usual Sobolev embedding

H P (Qc) < 0 (QC> for g < s — 1, see for instance [53]. Then, with the proof of Lemma 5.4, embedding (3.14) and transformation
(4.18), we obtain

é"( it ﬁ)
1 5= ~ .
7=z 0

< Cllﬁllc[)(E) C||U|| <Qc> < C||U||Hs,ﬂ(§c) <clol, (Q ) < C”ljllvj(fzc) < C||l7||A<;ﬁ(5C)~ (5.17)

wq

Moreover, we use transformation (4.18) and the embeddings V*~# (Qc) N V1<QC> from [54, Lemma 2.29] and Vﬂs (QC> o

ys=Fh (fzc) from [51], where s — § > 1 is required, to show that

1601535 < Nl 5, < OBl .y 5 < OBl G ) < ClEll, G . (5.18)

<ch'

a"(Wu—nF-<Wﬁ) A
/ (QC) IQC

POR
L]/Z(QC)

By the scaling argument (5.14) and the estimates (5.17), (4.19) and (5.18), it follows
< Chl -q <||u||H1 @0t

6‘1(11—12[?5&)
1/2(Qc)>
1-q o ~ o -
SC"I@C("U"@«%)*”"“a;,(ﬁc))
<Ch2 6l z \ <CR B /5 -
tic Pg,(4c) e e, (QC>

Note that the V'-spaces scale perfectly, which was exploited in the last line above in combination with the Leibniz formula (4.25).
Next, we adapt the proof of Lemma 5.6. Let i, be the auxiliary function defined there such that 5,(0,-) = 0 and let &, = W5, be the
corresponding scaling, recall (5.12). By combining Lemmata B.1 and B.2, the definition of polar weighted Sobolev norms and (5.18),
we obtain

2 o < 1.0,
~ . aZUO _HU’ll’ |)—(a2UO)
L?]/Z(Qc) 1/2(90)

az(Wu—HF-(W‘))

52<L°JO - ﬁE:”o)

Zip (Qc)
< Cuézﬁo“zz . (SNIc) < C||'50||9(;(5C) < C”';O”Agv,,(f)c)
1-p A
ser Pl Gy

where, in the last step, we used again the perfect scaling of V-spaces.
Finally, the proof of Lemma 5.7 is modified analogously. Similar to Lemma B.2, stability of the projector f[; s in the Lil /2(£°2C)—
norm can be shown, and it follows

=Mzt gy < Clinlz: (56)scuﬁon%@)scuﬁon%(gc)sc*hj;;j||ﬁ||%ﬁ<50>-

Hence, we have estimated all four terms in (5.10) and (5.11). By the transformation (4.20) of the weighted polar Sobolev norms
back to the physical domain, we obtain

v—1Il,ev
h

S—q—P ||~ s—q—p
HI(©Qc >< Chlﬂc Ie ” <§c> <Mge 1Wlysaor

and the demonstration is complete. [

5.2.3. Estimates on the full domain Q
Now, we are in the position to show an overall projection error estimate on polar domains with corners and prove optimal
convergence for suitable grading parameters.
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Theorem 5.9. Let g€ {0,1} and s € N with 2 < s < p+ 1. Further, let v € V;(Q)forallﬂe R with s — 1 —v < f < s — 1. If the mesh
grading parameter satisfies condition (3.22), we obtain optimal convergence of the projection with respect to the mesh size h,

v— HVhov

) < ChSiq”U”V/;(Q)'

Proof. By the splitting of the model domain defined in Section 5.1, we obtain

2 2 2

HY(Q)

+
H1(Qc)

v— HVhov

v— HVhov

v— HVhou

Hi©Qy)

The second term has been estimated in Theorem 5.2. For the first term, we use Theorem 5.8 and the mesh properties (3.28), where
higp ~ hy, holds by definition of Q. and Lemma 3.18. Besides, we set # = (1 — u)(s — ¢) such that (5.9) is satisfied. It follows

2
2(s—q—p) o 2(s—q)(1—14u) B 2
v—-1Il,ev < Chl,ﬂc ”U”V,;‘(Qd = ChLQC ”U”Vj(ﬂd < Ch1

(s=@)u/u o 2(s—q) 2
< llys iy = €1l

ACSY

Hi(Qc)

In total, for comparable refinement in both directions, that is, #; ~ h, and A = max{h,, h,}, we have

P
-t ” < CH26-9 2 2 < CR2G=D |12 )
”U ViV HIQ) ~ ”U”VﬁS(QC) + ”U”VﬁS(QR) - ”U”V,;(Q)

where we use that Q. and Q, have bounded intersection with respect to /, and the assertion is proven. [

The main results of our paper, in particular Theorem 3.13 and Corollary 3.16, follow immediately from Theorem 5.9. Additionally,
in Corollaries 3.14 and 3.17, we have derived optimal convergence rates for the approximation of smooth functions on uniform meshes.
Finally, for the sake of completeness, we point out the suboptimal convergence behavior when singular functions are approximated
on uniform meshes.

Remark 5.10 (Approximation of singular solutions on uniform meshes). The proof of Theorem 5.9 shows that, on uniform meshes,
the convergence rate for the HY-error of the projection is bounded by

s—q—pf<s—q—-(s—-1-v)=v+1—-gq.

Hence, if v + | < s, the rate is suboptimal. The approximation error in the H!-norm decreases with the same order as the projection
error, namely v — ¢ for some & > 0. In contrast, in the L?-norm, this is not the case: by using a duality argument, it can be proven that
the order on uniform meshes is given by 2v instead of v+ 1 —&.

6. Numerical results

In this section, we confirm our theoretical findings with numerical results. All experiments are carried out using the computing
package GeoPDEs 3.0 [39,55]. The graded h-refinement method introduced in Section 3.3 can be implemented easily in GeoPDEs by
adapting one line of the standard knot refining routine kntrefine provided in the package. The polar spline basis (4.4) is constructed
by applying the extraction operator described in [25, Section 3.3.2] to the standard set of basis functions. If homogeneous Dirichlet
boundary conditions are considered on one of the edges adjacent to the polar corner, this step can even be omitted, and the collapsing
edge can be treated as a Dirichlet edge. Moreover, numerical studies have even shown that, from a computational point of view, it is
possible to work with the standard singular basis functions (3.20), which is due to the use of quadrature rules, see for instance [56].

Throughout the examples, the maximum NURBS degree used is p = 5. Therefore, all integrals are computed using a Gauss-Legendre
quadrature rule with 36 Gauss points per mesh element, where 6 quadrature nodes are employed in both univariate directions. Unless
stated otherwise, for each degree p, we consider NURBS of maximal regularity k = p — 1 within the coarse mesh elements, recall
Remark 3.9.

Example 6.1 (Smooth solution). In the first example, we solve the Poisson equation on a quarter of the unit disk. We impose
homogeneous Dirichlet boundary conditions on the re-entrant edges and non-homogeneous Dirichlet conditions on the circular arc,
derived from the exact solution

u:Q-R, ulx,y =i, @) =r'sin(ve),

with v = 2. Here and in the following, the inverted breve accent is used to denote the considered function in polar coordinates, e.g.,
a(r, @) = u(rcos @, rsin @) = u(x, y). Fig. 8(a) shows a numerical approximation of the solution computed on a uniform mesh with 16
subdivisions in each parametric direction. The double angle formula yields that the exact solution represents a polynomial in the
physical domain,

u(x, y) = i(r, ) = r* sin(Re) = 2r* sin ¢ cos ¢ = 2xy.

