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Abstract
This thesis explores the development and application of data-driven machine learning and deep
learning methods, together with physics-informed neural networks (PINNs), in the field of
computational engineering. Motivated by the need for scalable, accurate, and interpretable models,
especially in the presence of nonlinear and high-dimensional problems, the work addresses a
broad range of applications including rough surface contact problems, beam mechanics, solid
mechanics, and contact mechanics, covering both small and large deformation regimes.

In the first part, a data-driven surrogate modeling framework is developed to predict the
effective contact area in rough surface contact problems involving a linear elastic half-space and
a rigid rough surface. Relying solely on statistical descriptors and far-field displacement inputs,
several regression models are trained on data generated by computationally expensive boundary
element method (BEM) simulations. The study identifies the Kernel Ridge model as offering
the best trade-off between predictive accuracy, generalization capability, and computational
efficiency. Despite the high cost of offline database generation, the resulting surrogate model
demonstrates excellent performance for multi-query scenarios such as uncertainty quantification
and sensitivity analysis, while also highlighting the limitations of black-box methods in terms of
physical interpretability and extrapolation.

To address the limitations of black-box models, the thesis transitions to physics-informed
neural networks (PINNs), which incorporate governing equations and domain knowledge directly
into the learning process. PINNs are applied to a wide spectrum of benchmark problems, ranging
from linear elasticity and Euler-Bernoulli beam equations to contact mechanics with inequality
constraints.

In beam mechanics, challenges associated with high-order differential operators are addressed
by successfully applying PINNs to static and dynamic beam problems, including nonlinear
loading and variable cross-sections. In inverse problems, the issue of non-uniqueness is analyzed
by attempting to identify unknown load distributions from partial displacement data. It is shown
that the incorporation of prior physical knowledge significantly improves solution fidelity.

For solid mechanics under small deformations, both displacement-based and mixed-variable
PINN formulations are implemented and compared. Output transformations, particularly output
scaling, are found to be essential for training stability and accuracy. These findings are validated
on classical problems such as the Lamé test case and extended to high-dimensional setups
including a 3D hollow sphere under time-dependent loading. For contact mechanics, which
involve Karush-Kuhn-Tucker (KKT) constraints, various strategies are explored to enforce the
KKT constraints, including sign-based, sigmoid-based, and Fischer-Burmeister formulations.
These approaches are benchmarked against both analytical solutions and data-enhanced PINNs
trained with FEM data, demonstrating the feasibility and limitations of PINNs in capturing
complex contact behavior.

In the context of large deformation problems, a novel element-based energy PINN (EBE-PINN)
formulation is developed based on the principle of minimum potential energy. This formulation,
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inspired by finite element methodology, partitions the domain into subregions for more accurate
and scalable integral evaluation. Hyperelastic Neo-Hookean materials are used to model nonlinear
stress-strain relationships. Applications include 2D beam bending, 3D torsion of a square prism,
and 3D contact problems such as the spherical contact problem and the torus instability example.
EBE-PINNs are shown to be computationally competitive with FEM in training, and significantly
faster during inference, making them a promising framework for nonlinear solid and contact
mechanics simulations.

Finally, the concept of hybrid digital twins is introduced to overcome the data limitations
of purely deterministic or synthetic modeling approaches. A proof of concept is demonstrated
using a steel-reinforced concrete beam, where real sensor data is integrated with PINN-based
reduced-order models (ROMs). Both temporal and spatial surrogate modeling strategies are
explored, and the models are benchmarked against analytical and purely data-driven alternatives.
The results confirm that hybrid digital twins, when designed with appropriate physics and data
coupling, provide flexible, interpretable, and accurate digital representations of physical systems.
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Zusammenfassung
Diese Dissertation befasst sich mit der Entwicklung und Anwendung datengetriebener Methoden
des maschinellen Lernens und Deep Learnings sowie von physikalisch informierten neuronalen
Netzen (PINNs) im Bereich der computergestützte Ingenieurwissenschaft. Begründet in dem Be-
darf an skalierbaren, genauen und interpretierbaren Modellen, insbesondere für nichtlineare und
hochdimensionale Probleme, befasst sich die Arbeit mit einem breiten Spektrum von Anwendun-
gen, darunter Probleme des Kontakts rauer Oberflächen, Balkenmechanik, Festkörpermechanik
und Kontaktmechanik, die sowohl kleine als auch große Deformationsregime abdecken.

Im ersten Teil wird ein datengetriebenes Ersatzmodell-Framework entwickelt, um die effektive
Kontaktfläche bei Kontaktproblemen mit rauen Oberflächen unter Einbeziehung eines linearen
elastischen Halbraums und einer starren rauen Oberfläche vorherzusagen. Unter ausschließlicher
Verwendung von statistischen Deskriptoren und Fernfeld-Verschiebungseingaben werden mehrere
Regressionsmodelle auf Daten trainiert, die durch rechenintensive Simulationen mit der Randele-
mentmethode (BEM) generiert wurden. Die Studie identifiziert das Kernel-Ridge-Modell als das
Modell mit dem besten Kompromiss zwischen Vorhersagegenauigkeit, Generalisierungsfähigkeit
und Recheneffizienz. Trotz der hohen Kosten für die Offline-Datenbankgenerierung zeigt das
resultierende Ersatzmodell eine hervorragende Leistung für Multi-Query-Szenarien wie Unsicher-
heitsquantifizierung und Sensitivitätsanalyse, während es gleichzeitig die Grenzen von Black-
Box-Methoden in Bezug auf die physikalische Interpretierbarkeit und Extrapolation aufzeigt.

Um diese Einschränkungen zu beheben, wendet sich die Arbeit physikalisch-informierten
neuronalen Netzen zu, die die zugrundeliegenden Gleichungen direkt in den Lernprozess ein-
betten. PINNs werden auf ein breites Spektrum von Benchmark-Problemen angewendet, von
linearer Elastizität und Euler-Bernoulli-Balkengleichungen bis hin zur Kontaktmechanik mit
Ungleichungsbeschränkungen.

In der Balkenmechanik werden Herausforderungen im Zusammenhang mit Differentialop-
eratoren höherer Ordnung durch die erfolgreiche Anwendung von PINNs auf statische und
dynamische Balkenprobleme, einschließlich nichtlinearer Belastungen und variabler Querschnitte,
angegangen. Bei inversen Problemen wird das Problem der Nicht-Eindeutigkeit analysiert, indem
versucht wird, unbekannte Lastverteilungen aus partiellen Verschiebungsdaten zu identifizieren.
Es wird gezeigt, dass die Einbeziehung von physikalischem Vorwissen die Lösungsgenauigkeit
erheblich verbessert.

Für die Festkörpermechanik unter kleinen Verformungen werden sowohl verschiebungs-
basierte variable PINN-Formulierungen mit gemischten Variablen implementiert und verglichen.
Die Transformationen der Ausgangsgrößen, insbesondere deren Skalierung, erweisen sich als
wesentlich für die Trainingsstabilität und Genauigkeit. Diese Ergebnisse werden an klassis-
chen Problemen wie dem Lamé-Testfall validiert und auf hochdimensionale Konfigurationen
einschließlich einer 3D-Hohlkugel unter zeitabhängiger Belastung erweitert. Für die Kontakt-
mechanik, die Karush-Kuhn-Tucker (KKT)-Beschränkungen beinhaltet, werden verschiedene
Strategien zur Durchsetzung dieser Beschränkungen untersucht, darunter zeichenbasierte, sigmoid-
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basierte und Fischer-Burmeister-Formulierungen. Diese Ansätze werden sowohl mit analytischen
Lösungen als auch mit PINNs verglichen, die mit FEM-Daten trainiert wurden, um die Umset-
zbarkeit und Grenzen von PINNs für die Erfassung komplexer Kontaktverhalten aufzuzeigen.

Im Zusammenhang mit Problemen großer Verformungen wird eine neuartige elementbasierte
Energie-PINN-Formulierung (EBE-PINN) entwickelt, die auf dem Prinzip der minimalen Po-
tentialenergie basiert. Diese Formulierung, die von der Finite-Elemente-Methode inspiriert ist,
unterteilt das Rechengebiet in Teilbereiche in Unterregionen, um eine genauere und skalierbare
Integralauswertung zu ermöglichen. Hyperelastische Neo-Hooke-Materialien werden verwen-
det, um nichtlineare Spannungs-Dehnungs-Beziehungen zu modellieren. Zu den Anwendungs-
bereichen gehören eine 2D-Balkenbiegung, die 3D-Torsion eines quadratischen Prismas und
3D-Kontaktprobleme wie die kugelförmige Pressung und die Torusinstabilität. EBE-PINNs sind
rechnerisch mit FEM im Training konkurrenzfähig und während der Inferenz deutlich schneller,
was sie ideal für nichtlineare Festkörper- und Kontaktmechanik-Simulationen macht.

Zuletzt wird das Konzept der hybriden digitalen Zwillinge eingeführt, um die Datenbeschränkun-
gen rein deterministischer oder synthetischer Modellierungsansätze zu überwinden. Anhand eines
Stahlbetonträgers wird ein Proof-of-Concept entwickelt, bei dem reale Sensordaten mit PINN-
basierten reduzierten Ordnungsmodellen (ROMs) integriert werden. Es werden sowohl zeitliche
als auch räumliche Surrogatsmodellierungsstrategien untersucht, und die Modelle werden mit
analytischen und rein datengesteuerten Alternativen verglichen. Die Ergebnisse bestätigen, dass
hybride digitale Zwillinge, wenn sie mit geeigneter Physik und Datenkopplung entworfen werden,
flexible, interpretierbare und genaue digitale Darstellungen physikalischer Systeme liefern.
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1. Introduction

1.1. Motivation
”Makine düşünebilir mi ve nasıl düşünebilir?”
–Can machines think and how can they think?–

- Cahit Arf, 1958/59 [5]

This profound question posed by Cahit Arf continues to resonate in modern computational
science. While the concept of machines ”thinking” may have been speculative at the time,
today’s advancements in artificial intelligence (AI) and machine learning (ML) bring us closer to
exploring and exploiting this capability in practical and innovative ways. This leads us to the next
question: ”Can machines learn the physics that we seek?”

The field of computational engineering has reached a mature level particularly for complex
real-world problems including solid and contact mechanics, fluid dynamics, structural analysis,
and many others. In order to tackle such problems, traditional computational techniques, deeply
rooted in physics-based principles, have provided a robust foundation for decades. However,
their limitations become evident when faced with high-dimensional, nonlinear, and multi-scale
problems that demand significant computational resources. Additionally, integration of data into
traditional methods is not always straightforward and feasible with the fact that we live in an
era dominated by data. These challenges or limitations are further compounded by the need to
account for uncertainties in input data, necessitating the need for not deterministic but statistical
approaches.

To address these challenges, data-driven techniques enabled by machine learning and neu-
ral networks have emerged as powerful and innovative tools. Unlike traditional approaches,
machine learning models demonstrate great ability at identifying patterns, extracting insights,
and making predictions from vast amounts of data. This capability allows them to bypass the
need for explicit physical modeling in certain scenarios with a promising accuracy and a high
computational efficiency. For example, ML-based surrogate models have demonstrated their
potential to drastically reduce computation times while maintaining acceptable accuracy in tasks
such as predicting the effective contact area in rough surface contact problems [143]. However,
these purely data-driven methods are often referred to as black-box approaches, meaning that
while they may produce accurate results, yet their underlying mechanisms remain largely hidden
and difficult to understand. In other words, they somehow do the job, but we don’t have a full
understanding of how they work. This lack of transparency raises important questions about
reliability and generalizability of the purely data-driven approaches that resonate with Cahit Arf’s
thought-provoking question posed decades ago: ”Can machines think, and how can they think?”
In the context of computational engineering, this can be translated to: Can machines not only
predict but also understand the underlying physical principles driving the target phenomena?
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In order to lighten the ”black-box” nature of these purely data-driven approaches and achieve
more reliable solutions, one promising possibility lies in combining data-driven methods with
traditional physics-based approaches. This combined method, exemplified by hybrid methods
and physics-informed neural networks (PINNs), integrates the interpretability and reliability
of physics-based models with the adaptability and efficiency of data-driven techniques. These
physics-enhanced or physics-informed methods are often referred to as gray-box approaches,
as they can produce accurate and interpretable results by embedding physical laws into their
formulation. Such integration opens new avenues for addressing computational engineering
problems with accurate and efficient predictions, scalability, and robustness. By leveraging
both data and domain knowledge (underlying physics), these hybrid methods overcome the
limitations in both approaches, effectively bridging the gap between traditional techniques and
purely data-driven methods.

To address these challenges, this thesis focuses on three interconnected directions: (i) the
development and application of machine learning and deep learning techniques to model rough
surface contact mechanics with improved efficiency; (ii) the development of PINNs for solving
solid and contact mechanics problems under small strain assumptions, along with element-based
energy PINNs for tackling large deformation scenarios; and (iii) the integration of sensor data
into PINN-based frameworks to enable hybrid digital twin models for structural systems.

1.2. Modeling approaches for computational engineering
problems

1.2.1. Physics-based modeling
Indeed, traditional physics-based computational techniques, such as the finite element method
(FEM) [199] and boundary element method (BEM) [32], have served as a robust foundation
for decades. Particularly for contact mechanics, these methods have proven to capture complex
interactions between surfaces under various loading conditions. They enable precise computation
of stress distributions, deformation, and contact areas, offering a detailed understanding of the
underlying physics. However, they are computationally intensive, often requiring significant ex-
pertise to implement effectively. Additionally, they face challenges when incorporating additional
data and inverse problems.

As this thesis does not aim to contribute directly to physics-based modeling techniques, we will
not delve into their details here. For comprehensive discussions, we refer readers to foundational
works such as [32, 126, 127, 129, 178, 199].

1.2.2. Purely data-driven modeling
In recent years, the rapid advancements in data-driven modeling techniques have opened up
significant opportunities for solving complex problems across various fields. These approaches
rely on experimental or synthetically generated data, deliberately omitting explicit physical
knowledge of the system. Instead, they uncover underlying patterns within the data by utilizing
machine learning and deep learning algorithms. Numerous applications of data-driven modeling
tailored specifically for science and engineering are extensively documented in the literature
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[27, 87, 109, 160]. These methods aim to deliver high accuracy while minimizing computational
costs and prediction times.

Particularly in the field of beam mechanics, numerous studies have focused on the development
and application of data-driven approaches for structural analysis and prediction. In the work
by Beljkaš et al. [14], the authors employed artificial neural networks to predict the deflection
of continuous beams with glass fiber-reinforced polymer (GFRP) reinforcement, achieving a
good accuracy. Their study demonstrated the reliability of machine learning models in deflection
estimation by training on an experimental database. Similarly, Preetham et al. [132] utilized ma-
chine learning techniques to predict midspan deflection. They implemented two machine learning
approaches, specifically Support Vector Machines (SVM) and Artificial Neural Networks (ANN),
for this purpose. Their study considered eight input parameters: beam length, beam breadth,
beam depth, concrete compressive strength, load magnitude, tension steel area, characteristic steel
strength, and shear span. The findings indicated that the predictions obtained using SVM were
more accurate and aligned more closely with experimental results compared to those generated
by ANN. Kaczmarek et al. [85] proposed an ANN-based approach for predicting reinforced
concrete beam deflections, addressing the limitations of traditional methods like Eurocode 2.
Their model, trained on experimental data, showed high accuracy, with applied bending moment
and Young’s modulus of concrete being the most influential parameters. Compared to standard
calculations, the ANN predictions aligned more closely with experimental results, emphasizing its
potential as a reliable structural analysis tool. On the other hand, Nie et al. [113] explored a deep
learning approach to predict stress fields in 2D linear elastic cantilevered structures subjected to
external static loads. They develop two Convolutional Neural Networks (CNNs) architectures:
SCSNet, a single-channel input network, and StressNet, a multi-channel input network that incor-
porates structure geometry, external loads, and boundary conditions. Their findings indicate that
StressNet achieves a mean relative error of 2.04% during testing, suggesting that deep learning
models can serve as effective alternatives to traditional methods in structural design and topology
optimization.

In the field of solid mechanics, Rocha et al. [141] introduced a method that combines reduced-
order models with deep neural networks to select optimal boundary conditions for multiscale
simulations in solid mechanics. This approach addresses the challenge of determining appropriate
boundary conditions in homogenization problems, which is crucial for accurately capturing the
effective properties of materials with heterogeneous microstructures. In the study by Hürkamp
et al. [77], the authors proposed a cyber-physical production system framework that integrates
FEM simulations with machine learning to create a digital twin for the manufacturing process
of overmolded thermoplastic composites. They conducted parametric FEM studies to generate
training data for various machine learning models, developing a surrogate model capable of
predicting interface bond strength based on process parameters. The findings indicate that
even minor deviations in process settings, such as temperature variations, can significantly
impact structural integrity. In the study conducted by Maria Antony et al. [104], Linel2D-Net
is introduced as a deep learning-based framework for solving 2D linear elastic boundary value
problems on image-based domains. The model leverages CNNs to approximate displacement
fields directly from input geometries, bypassing the need for FEM. By training on a dataset of
precomputed solutions, the network learns to generalize across different material distributions
and boundary conditions, enabling rapid inference. The results demonstrate that Linel2D-Net
achieves high accuracy while significantly reducing computational costs compared to conventional
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numerical solvers. In the research carried out by Heidenreich et al. [74], a transfer learning
approach is proposed for Recurrent Neural Network (RNN)-based plasticity models to enhance
their generalization across different material behaviors. The study focuses on leveraging pre-
trained RNN models to accelerate learning and improve predictive accuracy for unseen loading
conditions. By fine-tuning the models with limited new data, the approach reduces the need for
extensive retraining while maintaining high fidelity in capturing material responses. The results
indicate that transfer learning effectively enhances model adaptability, making it a promising
technique for data-driven constitutive modeling in computational mechanics. Additional studies
are comprehensively documented in the reviews by Yang [185] and Jin [83]

When it comes to contact mechanics, the development of data-driven methods has been
significantly less explored, with a noticeable decline in the number of studies compared to solid
and beam mechanics. Wu et al. [180] introduced a deep learning framework based on ANNs for
predicting 3D contact force chains in granular materials. Their model leverages spatial features of
particle interactions to accurately estimate force distributions under varying load conditions. The
results demonstrate that the proposed approach outperforms traditional contact mechanics models
in both computational efficiency and predictive accuracy. In terms of contact search, Oishi et
al. [114] proposed a surface-to-surface contact detection method enhanced by deep learning to
improve efficiency and accuracy. Their approach utilizes a neural network to predict potential
contact regions, reducing the computational cost associated with traditional search algorithms.
The results indicate that the deep learning-enhanced method significantly accelerates contact
detection while maintaining high precision in complex geometries.

1.2.3. Hybrid modeling

As previously discussed, a promising approach to mitigating the black-box nature of purely data-
driven methods and enhancing solution reliability is the combination of data-driven techniques
with traditional physics-based models, commonly referred to as hybrid modeling.

The Fig. 1.1 presents an overview of hybrid modeling, which combines physics-based ap-
proaches with machine learning techniques. This integration leverages the strengths of both
methodologies, addressing the limitations of purely data-driven or solely physics-based ap-
proaches.

One key aspect depicted in the figure is machine learning-assisted simulation, where data-driven
techniques are incorporated into traditional physics-based simulations to accelerate computa-
tions and improve efficiency. This includes methods such as model order reduction, surrogate
modeling, and neural network-based solvers, which approximate complex physical relationships
while significantly reducing the computational cost of numerical solvers without compromising
accuracy.

Another component is physics-assisted machine learning, where machine learning models are
augmented with physical constraints, governing equations, or domain-specific knowledge. This
category includes physics-informed neural networks, physics-guided feature engineering, and
training data augmentation, all of which contribute to improved model generalization, reduced
data dependency, and physically consistent predictions. These approaches make physics-assisted
machine learning particularly useful for scientific and engineering applications requiring high
fidelity and interpretability.
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Machine learning

assisted simulation

Hybrid modeling

Physics-assisted 

machine learning

Training data-augmentation

Physics-informed neural networks

Physics-guided feature engineering

Model order reduction

Surrogate modeling

Neural-network based solvers

Figure 1.1.: An overview of hybrid modeling, illustrating the integration of physics-assisted
machine learning and machine learning-assisted simulation, along with key subfields
such as physics-informed neural networks, surrogate modeling, and model order
reduction.

Physics-informed neural networks

Machine learning approaches usually require a large amount of simulation or experimental data,
which might be challenging to acquire due to the complexity of simulations and the cost of
experiments. Also, data scarcity can cause data-driven techniques to perform poorly in terms
of accuracy. This is particularly true when using real-world observations that are noisy or
datasets that are incorrectly labeled, as there is no physics-based feedback mechanism to validate
the predictions. To tackle this problem, physics-informed neural networks (PINNs) have been
developed. PINNs integrate boundary or initial boundary value problems and measurement
data into the neural network’s loss function to compensate for the lack of sufficient data and
the black-box behavior of purely data-driven techniques [134]. In terms of forward problems,
PINNs can serve as a partial differential equation (PDE) solver even in cases where domains are
irregular. This is because PINNs utilize automatic differentiation and therefore do not require any
connectivity of the sampling points, making them a mesh-free method [4]. Moreover, PINNs can
break the curse of dimensionality when approximating functions in higher dimensions [68, 121].
Additionally, PINNs are a good candidate for addressing inverse problems due to the easy
integration of measurement data [46].

PINNs have been widely applied across various fields of engineering and science to leverage
their ability to incorporate physical laws into data-driven models. Their applications extend to
geosciences [158], fluid mechanics [49, 135], optics and electromagnetics [15, 41, 88], as well as
industrial sectors such as fatigue prognosis for wind turbine main bearings [191]. PINNs have
also been integrated into hybrid digital twins for civil engineering structures, utilizing sensor data
to improve structural monitoring and assessment [45], and have been explored for safeguarding
critical infrastructure [34].

In the domain of solid mechanics, PINNs have been developed to address a range of problems,
including linear elasticity, elastodynamics, and elastoplasticity [69], along with inverse problems
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for parameter identification [18]. Rao et al. [136] proposed a mixed-variable formulation of
PINNs for solving elastodynamic problems, drawing inspiration from hybrid finite element
analysis [197]. Their approach incorporates both displacement and stress components as neural
network outputs to impose boundary conditions as hard constraints, achieved through additional
parallel networks. This formulation is suggested to enhance both accuracy and training efficiency.

Furthermore, Samaniego et al. [148] leveraged energy-based methods to formulate PINNs for
various computational mechanics problems, including elastodynamics, hyperelasticity, and phase-
field modeling of fracture. In a related study, Bai et al. [7] extended this concept to nonlinear
contact mechanics and proposed an energy-based PINN framework for solving frictionless
contact problems under large deformation. However, their formulation does not employ proper
integral-based discretizations; instead, it relies on node-based integration, which substantially
increases computational cost and poses significant challenges for extending the approach to three-
dimensional problems. In a related study, Lu et al. [102] developed a physics-informed neural
network approach with hard constraints (hPINNs) for topology optimization. They improved loss
function formulation by integrating the penalty method and the augmented Lagrangian method
to enforce inequality constraints as hard constraints. Additionally, equality constraints were
explicitly imposed using output transformations, a concept initially introduced by Lagaris et al.
[94] for simple domains.

Haghighat et al. [70] explored the use of PINNs in solid mechanics for inverse problems
and surrogate modeling, employing a mixed-variable formulation with parallel networks to
address linear elasticity. Their methodology was later extended to nonlinear elastoplasticity
problems, incorporating classical Karush-Kuhn-Tucker (KKT) constraints. These constraints
were initially enforced as soft constraints using a sign function, despite its discontinuous gradients.
Building upon this work, Haghighat et al. [69] further utilized PINNs for constitutive model
characterization and discovery by calibrating models based on macroscopic mechanical testing. To
overcome the limitations of the sign function, they adopted the Sigmoid function to enforce KKT
constraints, which provides smooth gradients but requires tuning an additional hyperparameter.

1.3. Scope and contribution

This thesis aims to address the gap between traditional computational methods and modern
data-driven techniques by focusing on the following contributions:

• Development and application of machine learning and neural networks to rough
surface contact mechanics: This research develops a surrogate modeling framework to
predict the effective contact area in rough surface contact problems by integrating machine
learning with high-fidelity Boundary Element Method (BEM) simulations. The study
constructs an extensive database of rough topographies and material parameters, optimizes
machine learning models through hyperparameter tuning, and evaluates their generalization
capabilities using unseen test data, demonstrating accurate and efficient predictions. See
also Sahin et al. [143].

• Physics-informed neural networks for beam mechanics: This work explores the applica-
tion of PINNs to solve both static and dynamic beam problems based on Euler-Bernoulli
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beam theory. The effectiveness of the approach is demonstrated through numerical ex-
amples, including static models, dynamic beam responses, and inverse problems such
as load identification. The results highlight the potential of PINNs in accurately solving
beam mechanics problems while reducing the computational cost compared to conventional
numerical solvers.

• Physics-informed neural networks for small deformation problems: This study, follow-
ing the work of Sahin et al. [144], applies PINNs to solve forward and inverse problems
in solid and contact mechanics under small deformation assumptions. It investigates both
displacement-based and mixed-variable formulations, with output transformations used to
impose boundary conditions as hard constraints. Time-dependent solid mechanics have
also been explored. An extension to 3D contact problems is presented in Sahin et al. [146].

• Physics-informed neural networks for large deformation problems: To address nonlin-
ear solid mechanics at large deformations, we introduce the element-based energy PINN
(EBE-PINN) formulation. Inspired by the finite element method, this approach partitions
the domain into elements and enforces the principle of minimum potential energy, thereby
ensuring physical consistency while improving the scalability of integral evaluations. This
approach tackles geometrically nonlinear problems, such as hyperelasticity and contact
mechanics, within a PINN framework.

• Towards hybrid digital twins via physics-informed modeling enhanced by sensor data:
In the final part of this thesis, the combination of sensor data with physics-based simulations
is explored to build surrogate models for structural components, such as reinforced concrete
beams, following the methodology of Sahin et al. [145]. The approach allows for the
incorporation of real-world experimental data, leading to the development of hybrid models.
Such integration is intended to improve the accuracy and robustness of digital twins for
structural health monitoring.

1.4. Structure of the thesis

This thesis is organized into multiple chapters, each addressing different aspects of computational
mechanics, machine learning, and their integration through hybrid modeling.

Chapter 1 introduces the research topic, outlining the motivation, modeling approaches for
computational engineering problems, objectives, and the key contributions of the thesis. Chapter 2
provides a fundamental background on computational mechanics, covering essential concepts
such as beam mechanics, solid mechanics, contact mechanics and rough surface contact problems.
It includes discussions on governing equations, boundary conditions, and classical numerical
approaches used in computational mechanics. Chapter 3 explores fundamental concepts in
machine learning, defining key terminologies and different types of learning approaches, such
as supervised, unsupervised, and reinforcement learning. It also delves into various regression
techniques, including k-nearest neighbors, linear regression, support vector machines, kernel-
based methods, e.g., kernel ridge, tree-based models, such as decision trees, and neural networks,
which serve as foundational tools for hybrid modeling. The primary challenges in machine
learning are discussed, along with an exploration of hyperparameter optimization techniques.
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Furthermore, a brief case study is presented to demonstrate the application of convolutional
neural networks in beam mechanics. Chapter 4 discusses the application of machine learning and
neural networks in computational mechanics, particularly in developing data-driven surrogate
models for rough surface contact problems. The methodology for constructing predictive models,
database generation, hyperparameter tuning, and accuracy evaluation is also detailed. Chapter 5
focuses on physics-informed neural networks (PINNs), outlining their formulation and different
approaches such as element-based PINN formulations and PINNs with output transformation.
Algorithmic challenges, including gradient vanishing, loss balancing, and optimization issues, are
also discussed. Chapter 6 applies PINNs to a variety of problems in computational mechanics,
including beam mechanics, solid mechanics, and contact mechanics. Specific applications include
solving elastodynamic and elastostatic equations in solid mechanics and enforcing Karush-Kuhn-
Tucker conditions in contact problems. Additionally, element-based energy PINNs are employed
to address large deformation problems involving geometric and contact nonlinearities. Chapter 7
introduces the concept of hybrid digital twins, emphasizing their role in combining physics-
informed machine learning techniques with sensor data. A proof of concept is presented for a
steel-reinforced concrete beam, illustrating the integration of experimental sensor measurements
with surrogate models. In this context, PINNs are employed as surrogate models to represent the
mechanical behavior of reinforced concrete structures. Finally, Chapter 8 summarizes the key
findings of the research and discusses potential future directions for improving purely data-driven,
physics-enhanced and hybrid modeling approaches in computational engineering.
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2. Computational Mechanics: Initial
and Boundary Value Problems

2.1. Beam mechanics: Euler-Bernoulli beam theory

2.1.1. Overview
A beam is a structural element having one dimension that is much larger than the other two and
capable of resisting the loads applied laterally to the beam axis. Since further investigations are
pursued for the Euler-Bernoulli beam theory, known as the thin beam theory, the main assumptions
and the governing equations of the Euler-Bernoulli are given in more detail.

The main hypothesis of the Euler-Bernoulli beam theory is that plane cross-sections which are
orthogonal to the beam axis (neutral axis) stay still plane and orthogonal to the beam axis after
deformation. The overall assumptions of the Euler beam theory:

• Plane cross-sections remain plane and perpendicular to the neutral axis of the beam after
deformation.

• The deformations are small, so the equilibrium is computed on the reference configuration
(Small deformation theory).

• Behavior of the beam is linear elastic and isotropic.

• Shear strains are neglected.

neutra
l a

xis

h

h h

h

Q

M

Timoshenko

Euler-Bernoulli

Initial con guration Current con guration

Figure 2.1.: Comparison between Euler-Bernoulli and Timoshenko beam theories.

As shown in Fig. 2.1, the Euler-Bernoulli beam theory assumes that plane cross-sections
remain plane and perpendicular to the beam axis. In contrast, the Timoshenko beam theory allows
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2. Computational Mechanics: Initial and Boundary Value Problems

cross-sections to remain plane but not necessarily perpendicular to the axis, thereby accounting
for shear deformation. Since shear effects are neglected in this work, the formulation is based on
the Euler-Bernoulli (thin beam) theory.

2.1.2. Governing equations
2.1.2.1. Time-dependent beam equation

Consider the governing equation of an Euler-Bernoulli beam under the space-time dependent
distributed load as (Fig. 2.2)

ρA
∂2u(x, t)

∂t2
+

∂2

∂x2

(
EI

∂2u(x, t)

∂x2

)
= q(x, t), x ∈ Ω, t ∈ [0, T ], (2.1)

where u(x, t) is the displacement field, Ω is a subset of RD, E is the uniform elastic modulus of
the material, I is the moment of inertia of the cross-section of the beam, ρ is the material density,
A is the cross-sectional area, and q(x, t) is distributed space-time varying load. Eq. 2.1 is also
known as the Euler-Langrange equation [172] used mainly in vibration problems. The first term
describes the dissipated kinetic energy where ρA is the area density or the mass per unit length,
and the second term characterizes the potential energy due to internal forces.

The concentrated load q can be considered as a special case of the distributed load as follows:

q(x, t) = P (t)δ (x− x0) , (2.2)

where δ is the Dirac delta function, and P (t) is the time-dependent load applied at position x0.

Figure 2.2.: A fixed-fixed supported beam under a space-time dependent distributed load.

2.1.2.2. Static beam equation

By neglecting the time-dependent terms in Eqs. 2.1 and 2.2, the governing equation is obtained
for the static case can be written as

∂2

∂x2

(
EI

∂2u(x)

∂x2

)
= q(x), x ∈ Ω, (2.3)

where q(x) denotes the static load distribution. In the case of a concentrated load, q(x) takes the
form

q(x) = Pδ (x− x0) . (2.4)
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2.1. Beam mechanics: Euler-Bernoulli beam theory

2.1.3. Boundary conditions and beam supports

To determine the unknown displacement field u(x, t), the governing equation of the Euler-
Bernoulli beam must be solved using together with the prescribed initial and boundary conditions.
Since the governing equation is fourth order in space (see Eq. 2.1), four boundary conditions are
required:

• u(x, t)→: transverse displacement in the z-direction,

• ux(x, t)→: slope of the beam,

• uxx(x, t)→: bending moment,

• uxxx(x, t)→: shear force,

evaluated at x ∈ Ω and t ∈ [0, T ].
Similarly, two initial conditions are required, since Eq. 2.1 is second order in time:

• u(x, 0)→: displacement in the z-direction at t = 0,

• ut(x, 0)→: time derivative of the displacement (velocity) at t = 0,

for all x ∈ Ω. Note that initial conditions are not considered in the static beam formulation, as the
time-dependent terms vanish.

Three primary support conditions are considered in this study:

• Cantilever beam,

• Simply supported beam,

• Fixed support (clamped beam).

2.1.3.1. Cantilever beam

A cantilever beam is fixed supported at one end and free at the other as depicted in Fig. 2.3. No
displacement and rotation are allowed at the fixed edge. No bending moment and no shear force
at the free edge are generated.

Figure 2.3.: An illustration of a fixed supported beam.

Boundary conditions of a cantilever beam are given as

u(x, t) = 0 and ux(x, t) = 0 at x = 0, t = [0, T ],
uxx(x, t) = 0 and uxxx(x, t) = 0 at x = L, t = [0, T ].

(2.5)
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2.1.3.2. Simply supported beam

A simply supported beam is pinned at both ends, as illustrated in Fig. 2.4. At the supports,
transverse displacement is constrained, while rotation is permitted. Consequently, no bending
moments develop at the pinned boundaries.

Figure 2.4.: An illustration of a simply supported beam.

Boundary conditions of a simply supported beam are given as

u(x, t) = 0 and uxx(x, t) = 0 at x = 0, t = [0, T ],
u(x, t) = 0 and uxx(x, t) = 0 at x = L, t = [0, T ].

(2.6)

2.1.3.3. Clamped beam

A clamped beam, also known as a fixed beam, is rigidly supported at both ends as depicted in
Fig. 2.5. This implies that at both supports, the beam cannot move vertically or horizontally (no
displacement) and cannot rotate (no angular movement). Such a support condition results in zero
degrees of freedom at the ends, ensuring the highest level of rigidity and stability for the beam.

Figure 2.5.: An illustration of a clamped beam.

Boundary conditions of a clamped beam are given as

u(x, t) = 0 and ux(x, t) = 0 at x = 0, t = [0, T ],
u(x, t) = 0 and ux(x, t) = 0 at x = L, t = [0, T ].

(2.7)

2.2. Solid mechanics

2.2.1. Overview
Solid mechanics is the branch of continuum mechanics that investigates the behavior of solid
materials under external effects, such as external forces or external displacements. It covers
various types of materials and responses, from rigid bodies to deformable objects.

Linear elasticity is a fundamental subfield of solid mechanics that deals with structures that are
inspected under small deformation theory. The physical interpretation is that the body returns to
the undeformed or to the original shape when the external effect is removed. Since deformations
are negligibly small in small deformation theory, displacement and strain fields are connected to
each other linearly. In other words, the body deforms linearly under the applied load.
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2.2. Solid mechanics

In contrast, finite strain theory is required when the assumptions of small deformation are
no longer valid. This occurs when the displacements and rotations are sufficiently large such
that geometric nonlinearities and nonlinear strain-displacement relations must be considered.
In this case, the response of the material is no longer proportional to the applied load, and
restoring the original configuration after unloading may not be guaranteed. Nonlinear models are
therefore essential for accurately capturing the mechanical behavior of structures subjected to
large deformations, such as soft materials, biological tissues, and structural components under
extreme loading.

2.2.2. Infinitesimal strain theory: Linear elasticity

2.2.2.1. Governing equations

Let us consider the equations of initial boundary value problem (IBVP) under infinitesimal strain
theory (small deformation assumption). The governing equations are given by

∇ · σ + b̂ = ρü in Ω× [0, T ], → (BE) (2.8)
u = û on ∂Ωu × [0, T ], → (DBC) (2.9)

σ · n = t̂ on ∂Ωσ × [0, T ], → (NBC) (2.10)

where σ denotes the Cauchy stress tensor, u is the displacement vector representing the so-called
primal variable, and ü = ∂2u/∂t2 is the acceleration, which is defined as the second derivative of
u with respect to time t. Additionally, b̂ denotes the body force vector, ρ is the material density,
and n is the unit outward normal vector.

Prescribed displacements are represented by û on Dirichlet boundary ∂Ωu, and t̂ denotes
prescribed tractions on Neumann boundary ∂Ωσ. Abbreviations BE, DBC and NBC denote the
balance equation, Dirichlet boundary condition and Neumann boundary condition, respectively.
Given Neumann and Dirichlet boundary conditions are depicted in Fig. 2.6. Here, the deformation
for a point X is defined from the reference configuration at time t0 to the current configuration at
time t.

Since the problem is time dependent, a proper set of initial conditions is expressed as

u(X, t = 0) = û0(X0) on Ω0, → (IC) (2.11)

u̇(X, t = 0) = ˆ̇u0(X0) on Ω0. → (IC) (2.12)

Here, the velocity is denoted as u̇ = ∂u/∂t, which is defined as the first derivative of u with
respect to time t. Initial conditions are applied to the whole domain only at the reference
configuration Ω0. Similarly, the abbreviation IC denotes the initial condition. Note that governing
equations of linear elasticity are formulated using the current configuration.

The kinematic equation (KE) and constitutive equation (CE) for the deformable body are
expressed as

ε =
1

2
(∇u+∇u⊤), → (KE) (2.13)

σ = C : ε. → (CE) (2.14)
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2. Computational Mechanics: Initial and Boundary Value Problems

Here, ε is the infinitesimal strain tensor and C is the fourth-order elasticity tensor. In the specific
case of linear isotropic elasticity, the constitutive equation can be expressed via Hooke’s law as

σ = λ tr(ε)I + 2µε, (2.15)

where λ and µ are the Lamé parameters, tr(·) is the trace operator to sum strain components on
the main diagonal and I is the identity tensor.

Reference (initial)
con guration at

Current 
con guration at

Figure 2.6.: Illustration of reference configuration and current configuration of deformed object.
In the reference configuration, the elastic body is denoted by Ω0, and in the deformed
(current) configuration, it is represented by Ωt.

3D formulation
Using the Einstein summation convention, we can write

• Equilibrium equation (Eq. 2.8):

σij,j + bi = ρ∂ttui (2.16)

• Kinematic equation (Eq. 2.13):

εij =
1

2
(uj,i + ui,j) (2.17)

• Constitutive equation or Hooke’s law (Eq. 2.14):

σij = λδijεkk + 2µεij, (2.18)

where i, j = x, y, z represent the coordinates. The term δij is the Kronecker delta, which is
defined as:

δij =

{
1 if i = j

0 if i ̸= j
(2.19)
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2.2. Solid mechanics

This function serves as a convenient way to select components of a tensor.
The equilibrium equations (BE) in 3D Cartesian system can be expressed as follows:

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

+ b̂x = ρ
∂2ux
∂t2

, (2.20)

∂σyx
∂x

+
∂σyy
∂y

+
∂σyz
∂z

+ b̂y = ρ
∂2uy
∂t2

, (2.21)

∂σzx
∂x

+
∂σzy
∂y

+
∂σzz
∂z

+ b̂z = ρ
∂2uz
∂t2

. (2.22)

Similarly, kinematic equations can be written as

εxx =
1

2

(
∂ux
∂x

+
∂ux
∂x

)
=
∂ux
∂x

, (2.23)

εyy =
1

2

(
∂uy
∂y

+
∂uy
∂y

)
=
∂uy
∂y

, (2.24)

εzz =
1

2

(
∂uz
∂z

+
∂uz
∂z

)
=
∂uz
∂z

, (2.25)

εxy =
1

2

(
∂ux
∂y

+
∂uy
∂x

)
, (2.26)

εyz =
1

2

(
∂uy
∂z

+
∂uz
∂y

)
, (2.27)

εxz =
1

2

(
∂ux
∂z

+
∂uz
∂x

)
. (2.28)

Final set of equations, constitutive equations, can be written using Lamé constants can be
summarized as

σxx = λ (εxx + εyy + εzz) + 2µεxx, (2.29)
σyy = λ (εxx + εyy + εzz) + 2µεyy, (2.30)
σzz = λ (εxx + εyy + εzz) + 2µεzz, (2.31)
σxy = 2µεxy, (2.32)
σxz = 2µεxz, (2.33)
σyz = 2µεyz. (2.34)

These set of equations collectively describe the relationship between stresses, strains, and dis-
placements in a three-dimensional elastic body. Note that the stress tensor has symmetry, meaning
that σij = σji, such as σxy = σyx. This implies that the components of the stress tensor are equal
when their indices are swapped.

2D formulation

Plane strain

Consider an elasticity problem as illustrated in Fig. 2.7. In this scenario, the length of the
problem in the z-direction is significantly larger than in the x and y directions. Under an external
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2. Computational Mechanics: Initial and Boundary Value Problems

force in y-direction, we can assume that the strain in z-direction will be negligible compared to
the strains in the other directions. Such problems are called plane strain in elasticity.

Most common application cases of plane strain are long tunnels and thick walls, where one
dimension is significantly greater than the others. Assumption of negligible strain components in
z-direction leads to

εzz = εyz = εxz = 0. (2.35)

In a 2D Cartesian system, the equilibrium equations (Eq. 2.20-2.22) reduce to the following forms

∂σxx
∂x

+
∂σxy
∂y

+ b̂x = ρ
∂2ux
∂t2

, (2.36)

∂σxy
∂x

+
∂σyy
∂y

+ b̂x = ρ
∂2uy
∂t2

. (2.37)

Similarly, the constitutive equations for plane strain, expressed in terms of Lamé constants, can
be written as

σxx = (λ+ 2µ)εxx + λεyy, (2.38)
σyy = λεxx + (λ+ 2µ)εyy, (2.39)
σxy = 2µεxy. (2.40)

Since the strains in the z-direction are assumed to be zero (as stated in Eq. 2.35), the out-of-plane
stress component σzz can be determined using the following relationship

σzz = ν(σxx + σyy), (2.41)

where ν denotes the Poisson’s ratio, which can be expressed using Lamé constants as ν = λ
2(λ+µ)

.

x

y
z

No strain in the 

z-direction

x

y

xy

Figure 2.7.: Plane strain configuration.

Plane stress

In the plane stress configuration, no stress components in the out-of-plane direction are allowed,
meaning that stress in the direction perpendicular to the plane is assumed to be zero. As shown in
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Fig. 2.8, height in z-direction significantly smaller than other directions in this case. Most common
application cases of plane stress are thin plates or shells. Assumption of stress components in
z-direction are zero leads to

σzz = σyz = σxz = 0. (2.42)

The equilibrium equations remain the same as plane strain. However, the constitutive equations
for plane strain do not hold anymore. For simplification, we will define constitutive equations
using Young’s modulus (E) and Poisson’s ratio (ν) expressed as follows

σxx =
E

1− ν2
(εxx + νεyy), (2.43)

σyy =
E

1− ν2
(νεxx + εyy), (2.44)

σxy =
E

1 + ν
εxy. (2.45)

The stress components can be also computed in terms of Lamé constants λ and µ by substituting
E and ν with the following expressions

E =
µ(3λ+ 2µ)

λ+ µ
, (2.46)

ν =
λ

2(λ+ µ)
. (2.47)

Since the stresses in the z-direction are assumed to be zero (as stated in Eq. 2.42), the strain
component in the z-direction εzz can be determined using the following relationship

εzz = −
ν

E
(σxx + σyy). (2.48)

z

No stress in the 

z-direction

x

y

Figure 2.8.: Plane stress configuration.

Boundary and initial conditions

Boundary conditions

In the IBVP of solid mechanics, boundary conditions are essential to ensure that the problem
is well-posed and has a unique solution. As mentioned earlier, there are two primary types of

17



2. Computational Mechanics: Initial and Boundary Value Problems

boundary conditions commonly encountered: Dirichlet boundary conditions (DBC), also known
as displacement boundary conditions, and Neumann boundary conditions (NBC), also known as
traction or stress boundary conditions.

The Dirichlet boundary conditions prescribe the displacement at specific parts of the boundary,
denoted as ∂Ωu. These conditions are imposed when the displacement field is constrained or
controlled, for instance when a portion of the boundary is fixed or moved according to a known
function. The general form of the DBC can be expressed as

u = û(x, t), (2.49)

where û is the prescribed displacements. Often, the DBCs are set to u = 0 (homogeneous BC).
However, they can be homogeneous or nonhomogeneous. The homogeneous DBCs are applied
for the fixed portions of the boundary, while nonhomogeneous DBCs require non-zero values
or prescribed functions. Nonhomogeneous DBCs could represent a boundary that is moving or
deforming over time. In Cartesian coordinates, the displacement components can be expressed as

ux = ûx(x, t), (2.50)
uy = ûy(x, t), (2.51)
uz = ûz(x, t). (2.52)

where ûx, ûy, ûz are the components of the prescribed displacements in the x-, y-, z-directions.
Neumann boundary conditions specify the traction (or stress) on a part of the boundary denoted

as ∂Ωσ These boundary conditions define external forces or stresses applied to the surface of the
body (in 3D) or to the edge of the domain (in 2D) such as pressure, a distributed load, or a line
load. The general form of the NBC can be expressed as

σ · n = t̂(x, t), (2.53)

where t̂ denotes the applied traction vector. On free surfaces, the traction is zero, meaning that
σ · n = 0. Similarly, the NBCs can be expressed in Cartesian form as follows

σxxnx + σxyny + σxznz = t̂x(x, t), (2.54)

σyxnx + σyyny + σyznz = t̂y(x, t), (2.55)

σzxnx + σzyny + σzznz = t̂z(x, t). (2.56)

where nx, ny, nz are the components of the prescribed traction vectors in the x-, y-, z-directions.
On specific planes, such as boundaries align with coordinate axes, the NBCs simplify the

following forms:

• A surface normal to the x-axis (at x = x0) has nx = ±1, ny = 0 and nz = 0, thereby, Eqs.
2.54-2.56 simplify to

σxx − t̂x(x = x0, t) = 0, (2.57)

σyx − t̂y(x = x0, t) = 0, (2.58)

σzx − t̂z(x = x0, t) = 0. (2.59)
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• A surface normal to the y-axis (at y = y0) has nx = 0, ny = ±1 and nz = 0, thereby, Eqs.
2.54-2.56 simplify to

σxy − t̂x(y = y0, t) = 0, (2.60)

σyy − t̂y(y = y0, t) = 0, (2.61)

σzy − t̂z(y = y0, t) = 0. (2.62)

• A surface normal to the z-axis (at z = z0) has nx = 0, ny = 0 and nz = ±1, thereby, Eqs.
2.54-2.56 simplify to

σxz − t̂x(z = z0, t) = 0, (2.63)

σyz − t̂y(z = z0, t) = 0, (2.64)

σzz − t̂z(z = z0, t) = 0. (2.65)

Based on the problem definition, it might be convenient to express NBCs in terms of normal
(n) and tangential directions (ξ and η). By using traction vector decomposition, traction vector
can be expressed as

t̂ = pnn+ tξττ
ξ + tηττ

η, (2.66)

where pn denotes the normal pressure, tξτ is the tangential traction component in ξ-direction, and tητ
is the tangential traction component in η-direction. The direction vectors n, ξ, η are perpendicular
to each other, meaning that n · ξ = 0, n · η = 0 and η · ξ = 0. Therefore, each traction vector
component can be obtained in terms of normal and tangential directions by multiplying the
corresponding direction vector such as

t̂ · n = (pnn+ tξττ
ξ + tηττ

η) · n = pn, (2.67)

t̂ · τ ξ = (pnn+ tξττ
ξ + tηττ

η) · τ ξ = tξτ , (2.68)

t̂ · τ η = (pnn+ tξττ
ξ + tηττ

η) · τ η = tητ , (2.69)

Components of these equations can be expressed as

t̂xnx + t̂yny + t̂znz = pn, (2.70)

t̂xξx + t̂yξy + t̂zξz = tξτ , (2.71)

t̂xηx + t̂yηy + t̂zηz = tητ . (2.72)

Indeed, equation sets (Eqs. 2.70-2.72) can be further simplified by inserting Eqs. 2.54-2.56.
However, this would lead to long expressions.

Initial conditions

Initial conditions for the IBVP of solid mechanics describe the initial state of the solid at the
start of the problem (at t = 0). These conditions are used in transient problems involving the
time-dependent phenomena. Typically, the ICs consist of prescribed displacements and velocities.
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The general form of the displacement IC is

u(x, t = 0) = û0(x, t = 0), (2.73)

where û0 prescribes the initial displacement at t = 0. The displacement IC is applied over the
initial configuration Ω0, representing the geometry of the body at t = 0. In Cartesian coordinates,
components of displacement ICs can be expressed as follows

ux(x, t = 0) = û0x, (2.74)
uy(x, t = 0) = û0y, (2.75)
uz(x, t = 0) = û0z. (2.76)

The velocity describes the rate of change of displacement field with respect to time and the
velocity ICs can be expressed as follows

u̇(x, t = 0) = ˆ̇u0, (2.77)

where ˆ̇u0 denotes the prescribed initial velocity field at t = 0. Similarly, in Cartesian coordinates,
components of velocity ICs can be written as follows

u̇x(x, t = 0) = ˆ̇u0x, (2.78)

u̇y(x, t = 0) = ˆ̇u0y, (2.79)

u̇y(x, t = 0) = ˆ̇u0y. (2.80)

Indeed, initial conditions have physical interpretations. For instance, the initial displacement
defines the configuration of the investigated at the beginning of the analysis at t = 0, while the
initial velocity gives the direction and how fast the body is moving at t = 0.

Remark 2.2.1: Consistency of boundary conditions

Remark 1: In many solid mechanics problems, it is common to apply both Dirichlet and
Neumann boundary conditions simultaneously, also known as mixed boundary conditions.
However, these boundary conditions must be applied in a mutual manner for the same
degree of freedom on a given boundary. However, it must be kept in mind that Dirichlet
and Neumann boundary conditions cannot be imposed in the same direction on the same
portion of the boundary. For instance, if the displacement in the x-direction on a particular
boundary is prescribed as ux = 0 (DBC), it causes to inconsistency to also apply a traction
or stress boundary condition in the x-direction (NBC) on that same boundary. This will
cause an over-constrained problem, delivering an ill-posed system.
Remark 2: In time-dependent (transient) problems, both Dirichlet BCs and displacement
ICs include the displacement field, and they must be applied in a consistent manner to
ensure that the solution is physically and mathematically sound. Any displacement value
imposed by the Dirichlet boundary conditions at t = 0 should match with the initial
displacement prescribed by the initial conditions. For instance, if the initial displacement
is defined as ux(x, t = 0) = û0x at time t = 0, the Dirichlet boundary condition should
also reflect this same displacement value at the corresponding boundary.
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2.2.2.2. Displacement-based formulation: Navier equations

In the displacement formulation, the goal is to eliminate strains and stresses from the equilibrium
equation and seek a reduced set of equations involving only displacements as the primary variable.
By substituting the constitutive equation (Eq. 2.14) into the equilibrium equation (Eq. 2.8), we
can rewrite the equilibrium equation as

∇ · (C : ε) + b̂ = ρü. (2.81)

Taking this a step further, we substitute the kinematic equation (Eq. 2.13) into Eq. 2.81 to derive a
new form of the equilibrium equation that depends only on displacements such that

∇ ·
(
C :

(
1

2

(
∇u+∇u⊤

)))
+ b̂ = ρü. → (NE) (2.82)

For linear isotropic elasticity, where the stress-strain relationship is given by σ = λ tr(ε)I+2µε,
the equilibrium equation simplifies further to

(λ+ µ)∇ · (∇u) + µ∇2u+ b̂ = ρü. → (NE) (2.83)

This final equilibrium formulation is known as the Navier equations (NE). Based on the displace-
ment formulation, we now construct a Tonti’s diagram [165] to solve linear elasticity problems
using displacements as the primary variable, as shown in Fig. 2.9. In this method, secondary
(slave) variables are intermediate quantities derived from the primary variables, specifically σu,
εu, u̇, and ü.

Similarly, the NE (Eq. 2.83) can be written in 3D Cartesian coordinate system as

(λ+ 2µ)
∂2ux
∂x2

+ µ

(
∂2ux
∂y2

+
∂2ux
∂z2

)
+ (λ+ µ)

(
∂2uy
∂x∂y

+
∂2uz
∂x∂z

)
+ b̂x = ρ

∂2ux
∂t2

, (2.84)

(λ+ 2µ)
∂2uy
∂y2

+ µ

(
∂2uy
∂x2

+
∂2uy
∂z2

)
+ (λ+ µ)

(
∂2ux
∂x∂y

+
∂2uz
∂y∂z

)
+ b̂y = ρ

∂2uy
∂t2

, (2.85)

(λ+ 2µ)
∂2uz
∂z2

+ µ

(
∂2uz
∂x2

+
∂2uz
∂y2

)
+ (λ+ µ)

(
∂2ux
∂x∂z

+
∂2uy
∂y∂z

)
+ b̂z = ρ

∂2uz
∂t2

. (2.86)

As depicted in Fig. 2.9, the Tonti diagram provides a concise overview of the governing equa-
tions of linear elasticity, specifically for the displacement-based formulation. This formulation
incorporates Eqs. 2.83, 2.13, and 2.14.

The primary variable u is used to fulfill the Dirichlet boundary conditions (DBCs) and the
initial conditions (ICs) using the prescribed quantities: initial displacements û0 and prescribed
displacements on Dirichlet boundaries, û. Additionally, the first-order time derivative of u is
applied to meet the ICs associated with the prescribed velocity field ˆ̇u.

Since the stress field is not considered as a primary variable in this approach, it is derived
from u using the kinematic equation (KE) and constitutive equation (CE). Neumann boundary
conditions (NBCs) are then enforced based on the derived stress field and the prescribed traction
field t̂.

Finally, the Navier equation (NE) is fulfilled through the computed acceleration field ü (a
secondary variable) and along with the prescribed body force b̂.
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CE NBC

IC

Primary variables Secondary (derived) variables Prescribed quantities

IC

Figure 2.9.: Tonti’s diagram for the displacement-based formulation of linear elasticity problems.

2.2.2.3. Mixed-variable formulation: the Hellinger-Reissner principle

One way to solve the governing equations of linear elasticity is based on a mixed-variable
formulation in which stresses, displacements and strains can be approximated independently.
Thus, mixed-variable formulations allow stress, displacement and strain fields to be primary
(master) variables [197]. Inspired by the Hellinger-Reissner (HR) principle [139, 197], we
construct a Tonti’s diagram to solve linear elasticity problems based on two primary variables:
displacements u and stresses σ (see Fig. 2.10). The secondary (slave) variables are intermediate
and they are derived from the primary variables, i.e., σu, εu, u̇ and ü.

As shown in Fig. 2.10, the Tonti diagram summarizes the governing equations of linear
elasticity problems (see Eqs. 2.8-2.14). The stress-to-stress coupling (SS) between the primary
variable σ and the secondary variable σu, defined as σ = σu, ensures that the two master fields
remain consistent using the constitutive equation such that

σ = C : εu. (2.87)

2.2.2.4. Weak formulation

The weak (or variational) formulation of the governing equations is obtained by projecting the
strong form of the equilibrium equations onto a space of admissible test functions. This approach
facilitates the use of numerical methods by relaxing the differentiability requirements on the
solution and transforming the differential equations into integral form.

Virtual displacement (virtual work) formulation

The virtual displacement formulation is derived based on the balance equation (Eq. 2.8) and
the Neumann boundary condition (Eq. 2.10). Let δû be a test function fulfilling homogeneous
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BE
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Figure 2.10.: Tonti’s diagram based on Hellinger-Reissner principle for linear elasticity problems
with small strain theory.

Dirichlet boundary conditions such that δû = 0 on ∂Ωu. Multiplying these equations by δû and
integration over the volume and on the Neumann boundary, residuumR is defined as

R :=

∫
Ω

(∇ · σ + b̂) · δû dV +

∫
∂Ωσ

(t̂− σ · n) · δû dA = 0. (2.88)

For further simplification, let us consider the term ∇ · σ · δû. By application of the product
rule for divergence, the corresponding integral term can be written as∫

Ω

∇ · (σ · δû) dV =

∫
Ω

∇ · σ · δû dV +

∫
Ω

∇δû : σ dV. (2.89)

By applying the Divergence theorem to the term ∇ · (σ · δû), which reduces the volume integral
of the divergence over the region to the surface integral of a vector field over a closed surface, we
obtain ∫

Ω

∇ · (σ · δû) dV =

∫
∂Ωu

δû · σ · n dA+

∫
∂Ωσ

δû · σ · n dA. (2.90)

Since δû = 0 on ∂Ωu, the second term vanishes. Inserting Eq. 2.90 into Eq. 2.89 leads to∫
∂Ωσ

δû · σ · n dA =

∫
Ω

∇ · σ · δû dV +

∫
Ω

∇δû : σ. dV (2.91)

Likewise, by merging equations 2.91 and 2.88, we derive the following expression

R =

∫
∂Ωσ

δû ·σ ·n dA−
∫
Ω

∇δû : σ dV +

∫
Ω

b̂ · δû dV +

∫
∂Ωσ

(t̂− σ ·n) · δû dA, (2.92)
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and the cancellation of Neumann terms leads to the finalized weak form defined as

R = −
∫
Ω

∇δû : σ dV +

∫
Ω

b̂ · δû dV +

∫
∂Ωσ

t̂ · δû dA. (2.93)

2.2.3. Finite strain theory: Hyperelasticity
2.2.3.1. Governing equations

Let us consider the equations of initial boundary value problem (IBVP) in finite strain theory as

∇ · P + b̂0 = ρü in Ω0 × [0, T ],

u = û on ∂Ωu × [0, T ],

P ·N = t̂0 on ∂Ωσ,0 × [0, T ],

(2.94)

where P denotes the first Piola-Kirchhoff stress tensor, b̂0 is the body force per unit undeformed
volume, N is the unit outward normal to the boundary in the reference configuration, and t̂0
represents the tractions on the undeformed domain.

The motion of the body is given by the mapping between the position vector in the reference
system (X) and the position vector in the current configuration (x) such as

φ(x) = x = X + u(X, t). (2.95)

Consequently, the deformation gradient can be defined as

F = ∇Xφ(X) = I +∇Xu(X, t). (2.96)

In the hyperelastic formulation, the material behavior is derived from a strain energy density
function Ψ(F ), which determines the constitutive relation as

P =
∂Ψ

∂F
. (2.97)

A commonly used model is the compressible Neo-Hookean material, where the strain energy
density [19] is expressed as

Ψ(F ) =
µ

2
(tr(C)− 3)− µ log J +

λ

2
(log J)2, (2.98)

where µ and λ are the Lamé parameters, J = detF is the determinant of the deformation gradient,
and C = F⊤F is the right Cauchy-Green deformation tensor.

3D formulation
For 3D problems, the deformation gradient (Eq. 2.96) can be written in terms of the displace-

ment components as

F =

Fxx Fxy Fxz
Fyx Fyy Fyz
Fzx Fzy Fzz

 =


1 +

∂ux
∂X

∂ux
∂Y

∂ux
∂Z

∂uy
∂X

1 +
∂uy
∂Y

∂uy
∂Z

∂uz
∂X

∂uz
∂Y

1 +
∂uz
∂Z


, (2.99)
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where X, Y, Z are the reference coordinates.
Similarly, the right Cauchy-Green deformation tensor C = F⊤F can be expressed as

C =

Cxx Cxy Cxz
Cyx Cyy Cyz
Czx Czy Czz



=


F 2
xx + F 2

yx + F 2
zx FxxFxy + FyxFyy + FzxFzy FxxFxz + FyxFyz + FzxFzz

FxyFxx + FyyFyx + FzyFzx F 2
xy + F 2

yy + F 2
zy FxyFxz + FyyFyz + FzyFzz

FxzFxx + FyzFyx + FzzFzx FxzFxy + FyzFyy + FzzFzy F 2
xz + F 2

yz + F 2
zz

.
The strain energy density function as provided in Eq. 2.98 requires the trace of C which can be

obtained as

tr(C) = Cxx + Cyy + Czz

= F 2
xx + F 2

yx + F 2
zx + F 2

xy + F 2
yy + F 2

zy + F 2
xz + F 2

yz + F 2
zz.

(2.100)

By inserting Eq. 2.100 into Eq. 2.98, we can easily calculate the strain energy density function.
Since we will employ the minimum potential energy principle (see Section 2.2.3.3) in the
following sections, the components of the strong form of the large deformation theory (Eq. (2.94))
will not be explicitly expressed.

2D plane strain formulation
For 2D problems under plane strain assumptions, the deformation gradient (Eq. 2.96) can be

written in terms of the in-plane displacement components as

F =

[
Fxx Fxy
Fyx Fyy

]
=

1 +
∂ux
∂X

∂ux
∂Y

∂uy
∂X

1 +
∂uy
∂Y

, (2.101)

The right Cauchy-Green deformation tensor C = F⊤F is given by:

C =

[
Cxx Cxy
Cyx Cyy

]
=

 F 2
xx + F 2

yx FxxFxy + FyxFyy

FxyFxx + FyyFyx F 2
xy + F 2

yy

.
The strain energy density function in Eq. 2.98 requires the trace of C, which becomes:

tr(C) = Cxx + Cyy

= F 2
xx + F 2

yx + F 2
xy + F 2

yy.
(2.102)

By inserting Eq. 2.102 into Eq. 2.98, the strain energy density function can be directly evaluated.
Since the problem is now restricted to 2D, the expression for the strain energy density becomes

Ψ(F ) =
µ

2
(tr(C)− 2)− µ log J +

λ

2
(log J)2 , (2.103)
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where the subtraction of 2 (instead of 3 as in the 3D case) accounts for the reduced dimensionality
under the plane strain assumption. For plane stress conditions, it is quite challenging to obtain the
strain energy density function.

While both plane strain and plane stress formulations are used in 2D formulation, the plane
strain model is generally more straightforward to implement for hyperelastic materials. This is
because it is essentially a 3D formulation with the strain in the out-of-plane direction constrained
to zero. In practice, this condition can be enforced by simply setting Fzz = 1 in the deformation
gradient.

In contrast, the plane stress model requires that the out-of-plane stress vanishes (i.e., σzz = 0),
which is a more complex condition to impose in nonlinear elasticity. As a result, the plane stress
formulation for hyperelasticity involves additional algebraic manipulation or iterative numerical
procedures, making it significantly more involved than the plane strain case. Therefore, in this
work, hyperelasticity for 2D problems is considered under the plane strain assumption.

2.2.3.2. Stress measures

In finite strain hyperelasticity, different stress measures are used depending on whether quantities
are expressed in the reference or current configuration. These stress tensors are all derived from
the strain energy density function Ψ, which depends on the deformation gradient F or the right
Cauchy-Green tensor C.

Second Piola-Kirchhoff stress tensor: This stress measure is symmetric and defined in the
reference configuration. It is energetically conjugate to the Green-Lagrange strain tensor and is
given by

S = 2
∂Ψ

∂C
. (2.104)

For the compressible Neo-Hookean material, applying the chain rule to Ψ(C) leads to

S = µI − µC−1 + λ log JC−1, (2.105)

where C−1 is the inverse of the right Cauchy-Green tensor. Moreover, the Green-Lagrange strain
tensor can be expressed as

E =
1

2
(C − I). (2.106)

First Piola-Kirchhoff stress tensor: This tensor is a two-point stress measure, mapping
vectors in the reference configuration to the current configuration. It is expressed as

P = F S. (2.107)

Unlike the second Piola-Kirchhoff tensor, P is generally not symmetric. It appears in the weak
form of the balance of linear momentum and is directly used in finite element formulations based
on the reference configuration.