Thus, the solution is smooth in the classical sense, with u € H*(Q) for all s € N. In contrast, with respect to the V-spaces, we only
have u € V3 (Q) for all seN and g € R with s — 1 —v < g < s — 1, where v = 2. Consequently, in the sense of Corollary 3.17, where
v > s — 1 is required, the integrability condition is limited to order s < 2, see also Remark 3.15.

Fig. 8(b) and (c) show the approximation errors in the H'(Q)- and L?(Q)-norms plotted against the mesh size h, for NURBS of degree
p on uniformly refined meshes corresponding to the grading parameter y = 1. As predicted by Corollary 3.17, we observe optimal
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Fig. 8. Solving the Poisson equation on a quarter of the unit disk: (a): Plot of a numerical solution on a uniform mesh with 16 subdivisions for
bicubic NURBS (p = 3). (b): H'(Q)-error of the approximation. (¢): L?(Q)-error of the approximation.

S = 5
= & p=1k=0,u=0675 =
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Fig. 9. Solving the Poisson equation on a circular sector with an inner angle of w = -n (a): Plot of a numerical solution on a graded mesh with 16
subdivisions for bicubic NURBS. (b): H'(Q)-error of the approximation. (c): L>(Q)- error of the approximation.

convergence rates of order 1 in the H'(Q)-norm and 2 in the L?*(Q)-norm for lowest-order NURBS. Higher order approximations also
display optimal rates of order p in the H'!(Q)-norm and p + 1 in the L(Q)-norm, but his behavior is not covered by the present theory
and indicates that Corollary 3.17 is not sharp. In particular, higher order optimal approximation of polynomials in the physical
domain remains to be shown. Despite the widespread use of this standard parameterization of a quarter disk — known to contain
a polar singularity — corresponding error estimates have not been established up to now, as also noted in the recent work [30].
The discretization scheme examined here coincides exactly with the configuration analyzed in Section 5.1 (center-right column of
Figure 8) of that paper. Although not yet complete, our results provide, at least in part, a mathematical explanation for the observed

numerical convergence behavior.

Example 6.2 (Singular solution, mild corner angle). Next, we consider a circular sector with angle w = %n’, see Example 3.6.
As test problem, we consider the Poisson equation (3.10) with mixed homogeneous boundary conditions. With the right-hand side

FiQoR, f(x,y) = f(r,@) = —r"lsin(vp)(=2v — 1), with v = % = %, we obtain the solution

u:Q->R, ulx,y) =i, @) =r'sin(vp)(l -r).
Fig. 9(a) shows a numerical solution computed with bicubic NURBS on a graded mesh with 16 subdivisions in each parametric
direction. As discussed in Section 3.2, the solution exhibits a singularity of type rV and satisfies the regularity property (3.15).

We plot the H'(Q)- and L*(Q)-errors of the approximations versus decreasing mesh size 4 in Fig. 9(b) and (c). For each NURBS
degree p, we consider maximally smooth NURBS on both uniform and graded meshes, corresponding to grading parameters y = 1
and pu = 0.9%, respectively, recall (3.26). As expected from Remark 5.10, the experimental convergence rates on uniform meshes
are governed by the singularity and approach orders of v and 2v independent of the polynomial degree. In contrast, the use of
graded meshes recovers optimal convergence rates of p and p + 1 in the H!(Q)- and L?*(Q)-norms, respectively, in full agreement with
Corollary 3.16.

Example 6.3 (Singular solution, Quasi-Pacman domain). Now, we turn to a domain with a re-entrant corner of interior angle
= gzr, parameterized by NURBS with knot vectors E, = {0,0,1,1} and &, = &, = {0,0,0,0, 0, 3 2, 1,1,1,1,1}. The control points and
welghts listed in Table 3, are chosen to resemble those of a circular sector composed of three 5—sect0rs. The resulting geometry —
referred to as the Quasi-Pacman domain - is a smoothly parameterized deformed circular sector.
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Table 3

Definition of control points c;, i € I, for a polar parameterization of the Quasi-Pacman domain.
Cliy i) Waiy iy iy=1 ih=2 ih=3 ih=4 ih=35 ih=6 ih=17
PR T. T. 1 T. T. 1 T. T. 1 T.
ip=1 0,071 (0,0) ’\{i 0,071 0,0 ‘/EI 0,071 (0,0) v I 0,071
PR T. T. 1 T. _ T. 1 _ T. 1 1. L _1\T.
i =2 (1,0)";1 (1,1),\5 o,D"1 ( 1’1)’ﬁ Lo%1 (=L 1),ﬁ ©0,-D;1
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Fig. 10. Solving the Poisson equation on the Quasi-Pacman domain: (a): Plot of a numerical solution on a graded mesh for biquadratic NURBS. (b):
H'(Q)-error of the approximation. (c): L>(Q)-error of the approximation.

We solve the Poisson equation with homogeneous Dirichlet boundary conditions on the re-entrant edges and inhomogeneous
Dirichlet conditions on the arc. The data is derived from the exact solution

u:Q->R, ux,y) =i, @) =r'sin(ve),

with v = %, for which (3.15) holds, consistent with our theory. In Fig. 10, we illustrate an exemplary numerical solution as well as the
approximation errors for both uniform and graded meshes. As in the preceding experiment, we observe that graded meshes recover
optimal convergence rates, which are not achieved by uniform meshes, as predicted by Corollary 3.16 and Remark 5.10.

Example 6.4 (Pacman domain). We proceed by solving our model problem (3.10) on the Pacman domain, which is defined as

a circular sector with angle w = gn, see Example 3.6. In contrast to the previous tests, the resulting parameterization only satisfies

the global continuity F € (CO($))2. We consider homogeneous Dirichlet boundary conditions on the circular edge and homogeneous
Neumann boundary conditions on the re-entrant edges. With the right-hand side f : Q » R, f(x,y) = f(r, @) = —r*~! cos(vp)(—2v — 1),
a

with v = == %, we obtain the solution

u:Q->R, ulx,y) =i, @) =r"cos(vp)(l —r),
which has the required regularity (3.15). Note that this is not always the case when Neumann boundary conditions are considered
at the corner, however, in the present setting, the solution has the required properties by construction. In Fig. 11(a), we illustrate a
numerical approximation with cubic NURBS on a graded mesh, obtained after subdividing each of the coarse mesh elements shown
in Fig. 1(b) four times in radial direction and one time in angular direction. Note that the function and the corresponding mesh lines
are visualized in the style of a surface plot.

The H'(Q)- and L?(Q)-errors are plotted for decreasing mesh size 4 in Fig. 11(b) and (c), using both uniform and graded meshes.
Again, graded meshes recover optimal rates, as expected from the approximation error estimate in Corollary 3.16.

Finally, we investigate the impact of the C?-lines at the interfaces of the coarse mesh elements. Compared with the Quasi-Pacman
domain from the previous example, which is based on a global C?- parameterization and deals with a similar singularity, we observe
no loss in convergence. Moreover, in Fig. 12, we display the errors for C%- and C?~'-smooth NURBS, where higher continuity is only
present within the coarse elements. The results clearly show that increased smoothness — although not global - leads to significantly
smaller error constants per degree of freedom, both in the energy and L2-norm. Since the space of C?-splines on the parametric domain
coincides with the classical finite element space, this demonstrates an advantage of our method over classical FEM, in addition to the
benefit of exact representation of circular geometries.

Example 6.5 (L-shaped domain, comparison with adaptive hierarchical refinement).

Finally, we solve the Poisson equation on the L-shaped domain, parameterized as explained in Example 3.8. We compare the
results of our mesh grading approach with the adaptive hierarchical refinement available in GeoPDEs [32], where the domain is
represented by two trapezoidal patches connected with C°-coupling.

Case 1: Mild singularity. We first consider an example from the literature, see [57, Section 5, Example 1], namely the approximation
of the function

u:Q->R, ux,y) =i, @) =r"sin(vp)
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Fig. 11. Solving the Poisson equation on the Pacman domain: (a): Surface plot of an approximation on a graded mesh for bicubic NURBS. (b):
H'(Q)-error of the approximation. (c): L?>(Q)-error of the approximation.
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Fig. 12. Solving the Poisson equation on the Pacman domain with smoothness k =0 and k = p— 1: (a): H'(Q)-error of the approximation. (b):
L?*(Q)-error of the approximation.
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with the mild singular exponent v = %. Similar to the mentioned paper, the adaptive simulation starts from a coarse 4 x 4 mesh
on each patch with Dorfler’s parameter equal to 0.9 for the marking of the elements. A numerical solution on a graded mesh and
the H'(Q)- and L%(Q)-errors for both methods versus the number of degrees of freedom are shown in Fig. 13, where we note that
h~% ~ ndof holds. Both approaches achieve the expected convergence rates of 12—’ in H'(Q) and ’%1 in L*(Q), with the adaptive method
slightly more accurate per degree of freedom. However, memory limitations in the hierarchical GeoPDEs implementation prevent
computations with very large numbers of degrees of freedom, whereas fine graded meshes are easily generated in our approach.
Although this is not a strict performance comparison — GeoPDEs may not be optimized for hierarchical splines — it illustrates the

simplicity and efficiency of our mesh grading scheme.

Case 2: Strong singularity and mixed boundary conditions. As a second test case, we consider mixed boundary conditions at the re-
entrant corner and homogeneous Dirichlet conditions elsewhere, i.e., we have the strong singular exponent v = % The right-hand
side is chosen as

Q=R f(xy) = fr,@)=r((4+4v -2/ — vi?)sin(ve) + vr* sin(p(v — 4))),
which yields the manufactured solution
u: Q- R, ulx,y) =i @) = r’sin(vp)l — r* + r* cos? (@) sin*()).

The identity (1 — x)(1 + x)(1 — »)(1 + ) = 1 — r2 4+ r* cos? @ sin® ¢ ensures that u = 0 on I',. As discussed in Section 3.2, the solution
satisfies u € V;(Q) for all (s,) eNXR with s—1—-v < f<s—1+v. A surface plot of the exact solution is shown in Fig. 14(a),
where some mesh lines are inserted for visualization purposes.
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Fig. 13. Solving the Poisson equation with a weak singular exponent on the L-shaped domain with graded and adaptive hierarchical refinement: (a):
Plot of the numerical solution on a graded mesh for biquadratic NURBS. (b): H'(Q)-error of the approximation. (¢): L?>(Q)-error of the approximation.
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Fig. 14. Solving the Poisson equation with a strong singular exponent on the L-shaped domain with graded and adaptive hierarchical refinement:
(a): Plot of the exact solution, where some mesh lines are inserted for visualization purposes. (b): H'(Q)-error of the approximation. (c): L?>(Q)-error
of the approximation.

Fig. 14(b) and (c) report the H'(Q)- and L?(Q)-errors versus the number of degrees of freedom for both methods. In this case,
adaptive hierarchical refinement struggles to reproduce the optimal convergence rates achieved by graded meshes. In addition, our
method allows straightforward computations on very fine meshes, yielding very small absolute errors, which were not attainable with
the adaptive refinement.

Example 6.6 (Transverse vibrations of a circular drum with crack). The Laplace eigenvalue problem on circular sectors, for
which exact solutions are known, has been studied in detail in our recent work [10]. The numerical results in Section 5.1 of this
paper, where both smooth and singular eigenfunctions are approximated with uniform and graded refinement, respectively, serve
as a further verification of our theory. Corollary 3.16 can be extended in a standard way to the setting of eigenvalue problems. In
particular, we also obtain optimal results for a corner angle of w = 2z, that is, a unit disk with crack.

7. Conclusion & outlook

In this paper, we analyzed the approximation properties of splines in the vicinity of polar corners. To address the lack of regularity
in classical polar parameterizations — beyond the scope of standard isogeometric approximation theory — we introduced polar Sobolev
spaces on the parametric domain, derived corresponding error estimates, and transformed these results back to the polar domain. We
proved optimal convergence rates for smooth solutions on uniform meshes and for singular solutions on meshes graded toward the
polar point, under suitable conditions on the grading parameter. This establishes a mesh grading approach in IGA that, unlike previous
methods, enables local refinement toward point singularities and offers a simple, efficient alternative to adaptive methods. Finally,
we demonstrated that the proposed grading scheme is straightforward to implement and yields excellent numerical performance.

Our work serves as a foundation for further research in various directions. First, it remains to be shown whether a result comparable
to Theorem 3.13 also holds for weighted H-spaces as introduced in Definition 3.10. Such an extension would cover the polynomial
case considered in Example 6.1 and the general Neumann case discussed at the end of Section 3.2. Second, the approach may be
extended to polar domains without corner, such as the unit disk, which arise in many practical applications, e.g., in mathematical

35



T. Apel and P. Zilk Computer Methods in Applied Mechanics and Engineering 452 (2026) 118695

biology [58]. Besides, generalizations to other model problems and equations, as well as the treatment of inhomogeneous Dirichlet
boundary conditions at the polar corner, deserve further investigation. In this context, for higher-order PDEs such as the biharmonic
equation, an extension of our approach to C*-smooth polar splines with k > 1 [25,26] is required. In the same spirit, a promising
direction for future research is the use of Tchebycheffian splines in defining the polar parameterization [59-61], which may provide
a remedy for the limitation of existing C°-lines in the domain representation highlighted in Remark 3.9. Moreover, the proposed
graded refinement can be combined with a hierarchical scheme to avoid anisotropic elements near the corner [10, Section 5.4]. The
corresponding error estimates remain to be established and are of particular interest, as non-graded meshes on hierarchical scaled
boundary parameterizations yield suboptimal convergence [30, Section 5.1]. Finally, extensions to more complex geometries and
multipatch formulations should also be explored.
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Appendix A. Polar transformation of higher order derivatives and Sobolev norms

In the first appendix, we provide polar transformation formulas for higher order derivatives. These are used to prove the identity
(4.18), which justifies the introduction of polar Sobolev spaces on the parametric domain. To begin, we show how the derivatives
with respect to the F-coordinate system, as defined in Section 4.2.1, can be represented in terms of standard physical derivatives.
Throughout all the section, F-derivatives are considered only at all points where F is sufficiently smooth, i.e., not on mesh lines
corresponding to repeated knot values nor at the polar point.

Lemma A.1. For each multi-index a, there exist bounded functions G, : [0,1] — R for 1 < |y| < |a| such that
D‘,’:U = Z g‘l_al+|y|GyD"u, (A.1)
1<yl ]
where we write § = ({1,&,) = (£(x), {(x) = F'(x) and G, = Gy(g"z(x))for all x #0.
Proof. We prove the assertion by induction over |«|. For |a| = 1, the result follows from identities (4.10) and (4.11), which serve as the
induction base. We now demonstrate the induction step. Assume that the identity (A.1) holds for all multi-indices a with |a| =s € N.