Cauchy (true) stress tensor: The Cauchy stress tensor is defined in the current (deformed)
configuration and represents the actual physical stress acting on the deformed body. It is obtained
from the first Piola-Kirchhoff stress tensor as follows

σ =
1

J
P F⊤ =

1

J
F S F⊤. (2.108)

26



2.2. Solid mechanics

This transformation ensures that the Cauchy stress tensor is symmetric and correctly represents
the force per unit area in the deformed configuration.

Remark 2.2.2: Compressibility vs. Incompressibility

The Neo-Hookean strain energy density function provided in Eq. (2.98) is valid for com-
pressible materials, where the volume may change under deformation. However, many
solid materials are nearly or fully incompressible.
For incompressible materials, the volume remains constant, which implies that the determi-
nant of the deformation gradient satisfies

det(F ) = J = 1 ⇒ log J = 0.

Substituting this condition into the strain energy density yields

Ψ(F ) =
µ

2
(tr(C)− 3) .

Accordingly, the second Piola-Kirchhoff stress tensor becomes

S = µI − µC−1.

2.2.3.3. Minimum potential energy principle

The total energy of a hyperelastic body in finite strain theory consists of contributions from
internal energy, external work (due to body forces and tractions), and kinetic energy (in dynamic
cases).

The internal energy stored in the material due to deformation is given by the following relation

U =

∫
Ω0

Ψ(F ) dV0, (2.109)

where the strain energy density function is integrated over the undeformed volume V0.
The external potential energy, which accounts for the work done by prescribed tractions and

body forces, is expressed as:

Wext =

∫
∂Ωσ,0

t̂0 · u dA0 +

∫
Ω0

b̂0 · u dV0. (2.110)

Similarly, the applied traction t̂0 is integrated over the undeformed boundary surface A0 and the
body force b̂0 is integrated over the entire domain, i.e. V0.

For dynamic problems, the kinetic energy of the system is expressed as

K =

∫
Ω0

1

2
ρu̇ · u̇ dV0. (2.111)

The total potential energy ΠS[u] is then defined differently for static and dynamic settings. For
static problems (no inertia), it is defined as

ΠS[u] = U −Wext. (2.112)
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The principle of minimum potential energy states that the equilibrium displacement field mini-
mizes the total potential energy such as

δΠS[u] = 0. (2.113)

For dynamic problems, the governing equations of motion can be derived from Hamilton’s
principle of stationary action. The Lagrangian function of a dynamic system can be expressed as

L[u] = K − U +Wext, (2.114)

and the motion of the system satisfies:

δ

∫ T

0

L[u]dt = 0, (2.115)

where the time integral [0, T ]. Note that in the following sections, we focus exclusively on static
problems in the context of finite strain hyperelasticity.

2.3. Contact mechanics

2.3.1. Overview

Contact mechanics is a specialized subfield of solid mechanics that examines the interactions
between surfaces in contact, focusing on their mechanical response under deformation. It plays
a critical role across diverse fields such as tribology (e.g., analysis of wear and lubrication),
biomechanics (e.g., joint articulation and dental contact mechanics), structural engineering (e.g.,
analysis of bearings, bolted joints, and beam-to-solid interactions), and various manufacturing
processes (e.g., metal forming, machining, stamping, and welding).

In this thesis, we investigate macro-scale contact problems considering both small and large
deformations, under the assumption of frictionless contact. This allows us to isolate normal
contact behavior without complexities from tangential effects.

2.3.2. Frictionless contact under small deformations

2.3.2.1. Governing equations

Consider a three-dimensional contact problem between an elastic body and a stationary rigid
obstacle, as depicted in Fig. 2.11. In the reference configuration, the elastic body is denoted by Ω0,
and in the deformed (current) configuration, it is represented by Ωt. The rigid obstacle remains
fixed in its configuration, labeled as Ωr. Fig. 2.11c shows a scenario where the two bodies are in
contact.

The surface of the elastic body is divided into three distinct regions: the Dirichlet boundary ∂Ωu,
where the displacements are prescribed; the Neumann boundary ∂Ωσ, where external tractions
are applied; and the potential contact boundary ∂Ωc, where contact conditions may be enforced.
The actual contact surface forms a subset of ∂Ωc and is determined as part of the solution process.
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Figure 2.11.: Illustration of a contact problem between an elastic body and a rigid obstacle.
(a) Reference configuration, (b) deformed (current) configuration, (c) boundary
conditions, showing the gap gn, tangential traction tτ , and contact pressure pn.

Recall the governing equations of linear elasticity for completeness as

∇ · σ + b̂ = ρü in Ω× [0, T ], → (BE) (2.116)
u = û on ∂Ωu × [0, T ], → (DBC) (2.117)

σ · n = t̂ on ∂Ωσ × [0, T ]. → (NBC) (2.118)

The displacement vector u describes the motion of the elastic body from the reference configura-
tion X to the current configuration x (see Fig. 2.11(a, b)), and is defined as follows

u = x−X. (2.119)

The gap function gn measures the normal distance between the elastic and rigid bodies in the
current configuration, and is given by

gn = −n · (x− x̂). → (GF) (2.120)

Here, x̂ represents the closest point projection of x onto the surface of the rigid body Ωr (see Fig.
2.11b). The contact traction vector tc can be expressed as

tc = pnn+ tξττ
ξ + tηττ

η, (2.121)

where
tc = σ · n on ∂Ωc. → (CST) (2.122)

According to Cauchy’s stress theorem (CST), the stress tensor σ maps the normal vector n to
the traction vector tc. It is assumed that the boundary vectors n, τ η, and τ ξ can be computed in
the reference configuration under the assumption of small deformations (linear elasticity) [152].
Since contact constraints are defined in the current configuration, the traction components pn, tξτ ,
and tητ are obtained by traction vector decomposition (TVD) of the contact traction vector tc as

pn = tc · n, tξτ = tc · τ ξ, tητ = tc · τ η. → (TVD) (2.123)
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Note that in 2D contact problems, only one tangential traction component is present, i.e. tτ . For
normal contact problems, the classical Karush-Kuhn-Tucker (KKT) conditions, also known as
the Hertz-Signorini-Moreau (HSM) conditions, and the frictionless sliding conditions (FSC) are
defined as

gn ⩾ 0, (a)
pn ⩽ 0, (b)

pngn = 0, (c)

 → (KKT) (2.124)

tξτ = 0, (a)
tητ = 0. (b)

}
→ (FSCs) (2.125)

The system of equations in (2.124) represents the classical Karush-Kuhn-Tucker (KKT) con-
ditions. These conditions capture the essential aspects of a normal contact problem, ensuring
non-penetration, physical admissibility of the contact pressure, and the complementarity between
the gap and the contact pressure.

The first condition (2.124a) enforces the non-penetration constraint, which is a fundamental
requirement in contact mechanics. It ensures that the elastic body does not interpenetrate the rigid
obstacle. In the case of two bodies being in contact, the gap gn becomes zero, indicating that the
surfaces are in physical contact without any overlapping. When gn > 0, the bodies are separated
by a positive gap, and no contact force is exerted.

The second condition (2.124b) imposes that the contact pressure pn is negative. This implies
that the contact pressure acts only in compression and not in tension, meaning no adhesive
or tensile forces are allowed in the contact zone. This condition is essential for ensuring a
physically realistic response, as tensile stresses would indicate an unphysical adhesion between
the contacting surfaces.

The third condition (2.124c) is the complementarity constraint, which states that the contact
pressure and the gap cannot be simultaneously non-zero. This implies that if the bodies are in
contact (gn = 0), the contact pressure pn must be non-zero (compressive). Conversely, if the
bodies are not in contact (gn > 0), the contact pressure must be zero. This complementarity
condition distinguishes between active contact (when there is physical interaction between the
surfaces) and inactive contact (when the surfaces are separated). It also highlights the nonlinear
nature of contact problems, as the status of each point on the potential contact surface can change
during the analysis.

The frictionless sliding conditions (FSCs) in (2.125) describe the behavior of the tangential
traction components at the contact interface. These conditions, denoted as tξτ = 0 and tητ = 0,
indicate that the tangential components of the contact traction vector vanish. This reflects the
assumption of a frictionless contact interface, where no resistance is expected against relative
tangential movement between the surfaces.

Together, the KKT conditions and the frictionless sliding conditions form a complete set of
constraints that govern the behavior of the contact interface in this problem. The KKT conditions
handle the normal contact behavior, ensuring that the surfaces do not interpenetrate and that
the contact pressure remains physically admissible. The FSCs address the tangential behavior,
enforcing a zero tangential traction in the case of frictionless contact.

For further details on constitutive models for contact mechanics, including frictional interac-
tions, see [126, 127, 129, 178].
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2.3.2.2. Mixed-variable contact formulation

As discussed in Section 2.2.2.3, where the mixed-variable formulation for solving the equations
of linear elasticity was introduced, we now extend this approach to address contact mechanics
under small deformation, including frictionless sliding conditions. This extension incorporates
the principles of contact mechanics into the framework of the mixed-variable formulation.

Fig. 2.12 illustrates Tonti’s diagram based on the Hellinger-Reissner (HR) principle for contact
problems formulated under linear elasticity with frictionless sliding conditions. The connections
in the diagram associated with linear elasticity have already been detailed in Fig. 2.10. Thus,
this discussion focuses on the elements and connections specific to contact mechanics, which are
highlighted in red.

Inspired by the Hellinger-Reissner principle, we develop a Tonti’s diagram tailored for contact
problems. This diagram operates with two primary variables: the displacements u and the stresses
σ. Secondary, or slave, variables are derived from these primary variables and include σu, εu, u̇,
ü, pn, gn, tc, tξτ , and tητ . These secondary variables serve as intermediates in the solution process.

The gap function (GF), as defined in Eq. 2.120, computes the separation between the two
bodies based on the displacement field. Similarly, the contact traction tc is determined using
Cauchy’s stress theorem (CST) from the stress field, as expressed in Eq. 2.122. The contact
traction is then decomposed into its normal component pn and tangential components tξτ and tητ .

• The computed gap gn and the normal pressure pn are used to fulfill the Karush-Kuhn-
Tucker (KKT) conditions, as given in Eq. 2.124. These conditions ensure non-penetration,
admissible contact pressure, and complementarity.

• The tangential traction components tξτ and tητ are employed to enforce the frictionless sliding
conditions, as specified in Eq. 2.125.

Together, these formulations provide a comprehensive framework for solving contact problems
in small deformation elasticity with frictionless sliding conditions.

2.3.3. Frictionless contact under large deformations

Governing equations

In terms of large deformations, this thesis focuses on the frictionless contact problems using the
minimal potential energy principle. For quasi-static contact problems, the total potential energy
can be expressed as

Π = ΠS +ΠC, (2.126)

where, ΠS denotes the finite strain potential energy defined in Eq. 2.112 and ΠC represents
the contact potential energy. As the finite strain theory for the hyperelastic materials has been
explained in Section 2.2.3, we will dive into the formulation of only the contact potential in this
section. There are several ways to formulate the contact potential. In this work, we will only dive
into penalty-based and augmented Lagrange-based contact formulations [124, 126].
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BE

DBC
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Linear elasticity Contact mechanics

Figure 2.12.: Tonti’s diagram of Hellinger-Reissner (HR) principle applied to linear elastic contact
problems with frictionless sliding conditions.
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Penalty-based contact potential

The penalty-based contact potential can be expressed as

ΠC =
1

2

∫
∂Ωc

ϵ⟨−g⟩2 dA0. (2.127)

Here, ϵ is a user-defined and problem-specific penalty parameter. The term g denotes the relative
displacement between two bodies, commonly referred to as the gap vector. Similar to the gap
function defined in Eq. 2.120, the gap vector between an elastic body and a rigid obstacle, as
illustrated in Fig. 2.11, is expressed as

g = x− x̂, (2.128)

with

x = X + u. (2.129)

Here, x̂ is the closest point projection of x onto the surface of the rigid body Ωr (see Fig. 2.11b),
u is the displacement vector which describes the motion of the elastic body from the reference
configuration X to the current configuration x. Note that the gap vector formulation is also
frequently applied in mesh tying problems.

Augmented Lagrange-based contact potential

The augmented Lagrange-based contact potential [124] can be expressed as

ΠC =
1

2ϵ

∫
∂Ωc

⟨−λ(k) − ϵg⟩2 dA0, (2.130)

where λ(k) is the Lagrange multiplier at iteration k, updated iteratively based on the Uzawa
algorithm [95]. This approach augments the standard penalty method by adaptively updating the
Lagrange multiplier, thereby improving the enforcement of the contact constraint while avoiding
the need for excessively large penalty parameters.

The augmented Lagrange-based contact potential formulation is presented in Algorithm 1. The
procedure begins with the initialization λ(0) = 0, which corresponds to the classical penalty-
based contact formulation. During training, the Lagrange multiplier is updated periodically using
an Uzawa-type scheme to improve constraint enforcement. Specifically, every ifreq iterations,
the multiplier is updated according to λ(k+1) = −ϵ⟨−g(k)⟩, where ⟨·⟩ denotes the Macaulay
bracket, ensuring that only interpenetration is penalized. The update frequency is controlled
by the user-defined parameter ifreq, which can, for instance, be associated with loading steps or
displacement increments. After each multiplier update, the counter k is incremented to track
the update history At every step, regardless of the update, the contact potential is computed
as ΠC = 1

2ϵ

∫
∂Ωc
⟨−λ(k) − ϵg⟩2 dA0, which combines penalty and Lagrange terms into a single

variationally consistent and differentiable energy density. This approach allows for progressive
enforcement of the contact constraint while preserving smooth optimization behavior.
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Algorithm 1 Augmented lagrange-based contact potential
Inputs:

ϵ: user-defined and problem-specific penalty parameter
niter: number of training iterations
ifreq: frequency to activate the Uzawa update

Output:
ΠC: Contact potential

procedure AUGMENTEDLAGRANGECONTACTPOTENTIAL(ϵ, niter, ifreq)
Set the counter k = 0 for update step
Initialize the lagrange multiplier λ(0) = 0
for each iteration i = 1 : niter do

if (i mod ifreq) = 0 then
Update the lagrange multiplier

λ(k+1) = −ϵ⟨−g(k)⟩

k = k + 1
end if
Calculate the contact potential

ΠC =
1

2ϵ

∫
∂Ωc

⟨−λ(k) − ϵg⟩2 dA0

end for
return ΠC

end procedure
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2.4. Rough surface contact problems

At the micro scale, we shift our attention to rough surface contact problems, which are essential
for understanding the behavior of real-world surfaces that are never perfectly smooth. These rough
surface contact models serve as foundational examples for data-centric approaches in solving
contact mechanics problems as we will explain in Chapter 4. Therefore, a detailed overview
on rough surface contact mechanics is provided due to its importance in the development of
data-centric methods.

2.4.1. Overview

The vast majority of real surfaces, either natural or artificial, only collide within a small set of
touching points or touching zones when brought into contact under moderate pressure. This
defines a so-called effective contact area much smaller than the nominal contact area observed at a
scale comparable to the surface extension in space. The reason for this behavior is that surfaces are
affected by finely spaced irregularities and deviations from the ideal shape that include scratches,
pits, grooves and, in general, jaggedness resulting from external factors or machining processes,
with characteristic dimensions spanning several different scales. These imperfections are referred
to, in the literature, as surface roughness, for which a comprehensive theory relevant to surface
metrology can be found in Whitehouse [173].

The correct assessment of the effective contact area is a problem of paramount importance in
numerous engineering and physics applications, since this quantity governs many coupled multi-
physics phenomena happening at the contact interface, either mechanical, thermal or electrical.
The excellent review presented in the work of Vakis et al. [167] accurately describes this complex
scenario, referred to by the authors as a true “paradise of multiphysics”.

As a direct consequence of the utmost importance of this topic, a vast ecosystem of solution
methods has developed over the last decades, which could be broadly categorized into analytical
and numerical approaches. The first modern quantitative approach belongs to the first class and
dates back to the seminal work of Greenwood and Williamson [66]. They developed the first multi-
asperity model for the analysis of the relationship between real contact area and normal reaction
force in a rough contact, and paved the way for all the subsequent analytical models whose
detailed descriptions would, unfortunately, fall outside the scope of the presented publication.
The interested reader is referred to Barber [9, §6] for a thorough list and detailed breakdown
of the most important analytical models that have been developed during the last eighty years.
These models have all proven to be excellent tools to gain a deep and fundamental understanding
of the problem under examination, and they are still used nowadays given their accuracy and
speed of deployment. Nonetheless, they are characterized by some intrinsic limitations that make
them unsuitable concerning various specific contexts. Analytical models are limited to derive
results in a global sense, meaning that they can not deliver local information for specific points of
the interface and, furthermore, have to rely on strong assumptions regarding surface geometry.
To overcome their limitations, and thanks to the dramatic increase in terms of computational
resources available, several numerical models have been developed parallel to analytical models
for approximating solutions of rough contact problems.
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Conventional models for rough contact analysis

As of today, three main approaches, two based on continuum mechanics and one on atomistic
models, are commonly used as computational workhorses for the numerical treatment of rough
contact problems. Within the first category fall the Boundary Element Method (BEM), was
first used in a paper by Brebbia and Dominguez [31] and specifically elaborated for rough
contact by Xu and Jackson [184], and the Finite Element Method (FEM), for which related
comprehensive computational contact schemes have been proposed by Wriggers [179], Popp et
al. [126], Wriggers and Popp [177] for example with suitable numerical algorithms and solvers
contributed by Adams [2], Wiesner et al. [174, 175] or Mayr and Popp [107].

In BEM models, the rough contact problem is cast as the equivalence between the interface
displacement field and a Boundary Integral Equation (BIE) coincident with the spatial convolution
over the contact domain between a Green’s function and an unknown contact traction field. In
BEM, the problem complexity is reduced by one dimension, thus making it a very efficient tool,
capable of delivering very accurate information on local displacements and contact tractions,
see for example Pohrt and Li [122], Vollebregt [170], or Bemporad and Paggi [16] for a review
of different possible implementations of the method. Since global quantities can be directly
derived, it also proved itself a suitable tool for the comparison of the results delivered by different
analytical models. Systematic research on this subject can be found in Paggi and Ciavarella [115],
Carbone and Bottiglione [38], and Yastrebov et al. [189]. Despite this method being capable of
analyzing any kind of surface without a priori assumptions on the asperities distribution, one
drawback is that it is mostly limited to infinitesimal strain and linear material laws. Extensions of
the method can be found to account for bulk plasticity, viscoelasticity or generic conditions for
which a Green’s function is not available in analytical form, see e.g. Jacq et al. [81], Putignano
and Carbone [133], and Zhao et al. [194] for respective exemplary instances of these three cases.
They unfortunately remain limited niche exceptions.

On the other hand, the FEM is much more versatile, since it can deal with the desired material
law, finite deformations, finite size domains and complex boundary conditions. As a drawback,
every part of the domain has to be discretized, so that the higher computational cost must be
justified by specific requirements for the problem to be solved. The last twenty years have seen a
continuous growth of the use of the FEM applied to the context under examination. In this regard,
the first example can be traced back to Hyun et al. [79] for the adhesiveless frictionless contact
between elastic bodies with rough surfaces, later extended by Pei et al. [119] to account for an
elastoplastic response. The FEM has also been employed by Yastrebov et al. [190] for the solution
of rough contact with finite plastic deformations and in Carvalho et al. [39] for the solution of
Signorini problems involving deformable bodies in contact with geometrically complex rigid
surfaces. Recently, a new method has been developed by Paggi and Reinoso [117] for a simplified
yet accurate analysis of rough contact problems using FEM, in which the rough surface needs not
to be explicitly modeled, but its shape is embedded in a layer of interface finite elements. The
method, named MPJR (eMbedded Profile for Joint Roughness), was originally designed for the
solution of two-dimensional adhesive rough contact problems, and has later been extended in
Bonari et al. [23] to include friction and in Bonari et al. [22] to solve three-dimensional contact.
The framework aims at bypassing some shortcomings that are faced when solving rough contact
problems using FEM, namely the care required in the mesh generation process to avoid negative
Jacobians and the difficulty related to the explicit discretization of the rough geometry.
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Molecular Dynamics (MD) methods fall within the last category of numerical models. They
can trace the kinematics of every single atom by computing its interaction with all particles in the
domain, using a predefined potential. Since every atom has to be explicitly modeled, the dynamic
interaction time scales are inherently low, and the method is therefore particularly suitable for the
analysis of very limited space and time domains; cf. [167, §2.5]. To overcome this, the elastic
potentials of a single layer of atoms can be normalized to incorporate the elastic interactions
proper to a semi-infinite solid. This Green’s Function Molecular Dynamics (GFMD) approach,
developed by Campañá et al. [37], proved to deliver very accurate solutions, as demonstrated by
the results of the recent contact mechanics challenge issued by Müser et al. [112].

To leverage the advantages of one method over its drawbacks, multi-scale approaches can be
defined, in which different models are employed for the solution of different scales of the problem,
with information exchange enforced across the scales. In Bonari et al. [21], FEM is used at the
macro-scale, where a perfectly smooth interface is considered, while BEM is employed for the
solution of a micro-scale rough contact problem. A bidirectional coupling between the two scales
is enforced in terms of mean-plane separation.

2.4.2. Problem formulation
A rough surface contact problem typically refers to a class of engineering challenges that involves
the interaction between two surfaces which are conformal at the macro-scale, but non-conformal
at smaller scales, given the presence of micro-scale textures, defects, or, in general, asperities [84].

The study of these problems stemmed from the attempt to explain Coulomb’s law of friction -
specifically, the observation that the tangential force Q required for the relative sliding of two
bodies in contact is proportional to the normal force P that pushes them together, and independent
of the observable contact area [28]. However, at the microscopic level, real surfaces are rough and
contact occurs only at discrete asperities, forming the effective contact area Ae which is typically
much smaller than the nominal contact area. This effective contact area plays a crucial role in
friction, wear, and sealing mechanisms, as it governs the actual load-bearing capacity and energy
dissipation at the interface [168]. Therefore, its correct assessment is essential for the analysis of
physical phenomena related to friction, wear, and sealing, i.e., the class of problems investigated in
the field of tribology [168]. On top of that, thanks to electro- and thermo-mechanical analogies [8],
the effective contact area also plays a crucial role in the study of electrical and thermal exchanges
at the interface level.

Many analytical models have been developed for the identification of the effective contact area
in this context, but they rely on strong assumptions for the statistical distribution of the elevation
field describing the rough surface and, most importantly, they deliver a global response that can
not describe the solution at every point of the contact domain. In contrast, numerical models can
not only estimate the effective contact area but also determine the contact status of each interface
point–that is, identify which points are in contact and which are not.

A common numerical analysis approach is based on the hypothesis of scale separation. Consider
the two bodies Bi, i ∈ {1, 2}, represented in Fig. 2.13, brought into contact by the action of an
external load, which can be an applied force or an imposed act of motion ∆, the latter going
under the name of far-field displacement. We assume that the shapes of the contacting surfaces
Si, which correspond to portions of the boundaries ∂Bi of the bodies, match or conform to each
other, enabling the creation of a finite nominal contact area. In this case, a nominally smooth

37



2. Computational Mechanics: Initial and Boundary Value Problems

Figure 2.13.: Graphical representation of the problem under consideration. At a macroscopic
scale, two deformable bodies come into contact under the action of an external
imposed displacement ∆. At the microscopic scale, roughness features can be
revealed, resulting in an effective contact area Ae much smaller than the nominal
contact area that is assumed at the macroscopic scale.

contact interface Γ can be defined, encompassing Si along with the underlying portions of the
material bulk.

We now assume that the contacting surfaces are microscopically rough, and focus the attention
on a subset of Γ small enough to make the roughness characteristics relevant. This subset is
referred to as a Representative Surface Element (RSE). In most cases analyzed in the literature,
the RSE is modelled as a square patch with size L, discretized on a Cartesian grid with n points
per side and grid size gl = L/(n− 1). On this grid, roughness is described by two discrete height
fields zi ∈ Rn×n, i.e., a height value for both rough surfaces is assigned to every node of the grid,
calculated from a reference datum plane Ω for each of the surfaces Si.

If the macroscopic, nominally smooth contact interface Γ is flat, Ω can be considered as part of
Si. Otherwise, it can be regarded as the tangent plane at the point under consideration: given the
hypothesis of scale separation, we assume that the local radius of curvature R satisfies R >> L,
where R is the common local radius of curvature for both Si.

If this approach is chosen, a variable for the number of points in contact, nc, can be introduced
and the effective contact area for the RSE expressed as:

Ae = 100
nc g

2
l

L2
%. (2.131)

If the bodies in contact are linear elastic, the solution of the contact problem in terms of Ae, or,
equivalently, nc, is only governed by the relative normal displacements ui of opposite points
belonging to the two sides of Γ.[8, §2.2] Thanks to this property, the problem can be simplified and
re-formulated as a contact problem involving a rough rigid surface characterized by a combined
height field z = z(zi) ∈ Rn×n and a semi-indefinite linear elastic half-space with composite
mechanical parameters E = E(Ei) and ν = ν(νi) cf. Fig. 2.14. However, given the assumptions
of linearity, and since for small values of Ae a well acknowledged result in tribology is the
proportionality between contact area and imposed load, it can be concluded that the actual pattern
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of contact spots is dictated by the surfaces topography only, and not by value of the composite
Young’s modulus.

Elastic half-space

Rigid rough surface

Figure 2.14.: Schematic depicting the standard rough surface contact problem. Since a composite
formulation is applied, the rough surface is assumed to be rigid while the flat surface
is linear elastic with composite material properties.

2.4.3. Random Midpoint Displacement algorithm

The Random Midpoint Displacement (RMD) algorithm is a well-established method for producing
surfaces with realistic properties. Originally introduced by Fournier et al. [54], it is commonly
used to generate self-affine fractal surfaces [120]. This algorithm is a recursive process that starts
from the known heights of four points located at the corners of a square grid made of a single
cell with lateral side L. The cell is then split in four, resulting in a grid with nine nodes and four
smaller cells with side L/2. Then, a height is assigned to each of the five newly created nodes.
The height of the four nodes on the edges is given by the mean value of the heights of the two
adjacent corner nodes plus a random perturbation extracted from a Gaussian distribution with
zero mean and standard deviation σ0. The height of the central node is given by the mean value of
the four corner nodes plus a random perturbation extracted from the same Gaussian distribution
N (0, σ0) used for the edge nodes. The process is repeated as many times as desired, and for every
iteration the standard deviation associated with the Gaussian distribution is scaled by a factor
2−H , where H is the generalized Hurst exponent. In this study, a range between 0.5 and 0.8 is
chosen for H . This range includes typical values observed in many artificial surfaces [120] and in
various natural phenomena that exhibit fractal self-affinity [10, 17, 103]. The key point of the
algorithm is the scaling law of the standard deviation: it can be proven that for this value the
height variation between grid points separated by a distance 1/2n is proportional to 1/2nH , as
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required by the definition of self-affine processes [10]. An illustrative example of how the RMD
algorithm works is given in Fig. 2.15. In the current study, surfaces with both 128 × 128 and
256× 256 elements per side have been investigated, thus employing seven and eight iterations of
the RMD algorithm, respectively.

grid size 2× 2 grid size 8× 8

grid size 32× 32 grid size 128× 128

Figure 2.15.: An illustration of the Random Midpoint Displacement algorithm. A higher inter-
action count k results in a finer discretization of the generated self-affine fractal
surface.

2.4.4. Statistical characterization of topographies

Statistical characterization of rough surfaces plays an important role in identifying hidden pat-
terns [192]. This result has been achieved by applying the Random Process Theory (RPT),
previously employed in the study of random noise signals, to the surfaces under examination.
Functional relationships can be drawn between the statistical parameters of the surfaces and
the features of the related contact problem. As an example, many analytical models predict
that the ratio between effective contact area and applied load is inversely proportional to the
mean square profile slope, which quantifies the average steepness of the surface asperities and is
mathematically defined as the expectation of the squared derivative of the surface profile [116].
Furthermore, many legacy asperity-based normal contact models, most of them stemming from
the pioneering works of Greenwood and Williamson [66], hinge on the distribution of the surface
heights.

The statistical characterization can be performed by considering the surface as a 3D entity,
sampling the height field and the summits (maxima in 3D) distributions, or by considering the
surface as a global assembly of multiple 2D section cuts, or profiles, and then analyzing each
profile’s heights, slopes and peaks (maxima in 2D) distribution [25]. Peaks are measured on
profiles generated by a profilometer which moves in both the x- and y-direction through the
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scan length of the topography as depicted in Fig. 2.16a. A profile can be characterized by peak
heights zp, the maximum of peaks zmax

p and the mean of peaks z̄p, see Fig. 2.16b. The statistical
parameters employed in this study are listed in Table 4.1. These parameters will later serve as the
foundation for developing data-driven methods, as introduced in Section 4.3.3.

(a)Profilometer
(b)

Figure 2.16.: (a) 3D representation of a rough topography. (b) A corresponding 2D profile
characterized by specific statistical parameters, such as peak heights zp,i with
accompanying maximum and mean values, zmax

p , z̄p, respectively.

2.4.5. State of the art: BEM-based numerical simulations
As stated in Section 2.4.2, the solution of the rough contact problem requires the determination of
surface displacements. The Boundary Element Method applied to rough contact problems [184]
is a robust numerical workflow to obtain boundary displacements u at the frontier of a deformable
body, in this case a linear elastic half-space. The formulation of the continuous problem starts
from the closed-form convolution of an applied traction field p with a Green function that can be
expressed as the following Boundary Integral Equation (BIE):

u(x, y) =
1− ν2

πE

∫
S

p(ξ, η)√
(x− ξ)2 + (y − η)2

dξdη. (2.132)

Assuming the action of the vertical far-field displacement ∆, that pushes the bodies in contact, an
indentation level u can be defined, that quantifies the interference of the rough surface and the
half-space, Fig. 2.17. The introduction of this quantity allows to state the contact problem as an
infinite dimensional Linear Complementarity Problem (LCP):

g(x, y) ≥ 0, p(x, y) ≥ 0,

g(x, y)p(x, y) = 0, (2.133)

where g = u− u. Equations (2.132) and (2.133) above can be discretized on the Cartesian grid
introduced in Section 2.4.2, resulting in the finite dimensional LCP:

g ≥ 0, p ≥ 0,

g · p = 0, u = H · p,
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where the discretized field variables w ∈ Rn×n and p ∈ Rn×n are coincident with the integral
average value of the equivalent continuous quantities, evaluated in correspondence of the center
of each cell gc. Under linear elasticity assumptions it can be proven that H is symmetric and
positive definite and that the problem has a unique solution. The values to be used in the definition
of the matrix H are dependent on the discretization framework employed. The interested reader
is pointed to, among the others, [16, 122] for possible choices of the influence coefficients.

Figure 2.17.: Under the action of the vertical far-field displacement ∆, the deformable bodies are
pushed into contact. To properly formulate the LCP problem, an interference u can
be defined, equal, at each node, to z − (zmax

p −∆).

Several open-source codes are available to solve rough contact problems using the formula-
tion presented above, e.g. MIRCO (co-developed by the authors themselves) [17], Tamaas [57]
and MultiFEBE [24]. Since we aim at simulating linear elastic frictionless contact between
a rigid rough indenter and an elastic half-space, MIRCO is used to run the numerical simula-
tions. Fig. 2.18 presents example results from contact simulations using two different surface
topographies created by the RMD, and two indentation levels, ∆0 = 25 µm and ∆1 = 35 µm.
For the same topographies, given in Fig. 2.18a and Fig. 2.18b, increasing the indentation level
leads to a larger effective contact area, as shown in Fig. 2.18d and Fig. 2.18e. On the other
hand, for the same indentation level (see Figures 2.18a and 2.18c), two different topographies
can lead to very different effective contact areas. The surface in Fig. 2.18c is much smoother
and consequently more points get in contact as can be seen from the resulting contact force
distributions in Figures 2.18d and 2.18f.