From now on, G, denotes generic bounded coefficient functions depending only on ¢,, and their precise form may change from line
to line. By using (4.10), the product rule, the fact that G, only depends on ¢, and an index shift, we compute

(ap+Lay) (1,00 _ 1.0 —aj+ly|
Dy = pl9(prv) = D ( > ¢ G,DVu)

1<]yl<]al
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(1.0) ( p=ar+lyl —ar+yl (1,0)
DO (M), 7o+ ¢ MG, DGO (D7)

1
1<]yI<]al

Y [(—o,1 + e TG pro 4 TG (G 0DV ) + Gy ay(D"U))]

I<lyI<]al
—(a1+D)+y| —(a;+D+|y’ ’
= Y o+l M, proe Y @G,y
1<]yl<]al I<ly’|<]a|+1
—(ay+1
- é«l (ay+ )HHG},D;’U.
I<]y|<]al+1

Similarly, we obtain with (4.11) that

(ap,ap+1) ~_ (0,1) _ nO,D —ay+y| _ —ay+y| 0,1)
oo o (oge) =0 3 G e, )= 3 Y,
1<yl al

I<ly|<lal
= Z CI_O”HH(G;,DVU+Gy(§IG§0X(DyU)+C1G;0y(D7U)> — z Cl_al+|y|GyDyU'
I<|yI<]al 1<]y|<]al+1
Thus, Eq. (A.1) holds for all &’ with |@’| = s + 1, completing the induction. O
Now we show the converse direction, i.e., how standard physical derivatives can be expressed through directional derivatives.

Lemma A.2. For each multi-index a, there exist bounded functions G, : [0,1] — R for 1 < |y| < |a| such that

D=y "G, Do, (A.2)

I<]yI<]al
where we write §{ = (£, &) = (§(x), (%)) = F~(x) and G, = G,(5,(x)) for all x # 0.

Proof. We proceed by induction on |«|, in analogy to the proof of Lemma A.1. For |a| = 1, the statement follows from (4.12) and
(4.13). Assume that the formula (A.2) holds for all multi-indices @ with |@| = 5 € N and let again G, denote generic bounded coefficient
functions depending only on ¢,. Then, we find from (4.12) that
1,0 . 0,1
9.6, =G, D4V - 7', DV, = 6,
— (1,0) -1 0,1) _ 1
0,(G)) = G, DG, - ('@, DRVG, =~ 6L,

and thus
plertlm), — D(I,O)(Dau> — ax< gl—\ulﬂ/l GyDI:U)

9, (gl‘"’"*“ )G,D;u 4l (G,D;u)]

1<lylslel

1<1lal
— 1 - 1,0 - 0,1
= Y Clal+ g oG 60k Y (0,6, D)0 + Gy (6,0 - 671G, D) )
1</ 1<lal 1</ T<lal
— g]—(la\+1)+n G, D;v.
1<y |<lal+1

A similar formula can be derived for D-22+Dy, Hence, (A.2) holds for all a’ with |a’| = s + 1 and the Lemma is proven. [

With these relations, we can now establish the transformation between weighted V-spaces on the physical domain and their polar
counterparts on the parametric domain, which proves (4.18).

Lemma A.3. Letv e V;(K), K € M*,s € Nand f € R. Then, with Q = F~'(K) and 0 = voF, it holds

Ollysaey ~ 1ollos -
lollyscx ~ |l ||Vw(Q>
Proof. Consider one term in ||U||Vﬁs( k) as defined in Definition 3.10. By relation (3.8) and Lemma A.2, we have
—s - —s+
pPmtlel | pay) ~ I pE < N TG, || Do,
lyI<la|

After squaring and summing over |a| < s and applying the Cauchy-Schwarz inequality, the boundedness of all G, and the Jacobian
determinant (3.5), we obtain

_ 2(p—. A
LD /K PU-sHa peyP ax < Y /Q GO DT R g, dg = C IR,

P .
la|<s lyl<s Ovﬂ(Q)

Vice versa, as demonstrated in Lemma A.1, a single term of ||9]|p, ,, can be estimated by
0.5
. -
gDt < Y NG, DT,
lyI<lel
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which leads, by similar arguments, to

2 2p=s+a1) | pa 12 2p-s+lyD| pr -
||v||VS oS /g |D%v?dx < C Z/ |DY v dx = C||u||V(K)
¥ |a\<¢ lyI<s

Combining the two inequalities yields the desired equivalence. O

Appendix B. Properties of the modified quasi-interpolant

In this appendix, we establish key properties of the modified quasi-interpolant (2.17), which are applied in the proofs of Lemma 5.6
and Theorem 5.8 and require technical computations.

Lemma B.1. Let the assumptions of Theorem 5.3 hold. Then, there is a projector

-4,

oDz - CE) = Sy p-1yE),

with Q as in (5.12), such that

7.4, -
az( 0) 1,200

holds for all 8, € C($) with 6,(0,-) = 0

Proof. First, we recall representation (2.18) of the quasi-interpolant Hr . The modified dual functionals /1 » o € 1o evaluated for

a function o, € C(Q) with 8,(0, -) = 0, vanish, which is a consequence of Eq. (4.7) with W =1 and ¢ = 0. Then, with the formula for
differentiation of B-splines [34, Section 1.2.4], it follows

(i) Gt =) Y Apnbi,ib|= Y A0 db,é.d

iel\Ig iel\Ig

ny o ny 103[ _ (5) B, _ (5)
o o o« 2 ° pr—1162 ir+1,pp—1\52
= Y in ®Aiz,pz)(v())B,-],p](cl)pz( e i
i1=2ip=1 iy+py2 T 512,2 §i2+p2+1.2 - §i2+l,2

nom

& 12 o o B, _(5) B, _(5)
=p Z 2 ’111171 (/ e o, I)DPZHWH(I) dt)Bil,P] (Cl)( 2P : ez - = Ll ]o 2 >
2

i1=2ip=1 ip+py.2 §i2,2 §i2+p2+1,2 - 5i2+l,2

§:+ +1,2 i, _(43) é,‘ s _(5) o °
—p Z}l,lp]<2/ 24Py UO( I)Dp2+] (I) dt< 2.0~ 1 D2 - 2 +1.py lo 2 ))Bil’p](cll

i=2 ir=17¢i2 2 T2 Cipyt12 S+
By reordering the sum that appears as an argument of the dual functional /1, py» We obtain
2l B & B &)
2+pp+12 o . p—1L62 +1,p,—-1152
Z / Bo(-+ 1) Dp2+lll/,-2(1) dl< B e A i
in=17é,2 22 T2 Siptpytl2 T Sip+l2
él+p2+1,2 ° é] _1(5’2)
= / Bo(s, 1) DP2 1y (1) df —2——
&1 §1+p2,2 - 514,2
Sigtpr+l2 R §i2+p2 B, ,1(52)
+ Z (/ Bo(s, 1) Dp2+ll/°/[2(t) dr —/ Bo(s, 1) D+, ,—1(0) dt 'z’pz—n
ir=2 \”¢i,2 Cir-12 iytp22 T Sin2

&ryipyei2 B &)
. o 1o ny+1,pp—1152

- Bo(s, 1) DYy (1) df ——2P2 227
o 02> ny o S
5n2.2 ‘fn2+p2+l,2 - §n2+1,2

& 5'2+P2+1«2 o E"2+ﬂ2’2 o ,p 1(§2)
= z (/ Bo(s, 1) D7 (1) dt—/ Bo(s, 1) DP M (1) dr | —2——.
4 Sip—12

ir=2 Sip.2 ip+py2 T 512 2

The first and last term of the reordered sum vanish since E, is an open knot vector and fractions with zero denominator are defined
to have value zero. Next, we rewrite the term in brackets,

512+p2+1,2 o éiz+p2
/ Bo(s, 1) P, (1) di — / Bo(s, 1) D2y, (1) dr

Sir2 Sin-12
512+p2+l,2 o 1 5i2+p2+l,2 ° 1

= / Bo(s.1) D2 (1) dr — / By (s, a(0)) D21 (i, oa(t)|a’ (1)] dr, (B.1)
5[2.2 51'2.2
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where we use the transformation a(f) :=1t — h, based on the mesh size A, in angular direction. With definitions (2.6) and (2.7), we
further compute

Yi,—1(t = hy) = Gi,_ (1 — ho)®;, 1 (1 — hy)
(2(’ —h) =&, 12— Siapn ) < (t—hy—&,0) =t —hy - fiﬁprl,z))

8

§i2+p2,2 - §i2—1,2 P!