Furthermore, to illustrate the accuracy of MIRCO, a benchmark example, namely the contact
problem between an elastic half-space and a smooth paraboloid rigid indenter,[123] is investigated.
Analytical solutions for the contact force F and the normalized contact area An can be obtained
as:

F =
4

3

E

1− ν2
√
R∆3 and An = 100

πR∆

L2
, (2.134)

where R is the minimum radius of curvature of the paraboloid. For our specific setup, we set
R = 5,000 µm, L = 1,000 µm, and ∆ linearly varying from 0 µm to 1 µm. Fig. 2.19 shows a
comparison between the analytical solution and two numerical solutions obtained using BEM
with two different grid discretizations of 128× 128 and 256× 256 points per side. As shown in
Fig. 2.19a, the contact force computed using BEM matches the analytical solution well for both
grid resolutions. In contrast, the computed contact area slightly underestimates the analytical
solution at higher resolution, and is even smaller with the coarser grid, as illustrated in Fig. 2.19b.
These deviations stem from the method used to calculate the effective contact area. A simple
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(a) (d)

(b) (e)

(c) (f)

Figure 2.18.: The top row of images (Fig. a-c) shows two surface topographies generated by the
RMD. Dark blue indicates the deepest valleys, while dark red represents the highest
summits. The bottom row of images (Fig. d-f) shows the resulting contact force
per grid point f , for two far-field displacements ∆0 = 25 µm and ∆1 = 35 µm. The
corresponding effective contact area Ae is also shown.
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method is used to estimate the contact area by dividing the number of contact nodes by the total
number of nodes on the micro-scale surface. As a result, the finer grid leads to lower errors and
smoother results.

Figure 2.19.: Comparison between analytical and BEM solutions for the paraboloid rigid indenter
example. BEM models have surfaces discretized on a grid with 128 × 128 and
256× 256 points per side, respectively.

Although BEM is an efficient method, simulations can still become computationally expensive.
Fig. 2.20a presents the simulation times for different combinations of far-field displacements and
surface realizations. Each point represents the simulation time for a randomly generated surface
and a specific value of the far-field displacement. All surfaces are discretized on a 128× 128 grid.
The simulation time varies significantly across different far-field displacements. Additionally,
there is considerable variability in simulation time even for the same far-field displacement, which
can be attributed to differences in surface properties. Generally, larger far-field displacements and
smoother surfaces result in longer simulation times. Notably, both higher far-field displacements
and smoother surfaces are associated with increased contact areas. Fig. 2.20b illustrates this trend
by showing the relationship between simulation time and effective contact area. Clearly, larger
contact areas lead to longer simulation times.

The simulation time for a single run can reach up to approximately 1,750 s. While relatively
low compared to other large-scale models, this still makes multi-query analyses computationally
expensive. Such analyses-including parameter studies, sensitivity analysis, uncertainty quantifica-
tion, and parameter identification-are crucial for many real-world applications.[30, 47, 176] For
example, parameter studies and sensitivity analysis explore the influence of variables like grid
size or far-field displacement, while uncertainty quantification evaluates how input uncertainties
affect model outputs. Parameter identification, on the other hand, aims to infer model parameters
from data. All these tasks require running the model many times—often several thousands—
making them potentially prohibitively expensive due to the computational cost of individual BEM
simulations.
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2.4. Rough surface contact problems

Figure 2.20.: Comparison of simulation time for rough surface contact simulations with a grid size
of 128× 128. (a) shows the effect of different far-field displacements and surface
realisations on the overall simulation time. Each point represents a randomly
generated surface and a specific far-field displacement. (b) The correlation between
effective contact area and simulation time.
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3. Fundamentals of Machine Learning
Machine learning is a field of artificial intelligence (AI) which focuses on developing computer
systems that learn and improve from experience [108, 149]. Rather than being controlled by
explicit instructions for certain tasks, machine learning systems utilize data to grasp patterns,
connections, and insights, which can subsequently be used to make predictions and decisions, or
execute tasks autonomously.

As illustrated in Fig. 3.1, conventional programming or computing involves supplying both
the input data and the well-defined function to compute the model output which is the unknown
quantity. This well-defined function serves as a mapping between the input data and the model
output. On the other hand, machine learning aims to reveal the underlying pattern to predict the
unknown target function. Here, the model is trained using both input and output quantities to
learn these patterns.

Input
Computer

Function
Output

Input
Computer Function

Output

Conventional programming

Machine learning

Figure 3.1.: Comparison of classical programming and machine learning.

3.1. Machine learning terminology
To ensure a smooth transition before we delve into machine learning terminology in the following
sections, let us briefly explain some commonly used basic terms.

• Model: A mathematical representation or computer programs to capture the underlying
behavior or pattern in data.

• Features: The input variables or attributes used by the model.

• Target (label): The output variable or the model predictions.
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• Training set: It is used to train the model to obtain the optimal network parameters. Usually,
the training set comprises 60-80% of the entire dataset.

• Validation set: The dataset used during training to tune hyperparameters of the model.
Typically, it refers to 10-20% of the dataset.

• Test set: The dataset used for evaluating model performance after training. In other words,
it is used to show how well the model generalizes the unseen samples. Typically, the test
set represents 10-20% of the dataset.

• Model parameters: Learnable model parameters that are optimized during training.

• Overfitting: The trained model performs exceptionally well on training data but poorly on
unseen data. In other words, the model mimics the training data, including noise, delivering
poor performance on test data.

• Underfitting: A situation where the trained model is too simple, it cannot capture the
underlying

• Regularization: Techniques used to tackle overfitting by introducing a penalty term to the
loss function.

• Loss (cost) function: A measure of how accurately the predictions align with the actual
values in the training set.

• Optimizer: A process used to compute optimal model parameters that minimize the loss
function.

• Epoch: During the model training, refers to a single pass using the entire training dataset.

• Iteration: A single step of an optimizer to update the model parameters.

• Batch size: The number of training samples that a model processes in a single iteration.

• Hyperparameters: Parameters that specify and control the learning process; they are
usually set before training and can be optimized during training as well.

• Cross-Validation: A technique used during training to tune hyperparameters of the model.

• Performance metric: A measure of how accurately the predictions align with the actual
values in the test set.

3.2. Types of learning systems
Machine learning approaches can be classified into various groups based on the following criteria:

• Learning type: Learning system is based on how the labeled or unlabeled data is utilized, in
other words availability of human supervision (supervised learning, unsupervised learning,
semi-supervised learning, reinforcement learning)
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• Output type: Whether the predicted output quantity belongs to a class or is a continuous
value (classification or regression)

• Model on the fly: The decision criterion is whether the model is trained on the entire
dataset at once (batch learning), or the model is trained incrementally by providing it with
data instances (online learning)

• Model type: The decision criterion is whether to build a model by learning the pattern, i.e.,
optimizing the model parameters (model-based learning), or to use specific instances to
mimic the training data points (instance-based learning)

This classification can be further expanded by including other common model characteristics.
Nevertheless, in this thesis, the discussion is restricted to categorizations according to the learning
type.

3.2.1. Learning type

Machine learning models based on learning type are differentiated depending on the type and
amount of supervision. This branch mainly includes supervised learning, unsupervised learning,
semi-supervised learning and reinforcement learning.

3.2.1.1. Supervised learning

Supervised learning [100, 108] is a type of machine learning in which the model learns the
underlying pattern utilizing the labeled dataset or the known output quantities. In supervised
learning, the training data includes input-output pairs, where inputs denote the model features,
and outputs represent the labels or output quantities.

An illustrative example of supervised learning is provided in Fig. 3.2. Training data consists
of labeled samples, such as cats or dogs. The machine learning algorithm learns the underlying
pattern within this training set to distinguish whether a given sample is a dog or a cat in new
samples. This example demonstrates a classification problem in supervised learning. However,
supervised learning also encompasses regression problems. A key characteristic of supervised
learning is that all samples in the training set are labeled.

Some of the key supervised learning algorithms covered in this thesis are given as:

• k-Nearest Neighbors

• Linear Regression including derivatives

• Decision Tree

• Ensemble methods: Random Forest

• Boosting algorithms: AdaBoost, Gradient Boost, XGBoost

• Kernel-based methods: Kernel Ridge Regressor, Gaussian Process (GP) Regressor and
Support Vector Machines
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Dog Cat

DogCat

Dog

Labeled data

Machine learning 
algorithm Dog

Cat Cat

Figure 3.2.: An illustrative example for supervised learning (classification).

• Neural networks

In this thesis, we focus solely on regression models, as they serve as methods for the examples
in the upcoming chapters.

3.2.1.2. Unsupervised learning

In unsupervised learning [72], training data is not labeled, thus the machine learning algorithm
attempts to identify underlying patterns and structures within the dataset by creating and analyzing
similarities and differences among the samples, i.e., clustering of outputs.

As demonstrated in Fig. 3.3, the training dataset does not have any labeling, meaning there is
no information about the output quantities. The expectation is that the machine learning algorithm
will identify the underlying patterns by extracting features based on similarities and differences
within the samples. For instance, the model can form two distinct clusters, one for samples
collecting features that belong to cats (e.g., ear shape and whiskers), and another for samples
collecting features common between dogs, such as body type and snout.

Most common unsupervised learning algorithms are given as:

• Clustering:

– K-means Clustering,

– Hierarchical Clustering.

• Dimensionality reduction:

– Principal Component Analysis (PCA),
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Machine learning 
algorithm

Figure 3.3.: An illustrative example for unsupervised learning (clustering).

– t-Distributed Stochastic Neighbor Embedding (t-SNE).

• Association:

– Apriori algorithm,

– Eclat algorithm.

• Anomaly detection:

– One-Class SVM,

– Isolation Forest.

3.2.1.3. Semi-supervised learning

Semi-supervised learning [196], often referred to as weak supervision, combines elements of
both supervised and unsupervised learning by leveraging a small portion of labeled data together
with a larger set of unlabeled data. One of the simplest approaches to implement semi-supervised
learning is self-learning (also known as self-training). The procedure can be outlined as follows:

• Step 1: Train the model using the available labeled data (supervised learning stage). This
allows the model to capture the underlying patterns present in the labeled dataset.

• Step 2: Use the trained model to predict labels for a subset of the unlabeled data. Only a
small portion is selected in order to minimize the risk of propagating errors.

• Step 3: Combine the original labeled data with the newly labeled samples to form an
updated training set.

• Step 4: Retrain the model on the expanded dataset, thereby improving its ability to
recognize patterns in both the original and newly labeled data.
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• Step 5: Repeat Steps 2–4 iteratively until a satisfactory proportion of the unlabeled data
has been assigned labels.

As outlined in the steps of semi-supervised learning, this approach is inherently iterative and
may be computationally expensive. Nevertheless, it considerably reduces the manual effort
required for data labeling, since the algorithm automatically assigns labels to the unlabeled data
during training.

3.2.1.4. Reinforcement learning

In reinforcement learning [162], an agent learns the underlying pattern in data based on obtained
rewards by letting it interact with an environment. The aim is to maximize the positive reward
based on the actions the agent makes by trial and error.

An illustrative sketch of how reinforcement learning works is given in Fig. 3.4. The envi-
ronment has an initial state or observation, which is a representation of the current situation
or condition within the environment. Based on the current state and the policy function, the
agent selects an action to take. Here, the policy function can be considered as a set of guidelines
the agent follows to select actions. Based on the current state and the action, the environment
updates the state and delivers a reward to the agent. The reward provides an assessment of the
quality of the current action, indicating how good or bad the action taken is. In the next step,
this computed reward and the updated state are delivered to the agent. Based on the received
reward, the machine learning algorithm updates the parameters of the agent policy to maximize
the positive reward or minimize the negative reward. The machine learning algorithm in the
context of reinforcement learning includes approaches such as Q-Learning and Deep-Q-Networks.
Based on the updated policy function and the change in the state, the agent takes a new action.
Similar to semi-supervised learning, this is an iterative process. Ultimately, the agent learns which
actions lead to higher positive rewards and which do not.

Since reinforcement learning algorithms learn directly from interacting with the environment,
they can easily adapt to new states or conditions. However, this process requires numerous
interactions, making it time-consuming and expensive. Due to its self-learning and continuous
learning capability, reinforcement learning has been employed in various fields including the
game industry, robotics, healthcare and engineering.

3.2.2. Output type

Machine learning models can also be classified based on the type of output. This categorization
typically distinguishes between classification and regression tasks.

3.2.2.1. Classification

In classification tasks, the model predicts a discrete label or class for a given input. The output
space is finite and consists of a predefined set of categories. Classification is commonly used
in engineering applications such as crack detection in structural components [183], short-term
traffic flow forecasting [99], and fault diagnosis in induction motors [6].
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STATE ACTION

REWARD

Figure 3.4.: An illustrative example of reinforcement learning.

3.2.2.2. Regression

In regression tasks, the model predicts a continuous numerical value based on the input features.
The output is not limited to a finite set of categories, but can take on any value within a range.
Regression is widely used in engineering applications such as predicting stress, strain, and
deformation fields in materials and structural systems [106], forecasting the remaining useful life
(RUL) of mechanical components [155], among many others.

3.3. Regression in machine learning

Regression in machine learning is a supervised learning technique used to predict continuous
outcomes. The goal of a regression algorithm is to uncover the relationship between input features
and a quantitative target variable. For example, forecasting stock prices is a regression task
because the target value, the price, is continuous rather than categorical.

In this thesis, we will not cover all regression models, but rather focus on the most commonly
used ones. The illustration in Fig. 3.5 presents the regression models discussed in the following
sections, and additionally provides a categorization of these models. Tree-based models aim to
extract features by partitioning the feature space into smaller domains based on splitting rules.
The model can consist of a single tree (Decision Tree) or it can contain multiple trees, known as
an ensemble method, such as Random Forest. In boosting algorithms, multiple weak learners
(decision trees) are trained sequentially to achieve higher model accuracy in such a way that each
sequential tree improves the errors of its predecessor. Linear Regression generates linear models
between the input and output spaces through the optimal model parameters. In other words,
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Figure 3.5.: List and categorization of regression models in machine learning.
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the output quantity can be expressed as a linear combination of the input quantity. This branch
contains regularized models to avoid overfitting, such as Ridge, Lasso, and ElasticNet Regression,
and also a polynomial form for capturing nonlinear relationships, such as Polynomial Regression.
Kernel-based methods utilize kernel functions (often referred to as the kernel trick[110]), where
the kernel is deterministic, i.e., Kernel Ridge Regressor, and the kernel is probabilistic as in GP
Regressor. If the same kernel and hyperparameters are used, the mean function of a GP Regressor
is identical to the Kernel Ridge prediction. Support Vector Machines (SVM), a type of kernel-
based method, are employed to determine the optimal hyperplane that separates different feature
spaces. In the case of SVM regression, the objective is to identify the best-fitting hyperplane that
encompasses the majority of data points while maintaining a predefined margin. The k-Nearest
Neighbors (k-NN) algorithm is an instance-based learning method that uses specific samples to
mimic the training data. k-NN Regressor predicts the target quantity by finding the k nearest
data points via a distance metric and averaging the corresponding target values. Neural networks
extract the underlying pattern hidden in data by utilizing connected layers containing neurons
with activation functions. Since neural networks constitute the core models used in this thesis,
they will be explained in Sec. 3.4 in detail.

3.3.1. k-Nearest Neighbors

The k-Nearest Neighbors (k-NN Regressor) algorithm [44, 53] is regarded as the simplest
machine learning algorithm. It is an instance-based learning method, meaning that it does not
involve explicit learning, but rather mimics the training data. As it does not include learning
or training, it is also known as lazy algorithm. The concept behind k-NN Regressor (the k-NN
Regressoralgorithm for regression problems) is first to identify the k-Nearest neighbors and then
compute the average of their corresponding target values to obtain the model prediction. In
another saying, the average of predictions of the k-Nearest Neighbors algorithm is set as the
k-NN Regressor prediction. A pseudocode for k-NN Regressor is given in Algorithm 2, along
with explanations for each step.

As shown in the k-NN Regressor algorithm, k is a hyperparameter that has to be optimized.
Fig. 3.6 shows the effect of the different nearest neighbors k. Subplots demonstrate the k-NN
regression fit for k = 1 (left), k = 3 (center), and k = 10 (right). For smaller k values, the model
tends to overfit, meaning that the model mimics training data. For instance, with k = 1, the
training error is zero since the model perfectly memorizes the training data. This leads to a model
with high variance, delivering poor performance on unseen data. On the other hand, increasing k
leads to underfitting, meaning that k-NN Regressor can not generalize the given data anymore.
As k increases, the prediction curve becomes smoother, indicating a trade-off between bias and
variance. Therefore, to avoid both underfitting and overfitting, the optimal k has to be determined,
such as through cross-validation (see Sections 3.5 and 3.6 for more details on overfitting and
underfitting).

As seen in the Algorithm 2, k-NN Regressor is not an efficient method since it requires the
calculation of distance metric for every new unseen data. In other words, each prediction is
considered as a new training. On the other hand, in the case of multiple features, those with larger
magnitudes can dominate the model prediction due to the distance function. Therefore, feature
scaling techniques can be applied to avoid this domination.
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Algorithm 2 The k-NN Regressor algorithm
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
k: the number of nearest neighbors
x∗: unseen sample points
d(x̄,x): a distance metric

Output:
ŷ: predicted output

procedure KNNREGRESSOR(I, k,x∗, d)
Initialize the distance array D
for each training pair (xi, yi) ∈ I do

Di = d(x∗,xi) ▷ Compute the distance between x∗ and x
end for
sort(D) ▷ Sort the distance array (ascending)
ind = slice(D[: k]) ▷ Get the indices of k-nearest neighbors
ŷs = slice(ŷ[ind]) ▷ Get corresponding y values of nearest neighbors
ŷ = mean(ys) ▷ Compute the average ŷ of k-nearest neighbors
return ŷ

end procedure

Figure 3.6.: Comparison of results of k-NN Regressor for different values of k. Subplots demon-
strate the k-NN regression fit for k = 1 (left), k = 3 (center), and k = 10 (right).
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3.3.2. Linear Regression

The Linear Regression [48] algorithm can be considered also one of the simplest machine learning
approaches. The idea is to explain the output quantity as a linear combination of the input quantity
as follows

ŷi = b + w1xi1 + . . . wdxid. (3.1)

Here, ŷi denotes the model prediction for the sample i, where i ∈ [1, N ], xid denote the features
with d number of features, and learnable parameters of the model are denoted as b (the bias term)
and w (the weights). The equation of linear regression (Eq. 3.1) can be expressed also in vector
form such as

ŷ = Xθ,

where, X represents the input vector such as X = [1,x1, . . . ,xd] and θ is the learnable parame-
ters vector such as θ = [b, w1, . . . , wd]

⊤. ⊤ is the transpose operator. To facilitate matrix-vector
multiplication, an artificial ”1” is appended to the first column of the input vector. For example, if
we have a dataset with three features and three samples, the variables appear as follows:

X =

 1 x11 x12 x13
1 x21 x22 x13
1 x31 x32 x13

 , ŷ =

 ŷ1
ŷ2
ŷ3

 , θ =

 θ0 = b
θ1 = w1

θ2 = w2

 . (3.2)

In linear regression, the aim is to find the most accurate approximation of the actual values y,
such that

y ≈ ŷ(θ).

To fulfill this approximation, optimal parameters have to be determined. Thus, the cost function
or the loss function is introduced. In linear regression, the cost function quantifies the disparity
between the predicted and actual values in the training data set. There are distinct types of cost
functions based on the purpose (see 3.4.3.4 for details). The Mean Squared Error (MSE) is
commonly used in linear regression. So the MSE cost function for linear regression (in cumulative
form) is defined as

J(θ) =
1

2N

N∑
i=1

(yi − ŷi)2 =
1

2N

N∑
i=1

(yi − (θ0 + θ1xi1 + · · ·+ θnxid))
2 ,

and it can be expressed in the vector form as

J(θ) =
1

2N
(y −Xθ)⊤(y −Xθ). (3.3)

The aim is to find the optimal parameters that minimize the cost function. This can be achieved
in two ways: Normal Equation (the direct method) and Gradient Descent (the iterative method).

Normal Equation is a direct method that is developed based on the derivatives of the cost
function. By taking derivative of the cost function J(θ) with respect to θ and equating the
derivative to zero, we obtain the Normal Equation to get optimal parameters such as

θ = (X⊤X)−1X⊤y.
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The Normal Equation provides a closed-form solution for determining the optimal parameter
values. However, this approach involves several matrix operations, including multiplication,
transposition, and inversion, which can become computationally expensive when dealing with
large datasets with many samples and features. Moreover, if the matrix product X⊤X is ill-
conditioned (for example, when it has a high condition number), its inversion may lead to
numerical instability and inaccurate results.

In contrast, the Gradient Descent method is an iterative process to minimize the cost function.
The algorithm seeks to find the optimal θ by moving in the direction of the negative gradient of J .
The update rule is given by

θ = θ − η∇J(θ), (3.4)

where η is the learning rate, which controls the step size of each iteration. A detailed pseudocode
for Linear Regressor using Gradient Descent is given in Algorithm 3. The algorithm takes as
inputs the training data X and y, the cost function (mse), the learning rate η, the number of
iterations niter and a set of unseen test samples. The objective is to estimate the parameter vector
θ of the linear model by minimizing the cost function, and subsequently compute the predictions
based on the optimal model parameters.

Algorithm 3 Linear Regression using Gradient Descent (Vectorized)
Inputs:

I: training data in vector form X , y
J : cost function (mse)
η: learning rate
niter: number of iterations
x∗: unseen sample points

Output:
ŷ: predicted output

procedure LINEARREGRESSION(I, η, niter,x∗)
Initialize θ ▷ Initialize parameter vector
Get the number of samples N
for each iteration do

ŷ ←Xθ ▷ Compute the predictions

∇J ← 1

N
XT (ŷ − y) ▷ Get the gradient of the cost function

θ ← θ − η∇J ▷ Update parameters using gradient descent
end for
ŷ = [1 x∗]θ ▷ Compute the prediction based on optimal θ
return ŷ

end procedure

As explained above, the Normal Equation method delivers an analytical solution to determine
the optimal parameter, so it does not involve any hyperparameters. However, this approach
becomes computationally expensive when handling large datasets, as it involves multiple matrix
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operations, particularly matrix inversion. This situation can potentially cause computational
challenges, when particularly for ill-conditioned matrices. Thus, the Normal Equation method
is more appropriate for small to medium-sized datasets. In contrast, the Gradient Descent does
not face such limitations concerning dataset size, making it suitable for also large-sized datasets.
However, it is an iterative process and requires careful selection of hyperparameters, such as the
learning rate. For example, choosing a very small learning rate may result in slow convergence,
while a very large learning rate can cause the solution to diverge.

3.3.2.1. Polynomial Regression

Polynomial regression is a special type of linear regression where the output is predicted using pth

order polynomial such as
ŷi = b + w1x

1
i + . . . wdx

p
i . (3.5)

Although polynomial regression is a nonlinear function of x, it still remains linear with respect
to the parameters. Therefore, it is classified as a linear regression type. In general, higher-order
terms are simply treated as additional features. In other words, the model does not recognize that
x2 has a correlation with x. Note that Eq. 3.5 shows the polynomial regression formulation for a
single feature. However, it can be easily extended by adding polynomial terms for other features
as well.

Fig. 3.7 depicts a comparison of Linear Regression and Polynomial Regression on training data.
The left figure shows that the prediction of a linear model cannot accurately capture the underlying
behavior as the model is not sufficiently complex. This phenomenon is also known as underfitting.
On the other hand, plots on the right figure show the results of Polynomial Regression for different
polynomial orders p. Regression models with increasing the polynomial order can fit the training
data better. The order-2 polynomial fit captures the pattern roughly, showing a better fit compared
to the linear model. Increasing p = 5 improves the model, delivering a generalizable model. The
order-20 polynomial fit captures the training data very closely, however potentially leading to
overfitting. See Section 3.5.3 for more details on underfitting and overfitting.

Figure 3.7.: Comparison of Linear Regression and Polynomial Regression training data.
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3.3.2.2. Shrinkage methods

Shrinkage methods are used to control the model complexity by incorporating additional terms
into the cost function using a technique known as regularization. This approach forces the model
parameters to shrink towards zero. In other words, the additional terms serve as punishers to
prevent the model from learning the training data too closely. Therefore, the key motivation to
use a shrinkage method is to prevent overfitting and reduce the variance in the model complexity.
There are mainly three types of shrinkage models: Ridge Regression, Lasso Regression and
Elastic Regression.

Ridge Regression

Recall that the cost function for Linear Regression is defined as

J(θ) =
1

2N

N∑
i=1

(
yi − θ0 −

d∑
j=1

θjxij

)2

. (3.6)

In Ridge Regression [75], the cost function includes an additional regularization term beside the
Eq. 3.6 and it is expressed as

J(θ) =
1

2N

N∑
i=1

(
yi − θ0 −

d∑
j=1

θjxij

)2

+
λ

2

d∑
j=1

θ2j , (3.7)

where λ is the regularization parameter. Similar to Linear Regression, Ridge Regression aims
to minimize the loss function. However, the additional regularization term penalizes the loss to
prevent the model learns data too closely. Thus, this forces the learning parameters towards zero.
Note that the regularization term of the cost function does not include the bias term (θ0). The
regularization parameter λ is a hyperparameter that has to be determined separately from the
optimization process. The only requirement for choosing λ is that it must be positive, i.e. λ > 0
to ensure an increase in the loss. When λ = 0, the regularization term has no influence, so Ridge
Regression becomes identical to Linear Regression. As λ approaches infinity, the regularization
term dominates the cost function. In essence, the model prediction then heavily depends on the
determined bias term alone, which might cause the underfitting phenomenon. This is precisely
why the regularization component typically excludes the bias term. If the bias term were included
in the regularization term, when λ→∞, the overall model prediction would tend towards zero.

Fig. 3.8 shows two subfigures illustrating the application of Ridge regression and Polynomial
Regression with Ridge regularization. Ridge Regression contains three fits based on different
regularization strengths. As λ increases, model complexity decreases since the weight terms
approach to zero. This is also valid for Polynomial Regression fits. In both cases, increasing λ
leads that model prediction becoming the computed bias term. Additionally, regularization avoids
model overfitting by reducing the model variance (trade-off between variance and bias).

Table 3.1 provides a comparison of bias and weights for Ridge Regression and Polynomial
Regression with regularization for varying regularization parameters (λ). For Ridge Regression,
higher λ values lead to smaller weights since the minimization of the cost function forces the
learning parameters towards zero. Similarly, for Polynomial Regression with regularization,
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Figure 3.8.: The left figure shows Ridge Regression with varying regularization parameters and
Polynomial Regression with Ridge regularization (p = 5) is given in the right figure.

higher λ values result in significantly smaller weights across polynomial terms. For both models,
applying extensively large λ values causes model underfitting and predictions become the bias
term.

Regularization Bias term Weights

Ridge
Regression

λ = 0.1 θ0 = 3.69 θ = [1.00]
λ = 100 θ0 = 3.62 θ = [0.72]
λ = 10,000 θ0 = 3.45 θ = [0.002]

Poly. Reg.
with Ridge

regularization

λ = 0.1 θ0 = 1.93 θ = [1.33, 0.54,−0.28,−0.002, 0.037]
λ = 100 θ0 = 2.37 θ = [0.18, 0.18, 0.10, 0.04, 0.01, ]

λ = 10,000,000 θ0 = 3.45 θ =
[2.48× 10−5, 2.78× 10−5,
1.53× 10−4, 2.21× 10−4, 1.08× 10−3]

Table 3.1.: Comparison of bias and weights for Ridge Regression and Polynomial Regression
with regularization for varying regularization parameters (λ).

Lasso Regression

The main drawback of Ridge Regression is that it shrinks all the parameters towards zero, but
none of them will be set as zero unless λ =∞. In other words, the model considers all features to
make a prediction. This is undesirable in cases where feature selection is important, as the model
does not automatically eliminate irrelevant or less significant variables. To address this limitation,
Lasso Regression [163] was introduced, with the cost function expressed as

J(θ) =
1

2N

N∑
i=1

(
yi − θ0 −

d∑
j=1

θjxij

)2

+ λ

d∑
j=1

|θj|. (3.8)
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The key difference between Eq. 3.7 and Eq. 3.8 is that the regularization term is based on |θj|
instead of θ2j . This subtle modification allows certain weights to become exactly zero. Fig. 3.9
presents two subfigures demonstrating Lasso regression and Polynomial Regression with Lasso
regularization. Compared to Fig. 3.8, increasing λ results in some weights being reduced to zero,
even in complex models. Table 3.2 further illustrates this effect through a qualitative comparison.
For λ = 5 and λ = 10, only the polynomial terms corresponding to order p = 4 and p = 5
contribute to the weights, indicating that those two features are the most significant.

Figure 3.9.: The left figure shows Lasso Regression with varying regularization parameters and
Polynomial Regression with Lasso regularization (p = 5) is given in the right figure.

Regularization Bias term Weights

Ridge
Regression

λ = 0.1 θ0 = 3.69 θ = [0.97]
λ = 100 θ0 = 3.45 θ = [0.0]
λ = 1,000 θ0 = 3.45 θ = [0.0]

Poly. Reg.
with Lasso

regularization

λ = 0.1 θ0 = 2.12 θ = [0.58, 0.41, 0., 0.01, 0.013]
λ = 5 θ0 = 2.68 θ = [0., 0., 0., 0.05, 0.02]
λ = 10 θ0 = 2.86 θ = [0., 0., 0., 0.04, 0.02]
λ = 100 θ0 = 3.51 θ = [0., 0., 0., 0., 0.006]
λ = 1,000 θ0 = 3.45 θ = [0., 0., 0., 0., 0.]

Table 3.2.: Comparison of bias and weights for Lasso Regression and Polynomial Regression
with Lasso regularization for varying regularization parameters (λ).

ElasticNet Regression

As explained above, both Ridge and Lasso Regression have advantages and disadvantages. For
instance, the Ridge Regression method keeps the contributions from all features, while Lasso
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Regression considers only the contributions coming from the most important features. On the
other hand, Lasso regression is much more sensible to the range of λ, meaning that small increase
in λ might lead to the underfitting phenomenon drastically. At this point, ElasticNet comes into
play as a middle ground. The cost function for ElasticNet Regression is expressed as

J(θ) =
1

2N

N∑
i=1

(
yi − θ0 −

d∑
j=1

θjxij

)2

+ rλ

d∑
j=1

|θj|+
1− r
2

λ
d∑
j=1

θ2j , (3.9)

where r is the ratio for controlling contributions between Ridge Regression and Lasso Regression.
When r = 0, ElasticNet Regression becomes Ridge Regression, when r = 1, it is equivalent to
Lasso Regression. Thus, r can be chosen based on the purpose.

3.3.3. Kernel-based methods
Kernel-based methods utilize kernels to handle nonlinear behavior in datasets. These methods
can be investigated under three different types: Kernel Ridge, Gaussian Process (GP) Regressor
and Support Vector Machines: SVM Regressor. Kernel Ridge can be considered a deterministic
approach, indicating that it provides a single-point estimate for predictions without quantifying
the uncertainty. On the other hand, GP Regressor is a probabilistic method that provides a mean
prediction and measure of uncertainty (variance) for each prediction. Support Vector Machines
(SVM), a kernel-based method, aim to find the optimal hyperplane for feature separation. In SVM
regression, the goal is to fit a hyperplane that includes most data points within a set margin.

3.3.3.1. Support Vector Machines: SVM Regressor

In Support Vector Machines (SVM) [169], the aim is to find the optimal hyperplane that deviates
from the actual values by at most defined margin, while also keeping the hyperplane as flat as
possible. In SVM Regressor, the goal is to estimate the best hyperplane that fits the maximum
number of data points within a specified margin.

Recall the model prediction as

ŷi = θ0 +
d∑
j=1

θjxij. (3.10)

As we seek the flattest hyperplane, weights must be as small as possible as defined in Eq. 3.10.
To achieve this, the optimization problem can be constructed as

min
θj

(
1

2

d∑
j=1

θ2j

)
, (3.11)

subject to
−ε ≤ yi − ŷi ≤ ε. (3.12)

Eq. 3.10 forces the weights to become smaller, so flatness condition, while Eq. 3.12 ensures that
the predicted output quantity deviates from the actual values by at most defined margin ε (Fig.
3.10).
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Figure 3.10.: An illustration for Support Vector Machine (SVM) Regressor.

It is not always feasible to find a function (Eq. 3.10) that approximates the unknown solution
while simultaneously satisfying the constraints in Eqs. 3.11 and 3.12 for all data pairs (xi, yi).
To address this limitation, slack variables (ξ) are introduced, allowing for certain violations of
the margin. Specifically, ξ+ corresponds to deviations above the ε-tube, whereas ξ− corresponds
to deviations below the ε-tube. In other words, some data points are allowed to lie outside the
margin boundary. Incorporating slack variables yields the following cost function

J(θ) =
1

2

d∑
j=1

θ2j + C
Ns∑
i=1

(ξ+i + ξ−i ), (3.13)

subject to the following constraints

−ε− ξ−i ≤ yi − ŷi ≤ ε+ ξ+i ,

ξ−i ≥ 0, ξ+i ≥ 0.
(3.14)

Here, C is the regularization parameter to control the trade-off between model fitting the data
closely (overfitting) and a simple model which tolerates slack variables utmost (underfitting). The
Ns term denotes the number of slack variables.

As provided in Eq. 3.10, the approximated function is linear. To extend SVM Regressor for
nonlinear regression problems, a kernel trick is used. A kernel function κ is defined as

κ(xi,xj) = ϕ(xi) · ϕ(xj),

where ϕ is a mapping or basis function. The kernel trick allows the computation of the dot product
in the original input space. For a problem with N samples and d number of features, the kernel
matrix is defined as

K =


∑d

j=1 ϕ(x1j)ϕ(x1j)
∑d

j=1 ϕ(x1j)ϕ(x2j) . . .
∑d

j=1 ϕ(x1j)ϕ(xNj)∑d
j=1 ϕ(x2j)ϕ(x1j)

∑d
j=1 ϕ(x1j)ϕ(x2j) . . .

∑d
j=1 ϕ(x2j)ϕ(xNj)

...
... . . . ...∑d

j=1 ϕ(xNj)ϕ(x1j)
∑d

j=1 ϕ(xNj)ϕ(x2j) . . .
∑d

j=1 ϕ(xNj)ϕ(xNj)

 . (3.15)
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The kernel matrix can alternatively be expressed in terms of the vector representation of the
mapping functions as

K =


ϕ(x1)

Tϕ(x1) ϕ(x1)
Tϕ(x2) . . . ϕ(x1)

Tϕ(xN)
ϕ(x2)

Tϕ(x1) ϕ(x2)
Tϕ(x2) . . . ϕ(x2)

Tϕ(xN)
...

... . . . ...
ϕ(xN)

Tϕ(x1) ϕ(xN)
Tϕ(x2) . . . ϕ(xm)

Tϕ(xN)

 . (3.16)

Note that kernel matrix K is symmetric. Common kernel functions are listed as follows:

• Linear kernel: κ(xi,xj) = xi · xj

• Polynomial kernel: κ(xi,xj) = (xi · xj + c)d

• Radial basis kernel (rbf): κ(xi,xj) = e−
(xi−xj)

2

2σ2

• Sigmoid kernel: κ(xi,xj) = tanh(αxi · xj + c)

Here, c represents a constant in the polynomial kernel with the polynomial order d, and σ is the
standard deviation. An example is given in Fig. 3.11 to show the effect of kernels in the SVM
Regressor. Since input space consists of a single feature, the prediction of the SVM Regressor
with the linear kernel shows almost an identical behavior to Linear Regressor models. Models
with polynomial and sigmoid kernels don’t capture the pattern in data. The regression model with
the RBF kernel is the most promising one. In these models, the regularization parameter is set as
C = 1 and the margin is set as ε = 0.1.

Figure 3.11.: Comparison of training data and predictions of SVM Regressor models based on
different kernels.

3.3.3.2. Kernel Ridge Regressor

Kernel Ridge Regressor [171] extends Ridge Regression by incorporating the kernel trick. The
cost function of Kernel Ridge is given as

J(α) =
1

2

N∑
i=1

(
yi −

N∑
i=1

αiκ(xi,xi)

)2

+
λ

2

N∑
i=1

N∑
j=1

αiαjκ(xi,xj). (3.17)
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Here, α are the dual model parameters, κ denotes the kernel function, and λ is the regularization
parameter. In contrast to Ridge Regression (Eq. 3.7), the prediction is expressed not directly as a
function of the input x, but in terms of the kernel function κ, which defines the feature mapping.
Eq. 3.17 can also be expressed in vector form as

J(α) =
1

2
(y −Kα)⊤(y −Kα) +

λ

2
αKα. (3.18)

The first term in Eq. 3.18 penalizes the mismatch between actual values and the kernelized
predictions, while the second term represents the regularization to avoid the model learning the
training data too closely. The optimal model parameters which minimizes the cost function can
be expressed as

α = (K + λI)−1y. (3.19)

Here, I is the identity matrix. Optimal parameters are subsequently used to compute the predic-
tions as follows

ŷ =
N∑
i=1

αiκ(xi,x∗), (3.20)

where κ is calculated based on the test points x∗. A detailed pseudocode for the Kernel Ridge
model is given in Algorithm 4. The algorithm takes as inputs a set of N training data pairs
{(x1, y1), . . . , (xn, yn)}, the regularization parameter λ, kernel function κ, and unseen sample
points x∗. The goal is to estimate the model parameters α by minimizing the Kernel Ridge cost
function (Eq. 3.18) and compute the predictions based on the optimal model parameters. Note
that Kernel Ridge is equivalent to Ridge Regression (Section 3.3.2.2) when the kernel function is
chosen as a linear kernel.

As mentioned earlier, there are different types of kernels. Fig. 3.12 shows a comparison of the
training data and predicted outputs of Kernel Ridge models based on distinct kernels. Models with
polynomial and RBF kernels show a good fit. In contrast, Kernel Ridge with linear and sigmoid
kernels produces predictions that do not align with the training data at all. In these models, the
regularization parameter is set as λ = 1.

Figure 3.12.: Comparison of training data and predictions of Kernel Ridge models based on
different kernels.
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Algorithm 4 Kernel Ridge Regressor
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
λ: regularization parameter
κ: kernel function
x∗: unseen sample points

Output:
ŷ: predicted output

procedure KERNELRIDGEREGRESSOR(I, λ, κ,x∗)
Get the number of samples N
for i ∈ 1 : N do

for j ∈ 1 : N do
K[i][j] = κ(xi,xj) ▷ Get the kernel matrix

end for
end for
α = (K + λI)−1y ▷ Get the optimal model parameters
ŷ =

∑N
i=1 αiκ(xi,x∗) ▷ Make the prediction

return ŷ
end procedure

3.3.3.3. Gaussian Process Regressor

Gaussian Process (GP) Regressor [111, 138] is a strong Bayesian method that provides a prob-
abilistic approach to estimate the predictions with quantifying uncertainty by the mean and
the variance of the estimated quantity. The marginal likelihood (also called the log marginal
likelihood or evidence) serves as the cost function in GP Regressor and is defined as

log p(y |X) = −1

2
y⊤(K + σ2

nI)
−1y − 1

2
log det(K + σ2

nI)−
N

2
log 2π, (3.21)

where K denotes the kernel (covariance) matrix, σ2
n represents the noise variance, I is the identity

matrix. The first term (1
2
y⊤(K +σ2

nI)
−1y) of the GP Regressor cost function measures how well

model predictions fit training data. The second term (1
2
log det(K + σ2

nI)) is the regularization
term that penalizes model complexity based on the determinant of the model parameters. The
third term (N

2
log 2π) is a constant used for normalization.

Similar to Kernel Ridge Regressor, the optimal parameter vector α that minimizes this cost
function can be expressed as

α = (K + σ2
nI)

−1y. (3.22)

The predictive mean f̄(x∗) at a new test input x∗ is then given by

f̄(x∗) =
N∑
i=1

αiκ(xi,x∗), (3.23)
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and the corresponding predictive variance V[f̄(x∗)] is expressed as

V[f̄(x∗)] = κ(x∗,x∗)− κ(X,x∗)
⊤(K + σ2

nI)
−1κ(X,x∗). (3.24)

A detailed pseudocode for the GP Regressor is given in Algorithm 5. The algorithm takes as
inputs a set of N training data pairs {(x1, y1), . . . , (xn, yn)}, kernel function κ, the noise variance
σ2
n, unseen sample points x∗. The goal is to estimate the model parameters α of the model by

minimizing the GP Regressor cost function (Eq. 3.21) and compute the predictive mean, f̄∗, and
the predictive variance, V[f̄∗], based on the optimal model parameters.

Algorithm 5 Gaussian Process (GP) Regressor
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
κ: kernel function
σ2
n: noise variance

x∗: unseen sample points
Output:

f̄∗: predictive mean

V[f̄∗]: predictive variance

procedure GPREGRESSOR(I, κ, σ2
n,x∗)

Get the number of samples N
for i ∈ 1 : N do

for j ∈ 1 : N do
K[i][j] = κ(xi,xj) ▷ Get the kernel matrix

end for
end for
α = (K + σ2

nI)
−1y ▷ Get the optimal model parameters

f̄∗ =
∑N

i=1 αiκ(xi,x∗) ▷ Get the predictive mean
V[f̄∗] = κ(x∗,x∗)− κ(X,x∗)

⊤(K + σ2
nI)

−1κ(X,x∗) ▷ Get the predictive variance
return f̄∗,V[f̄∗]

end procedure

Fig. 3.13 illustrates a comparison between the training data and the predicted outputs of GP
Regressor models, which vary based on different levels of noise variance σ2

n. As σ2
n increases,

the noise level rises, resulting in predictions that do not align well with the actual data. Making
an analogy to Kernel Ridge, σ2

n serves a role similar to the regularization parameter λ in Kerne
Ridge. In Kernel Ridge Regressor, λ controls the regularization strength to prevent overfitting.
Similarly, σ2

n in Gaussian Process Regressor mitigates overfitting by accounting for the noise or
uncertainty in the data.
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Figure 3.13.: Comparison of training data and predictions of GP Regressor models based on
different noise variance values σ2

n.

3.3.4. Tree-based models

Tree-based models are a type of nonparametric machine learning algorithm that partitions the
feature space into distinct, non-overlapping regions with similar response values by applying a
series of splitting rules. Tree-based models are simple to understand, interpret, and visualize.

The main components of tree-based models are given in Fig. 3.14. The top node represents the
root node containing the entire training data. The root node splits into internal nodes depending
on the split criterion. The common splitting criterion for regression problems is the mean
squared error (mse), which measures the variance from the split. Internal nodes are also known
as decision nodes. If the internal node does not have further splitting, then it is called a leaf
node. Maximum depth (max depth) represents the maximum number of levels in a tree. A
comprehensive discussion of the components of tree-based methods can be found in the work of
Murphy [111].

Root

node

Leaf

node

Internal

node

Leaf

node

Leaf

node

M
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Figure 3.14.: A simple decision tree illustrating the components of tree-based models.
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3.3.4.1. Decision Tree

Decision Tree [181] is the simplest tree-based method. It operates by repeatedly partitioning the
data into smaller domains based on feature values, ultimately creating a tree structure where each
leaf node represents a predicted value.

The Decision Tree algorithm begins at the root node and evaluates all possible splits for each
feature. It chooses the split that minimizes the chosen splitting criterion of the target variable in
the resulting subsets. The process is repeated recursively for each child node. Since this thesis
focuses on regression problems, we will consider the mse as the splitting criterion.

The main algorithm of the Decision Tree for regression problems can be expressed as follows:

• Start with the entire training dataset: The algorithm begins at the root node, including
all the data.

• Identify the best splitting feature: The main challenge of the Decision Tree is that the
algorithm needs to find the best splitting feature based on the given splitting criterion or
the error metric, which is the mse. Thus, for each possible feature and corresponding split
point, the algorithm calculates the error metric and it selects the feature including the split
point, minimizing the prediction error.

• Breeding the child nodes: Now the selected feature is used to split the dataset into the two
child nodes as shown in Fig. 3.14. Each child node represents a subset of the data.

• Recursive splitting: The process is repeated for each child node, with further splitting of
the data to create more partitions so that the algorithm can identify the hidden pattern in the
dataset.

• Apply stopping criteria: Splitting continues until a predefined stopping criterion is met,
such as maximum depth or a minimum number of samples in a node.

• Leaf node predictions: Once splitting is done, each leaf node is assigned a final prediction,
which is typically the average of the target values within that leaf node.

Fig. 3.15 gives a comparison between the training data and the predicted outputs of Decision
Tree models that are trained using different maximum depths. Increasing maximum depth leads to
more accurate predictions that capture the underlying pattern in the data. For instance, when the
max depth is set to 1, the root node generates only two child nodes, delivering only two different
predictions, which is highly underfitting the dataset. On the other hand, when the max is set to 8,
the algorithm might create 28 = 256 child nodes, which can cause overfitting.

Figure 3.15 illustrates a comparison between the training data and the predicted outputs of
Decision Tree models trained with varying maximum depths.

As the maximum depth increases, the model becomes capable of capturing more complex
patterns in the data. For instance, with a maximum depth of 1, the tree consists of only a root
node and two child nodes, resulting in just two distinct predictions. This simplicity causes the
model to underfit the data, failing to represent the underlying trends properly.

On the other hand, when the maximum depth is set to 8, the tree can produce up to 28 = 256
leaf nodes, enabling it to learn highly detailed patterns. While this can improve accuracy on the
training data, as shown in Fig. 3.15, it can lead to overfitting.
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Figure 3.15.: Comparison of the predictions of the Decision Tree models trained with different
maximum depths.

The main benefit of the Decision Trees is that they are easy to understand and interpret as they
are decision-making approaches. Also, they provide insights about feature importance, enabling
to identify the features contributing most to predictions. However, Decision Trees are prone to
overfitting and they are sensitive to outliers. Additionally, identifying the best splitting feature
can be computationally expensive for large datasets.

3.3.4.2. Random Forest

Random Forest [33] is an ensembling method which combines multiple decision trees. The main
steps of the Random Forest algorithm can be expressed as follows (see Fig. 3.16):

• Start with the entire training dataset: The algorithm begins including all the dataset.

• Bootstrap sampling: The dataset is randomly sampled with bootstraps to create multiple
subsets. Each subset is slightly different from the original dataset, ensuring diversity among
the trees. This step enables that each tree extracts a different feature in an artificial way.

• Decision Trees: Each bootstrap sample is used to train an independent decision tree to
extract features based on the random bootstrap samples. Additionally, each tree outputs an
individual prediction.

• Ensembling of Trees: The individual predictions from the trees are combined into an
ensemble prediction.

• Majority voting (averaging): The final prediction is determined by majority voting for
classification tasks or averaging for regression tasks.

Fig. 3.17 illustrates the effect of the number of estimators (trees) and the maximum depth of the
trees on the performance of a Random Forest model in a regression task. The plots are organized
in a grid, with rows representing different maximum depths of the trees and columns representing
the number of estimators (1, 5, 20, and 100). In the top row, where the maximum depth is set
to 1, the trees are shallow and can only produce piecewise constant predictions, resulting in a
step-like appearance. Increasing the number of estimators improves the model’s performance
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Figure 3.16.: Workflow of the Random Forest algorithm.
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slightly, but the shallow depth limits its ability to capture complex relationships in the data. In
the bottom row, with a maximum depth of 5, the trees can model more complex patterns. As the
number of estimators increases, the predictions become smoother and more aligned with the true
data distribution, demonstrating reduced variance due to the ensemble averaging effect. However,
adding more trees does not improve the accuracy of the model since the training data consists of a
single input feature. Thus, better accuracy can be achieved by adding more depths to individual
Decision Trees. To conclude, deeper trees (with greater depth) provide more flexibility to capture
complex patterns, and increasing the number of trees enhances the model’s generalization by
reducing variance.

Figure 3.17.: Comparison of the predictions of the Random Forest models trained with different
maximum depths and number of Decision Trees (# of estimators).

3.3.4.3. AdaBoost

AdaBoost [55], short for Adaptive Boosting, is a boosting ensemble approach which combines
multiple weak learners in a sequential way to get a powerful ”committee” [72]. A weak learner is
a model whose accuracy is only slightly higher than that of random guessing. The idea behind
AdaBoost is to build multiple sequential models on the subset of the dataset and each subsequent
model learns from the previous model’s errors. Moreover, since Decision Trees are usually
considered as weak learners, the AdaBoost algorithm is explained under tree-based models
(Section 3.3.4). However, any machine learning model can be used as long as it is a weak learner.

A detailed pseudocode for the AdaBoost algorithm for regression tasks is presented in Algo-
rithm 6, which has been adapted from [72]. The algorithm takes as inputs a set of N training data
pairs {(x1, y1), . . . , (xN , yN)}, a set of M weak learners {G1, G2, . . . , GM} and unseen sample
points x∗. Initially, equal weights are assigned each data point in the training set, ensuring that all
samples are equally important at the beginning. The algorithm iteratively trains weak learners
to adjust the weights of the data points after each iteration. For every weak learner, the total
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weighted error is calculated, emphasizing the importance of samples that were poorly predicted.
A contribution weight (αm) is then computed for the learner, based on its performance, which
determines its influence in the final prediction. The weights of the data points are updated to
prioritize those with higher prediction errors, ensuring subsequent learners focus more on high
error cases. In this pseudocode, an exponential approach is employed. Next, updated weights are
normalized and they are now used to create a new dataset, where each sample’s weight defines a
range (bin). Here, the algorithm selects nrnd random numbers from [0, 1], and for each, the sample
whose bin it falls into is selected. Misclassified samples, having higher weights, occupy larger
bins, making them more likely to be selected. The new dataset has the same number of samples
as the original, but misclassified samples may appear multiple times. At the end of all iterations,
the final prediction for unseen data is obtained by combining the predictions of all weak learners,
weighted by their contributions (αm).

Algorithm 6 AdaBoost for Regression Tasks
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
G: a set of M weak learners {G1, G2, . . . , GM}
x∗: unseen sample points

Output:
ŷ: predicted output

procedure ADABOOST(I,G,x∗)

wi =
1

N
→ for i = 1, 2, . . . , N ▷ Initialize the observation weights

for m ∈ 1 :M do
(a) Train a weak learner Gm using the current weights wi

(b) errm =

N∑
i=1

wi|yi −Gm(xi)|

N∑
i=1

wi

▷ Compute the weighted error

(c) αm =
1

2
ln(

1− errm
errm

) ▷ Compute the learner contribution α

(d) wi ← wi exp(αm|yi −Gm(xi)|) ▷ Update the weights

(e) wi ←
wi
N∑
i=1

wi

▷ Normalize the weights

(f) Create a new weighted dataset {xi, yi} based on the updated weights.
end for

ŷ =
M∑
m=1

αmGm(x∗) ▷ Get the prediction

return ŷ
end procedure
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Fig. 3.18 demonstrates the effect of the number of weak learners (M ) on the performance of
AdaBoost for a regression task. In the left figure (M = 1), the model is clearly underfitting, since
a single weak learner cannot capture the non-linear relationship in the data. In the middle figure
(M = 5), the model begins to approximate the data better, as the additional weak learners allow
the ensemble to capture more complexity. Finally, in the right figure (M = 50), the model closely
fits the data, indicating that with sufficient weak learners, the AdaBoost algorithm can effectively
model the underlying structure of the data.

Figure 3.18.: Comparison of the predictions of the AdaBoost models trained with different number
of weak learners (Decision Trees).

3.3.4.4. Gradient Boost

Gradient Boost [56] is another ensemble boosting algorithm where the main idea is inspired
from the gradient descent algorithm. Compared to AdaBoost, which adjusts the observation
weights of training samples based on the computed weighted errors, Gradient Boost minimizes a
predefined loss function, such as mean squared error, by sequentially adding weak learners to the
ensemble. Each weak learner, a decision tree, is trained to correct the errors (pseudo residuals)
of the previous model by fitting to the negative gradient of the loss function at each step. Thus,
compared to AdaBoost and many other classical machine learning algorithm, the intermediate
predictions of the learning algorithm are not the target variables but the pseudo residuals or the
errors.

A detailed pseudocode for the Gradient Boost algorithm for regression tasks is given in
Algorithm 7, which has been similarly adapted from [72]. Initially, the model G0(x) is initialized
to a constant value that minimizes the chosen loss function J across all training samples. When
the mean squared error is chosen as the loss function, then this constant is equal to average of
the actual target variables. Next, we iterate a loop for a given number of M weak learners. In
each iteration m, the algorithm computes the pseudo residuals rim, which represent the negative
gradient of the loss function with respect to the predictions of the previous model Gm−1. A weak
learner is then fitted to these pseudo residuals, partitioning the input space into terminal regions
Rkm. This means that we consider the leaves of the weak learner decision tree as terminal regions.
For each region, the algorithm determines the optimal leaf output γkm by minimizing the loss.
Note that this summation at step (c) takes into account the previous prediction Gm−1(x) and it
runs over samples lying on the corresponding leaf. Similarly, if the mean squared error is the
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chosen loss function, then the γ value that minimizes the loss function will be the average of the
outputs of the corresponding leaf. Next, the model is updated by adding the predictions of the
weak learner, scaled by a learning rate η, to the current ensemble. Note that the learning rate is
used to avoid overfitting. Finally, the ensemble Gm(x) is used to predict the output for unseen
data points.

Algorithm 7 Gradient Boost for Regression Tasks
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
G: a set of M weak learners {G1, G2, . . . , GM}
J : a differentiable regression loss function J(yi, G(xi))
x∗: unseen sample points

Output:
ŷ: predicted output

procedure GRADIENTBOOST(I,G, J,x∗)

G0(x) = argmin
γ

N∑
i=1

J(yi, γ) ▷ Initialize the model with a constant value

for m ∈ 1 :M do

(a) For i = 1, 2, . . . , N , compute the pseudo residuals as

rim = −
[
∂J(yi, G(xi))

∂G(xi)

]
G(xi)=Gm−1(xi)

(b) Fit a regression tree to the rim giving terminal regions Rkm, for k = 1, 2, . . . , Km.

(c) For k = 1, 2, . . . , Km, compute the optimal leaf outputs

γkm = argmin
γ

∑
xi∈Rkm

J(yi, Gm−1(xi) + γ)

(d) Update Gm(xi) = Gm−1(xi) + η
Km∑
k=1

γkmI(x ∈ Rkm)

end for
ŷ = GM(x∗) ▷ Get the prediction
return ŷ

end procedure

An illustrative example of the Gradient Boost algorithm is given in Fig. 3.19, which compares
the predictions of a regression model trained with varying numbers of weak learners: 1, 5, and 50.
With only a single weak learner, the model underfits and fails to capture the underlying pattern in
the data. As the number of weak learners increases to 5, the model starts to capture more patterns
in the data and the model accuracy increases. With 50 weak learners, the model reaches a certain
level of model complexity and it closely fits the training data.
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3.3. Regression in machine learning

Figure 3.19.: Comparison of the predictions of the Gradient Boost models trained using different
numbers of weak learners.

3.3.4.5. XGBoost

XGBoost [40] is the extended version of Gradient Boosting, designed to enhance both efficiency
and performance by introducing advanced features. It incorporates regularization techniques,
such as L1 and L2 regularizations, directly into the objective function to control the complexity
of the model and prevent overfitting [40]. Unlike traditional Gradient Boosting, XGBoost
leverages second-order optimization, using both first-order gradients and second-order derivatives
(Hessians) to make more precise updates during the learning process [56]. Additionally, XGBoost
implements features such as column sampling, weighted quantile sketching for handling sparse
data, and parallel processing to speed up training [40]. These optimizations make XGBoost highly
efficient, scalable, and accurate, particularly for large datasets and complex machine learning
problems.

A detailed pseudocode for the XGBoost algorithm for regression tasks is given in Algorithm 8.
The algorithm starts by initializing the model with a constant value that minimizes the loss
function across all training samples. For each weak learner, the algorithm calculates the first-order
gradient (gim) and second-order gradient (him) of the loss function for each training sample.
These measures are used to select splits that maximize gain. In this pseudocode, we omit the
details of the splitting strategy and refer to Choi [43] for further reading. Similar to Gradient
Boost, a regression tree is then fitted to predict these gradients, generating terminal regions (Rkm)
such as leaves. For each region, the optimal leaf output, (γkm), is computed by minimizing
a regularized objective function that incorporates the first- and second-order gradients with a
penalty term. Finally, the model is updated by adding the contributions of the new tree, scaled by
a learning rate (η). This iterative process continues until all m weak learners are trained. Finally,
the ensemble of weak learners is used to make predictions for unseen data (x∗).

An illustrative example of the XGBoost algorithm is given in Fig. 3.20. Similar to the Gradient
Boost example, the figure compares the predictions of a regression model trained with varying
numbers of boosting trees: 1, 5, and 50. Note that the terms ”boosting tree” and ”weak learner”
refer to the same concept. The left figure (M = 1) illustrates underfitting, where a single
weak learner fails to capture the underlying pattern in the data, resulting in an overly simplistic
prediction. In the middle figure, with 5 boosting trees, the model begins to approximate the data
more effectively, as the additional weak learners allow the model to capture more complexity.
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Algorithm 8 XGBoost for Regression Tasks
Inputs:

I: a set of N training data pairs {(x1, y1), . . . , (xN , yN)}
G: a set of M weak learners {G1, G2, . . . , GM}
J : a differentiable regression loss function J(yi, G(xi))
λ: regularization term controlling complexity of trees
x∗: unseen sample points

Output:
ŷ: predicted output

procedure XGBOOST(I,G, J, λ,x∗)

G0(x) = argmin
γ

N∑
i=1

J(yi, γ) ▷ Initialize the model with a constant value

for m ∈ 1 :M do

(a) For i = 1, 2, . . . , N , compute

gim =

[
∂J(yi, G(xi))

∂G(xi)

]
G(xi)=Gm−1(xi)

, him =

[
∂2J(yi, G(xi))

∂G(xi)2

]
G(xi)=Gm−1(xi)

(b) Fit a regression tree to the gim residual values and create terminal regions Rkm,
for k = 1, 2, . . . , Km.
(c) Compute the optimal leaf outputs

γkm = argmin
γ

{ ∑
xi∈Rkm

(
gimγ +

1

2
himγ

2
)
+

1

2
λγ

}
(d) Update the model:

Gm(xi) = Gm−1(xi) + η
Jm∑
k=1

γkmI(x ∈ Rkm)

end for
ŷ = GM(x∗) ▷ Get the final prediction
return ŷ

end procedure
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3.4. Neural networks

Finally, when M is set to 50, the model achieves a good fit, with the prediction line closely
following the training data, indicating that the ensemble has successfully learned the underlying
structure of the data. Compared to the Gradient Boost example shown in Fig. 3.19, for the same
number of boosting trees, the XGBoost model demonstrates slightly better results.

Figure 3.20.: Comparison of the predictions of the XGBoost models trained using different
numbers of boosting trees.

3.4. Neural networks
Neural networks are a subclass of deep learning inspired by the structure and function of the
human brain. Essentially, they can be considered an extended version of linear regression by
incorporating non-linear activation functions and multiple interconnected layers, which enable
them to capture complex patterns within data. Each layer comprises neurons that transform the
input data through weighted connections, allowing the network to learn relationships that go
beyond the capabilities of simple linear models.

Fig. 3.21 presents the key components of a neural network. The first (input) layer receives the
input data, {z1, z2, . . . , zd}, with each neuron corresponding to one of the known input features.
Here, d represents the input dimension. Hidden layers, located between the input and output
layers, extract features and learn underlying patterns; these layers may include multiple sub-layers
and neurons. Each neuron is associated with learnable parameters-namely, weights (w) and biases
(b)-which are optimized during training. Similar to linear regression, these weights and biases
form the network parameters, denoted by θ. Moreover, each neuron applies an activation function
(ψ) to introduce non-linearity into the model. Finally, the output layer delivers predictions,
denoted by {ŷ1, ŷ2, . . . , ŷt}, where t denotes the output dimension.

The network output is computed through a series of recursive, element-wise operations that
propagate the input through the hidden layers. Specifically, the computation is performed as
follows:

input layer → N 1(z;θ) = z,

hidden layers → N l(z;θ) = ψ(θl · N l−1(z;θ)), for 2 ⩽ l ⩽ L− 1,

output layer → ŷ = ψ(θL · N L−1(z;θ)),

(3.25)

In this formulation, the input layer simply passes the raw input data, z, to the network. For each
hidden layer (from l = 2 to L− 1), the output is computed by applying an activation function to
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Figure 3.21.: An illustration to show the components of a neural network.

the weighted sum of the previous layer’s outputs, where θl encapsulates the parameters (weights
and biases) of layer l. The final output layer applies its activation function to produce the network
prediction, ŷ. Here, L denotes the total number of layers (with the output layer counted as one of
the hidden layers), and N l(z;θ) represents the output of the l-th layer. Note that no activation
function is applied in the input layer; nonlinear activation functions are used exclusively in the
hidden and output layers.

As an example, the computation at an arbitrary neuron of a hidden layer is presented in Fig.
3.22. First, the input layer is multiplied by the weights and the bias is added to form the weighted
sum in the next layer expressed as

z = b + z1w1 + z2w2 + z3w3. (3.26)

Then, a chosen activation function is applied to introduce nonlinearity such as

a = ψ(z). (3.27)

This calculation can be derived using the cumulative approach, as shown in Fig. 3.22a. Alterna-
tively, it can be formulated in vector form, which requires the artificial addition of a bias neuron.
In the vectorized version, the network parameters for layer l are defined as

θ = [b w1 . . . wn′ ],

and the augmented input vector is given by

z =


1
z1
...
zn′

 ,
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3.4. Neural networks

where n′ denotes the number of neurons in the previous layer (l − 1), as illustrated in Fig. 3.22b.
Note that the product {θz} can be decomposed into {Wz + b}. This vectorized formulation
simplifies the computation by integrating the weights and bias into a single operation, and will be
used in the following section. Note that in this decomposed form, the input vector z omits the
constant term 1.

(a)

(b)

Figure 3.22.: Computation at a hidden neuron shown in two approaches. (a) The cumulative
method computes the weighted sum of inputs plus a bias and applies an activation
function. (b) The vectorized method performs the same calculation using augmented
input vectors.

3.4.1. Forward propagation and backpropagation

Forward propagation is the way input data propagates from the input layer to the output layer
through neurons and hidden layers. The main goal of forward propagation is to obtain the network
prediction so to calculate the loss function. On the other hand, backpropagation is the process
of moving from the output layer to the input layer to obtain derivatives of the loss function with
respect to network parameters.

To illustrate the computation scheme of forward propagation and backpropagation, consider
the simple architecture shown in Fig. 3.23. The provided network has two inputs z1 and z2, one
hidden layer containing two neurons and one output quantity ŷ. The activation function ψ is
chosen as ψ(⋆) = e⋆.
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Figure 3.23.: Schematic of a simple neural network architecture, including weight and bias terms.