2t = (612t h) = (Cipipy 2+ 1) <(’ —pat ) = Eiprpy12 + hz))>
8 Eigappa12 — My = (0 — o) P!

20 =& 5 =& t—E v (t — &,
_ g( 612,2 6/2+p2+l,2 > <( 612+1,2) ; ( ‘512+p2,2))> _ Giz (t)(I)iz ) = ([/iz .
2

Siytpt12 ~ Sir2 !

It follows that the expression (B.1) can be written in terms of a new dual functional,
Ei2+p2+l.2 ! .
”iz»Pz—l(w) = / / tb(z)dz DP2+! ciz(t) dt,
& a(t)

with w(-) = 52 By(s, -). By combining all results, we obtain

. ; (& , .
(1 2t0) =2 3 2 (Z W1 @, »“”—13>B,-1,p1<¢1>

i1=2 ir=2 ir+py.2 i2,2
@ & &) £
'zpz 1152 oT'0, s o
=P Z Z ( io1 @ Hiy.py- 1)(02110)311 Pl(gl)— = n(plyzpz—l).s(aQUO)’
i1=2i,=2 in+py2 T %ip2
where
~e noom &
o 1.0, oy . lsz 1152
e 12 2= P2 Z Z ( i ® Higpy- 1)(’”)311 i (Cl)—cf (B.2)
i1=2i,=2 ir+py.2 T Sip.2

is the resulting new projector. [
Lemma B.2. Let the notation of Lemmata 5.6 and B.1 hold. Then, there is a constant C > 0 such that

i .;2

<Clowlz
2, ,@c) 2% 1/2( )

for all 5, € C(€) with 5,(0, ) = 0.

Proof. We recall the definitions of the projector (B.2) and the scaling transformation (5.12) and apply the continuous Cauchy-Schwarz
inequality to compute

. 2 nom &)
o T',0, P e—1 2 lzpz 1152
7, =@ <2 iy ® bty / R N A dcl &,
l/z(ﬂc) i=2i,=2 itpy 12 ~ 2
2
§:|+p|+1 1 5r2+p2+1 2 R N
/ / / d,80(s. z)dz P21, (1) de DP1HY, (s)ds| Chy?
1]—212—2 11 1 :22
m 5:1+p1+1 1 5,2+p2+1 2 5,2+p2+1 2 :
< Chy? Z / / / 2uo(s z)( dz D7+, (1) dr D, (5)ds
i1=2iy=2 |7 %1 Sir-12
. 2
§i2+p2+1.2 ° nl "2 :1+p1+1 1 xz+p2+l 2
= Chgz(/ Dp2+117/i2(1) dr / / |6200(s z)| dz pri+! pi, (s)ds
‘512—1.2 11—212—2 ‘51] 1 ‘512 1.2
2
Giiap 4l [Eama12
§CZZ / / (s)‘dzds
i1=2ip=2 |7 &1 Sin-12

Then, we set Eg, ;) := (fil,l,é,-l 4o+, 1) X (éiz,l’z,f,é +p12) € f! and simplify the term above by using the continuous and discrete
Cauchy-Schwarz inequality combined with the equivalence of finite-dimensional norms,
cXX

11+p1+11 512+p2+]2
/ / )62U0(s z)DP1 1y, (s)ldzds
f=2i=2 7% 1 Siy-12

<C "Zl i </ )52170(s,z)|2 dzds></ ‘ﬁ”l“y"/,-l(s)r dzds)
i1=2i,=2 \’ Eay.ip) G in)
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Fig. C.1. Illustration of the function O for « € {2,3,...,6}.
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and the demonstration is complete. [

Appendix C. Proof of local quasi-uniformity of graded meshes

Finally, we show an auxiliary result needed to establish the local quasi-uniformity of the graded meshes, stated in Lemma 3.18.

Lemma C.1. Let a > 1. The sequence (O( j))ji"’:] with
==
U+ D —je

is monotonously increasing and satisfies lim;_, ,, ©(j) = L.

83) =

Proof. For a = 1, it holds ©(j) = 1 for all j € N and the assertion follows directly. For « > 1, we consider the function
x—(x=1*

0 :[l,0) - R, ®(X)=(x+1)—“—x“

>

which is illustrated for « € {2,3,...,6} in Fig. C.1, where the claimed properties can be anticipated visually. More precisely, let
fill,0) >R, f(x) :=x*and g : [1,0) = R, g(x) := (x + 1)*. By the generalized mean value theorem, it follows

f(j)—f(j—l)zf’(X)=< X )H
gN-gG-1) g x+1

for some x € (j — 1, j) and for every j € N. The derivative of the new function © is given by

0(j) = =: O(x).

a=2
) D24 D

(:j/(x) (x—l)( (x+])2

+1

and, since « > 1 and x > j — 1 > 0, it always holds @ (x) > 0. Thus, the function ® and consequently also the sequence (O( j));.";1 are
monotonously increasing. Moreover, we have

X >a—1=1
x+1

lim ©()) = lim ®(x) = lim (
j—oo X—00 X—00
and the proof is concluded. O

References

[1] T.J.R. Hughes, J.A. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elements, NURBS, exact geometry and mesh refinement, Comput. Methods Appl.
Mech. Eng. 194 (39-41) (2005) 4135-4195. https://doi.org/10.1016/j.cma.2004.10.008

[2] A. Buffa, G. Gantner, C. Giannelli, D. Praetorius, R. Vazquez, Mathematical foundations of adaptive isogeometric analysis, Arch. Comput. Methods Eng. 29 (7)
(2022) 4479-4555. https://doi.org/10.1007/s11831-022-09752-5

40


https://doi.org/10.1016/j.cma.2004.10.008
https://doi.org/10.1016/j.cma.2004.10.008
https://doi.org/10.1007/s11831-022-09752-5
https://doi.org/10.1007/s11831-022-09752-5

T. Apel and P. Zilk Computer Methods in Applied Mechanics and Engineering 452 (2026) 118695

[31
[4]

[5]
[61

[71

(8]

91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]

[29]
[30]

[31]
[32]
[33]
[34]

[35]
[36]

[37]
[38]
[39]
[40]
[41]
[42]

[43]

T. Apel, A.-M. Séndig, J.R. Whiteman, Graded mesh refinement and error estimates for finite element solutions of elliptic boundary value problems in non-smooth
domains, Math. Methods Appl. Sci. 19 (1) (1996) 63-85. https://doi.org/10.1002/(SIC)1099-1476(19960110)19:1 < 63::AID-MMA764 > 3.0.CO;2-S

T. Apel, S. Nicaise, The finite element method with anisotropic mesh grading for elliptic problems in domains with corners and edges, Math. Methods Appl. Sci.
21 (6) (1998) 519-549. https://doi.org/10.1002/(SICI)1099-1476(199804)21:6 < 519::AID-MMA962 > 3.0.CO;2-R

1. Babuska, Finite element method for domains with corners, Computing 6 (1970) 264-273. https://doi.org/10.1007/bf02238811

B. Mercier, G. Raugel, Résolution d’un probléme aux limites dans un ouvert axisymétrique par éléments finis en r, z et séries de Fourier en 6, RAIRO Anal.
Numér. 16 (4) (1982) 405-461.