The input vector z is defined as

z =

[
z1
z2

]
=

[
1
2

]
, (3.28)

and the weights for the first layer are given by

W (1) =

[
w

(1)
11 w

(1)
12

w
(1)
21 w

(1)
22

]
=

[
0.1 0.2
0.3 0.4

]
, (3.29)

while the weights for the second layer are defined as

W (2) =
[
w

(2)
11 w

(2)
12

]
=
[
0.5 0.6

]
. (3.30)

The corresponding bias terms are specified as

b
(1)
1 = 0.1, b

(1)
2 = 0.2, b

(2)
1 = 0.3. (3.31)

Here, the first lower indices represent the neuron number and the second indices denote the input
dimension. For instance, the term w

(1)
11 denotes the weight of the top (first) neuron which is

coming from the input z1 as depicted in Fig. 3.23. Additionally, the superscript indicates the
hidden layer in which the computation takes place; for example, the (1) in w(1)

11 signifies that the
weight associated with the first hidden layer.

By applying Eq. 3.26 to obtain calculations at each neuron, we get the weighted sum z(1) as

z
(1)
1 = b

(1)
1 + z1w

(1)
11 + z2w

(1)
12 = 0.1 + 1 · 0.1 + 2 · 0.2 = 0.6

z
(1)
2 = b

(1)
2 + z1w

(1)
21 + z2w

(1)
22 = 0.2 + 1 · 0.3 + 2 · 0.4 = 1.3

(3.32)

Also, the weighted sum can be obtained in a compact matrix-vector notation such as

z(1) = W (1)z + b(1) =

[
w

(1)
11 w

(1)
12

w
(1)
21 w

(1)
22

] [
z1
z2

]
+

[
b
(1)
1

b
(1)
2

]
=

[
0.1 0.2
0.3 0.4

] [
1
2

]
+

[
0.1
0.2

]
=

[
0.6
1.3

]
.
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Next, the activation function ψ is applied for each neuron to get output vector of hidden layer as

a(1) = ψ(z(1)) =

[
e0.6

e1.3

]
=

[
1.82
3.67

]
. (3.33)

The resulting vector a(1) at the hidden layer becomes now the input for next layer. Following the
same way, we can get the weighted sum in vector form for the output layer as

z(2) = W (2)a(1) + b(2) = [0.5 0.6]

[
1.82
3.67

]
+ 0.3 = 3.41 (3.34)

Similarly, by applying the activation function, we obtain the neural network prediction as

ŷ = a(2) = ψ(z(2)) = e3.41 = 30.27 (3.35)

A generalized computation scheme to obtain outputs at a random neuron j lying in the layer l
can be expressed as

a
(l)
j = ψ(z

(l)
j ) = ψ

(∑
k

w
(l)
jka

(l−1)
k + b

(l)
j

)
. (3.36)

Additionally, this expression can be reformulated in a compact matrix-vector notation as

a(l) = ψ(z(l)) = ψ(W (l)a(l−1) + b(l)). (3.37)

So far, the input data has been propagated from the input layer to the output layer to generate the
network prediction (i.e., through forward propagation). Before exploring backpropagation, a loss
function must be defined. Similar to linear regression, the mean squared error (MSE) in its vector
form is selected as the neural network cost function, and it is expressed as follows

L(W , b) =
1

2N
(y − ŷ)⊤(y − ŷ). (3.38)

Here, y denotes the actual or known output quantity. Assume that a single sample is used,
delivering N = 1. Now, we will apply chain rule to obtain derivatives of the cost function with
respect to network parameters including weights and biases. Let us start with generalization of
the partial derivative of L with respect to weights at layer l, called as W (l). It can be expressed
using the chain rule as

∂L

∂W (l)
=

∂L

∂z(l)

∂z(l)

∂W (l)
. (3.39)

For simplification, we redefine the first component of the partial derivative as

δ(l) =
∂L

∂z(l)
, (3.40)

which is also known as the error term. Since the resulting vector z is a direct function of
corresponding network parameters, it can be easily further simplified such as

∂z(l)

∂W (l)
=
∂(W (l)a(l−1) + b(l))

∂W (l)
= a(l−1)⊤. (3.41)
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Note that a(l−1) has been transposed for the dimension consistency. Similarly, the partial derivative
of L with respect to weights at layer l, called as b(l), can be obtained as

∂L

∂b(l)
=

∂L

∂z(l)

∂z(l)

∂b(l)
, (3.42)

where
∂z(l)

∂b(l)
=
∂(W (l)a(l−1) + b(l))

∂b(l)
= 1. (3.43)

The challenging part when it comes to simplifying the error term δ (Eq. 3.40). Let us first simplify
the error term for the output layer by applying the chain rule

δ(2) =
∂L

∂z(2)
(3.44)

=
∂L

∂ŷ

∂ŷ

∂z(2)
, (3.45)

where
∂L

∂ŷ
= (ŷ − y), (3.46)

and
∂ŷ

∂z(2)
=
∂ψ(z(2))

∂z(2)
= eψ(z

(2)) = ŷ. (3.47)

Recalling the Eqs. 3.39 and 3.42, we define the partial derivative of L with respect to network
parameters at the output layer as

∂L

∂W (2)
=

∂L

∂z(2)

∂z(2)

∂W (2)
= δ(2)

∂z(2)

∂W (2)
, (3.48)

∂L

∂b(2)
=

∂L

∂z(2)

∂z(2)

∂b(2)
= δ(2). (3.49)

Inserting Eqs. 3.44, 3.41, 3.43 into Eqs. 3.48 and 3.49 leads to the final forms of the partial
derivatives with respect to weights and biases at the output layer as

∂L

∂W (2)
= (ŷ − y)ŷa(1)⊤, (3.50)

∂L

∂b(2)
= (ŷ − y)ŷ. (3.51)

For our example, assume that y = 1. By substituting the prediction ŷ from Eq. 3.35 and the
output vector a(1) from Eq. 3.33, the partial derivatives can be computed as follows

∂L

∂W (2)
= (30.27− 1) · 30.27 ·

[
1.82 3.67

]
=
[
1612.52 3251.62

]
, (3.52)

∂L

∂b(2)
= (30.27− 1) · 30.27 = 886.00. (3.53)
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Let us continue to the next layer. Similar to the previous step, we calculate the partial derivative
of the cost function with respect to weights W (1) as follows

∂L

∂W (1)
=

∂L

∂z(1)

∂z(1)

∂W (1)
= δ(1)a(0)⊤, (3.54)

where a(0) denotes z. The error term δ(1) can be defined using the chain rule as

δ(1) =
∂L

∂z(2)

∂z(2)

∂a(1)
⊙ ∂a(1)

∂z(1)
= δ(2)

∂z(2)

∂a(1)
⊙ ∂a(1)

∂z(1)
, (3.55)

using the error term δ(2), which is computed at the output layer. Here, ⊙ is the Hadamard product,
or element-wise multiplication. The second term can be further simplified as

∂z(2)

∂a(1)
=
∂(W (2)a(1) + b(2))

∂a(1)
= W (2)⊤ (3.56)

Similarly, we employ transposition for the dimension consistency. The last term of Eq. 3.55 can
be calculated as

∂a(1)

∂z(1)
=
∂ψ(z(1))

∂z(1)
= eψ(z

(1)). (3.57)

Inserting Eqs. 3.55, 3.56 and 3.57 into Eq. 3.54 leads to the final form of the partial derivative of
the cost function with respect to W (1) expressed as

∂L

∂W (1)
= δ(2)W (2)⊤ ⊙ eψ(z(1))z⊤. (3.58)

Similarly, the final form of the partial derivative of the cost function with respect to b(1) is
∂L

∂b(1)
= δ(2)W (2)⊤ ⊙ eψ(z(1)). (3.59)

Recall each individual component of final partial derivative forms as

δ(2) = 886.00, (3.60)

W (2)⊤ =

[
0.5
0.6

]
, (3.61)

eψ(z
(1)) =

[
1.82
3.67

]
, (3.62)

z⊤ =
[
1 2

]
. (3.63)

Inserting equations above into Eq. 3.59, partial derivatives with respect to weights and biases can
be computed as

∂L

∂W (1)
= 886.00 ·

[
0.5
0.6

]
⊙
[
1.82
3.67

] [
1 2

]
(3.64)

=

[
886.00 · 0.5 · 1.82
886.00 · 0.6 · 3.67

] [
1 2

]
=

[
806.26 1612.52
1625.81 3251.62

]
, (3.65)

∂L

∂b(1)
= 886.00 ·

[
0.5
0.6

]
⊙
[
1.82
3.67

]
(3.66)

=

[
886.00 · 0.5 · 1.82
886.00 · 0.6 · 3.67

]
=

[
806.26
1625.81

]
. (3.67)
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The backpropagation algorithm can be summarized as follows: For any random layer l, the partial
derivative of the cost function L with respect to weights W (l) and biases b(l)

∂L

∂W (l)
= δ(l)a(l−1)⊤,

∂L

∂b(l)
= δ(l),

where

δ(l) = W (l+1)δ(l+1) ⊙ ∂ψ(z(l))

∂z(l)
. (3.68)

When the arbitrary layer l is the output layer, then the error term δ becomes

δ(L) = (ŷ − y)⊙ ∂ψ(z(L))

∂z(L)
. (3.69)

Remark 3.4.1:

• Remember that backpropagation is not the learning algorithm or the optimization
process itself. It just refers to method of computing gradients.

• Avoid using a non-vectorized implementation of backpropagation, as it can be overly
cumbersome and error-prone.

• Note that both forward and backward propagation can be performed using an aug-
mented network parameter matrix, θ, which integrates both weights and biases.
Since the aim is to explain how to propagate input through network layers step by
step, we presented network parameters as two separate vector groups.

3.4.2. Learning algorithm and optimizers
So far, we have covered all the required components for constructing a neural network, including
the computation of gradients of the loss function with respect to trainable network parameters
are computed. Now, we need a learning algorithm to update network parameters based on the
computed gradients.

A learning algorithm, or optimizer, is a method to update the weights and biases of a neural
network to minimize the error between the predicted output and the actual target values. Optimiz-
ers play a crucial role in the training process. Thus, various strategies are employed to achieve
efficient learning, avoiding local minima, improving speed or training time, and accuracy in
finding the optimal set of parameters.

3.4.2.1. Common optimizers

Gradient Descent: The Gradient Descent (GD) algorithm is the most basic optimizer, which
updates the network parameters in the negative direction of the gradients. The update rule is
defined as

θiiter+1 ← θiiter − η
∂L(θiiter)

∂θiiter−1

, (3.70)
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where η denotes the learning rate and iiter is the epoch or iteration number. Learning rate is a
hyperparameter that controls the step size of the updates. The pseudocode in Algorithm 9 provides
a vectorized implementation of Gradient Descent. In this implementation, both the weights and
bias terms are updated simultaneously at each iteration. The process continues until either the
maximum number of iterations, niter, is reached or the updates converge.

Algorithm 9 Gradient Descent (Vectorized)
Inputs:

L: a differentiable loss function
W0: initialized weights
b0: initialized bias terms
η: learning rate
niter: max. number of iterations

Output:
W , b: Updated weights and bias terms

procedure GRADIENTDESCENT(L,W0, b0, η, niter)
Set the iteration counter iiter = 0
while iiter < niter do

Wiiter+1 ←Wiiter − η
∂L

∂Wiiter

▷ Update weights using gradient descent

biiter+1 ← biiter − η
∂L

∂biiter

▷ Update bias terms using gradient descent

iiter = iiter + 1 ▷ Increase the epoch number
end while
return W , b ▷ Get the optimized weights and bias terms

end procedure

Stochastic Gradient Descent: One of the primary drawbacks of Gradient Descent (GD)
is its computational cost. In GD, the gradient of the loss function is computed using the entire
training dataset, meaning that all samples contribute to the calculation of the partial derivatives
with respect to the weights and bias terms. However, this can be computationally expensive for
large datasets. In contrast, Stochastic Gradient Descent (SGD) computes the gradient using only
a single, randomly selected training sample (or a small batch) at each iteration. Although this
makes SGD much faster per iteration, it can lead to more oscillatory updates, as the gradient
direction may vary significantly between steps. As a result, while SGD often achieves faster
convergence, it tends to be less stable compared to GD.

Momentum Optimization: Recall update rule of Gradient Descent (Eq. 3.70): θiiter+1 ←
θiiter − η

∂L(θiiter )

∂θiiter
. This rule updates the network parameters by subtracting a fraction of the

gradient computed in the previous iteration. However, when the local derivatives are very small,
the resulting updates become negligible, leading to a very slow convergence rate. To overcome
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this issue, the following modified update rule is proposed.

νiiter+1 ← βνiiter − η
∂L(θiiter)

∂θiiter

, (3.71)

θiiter+1 ← θiiter + νiiter+1. (3.72)

Here, the ν denotes the local momentum vector or the velocity, β is a hyperparameter called
the momentum coefficient, which is set between 0 (high friction) and 1 (low friction). It also
determines the rate of the exponential decay.

It can be verified that if the gradients do not change through iterations, the optimizer has
reached the terminal velocity, meaning that νiiter+1 = νiiter . With this assumption, recall the update
rule (Eq. 3.71) to rewrite

νiiter = βνiiter − η
∂L(θiiter)

∂θiiter

,

νiiter(1− β) = −η
∂L(θiiter)

∂θiiter

, (3.73)

νiiter = −
η

(1− β)
∂L(θiiter)

∂θiiter

.

Also, as shown in Eq. 3.73, choosing β larger than 1 might cause to amplification of weights
rather than decay.

Momentum optimization can be easily integrated with Gradient Descent and its variants to
speed up the optimization process.

Nesterov Accelerated Gradient: Nesterov Accelerated Gradient (NAG) is an enhanced
version of standard momentum-based optimization. Instead of computing the gradient at the
current network parameters θ, the gradient is evaluated at a slightly ahead position θ+β ν, where
β is the momentum coefficient. This approach anticipates the future position of the parameters
and adjusts the update accordingly. The NAG update rule is defined as

νiiter+1 ← βνiiter − η
∂L(θiiter + βνiiter)

∂θiiter

, (3.74)

θiiter+1 ← θiiter + νiiter+1. (3.75)

The main advantage of NAG is that it converges faster by anticipating the next step, since it can
adjust the velocity vector in advance.

AdaGrad: In standard gradient-based methods, the learning rate remains fixed throughout
training. In contrast, the Adaptive Gradient (AdaGrad) algorithm adjusts the learning rate for each
parameter based on the frequency and magnitude of its gradients. The update rule for AdaGrad is
defined as

siiter+1 ← siiter +
∂L(θiiter)

∂θiiter

⊙ ∂L(θiiter)

∂θiiter

, (3.76)

θiiter+1 ← θiiter − η
∂L(θiiter)

∂θiiter

⊘
√

siiter+1 + ε, (3.77)
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where ⊙ and ⊘ denote element-wise multiplication and division, respectively. In Eq. 3.76, the
squared gradients are accumulated in s, and in Eq. 3.77, the gradient is scaled down by dividing
by
√
siiter+1 + ε, with ε serving as a smoothing term to prevent division by zero. This mechanism

effectively adapts the learning rate so that parameters with larger gradients receive smaller updates,
while those with smaller gradients receive relatively larger updates.

The main drawback of AdaGrad is that the learning rate might scale down monotonically and
eventually become too small for further learning, and the algorithm might stop before reaching
the global minimum.

RMSProp: Root Mean Square Propagation (RMSProp) is an adaptive learning algorithm
designed to mitigate the diminishing learning rate issue found in AdaGrad. It addresses this
problem by accumulating only the gradients from recent iterations, rather than all past gradients.
The update rule for RMSProp can be expressed as:

siiter+1 ← ρsiiter + (1− ρ)∂L(θiiter)

∂θiiter

⊙ ∂L(θiiter)

∂θiiter

, (3.78)

θiiter+1 ← θiiter − η
∂L(θiiter)

∂θiiter

⊘
√

siiter+1 + ε, (3.79)

where ρ denotes the decay rate. Unlike AdaGrad, RMSProp uses an exponential decay of recent
squared gradients (Eq. 3.78). This prevents the learning rate from shrinking too fast, leading the
algorithm to further training to reach the global minimum.

Adam: Adam (short for Adaptive Moment Estimation) is an adaptive optimization algorithm
that combines two other optimization algorithms, that are moment-based optimization and
RMSProp. Similar to moment-based optimization, Adam maintains an exponential decay of past
gradients, and like RMSProp, it monitors an exponential decay of past squared gradients. The
update rule for Adam is expressed as

riiter+1 ← ρ1riiter + (1− ρ1)
∂L(θiiter)

∂θiiter

, (3.80)

siiter+1 ← ρ2siiter + (1− ρ2)
∂L(θiiter)

∂θiiter

⊙ ∂L(θiiter)

∂θiiter

, (3.81)

r̂iiter ←
riiter+1

1− βiiter
1

, (3.82)

ŝiiter ←
siiter+1

1− βiiter
2

, (3.83)

θiiter+1 ← θiiter − η ˆriiter ⊘
√
ŝiiter + ε. (3.84)

As explained above, Eq. 3.80 denotes the moment-based optimization part of Adam since it keeps
track of past gradients, while Eq. 3.81 represents the RMSProp related part of Adam since the
formulation contains an exponential decay of past squared gradients. Here, iiter is the current
iteration number. Also, the Adam optimizer can be further improved by using the Nesterov trick,
which takes into account the momentum term while calculating gradients (see Eq. 3.74). This
optimizer is called Nadam.
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3.4.3. Hyperparameters of neural networks
For neural networks, the overall architecture and its components determine the data flow, the
training procedure, and ultimately the quality of the predictions. Consequently, hyperparameters
play a critical role in the performance of the neural network. The key hyperparameters include:

• Layers and neurons

• Activation function

• Network initializer

• Cost (loss) function

• Optimizer

– Learning rate

– Epochs

– Batch size

3.4.3.1. Layers and neurons

As previously explained in Section 3.4, but worth mentioning again for completeness of the
section, layers and neurons serve as the fundamental components of neural networks. Each
layer is composed of neurons that perform computations via activation functions. Typically, the
architecture comprises an input layer, one or more hidden layers, and an output layer. For a more
detailed explanation of these components, please refer to Section 3.4.

So far, we have not addressed network topology and the total number of trainable parameters.
Network topology refers to the arrangement of hidden layers and neurons, which is characterized
by the network’s depth and width. Network depth specifies the number of hidden layers–a shallow
neural network contains only a few hidden layers, whereas a deep neural network comprises
many. In contrast, network width denotes the number of neurons in each layer. Although wider
networks generally have a greater capacity to capture complex patterns, they also involve more
neurons, which increases the computational demands.

The total number of trainable parameters (i.e., both weights and biases) in a fully connected
neural network is given by

L∑
i=1

(nhi−1 + 1) · nhi , (3.85)

where L is the number of layers, including all hidden layers and the output layer, nhi denotes the
number of neurons in the lth layer. As an example, consider a neural network with three input
neurons, 2 hidden layers containing 2 and 3 neurons, respectively, and an output layer with five
neurons. By applying the formula in Eq. 3.85, the total number of parameters can be determined
as follows: (3 + 1) · 2 + (2 + 1) · 3 + (3 + 1) · 5 = 8 + 9 + 20 = 37.

The number of trainable parameters reflects the model’s capacity and complexity, indicating its
potential to learn complex patterns. However, a higher number of parameters also demands more
computational resources and may increase the risk of overfitting, making it essential to choose
the network architecture carefully.
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3.4.3.2. Activation function

Activation functions are crucial components of neural networks. They add nonlinearity to
the network, allowing it to capture hidden patterns through layers and connections within the
data. Without activation functions, a neural network would turn into a basic linear regression
model, regardless of how many layers it has. Thus, activation functions play an important
role in neural networks. The most common activation functions are: linear, sigmoid (logistic),
hyperbolic tangent (tanh), rectified linear unit (ReLU), Leaky ReLU, exponential linear unit
(ELU), parametric linear unit (PReLU) and Swish.

Linear activation: The linear activation function can be considered the simplest one among
the activation functions. It can be expressed as

ψ(x) = x. (3.86)

The linear activation function does not change the output, meaning that it does not introduce any
nonlinearity for the following layer. The output of linear activation spans the entire range from
−∞ to∞. It is usually used in the output layer. Fig. 3.24 illustrates the linear activation function
along with its first and second derivatives.

Figure 3.24.: The linear activation function and its derivatives.

Sigmoid (logistic) activation: The sigmoid (logistic) activation is a popular activation
function, and it is expressed as

ψ(x) =
1

1 + e(−x)
. (3.87)

The output falls within the interval (0, 1), which can be interpreted as a probability function. The
sigmoid activation function and its derivatives are illustrated in Fig. 3.25. Near the origin, it
exhibits large gradients, while these gradients drastically decrease by moving away from the
origin, which might cause the vanishing gradients. Also, the sigmoid function is quite nonlinear.
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Figure 3.25.: The sigmoid activation function and its derivatives.

Hyperbolic tangent (tanh) activation: The hyperbolic tangent (tanh) activation function is
expressed as

ψ(x) =
e(x) − e(−x)

e(x) + e(−x)
. (3.88)

The output falls within the range of (−1, 1), which is centered around the origin. It also suffers
from vanishing gradients for large inputs. The activation function and its derivatives are given
in Fig. 3.26. The sigmoid and tanh activation functions are quite similar, but the tanh activation
exhibits a more spiky behavior.

Figure 3.26.: The hyperbolic tangent (tanh) activation function and its derivatives.

Rectified linear unit (ReLU) activation: As mentioned earlier, the sigmoid and tanh
activation functions suffer from vanishing gradients. To mitigate this problem, the rectified linear
unit (ReLU) activation has been introduced and it can be expressed as

ψ(x) =

{
x if x > 0,
0 if x ≤ 0.

(3.89)

As shown in Fig. 3.27, the ReLU activation is a piecewise function, meaning that it outputs zero
for negative inputs, while it is linear for positive inputs. However, the ReLU activation function
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introduces the issue of dying nodes for negative inputs. Also, the range for output is (0,∞).
The ReLU activation is widely used in deep learning applications due to its simplicity regarding
implementation, and its computational efficiency.

Figure 3.27.: Rectified linear unit (ReLU) activation function and its derivatives.

Leaky ReLU activation: The Leaky ReLU activation function is a modified version of ReLU
to mitigate the issue of dying nodes for negative inputs. It is defined as

ψ(x) =

{
x if x > 0,
0.01x if x ≤ 0.

(3.90)

Here, a small positive value of 0.01 is introduced to ensure that neurons produce a nonzero output
when x is negative. The Leaky ReLU activation function allows outputs to range from −∞ to∞.
Similarly, Fig. 3.28 illustrates the Leaky ReLU activation function along with its derivatives.

Figure 3.28.: The Leaky ReLU activation function and its derivatives.

Parametric ReLU (PReLU) activation: The parametric ReLU (PReLU) activation function
can be considered as a more generalized version of Leaky ReLU and it is expressed as

ψ(x) =

{
x if x > 0,
αx if x ≤ 0,

(3.91)
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where α is a hyperparameter instead of small constant 0.01 compared to Leaky ReLU. The output
of the parametric ReLU activation spans the entire range from −∞ to ∞. The main benefit
here is that the parameter α can be optimized during training as well, which might outperform
Leaky ReLU. Fig. 3.29 illustrates the PReLU activation function along with its first and second
derivatives.

Figure 3.29.: The parametric RELU (PReLU) activation function and its derivatives for different
α values.

Exponential linear unit (ELU) activation: The exponential linear unit (ELU) activation
function can be expressed as

ψ(x) =

{
x if x > 0,
α(ex − 1) if x ≤ 0.

(3.92)

Unlike other ReLU-based variants, ELU has nonzero second-order derivatives, which make
it a smoother function. This smoothness improves optimization stability and supports more
effective gradient-based learning, especially in deep neural networks. Furthermore, its output
range (−α,∞) guarantees nonzero responses for negative inputs, thereby alleviating the vanishing
gradient issue.

Figure 3.30.: The exponential linear unit (ELU) activation function and its derivatives for α = 1.
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Swish activation: The swish activation function is defined as

ψ(x) = x
1

1 + e−βx
, (3.93)

where β is either a constant or a trainable parameter. When β = 1, the Swish function becomes
equivalent to the sigmoid linear unit (siLU). Compared to traditional activation functions, Swish
is both smooth and non-monotonic, allowing it to preserve small negative values instead of
truncating them to zero, as seen in ReLU-based functions. This property enhances gradient flow
and improves convergence in deep networks. However, the function is computationally more
expensive than simpler alternatives like ReLU due to the presence of the sigmoid component.

Fig. 3.31 illustrates the Swish activation function along with its first and second derivatives for
β = 0.1. The first plot shows the activation function, which smoothly transitions through zero
while allowing negative inputs. The second plot depicts its first derivative, which remains nonzero,
ensuring stable gradient propagation. The third plot presents the second derivative, highlighting
the curvature variations that contribute to its adaptive learning behavior.

Figure 3.31.: The Swish activation function and its derivatives for β = 0.1.

The formulations for the first and second derivatives of the introduced activation functions
are provided in Table 3.3. These derivatives play a crucial role in the optimization process,
influencing gradient-based learning algorithms such as backpropagation. Understanding their
behavior helps in selecting appropriate activation functions based on the specific needs of a model,
such as mitigating the vanishing gradient problem or improving convergence speed, as we will
see in the following chapters.

For instance, the linear activation has constant first and second derivatives, making it unsuitable
for capturing complex patterns. Sigmoid and tanh functions introduce nonlinearity, but their
derivatives diminish for extreme input values, leading to the vanishing gradient problem. ReLU
and its variants (Leaky ReLU and Parametric ReLU) address this issue by maintaining nonzero
gradients for positive inputs, although their second derivatives are zero, reducing adaptability.
ELU extends ReLU by ensuring smooth gradients even for negative inputs, while Swish, with
its non-monotonic behavior, maintains nonzero gradients across the input range, improving
convergence in deep networks. Ultimately, the choice of activation function depends on the
model’s needs, balancing smoothness, gradient flow, and computational efficiency.
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Activation
function 1. derivative 2. derivative

linear ψ
′
(x) = 1 ψ

′′
(x) = 0

sigmoid ψ
′
(x) = σ(x)(1− σ(x)) ψ

′′
(x) = σ(x)(1− σ(x))(1− 2σ(x))

tanh ψ
′
(x) = 1− tanh2(x) ψ

′′
(x) = −2 tanh(x)(1− tanh2(x))

ReLU ψ
′
(x) =

{
1 if x > 0

0 if x ≤ 0
ψ

′′
(x) = 0

Leaky ReLU ψ
′
(x) =

{
1 if x > 0

0.01 if x ≤ 0
ψ

′′
(x) = 0

PReLU ψ
′
(x) =

{
1 if x > 0

α if x ≤ 0
ψ

′′
(x) = 0

ELU ψ
′
(x) =

{
1 if x > 0

αex if x ≤ 0
ψ

′′
(x) =

{
0 if x > 0

αex if x ≤ 0

Swish ψ
′
(x) =

1 + e−βx + βxe−βx

(1 + e−βx)2
ψ

′′
(x) =

βe−βx[(1+e−βx)+(1−βx)(1+e−βx)+2βxe−βx]
(1+e−βx)3

Table 3.3.: First and second derivatives of the introduced activation functions in neural networks.
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Remark 3.4.2:

As discussed in backpropagation (Section 3.4.1), conventional neural networks require only
first-order derivatives for updating trainable parameters. However, as we will explore in the
following chapters, physics-informed neural networks necessitate higher-order derivatives–
such as second and even third-order–due to the nature of the target physics. Consequently,
second-order derivatives are also introduced in this section.

3.4.3.3. Network initializer

Initialization schemes for neural networks are techniques employed to assign the initial values to
trainable network parameters, namely, weights and biases, before starting the training of a neural
network. Proper initialization is a crucial step since it can significantly affect the convergence
performance and speed. The most common initialization schemes are: zero initialization, random
initialization, Xavier (Glorot) initialization, He initialization, and LeCun initialization.

Zero initialization: All network parameters are initialized to zero. It is a simple approach
to implement, but it leads to poor performance due to the symmetry problem [97]. Specifically,
when all weights are initialized to the same value, neurons within the same layer receive identical
updates, preventing the network from learning diverse features.

Random initialization: Network parameters are initialized using a random or uniform Gaus-
sian distribution [97]. Random initialization helps avoid the symmetry problem present in zero
initialization. However, a poorly chosen variance in the distribution may lead to large gradients or
vanishing signals, negatively affecting model stability and performance.

Xavier (Glorot) initialization: In Xavier (Glorot) initialization [61], the goal is to maintain a
consistent variance in trainable network parameters, ensuring smooth information flow during
training. The Xavier initializer assigns weights using a normal distribution with a mean of zero
and a variance determined by the number of input and output units in each layer. The variance of
the distribution is defined as σ2 = 2

nin+nout
, where nin is the number of input neurons in the layer

and nout is the number of output neurons. Xavier initialization is effective for networks utilizing
linear, tanh, logistic, and softmax activation functions.

He initialization: : He initialization [73] is an extension of Xavier initialization designed
for deep networks that use ReLU and its variants. It follows a similar principle but adjusts the
variance based only on the number of input units instead of averaging input and output units. The
weight parameters are initialized using a normal distribution with a mean of zero and a variance
defined as σ2 = 2

nin
.

LeCun initialization: : LeCun initialization [97] is a variant of Xavier initialization, optimized
for networks using sigmoid and tanh activation functions. When nout = nin, LeCun initialization
is equivalent to Xavier. The trainable parameters are drawn from a normal distribution with a
mean of zero and a variance σ2 = 1

nin
.
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Remark 3.4.3:

• Initialization schemes such as Xavier, He, and LeCun are typically applied only to
the weights of the neural network, while bias terms are usually initialized to zero or
a small constant.

• Similar to zero initialization, a neural network can be initialized using any constant
value. However, this approach results in poor performance for the same reasons
as zero initialization. When all trainable parameters are assigned identical values,
neurons within the same layer receive identical gradient updates, preventing effective
feature extraction and leading to a symmetry problem that hinders learning.

3.4.3.4. Cost (loss) function

The cost function, also known as the loss function, is a fundamental component of neural networks
that measures how well the model predictions align with the actual values. In other words, it
quantifies the difference between predicted and true values. During training, the cost function
is minimized to optimize network parameters, enabling the model to learn underlying patterns
within the data.

Cost functions are generally classified into two categories based on the type of output: regres-
sion and classification costs. Regression cost functions are used when the output is a continuous
variable, while classification cost functions are applied when the output represents categorical
values. In this section, we focus on the most commonly used cost functions for regression tasks.

Additionally, loss functions serve as evaluation metrics for assessing the performance of a
trained model. After the model is trained, they can also be used to measure a model generalization
capability by evaluating its performance on test data.

Mean absolute error (MAE) : Mean absolute error (MAE), also referred to as L1 loss, is
defined as

MAE =
1

N

N∑
i=1

|yi − ŷi|, (3.94)

where N is the number of training points, y denotes the actual target value, and ŷ is the prediction.
Since MAE does not square the errors, it is less sensitive to outliers. On the other hand, it is

not differentiable at zero, which can cause problems during optimization. MAE is mainly used
for regression tasks.

Mean squared error (MSE) : Mean squared error (MSE), also referred to as L2 loss, is the
most widely used loss function for regression tasks. It is defined as

MSE =
1

N

N∑
i=1

(yi − ŷi)2. (3.95)

MSE is more sensitive to outliers compared to the Mean Absolute Error (MAE) because it squares
the errors. As a result, larger errors receive more severe penalties due to the squaring operation.
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However, one of the key advantages of MSE is that it is a smooth and differentiable function,
making it particularly useful for training neural networks.

Huber loss: Huber loss combines the advantages of MSE and MAE, making it more robust to
outliers while maintaining differentiability. The cost function is defined as:

Lδ =

{
1
2
(yi − ŷi)2, if |yi − ŷi| ≤ δ,

δ · (|yi − ŷi| − 1
2
δ), if |yi − ŷi| > δ.

(3.96)

Here, δ serves as a threshold that determines the transition between the MSE and MAE compo-
nents of Huber loss. When the absolute error is below δ, the function behaves like MSE, ensuring
smooth gradient updates for small errors. For larger errors, it switches to MAE, reducing sensitiv-
ity to outliers by preventing excessive gradient magnitudes. Thus, Huber loss can be considered
a hybrid approach that leverages the strengths of both MSE and MAE. However, it introduces
an additional hyperparameter, δ, which needs to be carefully tuned to balance robustness and
sensitivity to errors.

3.4.3.5. Optimizer

The most commonly used optimizers have been discussed in Section 3.4.2.1. Therefore, in this
part, we will only cover key hyperparameters related to the optimization process, i.e., learning
rate, epochs, and batch size.

Learning rate : The learning rate (η) is a crucial hyperparameter in optimization, determining
the step size for updating trainable parameters during the minimization of the loss function.
Selecting an appropriate value for η is essential, as it directly impacts both convergence speed
and overall performance. A higher learning rate results in larger parameter updates, which can
accelerate the learning process. However, if η is too large, the optimizer may overshoot the
minimum of the loss function, causing instability or even divergence. On the other hand, a
lower learning rate leads to smaller updates, delivering more precise convergence but potentially
prolonging the training process.

Fig. 3.32 illustrates the impact of different learning rates on the convergence of the loss function.
When using a small learning rate, such as η = 0.01, the optimization process remains stable
but progresses slowly. Increasing the learning rate to η = 0.1 accelerates convergence while
maintaining stability. However, with a higher learning rate, such as η = 0.95, the training process
exhibits oscillations, leading to instability. Moreover, setting the learning rate to η = 1.2 results
in divergence, preventing the model from converging.

Epochs : An epoch defines one complete pass in neural networks through the entire train-
ing dataset, meaning that input is propagated through the network to obtain the loss (forward
propagation) Moreover, network parameters are updated to minimize the loss (backpropagation).
Training a neural network usually requires multiple epochs since network parameters are first
initialized randomly. Thus, it takes several epochs to obtain optimal network parameters.

The optimal number of epochs to train a model depends on the model complexity and the
trade-off between the train-validation-test loss. Complex models include more parameters. Thus,
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Figure 3.32.: Effect of different learning rates on the convergence of the loss function.

they require more epochs to obtain the optimal parameters. The trade-off between the train-
validation-test will be explained in Section 3.5.3.

Batch size : Batch size refers to the number of training samples a model processes in a single
iteration. In other words, batch size controls the number of samples that pass through in a single
pass. A smaller batch size leads to faster training. However, the optimization process might not
be stable since the weight and bias updates might be noisy. On the other hand, larger batch sizes
require more extensive storage, but they provide much more stable updates.

Remark 3.4.4:

The terms epoch and iteration do not have the same meaning, although they amount to the
same thing when the entire dataset is used during training in one complete pass. Consider
the following example to understand the difference between epoch and iteration using batch
size. The total number of sample training points is given as 64, the batch size is defined
as 32, and the number of iterations is 2. In the first iteration, the neural network takes the
first 32 samples. It passes them to the output layer through the forward pass, computes the
loss, performs a backpropagation to obtain gradients, and updates the network parameters
to minimize loss. Then, the same process is repeated in the second iteration using the
following 32 samples. As a result, the neural network goes through the entire data set once,
but using two iterations. Thus, in this example, the number of epochs is ”1”, while ”2”
iterations are performed.
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3.4.4. Regularization in neural networks
Regularization is a crucial step in training neural networks to prevent overfitting, where the trained
model performs exceptionally well on training data but poorly on unseen data. In other words,
the model mimics the training data. Overfitting occurs when a model learns to capture noise or
random variations in the training data rather than the underlying pattern. To tackle overfitting,
regularization introduces constraints or modifications to the learning procedure. These constraints
can be considered as penalties. The most widely used regularization techniques in neural networks
are:

• Weight decay

• Dropout

• Data augmentation

• Early stopping

3.4.4.1. Weight decay

Weight decay is a technique for tackling overfitting by adding a penalty or regularization term to
the loss function. The general form of weight decay is expressed as

L̂ = L+ λf(W ), (3.97)

where λ is the regularization parameter and f(W ) denotes the type of regularization function.
There are two main types of regularization: L1 and L2. In L1 regularization, the penalty term is
proportional to the magnitude of the weights, and the cost function is defined as

L̂ = L+ λW . (3.98)

L1 regularization is particularly effective for feature selection, as it can shrink certain weights to
exactly zero, effectively removing less important features. It is worth noting that L1 regularization
is employed in Lasso regression (see Section 3.3.2.2). In contrast, L2 regularization is defined as

L̂ = L+ λW⊤W . (3.99)

Compared to L1 regularization, L2 regularization uses the square of weights in the regularization
function. Thus, a significant contribution to the loss function comes from larger weights. This
leads to more penalization of larger weights compared to smaller weights and leads to smoother
models in terms of weight distribution. Similarly, L2 regularization is used in Lasso Regression
(see Section 3.3.2.2).

Remark 3.4.5:

Note that the regularization function only applies to the weights, not the bias term. The
reason is that when the regularization parameter is set to large values, minimizing the
regularized cost function forces weights to approach zero. The trained network output is
zero if the bias term is also included in the regularization function. This is why the bias
term is excluded from regularization.
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3.4.4.2. Dropout

Dropout is a regularization technique in which a fraction of activation functions within a layer are
set to zero. In other words, certain neurons are temporarily ignored during both the forward and
backward passes of training, meaning they do not contribute to learning patterns from the data.
Dropout is typically applied to the input layer and hidden layers.

An illustrative example is provided in Fig. 3.33, where some neurons are deactivated. However,
this deactivation should not be mistaken for removal; dropout does not modify the network’s
structure. Instead, the activations of selected neurons are set to zero, preventing their correspond-
ing weights from being updated. This approach ensures that computations using matrix-vector
notation remain valid. Additionally, dropout is generally applied to weight parameters while
leaving bias terms unaffected.

The selection of deactivated neurons is usually random. However, the proportion of neurons
dropped can be controlled via a hyperparameter known as the **dropout rate**, which takes
values within the range [0, 1]. This parameter represents the probability of dropping a neuron
during training.

x

x

x

x

x

x

(a) (b)

Figure 3.33.: Illustration of dropout in a fully connected neural network. (a) Without dropout,
where all neurons are active. (b) With dropout, where a subset of neurons is
randomly deactivated during training.

3.4.4.3. Data augmentation

Data augmentation generates a new dataset based on the existing dataset using transformation
techniques. This allows for increasing the diversity of the dataset without collecting new samples.
In other words, data augmentation can generate artificial data based on actual data.

Data augmentation is widely used in image processing and convolutional neural networks. The
main techniques are:

• Geometric transformations: rotations, translations, scaling, flips, cropping, padding

• Color space transformations: brightness, contrast, saturation adjustments

• Noise injection: introducing random noise to the data
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3.4.4.4. Early stopping

Early stopping [131] is a regularization technique that terminates the training process when the
test loss no longer improves. While the training loss decreases through iterations, extending the
training too far can cause the model to overfit, the model can no longer generalize the test data,
since the model mimics the training data, including noise. To prevent this, training is intentionally
stopped. An illustrative example of how early stopping works is shown in Fig. 3.34.
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Figure 3.34.: Illustration of early stopping.

To further enhance the generalization performance of neural networks, several other regular-
ization techniques can be employed, such as entropy regularization [65], batch normalization
[80], and noise injection [3]. These approaches aim to reduce overfitting and improve model
robustness.

3.4.5. Architecture types

3.4.5.1. Fully connected neural networks

A fully connected neural network (FCNN), also known as a dense neural network, is a neural
architecture in which each neuron in a given layer is connected to all neurons in the next layer.
Previous sections have already covered the key characteristics and details of FCNNs.

3.4.5.2. Convolutional neural networks

A convolutional neural network (CNN) is designed primarily for data with a grid-like topology,
such as images. CNNs are multi-layered structures that are capable of extracting complex features
in data.

The primary motivation behind CNNs can be explained using Fig. 3.35. Consider a grid-like
topology having an input dimension of 100× 100. This will require a neural network containing
10,000 neurons only in the input layer (Fig. 3.35a). The hidden layers would need thousands
of neurons to capture hidden patterns in each input, leading to millions of trainable parameters.
Consequently, this would impose an extensive computational demand and cause overfitting since
the model might contain millions of parameters even for a simple task. To tackle this issue,
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convolutional layers are introduced to extract features that will be fed to the hidden layers (3.35b).
These convolutional layers automatically extract features by applying convolutional filters.

100
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10 000 neurons

... ...

100

100 ... ...

Convolutional layers
Hidden layers

Hidden layers

(a)

(b)
<< 10 000

Figure 3.35.: (a) An illustration of a deep neural network for a grid-like topology and (b) adding
convolutional layers to convert the network into a CNN.

Compared to traditional machine learning models that rely on manually defined features, CNNs
can automatically extract features from the input, making them much more efficient. Thus, they
are widely used for object detection, computer vision, image classification, and many other tasks.

CNN architecture: A CNN consists of several layers designed to extract the underlying
patterns (features) in data and make predictions on new, unseen data. These layers include:

• Input layer: Contains the pixel values of an image or a matrix of a grid-like topology.

• Convolutional layers: Apply convolution operations to the input to extract features.

• Pooling layers: Perform downsampling on the feature maps to reduce spatial dimensions.

• Fully connected layers: Flatten the extracted features and use them for classification or
regression tasks.
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• Output layer: Provides the final prediction or target output.

Input layer

The input layer stores the pixel values of an image or a matrix of a grid-like structure, such
as surface topology (height distribution). Images are three-dimensional structures consisting of
height, width, and depth. For color images, the depth is 3, representing the RGB channels (red,
green, blue), while grayscale images have a depth of 1, as they contain only density values. In
Fig. 3.36, a portion of a grayscale image is given with corresponding pixel values. These pixel
values range from 0 to 255, where zero represents black and 255 denotes white, with varying
shades of gray in between.

3423112217

14197210208

141133207214

151190207116

Cropped image Pixel representation

Figure 3.36.: Visualization of a grayscale image along with the pixel values of a selected region.

Convolutional layers

The main task of convolutional layers is to perform convolution operations on the input to
extract features. This is achieved by using a set of filters, also known as kernels. The idea is to
pass this filter over the entire image, identifying features like edges, curves, and other patterns. In
other words, filters contain learnable parameters adjusted during training to capture these features.

The process of how a convolution layer performs operations is given in Fig. 3.37. The kernel
matrix is initially placed at the top-left corner of the pixel matrix, and a dot product is applied to
obtain between the kernel and the corresponding region in the convoluted matrix or the feature
map. Next, the kernel shifts one pixel to the right, repeating the exact computation. We repeat
this process until the entire input matrix has been covered.

In this example, the kernel moves one pixel at a time, a stride of 1. However, the kernel does not
necessarily have to slide pixel by pixel. The stride can be set to any positive integer. Increasing
the number of strides reduces the size of the output feature map, as fewer regions of the input
matrix are covered.
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Figure 3.37.: An illustration of convolution operation on a 4× 4 pixel matrix using a 2× 2 filter.

Additionally, the dimensions of the input matrix decreased from 4×4 to 3×3 since no padding
was used in this example. Padding means adding extra pixels (usually zeros) around the borders
of the pixel matrix to preserve its original dimensions. With padding, the convoluted matrix
maintains the same spatial size as the input matrix, ensuring no information is lost at the edges of
the image.

Note that an activation function is applied after the convolution operation to introduce a
nonlinearity to the model (see Section 3.4.3.2). The ReLU activation function is commonly the
preferred choice for CNNs.

Pooling layers

Pooling in CNNs is a method of downsampling operation on the feature maps to reduce spatial
dimensions. This process lowers computational costs and enhances the model’s robustness by
retaining essential features while discarding less significant details. The two most common types
of pooling are max pooling and average pooling. Max pooling selects the highest value within the
defined pooling window. On the other hand, average pooling computes the average of the pixel
values within the window.

An illustration of the effects of max pooling and average pooling is provided in Fig. 3.38.
In this example, a pooling window of size 2 × 2 scans the input matrix. The stride is set to 2,
meaning that the window shifts by two pixels both horizontally and vertically. While max pooling
extracts the maximum value from each window, average pooling calculates the mean of the pixel
values within the pooling window. In both cases, pooling reduces the dimensions of the input
matrix from 4× 4 to 2× 2, thereby lowering computational costs.

Fully connected layers

After convolutional and pooling layers, the extracted features are flattened into a one-dimensional
vector. This vector is then fed into fully connected layers, which bridge the convolutional layers
and the output layer. These fully connected layers are responsible for interpreting the extracted
features.
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Figure 3.38.: Types of pooling.

Remark 3.4.6: How to calculate the number of trainable parameters in CNNs?

To calculate the number of trainable parameters in CNNs, we need to consider each type
of layer separately. For a convolutional layer, the number of trainable parameters is
determined by the following formula:

(wf × wh × np + 1)× nc

where wf denotes the width of the filter, wh denotes the height of the filter, np is the number
of filters in the previous layer, nc represents the number of filters in the current layer, and
the ”+1” accounts for the bias term associated with each filter.
On the other hand, for a fully connected layer and the output layer, the number of trainable
parameters is computed as:

(ninput + 1)× noutput

where ninput is the number of neurons (or units) in the previous layer, noutput denotes the
number of neurons (or units) in the current layer. Similarly, the ”+1” accounts for the bias
term associated with each neuron in the fully connected layer.
Note that the input and pooling layers contain no trainable parameters.

3.5. Main challenges of machine learning

Despite significant advancements in machine learning, several challenges must be addressed
to build robust models. These challenges arise from various aspects, including data quality,
computational complexity, model interpretability, and generalization to unseen data.

These challenges can be broadly categorized into issues related to data, model complexity, and
computational resources. Data-related challenges include ensuring high-quality and sufficient
training data, dealing with missing values, handling imbalanced datasets, and preprocessing data
effectively. Model-related challenges involve selecting appropriate architectures, tuning hyper-
parameters, preventing overfitting, and ensuring model interpretability. Finally, computational
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challenges arise from the need for scalable algorithms, high-performance hardware, and efficient
training techniques, especially when working with large datasets and deep neural networks.

3.5.1. Quantity and quality of data

The accuracy of a machine learning model heavily depends on the quantity and quality of the
data used for training. A well-structured and sufficiently large dataset enables the model to learn
meaningful patterns, whereas inadequate or poor-quality data can lead to unreliable predictions
and poor generalization to unseen data.

Data quantity: A fundamental requirement for machine learning is having enough training
data to capture underlying patterns and avoid overfitting. Insufficient data may cause the model to
memorize training examples rather than learn generalizable features, leading to poor performance
on new inputs. However, simply increasing the dataset size does not always guarantee better
results, as the quality and diversity of the data also play a crucial role. In cases where data is
limited, techniques such as data augmentation, synthetic data generation, or transfer learning can
be used to compensate for the lack of labeled samples.

Data quality: Even with a large dataset, poor data quality can significantly degrade model
performance. Issues such as missing values, noisy samples, redundant information, and mislabeled
data can introduce bias and inconsistencies in the learning process. To ensure high-quality
data, proper data cleaning, anomaly detection, and preprocessing techniques must be applied.
Additionally, domain expertise is often required to curate datasets, remove irrelevant features, and
validate data accuracy.

Data imbalance: A common challenge in real-world applications is imbalanced datasets,
where some classes have significantly more samples than others. This can lead to biased models
that favor the majority class while failing to recognize minority class patterns. Several techniques
can help address this issue, including oversampling the minority class, undersampling the majority
class, or using cost-sensitive learning approaches that assign different weights to different classes.

Data diversity and representativeness: For a model to generalize well, the training data
must be diverse and representative of real-world scenarios. If the dataset lacks variation, the
model may perform well only on specific conditions but fail when exposed to unseen distributions.
Collecting data from diverse sources, performing exploratory data analysis (EDA), and using
domain knowledge to identify biases are crucial steps in ensuring the dataset representativeness.

Overall, the quantity and quality of data are critical factors that determine the effectiveness of a
machine learning model.

3.5.2. Data preprocessing

Data is a crucial and foundational element in machine and deep learning. Therefore, special
handling is required before diving into the machine learning process. Data processing can
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transform raw data into a clean and usable form suitable for machine learning models. The main
steps for data preprocessing are:

• Data cleaning

• Encoding categorical features

• Transformation or feature scaling

• Feature selection

• Dimensionality reduction

• Splitting the dataset

Data cleaning: Data cleaning is the process of identifying and handling missing or corrupted,
incorrect, and duplicated parts of a dataset, such as missing values, noise/anomaly, and duplicated
data. For instance, some cells in a given dataset might contain missing values (NaNs), which
must either be removed or imputed to ensure the data is usable. However, simply removing
rows with missing values can cause a significant loss of information, as deleting an entire row
discards all the data in that row, even if only a single value is missing. To mitigate this, imputation
is often preferred over removal. Imputation involves filling in the missing values using either
local (neighboring) or global information from the dataset. A standard method replaces missing
values with the column’s mean, median, or mode at which the missing value occurs. Alternatively,
neighboring values can be used for imputation through forward or backward fill techniques, where
missing values are replaced based on adjacent data points.

For example, in the case of a dataset containing two missing values, one approach could involve
removing the rows containing the missing values (Fig. 3.39b). In this scenario, if an entire row
(such as row 5) consists only of NaNs, it is reasonable to remove that row. However, removing
rows containing only a single missing value, such as rows 1 and 4, would significantly lose
valuable information. Instead, imputation can preserve the dataset’s integrity. For instance, the
missing value in row 2 can be replaced with the mean of the corresponding feature (column),
while a backward fill can be used to replace the missing value in row 4 (Fig. 3.39b). This method
retains useful information from other features and minimizes the effect of missing data.

Additionally, noise, outliers, and duplicates must be detected and removed. Noise and outliers
can be removed from a dataset using monitoring and statistical methods. On the other hand,
duplicates cause the model to be biased; thus, they can be removed using similar methods.

Encoding categorical features: Encoding is the process of converting categorical values or
text-based features into numerical representations, as machine learning models require numerical
input. Categorical feature encoding is typically performed using two main methods: label
encoding and one-hot encoding.

In label encoding, each unique category is assigned a numerical value as an integer. However,
this approach has a significant drawback: the assigned numbers can introduce an unintended
hierarchical relationship between categories. For example, the model may mistakenly interpret
higher numerical values as more significant than lower ones, leading to biased predictions. As
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Figure 3.39.: Handling with missing values: (a) row data with NaN, (b) removing the rows
containing NaNs, (c) removing a row, and imputation by mean and backward fill.

a result, the model may incorrectly assume that a category with a more considerable numerical
value holds greater importance, even though categorical values are inherently unordered. This can
cause larger integers to influence the model’s decisions disproportionately compared to smaller
ones.

To address this issue, one-hot encoding is often used. The core idea of this approach is to
create a new binary feature column for each category. In this method, a value of ”1” is assigned
to indicate the presence of a category in a sample, while all other category columns are marked as
”0.” However, this approach can lead to the ”curse of dimensionality”, particularly when dealing
with a large number of unique categories.

Transformation or feature scaling: Feature scaling transforms numerical features to
comparable scales—either by mapping them to a fixed range or by standardizing them. This
removes any implicit hierarchy among features, so that large-magnitude features do not dominate
smaller ones and each feature contributes more evenly to model performance.

Normalization

This method rescales a feature to a specified interval using its minimum and maximum values.
For example,

Xs =
X −min(X)

max(X)−min(X)
(range [0, 1]), (3.100)

and

Xs = 2
X −min(X)

max(X)−min(X)
− 1 (range [−1, 1]). (3.101)

More generally, any desired range [a, b] can be obtained via

Xs = a+
b− a

max(X)−min(X)

(
X −min(X)

)
. (3.102)
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Note that min-max normalization is highly sensitive to outliers.

Standardization

Unlike normalization, standardization does not constrain features to a specific range. Instead, it
transforms the data into a normal distribution with a mean of 0 and a standard deviation of 1. The
transformation formula is expressed as

Xs =
X − µ
σ

, (3.103)

where µ denotes the mean value of features and σ is the standard devition. Compared to
normalization, standardization is more robust to outliers since it centers the features. However,
one drawback of standardization is that it does not restrict the values within a specific range. As a
result, standardized features can still exhibit large magnitudes, which might cause domination
over the small magnitudes during training.

Feature selection: It is the process of selecting the features in a dataset to reduce the problem
dimensionality. The core idea is to pick up the most relevant and significant features to speed
up the training time and improve the model performance by reducing the model complexity. For
instance, Lasso Regressor automatically performs feature selection using L1 regularization (see
Section 3.3.2.2). Note that feature selection completely removes the determined features from the
dataset.

Dimensionality reduction: Like feature selection, dimensionality reduction is an approach
that aims to reduce the number of features in a dataset. However, while feature selection involves
choosing a subset of the original features, dimensionality reduction lowers the number of features
while retaining important properties of the original data. This approach addresses the curse of
dimensionality by compressing the data into lower dimensions, thereby enhancing computational
performance and interpretability. Among the various techniques available, one of the most
commonly used dimensionality reduction techniques is Principal Component Analysis (PCA).

Splitting the dataset: Properly splitting a dataset is crucial for building, optimizing, and
evaluating a machine learning model. A typical choice is to split the dataset into three subsets: the
training set, validation set, and test set These terms have already been explained in the terminology
part (Section 3.1).

A typical split strategy is 70% of the dataset for training, 15% for validation, and 15% for
testing, though the ratios depend on the dataset. If the model has no hyperparameters to optimize,
the validation set may be unnecessary, allowing a more significant portion of the dataset to train
the model.

On the other hand, for large datasets containing many samples, the training set ratio can be
increased since the model can substantially capture the hidden patterns. This improves the model’s
generalization ability and enhances its performance on the test set.

111



3. Fundamentals of Machine Learning

3.5.3. Underfitting vs. overfitting
In machine learning, overfitting is a phenomenon where a trained model has ideal predictions on
the training set but fails to generalize to new, unseen data. In other words, the model not only
captures the hidden behavior in the data but also learns the noise. As a result, the model with
overfitting mimics the training data, including random fluctuations, causing poor performance on
test data.

On the other hand, underfitting occurs when the model is too simple and cannot identify the
underlying patterns in the data. This means that it does not perform poorly only on new data
but also produces poor predictions even on the training set. Therefore, a model with overfitting
cannot capture the underlying behavior in data, causing large errors.

These two phenomena are best understood in the context of the bias-variance tradeoff.

Bias and variance tradeoff: The bias-variance tradeoff is a fundamental concept in machine
learning to help explain the relationship between underfitting and overfitting, as illustrated in Fig.
3.40. It describes how prediction errors can be decomposed into two main components: bias and
variance.

• Bias defines the error when the model assumptions are too simple. Therefore, the model
predictions do not align with the target values. Therefore, a model with high bias tends to
be underfitting since the model cannot capture the underlying patterns in the data. Such
models are prone to making inaccurate predictions on the training and test. For instance, a
linear model might have a high bias in capturing underlying patterns in data defined using a
cubic function since it is too simple.

• Variance, on the other hand, refers to the model’s sensitivity to variations or fluctuations
in the training data. A model with high variance tends to overfit, meaning that the model
also captures the noise, which causes a highly sensitive model. Thus, the model cannot
generalize, delivering poor predictions on new, unseen data. For example, a third-order
polynomial model, which aims to learn the hidden behavior of linear problems, might have
high overfitting since it might also capture the noise and fluctuations. In other words, the
model will act on those outliers as a part of actual behavior and make unrealistic predictions
for those data points.

Balancing bias and variance is essential for building models that generalize well to both training
and test data. An effective model attains an appropriate level of complexity: it is expressive
enough to capture meaningful patterns in the training set, yet not so sensitive that it reacts strongly
to noise or random fluctuations.

To remedy underfitting, one can increase model capacity, introduce additional informative
features, or train for more iterations. Conversely, to avoid overfitting, one may reduce model
complexity, apply regularization, remove less relevant features, and use cross-validation to guide
model selection and hyperparameter tuning.

Cross-validation : Cross-validation is a technique in machine learning to improve the model
accuracy and generalization. Cross-validation’s core idea is to first split the training data into a
given number of subsets, namely folds. While the model is trained on some of those folds, its
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Figure 3.40.: Bias-variance tradeoff.

accuracy is tested on the rest. The primary purpose of cross-validation is to avoid overfitting and
select hyperparameters during training.

The common cross-validation techniques are k-fold cross-validation, stratified k-fold cross-
validation, and leave-one-out cross-validation.

K-fold cross-validation

K-fold cross-validation is one of the simplest and most commonly used techniques. It follows
these steps:

• Split the dataset into k equally sized folds.

• Assign k − 1 folds as a pseudo training set and the remaining fold as a pseudo test set.

• For each iteration:

– Train the model on k − 1 folds and evaluate it on the remaining fold.

• In the next iterations, rotate the test fold, ensuring each fold is used for validation exactly
once.

• Compute the average performance across all k iterations to obtain a final evaluation metric.

Fig. 3.41 illustrates the concept of k-fold cross-validation with k = 5, resulting in five iterations.
The model is trained on four of the five folds at each iteration and tested on the remaining fold.
Once all five iterations are completed, the test performance is averaged to estimate the model’s
generalization ability.
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One question might arise: What happens to the final model after cross-validation? The
models trained during cross-validation are not used as the final model. Instead, after completing
cross-validation, the model should be retrained on the entire dataset to produce the final, ready-to-
deploy version. This is because the primary purpose of cross-validation is to assess generalization
performance and optimize hyperparameters rather than to create a deployable model. We refer
the reader to [59] for other cross-validation techniques.
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Figure 3.41.: An illustration of 5-fold cross-validation.

3.6. Hyperparameter optimization

In machine learning, hyperparameter optimization, or tuning, selects the optimal parameters to
improve the model performance. For instance, optimization parameters, such as learning rate,
or network parameters, e.g., number of layers and neurons can be optimized during training.
Standard hyperparameter optimization techniques are manual search, grid search, random search,
and Bayesian optimization.

Manual search: In machine learning, a manual search is a process of tuning the model
hyperparameters manually. It is not an automated process. Therefore, it requires a manual
construction of all possible combinations of the target hyperparameters. Therefore, manual
research is quite an intuitive process requiring experience.

Grid search: Grid search, also known as exhaustive search, is a brute-force approach that
systematically explores all possible combinations of hyperparameters for a given machine learn-
ing model. It evaluates each combination to identify the optimal set of hyperparameters that
maximizes model performance. However, this method is computationally expensive, especially
when dealing with multiple hyperparameters.

For instance, consider a model with five hyperparameters, each having 10 possible values. In
this case, grid search generates a total of 10 × 10 × 10 × 10 × 10 = 100,000 configurations.
Consequently, 100,000 unique models must be trained and evaluated to determine the optimal
hyperparameter setting, making the approach impractical for large search spaces.
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The main advantage of grid search is that it guarantees that each possible configuration is
considered to find the optimal configuration. Therefore, it can be practical when the search space
is relatively small.

Random search: Compared to grid search, which exhaustively evaluates every possible
combination of hyperparameters within the search space, random search involves randomly
sampling combinations of hyperparameters of the defined search space. Thus, this approach
significantly reduces the computational intensity. However, unlike grid search, it does not
guarantee that every possible configuration is performed during optimization. Consequently,
within the explored search space, the selected model might not be the optimal model. An
illustration of the difference between grid search and random search is given in Fig. 3.42.
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Figure 3.42.: Hyperparameter configuration for (a) grid search and (b) random search.

For a comprehensive review of Bayesian optimization methods, we refer the reader to [159].

3.7. Illustrative example: Using CNNs to predict load in
beam models

As a use case example, we implement a CNN model to predict the load in a beam model. The
beam configuration is shown in Fig. 3.43a, where a clamped beam is subjected to a uniformly
distributed load q(x) with magnitude q. The analytical solution for the beam displacement is
given by

w(x) = − qx2

24EI
(x− L)2, (3.104)

where Young’s modulus is set to E = 1, the moment of inertia to I = 1, and the beam length to
L = 1. In this formulation, w represents the displacement, while q denotes the applied load. Note
that this example is presented without specific units.

Since the applied load is unknown in this example, the aim is to predict load values based on
images that depict deflection curves. The effect of the load on the displacement, or the deflection
curve, is illustrated in Fig. 3.43b. As expected, a smaller load results in a less pronounced
deflection, whereas larger load values cause greater beam deformation.
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(a)

(b)

Figure 3.43.: (a) A clamped beam under a uniformly distributed load q(x). (b) Deflection curves
for different loads.

Figure 3.44.: Images for deflection curves of the beam example under different loads.
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We generate 200 deflection images to construct a CNN, some shown in Fig. 3.44. These images
are obtained by applying different load values ranging from 1 to 20.

First, the 200 images are split into three subsets: a training set with 162 images, a validation
set with 18 images, and a test set with 20 images. Each image has dimensions of 128× 128.

Next, we construct a CNN model with the following characteristics:

• Input layer: The input shape is defined by the image dimensions, specifically image height
(128), image width (128), and channels (1). Since the images are grayscale, they contain a
single channel.

• First convolutional layer: This layer extracts important features from the input image by
employing 32 filters, each of size 3×3, to the input image. The ReLU activation function is
used to introduce non-linearity. The convolutional layer is followed by a max pooling layer
with a 2× 2 pool size to reduce the spatial dimensions of the output, helping to decrease
the computational intensity and prevent overfitting.

• Second convolutional layer: Similar to the first layer, this layer applies 64 filters of a
window size 3× 3. Again, the ReLU activation is used to capture more complex features
from the image. Another max pooling layer with a 2x2 pool size is applied to further reduce
the spatial size of the feature maps.

• Flattening layer: The output from the convolutional and pooling layers is a multi-
dimensional tensor. Thus, the flattening layer converts this multi-dimensional output
into a one-dimensional vector, which can then be passed to fully connected layers.

• Fully connected layer (Dense layer): This layer consists of 128 neurons and uses the
‘ReLU‘ activation function. It processes the flattened output and helps in learning non-linear
combinations of the features extracted by the convolutional layers.

• Output layer: For the task of regression, the output layer contains a single neuron. This
neuron outputs the continuous value denoting the prediction for the image, namely the load.
In the output layer, no activation function is applied.

The deployed CNN model has 7,391,873 trainable parameters. Adam optimizer is utilized for
training with a learning rate of 0.001. The mean squared error is chosen as the cost function, a
proper loss function for predicting continuous values.

Training is performed for 500 epochs with a batch size of 16, which speeds up the training and
avoids memory problems due to large matrices. This configuration helps accelerate the training
process while still maintaining robust learning. The total training is approximately 80 s.

A comparison between the actual load (qact) and the CNN predictions (qpred) is presented in
Fig. 3.45. As shown on the left side of the figure, the predicted values closely align with the
actual load values, regardless of the load magnitude. Two randomly selected samples illustrate
that the CNN architecture effectively captures the underlying patterns in the displacement curves
to identify the applied load.

Further improvements can be achieved through hyperparameter optimization to enhance model
accuracy and by refining the model complexity to reduce computational time.
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Figure 3.45.: Comparison of the actual load (qact) and the CNN predictions (qpred).
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4. Application of Machine Learning
Techniques to Rough Surface
Contact Problems

4.1. Data-driven problem: learning a surrogate model
Despite the huge steps forward in numerical solution schemes as explained in Section 2.4.1,
and even though the available computational resources continuously increased, the high-fidelity
numerical solution of a rough contact problem can still be cumbersome. That is indeed the
case, exemplified by parameter studies where numerous simulations have to be run, causing the
computational cost to grow rapidly and eventually become prohibitive.