L.A. Oganesjan, L.A. Rukhovets, Variational-difference schemes for linear second-order elliptic equations in a two-dimensional region with piecewise smooth
boundary, Z. Vy¢isl. Mat i Mat. Fiz. 8 (1968) 97-114. In Russian. English translation in USSR Computational Mathematics and Mathematical Physics 8 (1968)
129-152.

L. Beirao da Veiga, D. Cho, G. Sangalli, Anisotropic NURBS approximation in isogeometric analysis, Comput. Methods Appl. Mech. Eng. 209/212 (2012) 1-11.
https://doi.org/10.1016/j.cma.2011.10.016

U. Langer, A. Mantzaflaris, S.E. Moore, I. Toulopoulos, Mesh grading in isogeometric analysis, Comput. Math. Appl. 70 (7) (2015) 1685-1700. https://doi.org/
10.1016/j.camwa.2015.03.011

T. Apel, P. Zilk, Isogeometric analysis of the Laplace eigenvalue problem on circular sectors: regularity properties and graded meshes, Comput. Math. Appl. 175
(2024) 236-254. https://doi.org/10.1016/j.camwa.2024.09.018

M. Wiesheu, T. Komann, M. Merkel, S. Schops, S. Ulbrich, I. Cortes Garcia, Combined parameter and shape optimization of electric machines with isogeometric
analysis, Optim. Eng. (2024). https://doi.org/10.1007/s11081-024-09925-0

J.A. Cottrell, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Toward Integration of CAD and FEA, John Wiley & Sons, Ltd., Chichester, 2009. https://doi.org/
10.1002/9780470749081

Y. Zhang, Y. Bazilevs, S. Goswami, C.L. Bajaj, T.J.R. Hughes, Patient-specific vascular NURBS modeling for isogeometric analysis of blood flow, Comput. Methods
Appl. Mech. Eng. 196 (29-30) (2007) 2943-2959. https://doi.org/10.1016/j.cma.2007.02.009

J. Lu, X. Zhou, Cylindrical element: isogeometric model of continuum rod, Comput. Methods Appl. Mech. Eng. 200 (1-4) (2011) 233-241. https://doi.org/10.
1016/j.cma.2010.08.007

S. Zhong, G. Jin, T. Ye, J. Zhang, Y. Xue, M. Chen, Isogeometric vibration analysis of multi-directional functionally gradient circular, elliptical and sector plates
with variable thickness, Compos. Struct. 250 (2020) 112470. https://doi.org/10.1016/j.compstruct.2020.112470

Y. Xue, G. Jin, T. Ye, K. Shi, S. Zhong, C. Yang, Isogeometric analysis for geometric modelling and acoustic attenuation performances of reactive mufflers,
Comput. Math. Appl. 79 (12) (2020) 3447-3461. https://doi.org/10.1016/j.camwa.2020.02.004

C. Arioli, A. Shamanskiy, S. Klinkel, B. Simeon, Scaled boundary parametrizations in isogeometric analysis, Comput. Methods Appl. Mech. Eng. 349 (2019)
576-594. https://doi.org/10.1016/j.cma.2019.02.022

J. Arf, M. Reichle, S. Klinkel, B. Simeon, Scaled boundary isogeometric analysis with C' coupling for Kirchhoff plate theory, Comput. Methods Appl. Mech.
Engrg. 415 (2023) Paper No. 116198, 26. https://doi.org/10.1016/j.cma.2023.116198

M. Reichle, J. Arf, B. Simeon, S. Klinkel, Smooth multi-patch scaled boundary isogeometric analysis for Kirchhoff-Love shells, Meccanica 58 (8) (2023) 1693-1716.
https://doi.org/10.1007/5s11012-023-01692-z

M. Reichle, M. Klassen, J. Li, S. Klinkel, A modified approach for a scaled boundary shell formulation in structural isogeometric analysis, Eng. Anal. Bound.
Elem. 159 (2024) 81-94. https://doi.org/10.1016/j.enganabound.2023.11.017

A. Falini, C. Giannelli, T. Kandu¢, M.L. Sampoli, A. Sestini, An adaptive IgA-BEM with hierarchical B-splines based on quasi-interpolation quadrature schemes,
Internat. J. Numer. Methods Eng. 117 (10) (2019) 1038-1058. https://doi.org/10.1002/nme.5990

M. Feischl, G. Gantner, A. Haberl, D. Praetorius, Adaptive 2D IGA boundary element methods, Eng. Anal. Bound. Elem. 62 (2016) 141-153. https://doi.org/10.
1016/j.enganabound.2015.10.003

T. Takacs, B. Jiittler, Existence of stiffness matrix integrals for singularly parameterized domains in isogeometric analysis, Comput. Methods Appl. Mech. Eng.
200 (49-52) (2011) 3568-3582. https://doi.org/10.1016/j.cma.2011.08.023

T. Takacs, B. Jiittler, H? regularity properties of singular parameterizations in isogeometric analysis, Graph. Models 74 (6) (2012) 361-372. https://doi.org/10.
1016/j.gmod.2012.05.006

D. Toshniwal, H. Speleers, R.R. Hiemstra, T.J.R. Hughes, Multi-degree smooth polar splines: a framework for geometric modeling and isogeometric analysis,
Comput. Methods Appl. Mech. Eng. 316 (2017) 1005-1061. https://doi.org/10.1016/j.cma.2016.11.009

H. Speleers, D. Toshniwal, A general class of C' smooth rational splines: application to construction of exact ellipses and ellipsoids, Comput.-Aided Des. 132
(2021) Paper No. 102982, 14. https://doi.org/10.1016/j.cad.2020.102982

Y. Bazilevs, L. Beirdo da Veiga, J.A. Cottrell, T.J.R. Hughes, G. Sangalli, Isogeometric analysis: approximation, stability and error estimates for 4-refined meshes,
Math. Models Methods Appl. Sci. 16 (7) (2006) 1031-1090. https://doi.org/10.1142/50218202506001455

L. Beirdo da Veiga, A. Buffa, G. Sangalli, R. Vdzquez, Mathematical analysis of variational isogeometric methods, Acta Numer. 23 (2014) 157-287. https:
//doi.org/10.1017/5096249291400004X

T. Takacs, Approximation properties of isogeometric function spaces on singularly parameterized domains, 2015, arXiv:1507.08095

T. Takacs, Approximation properties over self-similar meshes of curved finite elements and applications to subdivision based isogeometric analysis, Comput.
Aided Geom. Des. 116 (2025) 102413. https://doi.org/10.1016/j.cagd.2025.102413

T.J.R. Hughes, G. Sangalli, Mathematics of Isogeometric Analysis: A Conspectus, John Wiley & Sons, Ltd., 2017, pp. 1-40. https://doi.org/10.1002/
9781119176817.ecm2100

E.M. Garau, R. Vazquez, Algorithms for the implementation of adaptive isogeometric methods using hierarchical B-splines, Appl. Numer. Math. 123 (2018)
58-87. https://doi.org/10.1016/j.apnum.2017.08.006

L.L. Schumaker, Spline functions: basic theory, Cambridge Mathematical Library, Cambridge University Press, Cambridge, third edition, 2007. https://doi.org/
10.1017/CBO9780511618994

T. Lyche, C. Manni, H. Speleers, Foundations of spline theory: B-splines, spline approximation, and hierarchical refinement, in: Splines and PDEs: From Approx-
imation Theory to Numerical Linear Algebra, 2219 of Lecture Notes in Math., Springer, Cham, 2018, pp. 1-76.

L. Piegl, W. Tiller, The NURBS Book, Springer Berlin, Heidelberg, 1995. https://doi.org/10.1007/978-3-642-97385-7

B.-G. Lee, T. Lyche, K. Mgrken, Some examples of quasi-interpolants constructed from local spline projectors, in: Mathematical Methods for Curves and Surfaces
(Oslo, 2000), Innov. Appl. Math., Vanderbilt Univ. Press, Nashville, TN, 2001, pp. 243-252.

C. de Boor, A Practical Guide to Splines, 27 of Applied Mathematical Sciences, Springer-Verlag, New York, revised edition, 2001.

G.E. Farin, NURB Curves and Surfaces: From Projective Geometry to Practical Use, A. K. Peters, Ltd., Wellesley, MA, 1995.

R. Vazquez, A new design for the implementation of isogeometric analysis in Octave and Matlab: GeoPDEs 3.0, Comput. Math. Appl. 72 (3) (2016) 523-554.
https://doi.org/10.1016/j.camwa.2016.05.010

J. Lu, Circular element: isogeometric elements of smooth boundary, Comput. Methods Appl. Mech. Eng. 198 (30-32) (2009) 2391-2402. https://doi.org/10.
1016/j.cma.2009.02.029

T. Takacs, Construction of smooth isogeometric function spaces on singularly parameterized domains, in: Curves and Surfaces, 9213 of Lecture Notes in Comput.
Sci., Springer, Cham, 2015, pp. 433-451. https://doi.org/10.1007/978-3-319-22804-4_30

T. Nguyen, K. Kar¢iauskas, J. Peters, A comparative study of several classical, discrete differential and isogeometric methods for solving Poisson’s equation on
the disk, Axioms 3 (2) (2014) 280-299. https://doi.org/10.3390/axioms3020280

T. Jonsson, M.G. Larson, K. Larsson, Graded parametric CutFEM and CutIGA for elliptic boundary value problems in domains with corners, Comput. Methods
Appl. Mech. Eng. 354 (2019) 331-350. https://doi.org/10.1016/j.cma.2019.05.024

41


https://doi.org/10.1002/(SICI)1099-1476(19960110)19:1<63::AID-MMA764>3.0.CO;2-S
https://doi.org/10.1002/(SICI)1099-1476(19960110)19:1<63::AID-MMA764>3.0.CO;2-S
https://doi.org/10.1002/(SICI)1099-1476(199804)21:6<519::AID-MMA962>3.0.CO;2-R
https://doi.org/10.1002/(SICI)1099-1476(199804)21:6<519::AID-MMA962>3.0.CO;2-R
https://doi.org/10.1007/bf02238811
https://doi.org/10.1007/bf02238811
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0006
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0006
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0007
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0007
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0007
https://doi.org/10.1016/j.cma.2011.10.016
https://doi.org/10.1016/j.cma.2011.10.016
https://doi.org/10.1016/j.camwa.2015.03.011
https://doi.org/10.1016/j.camwa.2015.03.011
https://doi.org/10.1016/j.camwa.2015.03.011
https://doi.org/10.1016/j.camwa.2015.03.011
https://doi.org/10.1016/j.camwa.2024.09.018
https://doi.org/10.1016/j.camwa.2024.09.018
https://doi.org/10.1007/s11081-024-09925-0
https://doi.org/10.1007/s11081-024-09925-0
https://doi.org/10.1002/9780470749081
https://doi.org/10.1002/9780470749081
https://doi.org/10.1002/9780470749081
https://doi.org/10.1002/9780470749081
https://doi.org/10.1016/j.cma.2007.02.009
https://doi.org/10.1016/j.cma.2007.02.009
https://doi.org/10.1016/j.cma.2010.08.007
https://doi.org/10.1016/j.cma.2010.08.007
https://doi.org/10.1016/j.cma.2010.08.007
https://doi.org/10.1016/j.cma.2010.08.007
https://doi.org/10.1016/j.compstruct.2020.112470
https://doi.org/10.1016/j.compstruct.2020.112470
https://doi.org/10.1016/j.camwa.2020.02.004
https://doi.org/10.1016/j.camwa.2020.02.004
https://doi.org/10.1016/j.cma.2019.02.022
https://doi.org/10.1016/j.cma.2019.02.022
https://doi.org/10.1016/j.cma.2023.116198
https://doi.org/10.1016/j.cma.2023.116198
https://doi.org/10.1007/s11012-023-01692-z
https://doi.org/10.1007/s11012-023-01692-z
https://doi.org/10.1016/j.enganabound.2023.11.017
https://doi.org/10.1016/j.enganabound.2023.11.017
https://doi.org/10.1002/nme.5990
https://doi.org/10.1002/nme.5990
https://doi.org/10.1016/j.enganabound.2015.10.003
https://doi.org/10.1016/j.enganabound.2015.10.003
https://doi.org/10.1016/j.enganabound.2015.10.003
https://doi.org/10.1016/j.enganabound.2015.10.003
https://doi.org/10.1016/j.cma.2011.08.023
https://doi.org/10.1016/j.cma.2011.08.023
https://doi.org/10.1016/j.gmod.2012.05.006
https://doi.org/10.1016/j.gmod.2012.05.006
https://doi.org/10.1016/j.gmod.2012.05.006
https://doi.org/10.1016/j.gmod.2012.05.006
https://doi.org/10.1016/j.cma.2016.11.009
https://doi.org/10.1016/j.cma.2016.11.009
https://doi.org/10.1016/j.cad.2020.102982
https://doi.org/10.1016/j.cad.2020.102982
https://doi.org/10.1142/S0218202506001455
https://doi.org/10.1142/S0218202506001455
https://doi.org/10.1017/S096249291400004X
https://doi.org/10.1017/S096249291400004X
https://doi.org/10.1017/S096249291400004X
https://doi.org/10.1017/S096249291400004X
http://arxiv.org/abs/1507.08095
https://doi.org/10.1016/j.cagd.2025.102413
https://doi.org/10.1016/j.cagd.2025.102413
https://doi.org/10.1002/9781119176817.ecm2100
https://doi.org/10.1002/9781119176817.ecm2100
https://doi.org/10.1002/9781119176817.ecm2100
https://doi.org/10.1002/9781119176817.ecm2100
https://doi.org/10.1016/j.apnum.2017.08.006
https://doi.org/10.1016/j.apnum.2017.08.006
https://doi.org/10.1017/CBO9780511618994
https://doi.org/10.1017/CBO9780511618994
https://doi.org/10.1017/CBO9780511618994
https://doi.org/10.1017/CBO9780511618994
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0033
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0033
https://doi.org/10.1007/978-3-642-97385-7
https://doi.org/10.1007/978-3-642-97385-7
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0035
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0035
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0036
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0037
https://doi.org/10.1016/j.camwa.2016.05.010
https://doi.org/10.1016/j.camwa.2016.05.010
https://doi.org/10.1016/j.cma.2009.02.029
https://doi.org/10.1016/j.cma.2009.02.029
https://doi.org/10.1016/j.cma.2009.02.029
https://doi.org/10.1016/j.cma.2009.02.029
https://doi.org/10.1007/978-3-319-22804-4_30
https://doi.org/10.1007/978-3-319-22804-4_30
https://doi.org/10.3390/axioms3020280
https://doi.org/10.3390/axioms3020280
https://doi.org/10.1016/j.cma.2019.05.024
https://doi.org/10.1016/j.cma.2019.05.024

T. Apel and P. Zilk Computer Methods in Applied Mechanics and Engineering 452 (2026) 118695

[44]
[45]

[46]
[47]

[48]
[49]

[50]
[51]

[52]

[53]
[54]

[55]
[56]
[57]

[58]
[59]

[60]

[61]

T. Takacs, D. Toshniwal, Almost-C' splines: biquadratic splines on unstructured quadrilateral meshes and their application to fourth order problems, Comput.
Methods Appl. Mech. Eng. 403 (2023) Paper No. 115640, 34. https://doi.org/10.1016/j.cma.2022.115640

V.G. Maz’ya, B.A. Plamenevskii, L’-estimates of solutions of elliptic boundary value problems in domains with ribs, Trudy Moskov. Mat. Obshch. 37 (1978)
49-93, 270.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, 24 of Monographs and Studies in Mathematics, Pitman (Advanced Publishing Program), Boston, MA, 1985.
M. Dauge, Elliptic Boundary Value Problems on Corner Domains, 1341 of Lecture Notes in Mathematics, Springer-Verlag, Berlin, 1988. https://doi.org/10.1007/
BFb0086682

S.A. Nazarov, B.A. Plamenevsky, Elliptic Problems in Domains with Piecewise Smooth Boundaries, 13 of De Gruyter Expositions in Mathematics, Walter de Gruyter
& Co., Berlin, 1994. https://doi.org/10.1515/9783110848915.525

T. Apel, J.M. Melenk, Interpolation and quasi-interpolation in A- and hp-version finite element spaces, in: Encyclopedia of Computational Mechanics Second
Edition (Eds E. Stein, R. Borst and T.J.R. Hughes), John Wiley & Sons, Ltd., Chichester, 2017, pp. 1-33. https://doi.org/10.1002/9781119176817.ecm2002m
T. Apel, Anisotropic Finite Elements: Local Estimates and Applications, Advances in Numerical Mathematics, B. G. Teubner, Stuttgart, 1999.

J. Rossmann, On two classes of weighted Sobolev-Slobodetskii spaces in a dihedral angle, in: Partial Differential Equations, Part 1, 2 (Warsaw, 1990), 27, Part
1, 2 of Banach Center Publ., Polish Acad. Sci. Inst. Math., Warsaw, 1992, pp. 399-424.

T. Apel, A.-M. Sindig, S.I. Solov’év, Computation of 3D vertex singularities for linear elasticity: error estimates for a finite element method on graded meshes,
Math. Model. Numer. Anal. 36 (6) (2002) 1043-1070 (2003). https://doi.org/10.1051/m2an:2003005

R.A. Adams, J.J.F. Fournier, Sobolev Spaces, 140 of Pure and Applied Mathematics (Amsterdam), Elsevier/Academic Press, Amsterdam, 2nd edition, 2003.

J. Pfefferer, Numerical Analysis for Elliptic Neumann Boundary Control Problems on Polygonal Domains, Dissertation, Universitdt der Bundeswehr Miinchen,
Fakultat fiir Bauingenieurwesen und Umweltwissenschaften, Neubiberg, 2014. https://athene-forschung.unibw.de/node?id =92055.

C. de Falco, A. Reali, R. Vazquez, GeoPDEs: a research tool for isogeometric analysis of PDEs, Adv. Eng. Software 42 (12) (2011) 1020-1034. https://doi.org/
10.1016/j.advengsoft.2011.06.010

T. Apel, P. Zilk, Isogeometric analysis of the Laplace eigenvalue problem on circular sectors: regularity properties, graded meshes & variational crimes, 2024,
arXiv:2402.16589

C. Bracco, C. Giannelli, M. Kapl, R. Vdzquez, Isogeometric analysis with C! hierarchical functions on planar two-patch geometries, Comput. Math. Appl. 80 (11)
(2020) 2538-2562. https://doi.org/10.1016/j.camwa.2020.03.018

R.S. Lagunero, K. Fellner, T. Apel, V. Kempf, P. Zilk, Lipolysis on Lipid Droplets: mathematical modelling and numerical discretisations, 2025, arXiv:2401.17935
K. Raval, C. Manni, H. Speleers, Tchebycheffian B-splines in isogeometric Galerkin methods, Comput. Methods Appl. Mech. Eng. 403 (2023) Paper No. 115648,
31. https://doi.org/10.1016/j.cma.2022.115648

H. Speleers, Algorithm 1020: computation of multi-degree Tchebycheffian B-splines, ACM Trans. Math. Software 48 (1) (2022) Art. 12, 31. https://doi.org/10.
1145/3478686

H. Speleers, On the normalization of trigonometric and hyperbolic B-splines, 2025, arXiv:2508.01817

42


https://doi.org/10.1016/j.cma.2022.115640
https://doi.org/10.1016/j.cma.2022.115640
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0044
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0044
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0045
https://doi.org/10.1007/BFb0086682
https://doi.org/10.1007/BFb0086682
https://doi.org/10.1007/BFb0086682
https://doi.org/10.1007/BFb0086682
https://doi.org/10.1515/9783110848915.525
https://doi.org/10.1515/9783110848915.525
https://doi.org/10.1002/9781119176817.ecm2002m
https://doi.org/10.1002/9781119176817.ecm2002m
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0049
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0050
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0050
https://doi.org/10.1051/m2an:2003005
https://doi.org/10.1051/m2an:2003005
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0052
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0053
http://refhub.elsevier.com/S0045-7825(25)00967-3/sbref0053
https://athene-forschung.unibw.de/node?id=92055
https://doi.org/10.1016/j.advengsoft.2011.06.010
https://doi.org/10.1016/j.advengsoft.2011.06.010
https://doi.org/10.1016/j.advengsoft.2011.06.010
https://doi.org/10.1016/j.advengsoft.2011.06.010
http://arxiv.org/abs/2402.16589
https://doi.org/10.1016/j.camwa.2020.03.018
https://doi.org/10.1016/j.camwa.2020.03.018
http://arxiv.org/abs/2401.17935
https://doi.org/10.1016/j.cma.2022.115648
https://doi.org/10.1016/j.cma.2022.115648
https://doi.org/10.1145/3478686
https://doi.org/10.1145/3478686
https://doi.org/10.1145/3478686
https://doi.org/10.1145/3478686
http://arxiv.org/abs/2508.01817

	Error estimates and graded mesh refinement for isogeometric analysis in the vicinity of polar corners
	1 Introduction
	1.1 Motivation
	1.2 Main novelties and contributions
	1.3 Outline of the paper

	2 Fundamentals of B-splines and NURBS
	2.1 Univariate B-splines and NURBS
	2.2 Bivariate B-splines and NURBS

	3 Main concepts and results
	3.1 Polar parameterizations of domains with corners
	3.2 Model problem and regularity properties
	3.3 Graded isogeometric mesh refinement for polar domains with corners
	3.4 Main results
	3.5 Properties of graded meshes

	4 Function spaces and projectors for polar parameterizations
	4.1 The polar approximation space and a suitable projection
	4.2 Polar Sobolev spaces on the parametric domain
	4.2.1 Polar transformation of derivatives
	4.2.2 Polar transformation of norms and polar Sobolev spaces
	4.2.3 Bent polar Sobolev spaces
	4.2.4 Polar transformation of the projection error


	5 Proof of [Theorem]3.13
	5.1 Splitting of the polar domain
	5.2 Projection error estimates
	5.2.1 Estimates on R
	5.2.2 Estimates on C
	5.2.3 Estimates on the full domain 


	6 Numerical results
	7 Conclusion & outlook
	A Polar transformation of higher order derivatives and Sobolev norms
	B Properties of the modified quasi-interpolant
	C Proof of local quasi-uniformity of graded meshes