In this regard, a possible solution is offered by the huge advancement and development
experienced in the last few years by efficient surrogate modeling techniques. Among them,
a promising approach, namely data-driven surrogate modeling, is based on experimental or
synthetically generated data, thus deliberately excluding physical knowledge of the system;
instead, it extracts underlying patterns in provided data by deploying machine learning and
deep learning algorithms. Many application cases of data-driven surrogate modeling techniques
specifically crafted for the realms of science and engineering are available in the literature.
[27, 87, 109, 160] These techniques aim to achieve high accuracy while requiring minimal
computational or prediction time.

Surrogate modeling aims to reduce computational costs by approximating complex, computa-
tionally expensive models with more efficient alternatives. Often, this reduction in computational
cost comes at the expense of model accuracy and generality. Surrogate models can take various
forms, such as analytical models [45], physics-informed machine learning models [146], or purely
data-driven approaches based on machine learning techniques [58]. The choice of surrogate
model depends on the desired balance between model accuracy, generality, and computational
efficiency.

Mathematically, the data-driven surrogate modeling task can be formulated as a regression task.
Given a dataset (or database) D = {(xi, yi)}i=1,...,N of N pairs of inputs xi and corresponding
outputs yi = f(xi), the goal is to learn a function f̂w : Rd → R;x 7→ ŷ = f̂w(x) that
approximates the true model f : Rd → R;x 7→ y = f(x) such that

f̂w ≈ f, (4.1)

where x ∈ Rd is the d-dimensional vector of input parameters, y ∈ R is the scalar quantity of
interest (or target quantity), ŷ ∈ R is the approximation of the quantity of interest by the surrogate
model, and w are the free parameters of the surrogate model. Learning the surrogate model f̂w
typically involves minimizing a loss function
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L(D, f̂w) =
N∑
i=1

(yi − ŷi)2, (4.2)

with respect to the free parameters w, where ŷi = f̂w(xi) denotes the surrogate prediction at
sample point xi.

Data-driven surrogate modeling techniques can be developed for various purposes such as
prediction, parameter identification, classification, and anomaly detection. When focusing
on rough surfaces, these techniques find application across a diverse range of scenarios in
fluid mechanics, tribology, and contact mechanics. Sanhueza et al.[151] deployed machine
learning as a parameter identifier to predict the behavior of turbulent flows past rough surfaces.
They applied convolutional neural networks on the height map of a rough surface to identify
the corresponding skin friction values and Nusselt numbers. Elangovan et al.[50] employed
multiple linear regression to identify surface roughness in turning operations by considering
machining parameters such as speed, depth of cut and tool wear. The resulting database comprises
statistical features derived from vibration signals, and, in addition, principal component analysis
is applied to reduce the dimensionality of the input space. In the study by Prajapati et al.,[130] the
researchers constructed a surrogate model utilizing a regression-based Multi-Layer Perceptron
(MLP) to predict elastohydrodynamic lubrication parameters, specifically, the traction coefficient
and asperity load ratio. These predictions were customized for different surface topographies
encountered in rough contact problems. Similarly, the authors in[20] applied the machine learning
radial basis function method to identify the coefficient of friction on textured and porous surfaces.
In addressing rough surface problems, there are numerous additional examples where machine
learning techniques have been applied to identify parameters associated with surface roughness,
lubrication and wear. This is well-documented in the reviews by Syam[71] and Batu[12]. However,
only a small number of studies have delved into predicting the mechanical responses associated
with contact problems on rough surfaces, such as the prediction of effective contact area and
contact force. In the work led by Rapetto et al.,[137] the authors explored the ability of neural
networks to predict the relation between roughness parameters and the effective contact area. The
generated dataset comprises statistical features derived solely from 2D profiles, with the authors
noting that the error tends to be higher for small values of the effective contact area. Similarly,
Kalliorinne et al. [86] explored the ability of multitask neural networks to predict the mechanical
response of contact, including the effective contact area and contact pressure, across surface
topographies generated using distinct methods based on a given height probability distribution and
power spectrum. In research conducted by Jiang et al.,[82] a new method was proposed to predict
the effective contact area of fractal rough surfaces. This method employs a regression model based
on least-square support vector machines (SVMs). As the fractal surfaces are generated using a
deterministic Weierstrass-Mandelbrot (WM) model, the resulting database does not include the
statistical features but comprises solely the roughness parameters inherent to the WM model and
the external load. Furthermore, the generated database has a very limited range due to costly FEM
simulations. Additionally, they do not report generalization errors on the unseen data since only
a single sample is left for testing. Another approach for generating a surrogate model, namely
Physics-Informed Neural Networks (PINNs), incorporates the physical laws of a governing
problem and the additional data into the loss function of the neural networks.[134] For instance, in
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4.2. Surrogate model for prediction of effective contact area

the context of contact mechanics, Sahin et al.[144] deployed PINNs as a fast-to-evaluate surrogate
model to solve forward and inverse contact mechanics problems on macro-scale.

4.2. Surrogate model for prediction of effective contact
area

Given this mathematical framework, we propose a data-driven surrogate modeling workflow to
reduce the cost of evaluating the effective contact area in rough surface contact problems, which
depend on the far-field displacement ∆ and the surface height field z, as defined in Section 2.4.2.
In this context, the system is described by the function f introduced in Eq. (4.4) and illustrated in
Fig. 4.1a. The input vector is defined as x = [∆, z], and the target quantity is y = Ae. We aim to
approximate f using a surrogate model f̂w, as depicted in Fig. 4.1a.

A central challenge in this problem is the high dimensionality d of the input vector, primarily
due to the discretized height field z. To address this, we adopt a dimensionality reduction
approach: instead of using z directly, we represent it through a set of summary statistics or
statistical descriptors ϑ (cf. Section 2.4.4). This significantly reduces the input dimensionality, as
ϑ captures the essential characteristics of z with far fewer parameters.

Moreover, while the dimensionality of z increases with the grid size (e.g., 1024 for a 32× 32
grid and 16384 for a 128× 128 grid), the number of statistical parameters in ϑ remains fixed. In
this study, we compute 22 such statistical parameters, enabling efficient and scalable surrogate
modeling.

Ultimately, the surrogate model f̂w can be equivalently described by the following set of
equations:

Âe = f̂w(∆, z) ⇐⇒

{
ϑ = g(z),

Âe = ĥw(∆,ϑ),
(4.3)

Here, g is a known deterministic function that maps the height field z to a vector of statistical
descriptors ϑ (as detailed in Section 2.4.4), and ĥw is a regression model trained from data. This
model is learned using the dataset D = {([∆i,ϑi],Aie)}i=1,...,N , where each ϑi = g(zi).

A graphical representation of Eq. (4.3) is shown in Fig. 4.1a. Once the model ĥw is trained,
evaluating the surrogate on a new, unseen rough surface involves computing its statistical de-
scriptors via g and applying the learned regression model as outlined in Eq. (4.3). While the
original model f could also be used to predict the target quantity, doing so would incur significant
computational cost. In contrast, evaluating the surrogate model is substantially faster, making it
particularly well-suited for multi-query analysis scenarios (cf. previous section), where thousands
of such model evaluations may be required.

In summary, the key parameters governing the computation of the effective contact area Ae are
the imposed load ∆ and the surface height field z. Thus, in abstract terms, solving the problem
means evaluating the following function:

Ae = f(∆, z). (4.4)
This problem setup is illustrated in Fig. 4.1a. We know that such a functional relationship exists,
and that approximate well-known general closed-form expressions for f are available from many
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different classical analytical models. However, a lack of overall general agreement in terms of
outcome is experienced, with different theories leading to slightly but non-negligible differences
in their findings [188]. Furthermore, the derivation of closed form expressions comes with the
cost of strong starting assumptions, e.g., in terms of the topography that must be considered.
Instead, evaluating the function f without a priori simplifications requires the numerical solution
of a boundary integral equation that models the whole contact mechanics problem. As described
in Section 2.4.1, various numerical schemes can be employed to solve this problem. In this
work, we use the Boundary Element Method (BEM) for which has already been provided in
Section 2.4.5.

(a)

(b)

Figure 4.1.: Surrogate modeling framework for the effective contact area in rough surface contact:
(a) The reference model f computes Ae as a function of far-field displacement ∆
and surface height field z, requiring costly numerical simulations; (b) the surrogate
model f̂w approximates this using a fast-to-evaluate regression model ĥw(∆,ϑ),
where ϑ = g(z) is a vector of statistical parameters. The function g is a known
deterministic mapping that enables dimensionality reduction of the input vector.

In summary, the following sections present a surrogate modeling framework for predicting
the effective contact area resulting from the interaction between a linear elastic half-space and a
rigid rough surface. Rough topographies are generated utilizing the RMD algorithm to obtain
self-affine fractal surfaces. The generated database includes a wide range of parameters, viz.
model parameters, material parameters and roughness parameters obtained through statistical
characterization of topographies. These statistical roughness parameters are calculated based on
the height field, summits (maxima in 3D) and peaks (maxima in 2D) of fractal surfaces. In contrast
to earlier investigations in the literature, various machine learning algorithms are deployed as fast-
to-evaluate models utilizing a database generated with Boundary Element Method simulations.
As mentioned earlier, BEM stands out as an efficient approach, providing highly accurate results
with significantly reduced computational time compared to other numerical schemes. Thus,
we couple state-of-the-art data-driven methodologies with enriched simulation data based on
BEM. These methodologies include Decision Tree, Random Forest, Support Vector Machine
(SVM) Regressor, Adaptive Boosting (AdaBoost), Gaussian Process (GP) Regressor, Gradient
Boost, Kernel Ridge, eXtreme Gradient Boosting (XGBoost), and Multi-Layer Perceptron (MLP)
Regressor. Hyperparameter optimization is performed to identify the best configuration for each
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model type. This optimization is carried out through grid search combined with cross-validation
to identify the optimal model parameters. For quantitative comparisons among surrogate models,
several accuracy metrics are computed. These metrics include the normalized mean square
error (nMSE), normalized mean absolute error (nMAE), normalized max-error (nMaxE) and
the R2 score. Selecting an optimal surrogate model requires balancing accuracy and prediction
performance, depending on the specific requirements of the application task. Our results indicate
that kernel-based regressors generally perform very well in the given context of rough surface
contact simulations. Among them, the Kernel Ridge model offers the best trade-off between
accuracy and computational efficiency. It achieves high predictive accuracy, low prediction
time, and minimal training overhead, making it a strong candidate for general-purpose surrogate
modeling. Therefore, the Kernel Ridge model is eventually compared to the BEM model in terms
of overall computational time. This assessment encompasses not only the prediction time of
the trained model but also considers the training, tuning, and data generation time. Going one
step further, to assess the model’s generalization capability, the optimal model is tested in a new
simulation scenario, which is not seen during the training process. The findings reveal that the
developed surrogate model performs well in this previously unseen scenario. Specific scientific
contributions of the paper can be outlined as follows:

• Development of an efficient fast-to-evaluate surrogate modeling workflow to predict the
effective contact area for rough surface contact problems.

• Establishment of an informative database encompassing a diverse set of parameters com-
bined with BEM simulations.

• Generalization of the machine learning model by testing on the unseen simulation scenario.

The remainder of this chapter is structured as follows. In Section 4.3, we elucidate a method-
ology for surrogate modeling as an alternative to conventional techniques. This includes the
development of a surrogate modeling workflow, the generation of a database exploiting BEM sim-
ulations, and the introduction of fast-to-evaluate surrogate models as baseline models and tuned
models via hyperparameter optimization. Furthermore, several accuracy metrics are introduced
to validate the accuracy of surrogate models. Section 4.4 covers an evaluation of baseline and
tuned models comparing them in terms of accuracy and performance. Among the investigated
machine learning approaches, the so-called optimal model is compared with the BEM model in
terms of performance. Section 4.5 concludes the manuscript by summarizing the main findings
and providing insights into future research directions.

4.3. Methodolody

4.3.1. Surrogate modeling workflow
After mathematically defining the problem setup in the previous section, we describe the full
modeling workflow from a practical perspective. The proposed modeling workflow is illustrated
in Fig. 4.2. First, we define the input parameter space and sample from it. The input parameter
space consists of the statistical parameters of a rough surface and the far-field displacement.
We use controlled sampling [63] to explore this space. While the far-field displacement can be
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sampled directly, the surface parameters are sampled indirectly: a random rough surface is first
generated using the RMD algorithm (see Section 2.4.3), and its statistical parameters are then
computed as described in Section 2.4.4.

Simulation model

(BEM)

Material parameters

Model parameters

Statistical parameters
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Human intelligence

Model tuning

Effective contact area
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Figure 4.2.: Data-driven surrogate modeling workflow to solve rough surface contact simulations.

Second, we run BEM simulations for all input samples (pairs of rough surfaces and far-field
displacements) to compute the corresponding effective contact areas. In this way, we construct
a database D consisting of input-output samples. An important practical aspect of data-driven
surrogate modeling is data preprocessing, which follows database generation. Not all parameters
may be relevant, and some data points might be incomplete, e.g., due to failed BEM simulations.
Thus, methods such as feature selection and data cleaning are applied to obtain the final form
of the database [59]. Feature selection is the process of identifying and selecting a subset of the
most relevant input parameters (features) from the dataset that contribute the most to the model’s
predictive performance. The goal is to improve model accuracy, reduce overfitting, and decrease
training time by removing irrelevant, redundant, or noisy features. Data cleaning is used to
remove missing values resulting from failed simulations. Moreover, data normalization [59, 156]
is applied to scale the problem and improve model performance and stability.
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Third, various machine learning regression models are trained as fast-to-evaluate surrogate
models, and hyperparameter optimization is performed to tune them further. Due to the black-box
nature of purely data-driven methods, human oversight is necessary throughout the training
process. This includes defining the hyperparameter search space, managing the workflow, making
critical decisions, and selecting the optimal model. In this work, the performance of the trained
surrogate models is evaluated on unseen but known test data (a subset of the database) using
accuracy metrics, such as the mean square error (see Section 4.3.4).

Finally, in the fourth step, the surrogate model can be used to predict the quantity of interest
for any new input point, for example during a multi-query analysis such as a parameter study
or uncertainty quantification. This stage is referred to as the online phase. The first three steps
(cf. Fig. 4.2) take place in the offline phase, meaning they are performed only once. It is worth
noting that model validation is also carried out in the online phase, as it is separate from the
training process.

The workflow is implemented in our in-house package called DeepSim (https://github.
com/imcs-compsim/deep_sim), which is developed to automate numerical simulations,
and machine learning frameworks.

4.3.2. Generation of database

To generate the database, we first sample from the input parameter space and then run BEM
simulations for each sample. The input space includes the statistical parameters of rough surfaces
and the far-field displacement. As described in Section 2.4.2, the material properties do not
influence the contact pattern. Therefore, parameters such as Young’s modulus and Poisson’s
ratio are held constant throughout this study. Additionally, more samples are placed in regions
of greater interest through controlled sampling. The far-field displacement is sampled directly
from the range 5 µm to 45 µm, with a higher concentration of samples for ∆ ≤ 25 µm (see
Fig. 4.3a and Fig. 4.3b), since larger far-field displacements lead to prohibitive computational
cost (cf. Fig. 2.20). Statistical surface parameters are sampled indirectly: rough surfaces with a
128× 128 grid are generated using the RMD algorithm (see Section 2.4.3), and their statistical
properties are computed as described in Section 2.4.4. BEM simulations are performed for each
input sample to compute the corresponding effective contact area.

The resulting input-output pairs form the desired database. In total, we run 15,878 BEM
simulations, with an average simulation time of 190 s per model evaluation. A comprehensive list
of all parameters used in this study is provided in Table 4.1. The table includes fixed parameters
(e.g., material and model parameters) used to generate the database, along with the observed
ranges for all input and target quantities. The input features for the data-driven surrogate models
consist of the far-field displacement and 22 statistical parameters describing the rough surfaces,
as listed in Table 4.1. The database includes one quantity of interest, the effective contact area,
which serves as the model output.

Note that the table presents raw data, before preprocessing (see Section 4.3.1). In particular, an
L2-normalization is applied to ensure each feature vector has unit length:

Xi =
xi√∑nf

i=1 x
2
i

, (4.5)
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Figure 4.3.: Visualization of the database. (a) distribution of far-field displacement, and (b) scatter
plot showing the target effective contact area against the feature far-field displacement.
Each point represents a triplet consisting of a rough surface, a far-field displacement,
and the corresponding effective contact area. Variations in effective contact area at a
fixed far-field displacement are due to differences in the characteristics of the rough
surfaces.

where xi is the non-normalized feature, nf is the number of features, and Xi is the normalized
feature.

After preprocessing, the database is used to train fast-to-evaluate surrogate models. We adopt
an 80:20 train-test split, resulting in a training set with 12,703 samples and a test set with 3,175
samples. Each sample has 23 features and one scalar target.

4.3.3. Fast-to-evaluate modeling with hyperparameter optimization

To find the optimal data-driven model, we compare different regression models, including Decision
Tree [181], Random Forest [33], Support Vector Machine (SVM) Regressor [169], Adaptive
Boosting (AdaBoost) [55], Gaussian Process (GP) Regressor [138], Gradient Boost [56], Kernel
Ridge [171], eXtreme Gradient Boosting (XGBoost) [40], and Multi-Layer Perceptron (MLP)
Regressor [62].

Figure 4.4 illustrates the classification of all the deployed machine learning algorithms based
on their characteristics, categorized into three main groups: tree-based models, kernel-based
models, and neural networks.

Tree-based models are further divided into single and ensemble methods, depending on whether
the model is a standalone decision tree or it is a combination of multiple decision trees. Boosting
algorithms, on the other hand, sequentially construct ensemble algorithms to enhance prediction
accuracy.

Kernel-based regression methods are non-parametric techniques that use kernel functions to
map input data into high-dimensional feature spaces, allowing them to capture complex, nonlinear
relationships. They leverage the kernel trick to compute inner products in the transformed space
without explicitly performing the transformation [110]. Among the kernel-based models used,
Kernel Ridge and SVM Regressors are deterministic, while the GP Regressor is probabilistic.
When using the same kernel and hyperparameters, the mean prediction of a GP Regressor is
equivalent to that of Kernel Ridge Regression (see Appendix A). The SVM Regressor aims to
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Type Name Symbol Range

Model
parameters

Scan length (µm) L 1,000
Hurst exponent (-) H [0.5, 0.8]
Far-field displacement (µm) ∆ [5, 45]

Statistical
parameters

Mean of peaks (µm) z̄p [8.20, 47.51]
Root mean square of peaks (µm) RMS[zp] [2.54, 15.49]
Kurtosis of peaks (-) K[zp] [1.56, 7.13]
Skewness of peaks (-) Sk[zp] [−1.34, 1.36]
Density of peaks (-) ρp [0.19, 0.27]
Mean of curvature of peaks (µm−1) κ̄p [0.015, 0.066]
Kurtosis of curvature of peaks (-) K[κp] [−0.07, 5.35]
Skewness of curvature of peaks (-) Sk[κp] [0.55, 1.15]
Bandwidth parameter in x direction (-) αx [4.06, 46.19]
Bandwidth parameter in y direction (-) αy [4.19, 48.52]
Mean of asperities (µm) z̄a [8.54, 48.18]
Root mean square of asperities (µm) RMS[za] [2.56, 15.60]
Kurtosis of asperities (-) K[za] [−1.45, 4.26]
Skewness of asperities (-) Sk[za] [−1.34, 1.48]
Density of asperities (-) ρa [0.08, 0.13]
Mean of curvature of asperities (µm−1) κ̄a [0.017, 0.072]
Root mean square of curvature of asperities (µm−1) RMS[κa] [0.007, 0.031]
Kurtosis of curvature of asperities (-) K[κa] [2.81, 15.14]
Skewness of curvature of asperities (-) Sk[κa] [0.41, 1.6]
Mean of surface height (µm) z̄ [7.71, 45.36]
Max. of surface height (µm) zmax [16.36, 79.25]
Root mean square of surface height (µm) RMS[z] [2.62, 15.55]

Target
parameter Effective contact area (%) Ae [0.01, 16.56]

Table 4.1.: The list of parameters of the generated raw database including material parameters,
model parameters, statistical parameters, and the target quantity. Each row contains a
parameter with corresponding symbol and the range of variation.
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find a function (or hyperplane) that deviates from the actual target values by at most a specified
margin (epsilon) for as many data points as possible, while also maintaining model simplicity
(i.e., minimizing the norm of the weights).

The MLP Regressor, in contrast, is a neural network-based method capable of modeling
nonlinear relationships through learned weights and activations. Note that the MLP Regressor
with regularization and a single-layer architecture using a linear activation function and the Kernel
Ridge algorithm employing a linear kernel exhibit similar characteristics.

Surrogate Models

MLP Regressor

Kernel-based 
Models

Kernel Ridge GP Regressor

Tree-based 
Models

Decision Tree Random Forest

AdaBoost

Gradient Boost

XGBoost

Neural 
Networks

ProbabilisticDeterministicEnsembleSingle

Boosting

SVM Regressor

Figure 4.4.: Classification of surrogate modeling techniques based on their characteristics.

Many machine learning models have hyperparameters. Hyperparameters are configuration
settings that are set before training begins. They control the learning process (e.g., learning
rate, batch size, number of layers) and significantly influence model performance but are not
learned from the data. Since the choice of hyperparameters directly affects model accuracy and
performance [186], we perform a hyperparameter optimization using grid search with cross-
validation to identify the best-performing configuration of a model [51]. By comparing the
best-performing configuration of each model, we ensure a fair comparison across models.

In a grid search, the model is trained on all combinations of hyperparameters on a predefined
grid: First, a search space is specified for each hyperparameter. Second, the search space is
sampled on a fixed number of grid points. Grid-based hyperparameter optimization suffers from
the curse of dimensionality and can quickly become computationally very expensive. Despite its
computational cost, we demonstrate that the effort is justified, as it leads to substantially improved
model performance (cf. Section 4.4.2). To balance computational cost, we focus on tuning key
hyperparameters only [186]. For example, in tree-based algorithms such as XGBoost, important
hyperparameters include the learning rate, maximum tree depth, and the number of estimators,
corresponding to the maximum number of boosting trees [64]. A full list of the investigated
hyperparameters is provided in Table 4.2. Detailed descriptions of the machine learning models
and their corresponding hyperparameters can be found in Pedregosa et al. [118].

To avoid setting aside a portion of the training data exclusively for validation (note that we
already split the database into 80% training and 20% test data, cf. Section 4.3.2), we use k-fold
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cross-validation during hyperparameter optimization. This method splits the training data into
k equal parts, or folds. The model is then trained k times, each time using k − 1 folds for
training and the remaining fold for validation. This ensures that every data point is used for
both training and validation, providing a more reliable estimate of model performance. The final
performance metric is obtained by averaging the results over all k runs. For more details on k-fold
cross-validation, we refer readers to the original literature [92, 193]. In this study, we specifically
apply 5-fold cross-validation.

Table 4.3 compares the computation times required for hyperparameter optimization across
the models. Due to the curse of dimensionality, models with more hyperparameters generally
require much longer tuning times. For instance, the Random Forest model involves evaluating
19,008 hyperparameter combinations (9×4×11×4×3×4=19,008), as detailed in Table 4.2. In
contrast, the Decision Tree and MLP Regressor models involve fewer combinations–600 and 756,
respectively. However, the MLP Regressor still requires significantly more tuning time due to
the higher training cost per configuration. Unlike Decision Trees, MLPs must learn additional
internal parameters, such as weights and biases, for each hyperparameter setting [62]. In total,
hyperparameter tuning for the MLP Regressor takes over 12 h, whereas for the Decision Tree
model it takes only about 16 s, a negligible amount by comparison.

4.3.4. Accuracy metrics

To evaluate the performance of the models, four metrics are introduced: normalized mean square
error (nMSE), normalized mean absolute error (nMAE), normalized max-error (nMaxE), and the
R2 score [26]. Accuracy metrics without normalization are scale-dependent [78]. In other words,
scale-dependent measures always require information about the scale of the target to assess the
model’s accuracy effectively. For the following expressions of normalized metrics, Ae denotes
the ground truth, Âe is the prediction, Āe is the mean ground truth of the test data, max(|Ae|) is
the max value of ground truth in the test data, and n is the number of test points.

The normalized mean square error (nMSE) is defined as:

nMSE = 100

1
n

n∑
i=1

(
Aie − Âie

)2
Āe

%. (4.6)

The nMSE metric quantifies the average squared differences between predictions and ground
truths, normalized by the mean of the ground truth. Since it penalizes larger errors more heavily,
it is particularly sensitive to outliers. A lower nMSE indicates a better model fit.

The normalized mean absolute error (nMAE) is formulated as:

nMAE = 100

1
n

n∑
i=1

∣∣Aie − Âie∣∣
Āe

%. (4.7)

The nMAE metric measures the average absolute differences between predictions and ground
truths, providing an interpretable error metric. Unlike nMSE, nMAE treats all errors equally and
is more robust to outliers. Lower nMAE values indicate higher prediction accuracy.
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Model Hyperparams. Search space Grid points Optimum

Decision
Tree

max depth
max features
min samples leaf
min samples split

1 - 30
auto, sqrt, log2, none

1 - 15
2 - 10

5
4
6
5

30
none

7
10

Random
Forest

max depth
max features
# estimators
criterion
min samples split
min samples leaf

5 - 100
sqrt, log2, 0.3, 1

20 - 2,000
sq. err., abs. err., Friedman, Poisson

2 - 10
1 - 15

9
4

11
4
3
4

20
1

1,000
sq. err.

2
1

AdaBoost

max depth
loss
# estimators
learning rate

3 - 35
linear, square, exponential

10 - 1500
1× 10−2 - 2.0

7
3

11
9

18
square
1,500
1.0

Gradient
Boost

learning rate
loss
max depth
# estimators
criterion
max features

1× 10−3 - 2.0
sq. err., abs. err., huber, quantile

5 - 100
50 - 1,600

Friedman, sq. err.
auto, sqrt, log2

8
4
8

10
2
3

0.05
sq. err.

5
1,600

Friedman
auto

XGBoost

learning rate
max depth
# estimators
gamma

1× 10−2 - 2.0
3 - 15

10 - 1,500
0 - 2

8
5

14
8

0.1
3

1,500
0.0

SVM
Regressor

C
degree
kernel
gamma
cache size

0.1 - 1,400
3 - 7

linear, rbf, poly, sigmoid
scale, auto
200 - 5000

12
3
4
2
6

1,400
7

poly
scale
200

GP
Regressor

alpha 1× 10−3 - 1.0 110 0.0374

Kernel
Ridge

alpha
gamma
kernel

1× 10−5 - 1
0.01 - 150
rbf, linear

8
10
2

1× 10−5

5
rbf

MLP
Regressor

activation
alpha
hidden layer sizes
learning rate
solver

logistic, relu, tanh
1× 10−4 - 5× 10−3

nodes: 50 - 120, 2-4 layers
constant, invscaling, adaptive

sgd, adam, lbfgs

3
7
4
3
3

tanh
1× 10−3

[50, 100, 200, 100, 50]
adaptive

lbfgs

Table 4.2.: Investigated surrogate model hyperparameter optimization, including the model type,
selected hyperparameters, the defined parameter search space, and the optimal param-
eter value.
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Decision
Tree

Random
Forest AdaBoost

Gradient
Boost XGBoost

SVM
Regressor

GP
Regressor

Kernel
Ridge

MLP
Regressor

Tuning
time (s) 16 1,628,304 42,814 900,946 120,845 25,120 61,494 2,599 44,325

Table 4.3.: Assessment of time required for performing hyperparameter optimizations.

The normalized max-error (nMaxE) is expressed as:

nMaxE = 100
max

(∣∣Ae − Âe

∣∣)
max

(∣∣Ae

∣∣) %. (4.8)

The nMaxE metric captures the largest absolute error relative to the maximum observed value in
the test data. It highlights the worst-case error scenario, making it useful for applications where
large deviations are critical. A lower nMaxE suggests that the model avoids large prediction
errors.

The R2 metric, also referred to as the coefficient of determination, quantifies how well the
predictions match with actual values. Usually, the R2 value ranges from 0 to 1, or from 0% to
100%. The accuracy metric R2 is defined as

R2 = 100

[
1−

n∑
i=1

(
Aie − Âie

)2
n∑
i=1

(
Aie − Āe

)2
]
%. (4.9)

R2 measures the proportion of variance in the actual values that is explained by the model
predictions. A value close to 100% indicates a strong predictive model, while lower values
suggest poor explanatory power.

Accuracy metrics are utilized for quantifying the investigated surrogate models based on the
predicted and actual effective contact area. Also, note that all metrics are unitless and defined as
percentages.

4.4. Results and discussion

4.4.1. Evaluation of baseline models
The evaluation of the so-called baseline models aims to compare the investigated machine learning
algorithms without hyperparameter optimization in terms of accuracy metrics, fit, and prediction
time on unseen test data.

Fig. 4.5 shows the qualitative comparison of the investigated baseline models to predict the
effective contact area. Each figure has a red line, also referred to as the perfection line, which is
used to qualify the model prediction. The qualitative accuracy of the model can be determined by
how closely its predictions align with the red curve. A simple tree-based method such as Decision
Tree shows a linear trend that is consistent with the perfection line. However, it exhibits a high
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variance, which causes a bad generalization. On the other hand, ensemble methods that rely on
multiple decision trees, such as Random Forest, Gradient Boost, and XGBoost, exhibit reduced
variance, thus leading to improved accuracy. While the majority of ensemble methods perform
well, AdaBoost stands out as a negative exception. The AdaBoost algorithm struggles to grasp the
underlying patterns in the data, often delivering the same predictions although the actual values
are different, thus indicating potential underfitting.

The SVM Regressor deviates slightly from the perfection line with an increasing variance
for larger values of the effective contact area. In cases where the target values are small, the
SVM Regressor tends to produce some negative, physically unrealistic predictions (the effective
contact area can not take negative values). Similarly, the Kernel Ridge algorithm excessively
deviate from the perfection line, predicting large negative values of the effective contact area even
though the actual values are meant to be small yet positive. These noticeable deviations around
small effective contact area values can be related to the dominating effect of the loss function
contributions of data points with large effective contact area values during training. Since the
Kernel Ridge algorithm is not yet tuned and has a simple model complexity, it tends to prioritize
minimizing errors for larger values, which is why we observe significant deviations around the
small effective contact values. On the other hand, the MLP Regressor with a single hidden layer
using the rectified linear unit (relu) activation function demonstrates a behavior similar to that
of the SVM Regressor, In particular, it tends to predict comparably large negative values of the
effective contact area around the origin. However, in contrast to the SVM Regressor, exhibits
significantly lower variance, especially for larger effective contact areas. The GP Regressor model
outperforms all other baseline models in terms of accuracy and exhibits comparably reduced
variance around the perfection line.

Fig. 4.6a provides a quantitative comparison of accuracy metrics, namely nMSE (%), nMAE
(%), nMaxE (%), and the R2 score (%) for the investigated baseline models. Since the Decision
Tree algorithm by definition mimics the training data, it yields 0% nMSE, nMAE, nMaxE along
with 100% R2 in the training data set. However, it suffers from a relatively high nMaxE value in
the test data, e.g., nMaxE = 24.62%. The corresponding numbers for nMSE, nMAE, nMaxE
and R2 are provided in Table 4.4. The large difference between train and test metrics means that
the baseline model based on the Decision Tree can not properly generalize the problem. Yet, the
Decision Tree model has the fastest prediction and fit times as depicted in Fig. 4.6b. The Random
Forest exhibits smaller test errors in terms of nMSE and nMAE compared to nMaxE and it does
not indicate any sign of overfitting. However, it has the largest fit time of tf = 19.99 s. Similarly,
the SVM Regressor exhibits larger nMaxE values when compared to other accuracy metrics and
it has the largest prediction time with tp = 3.408 s. The Kernel Ridge model produces the largest
test errors in the test data with nMSE = 19.11%, nMAE = 13.02%, and nMaxE = 34.45%.
Moreover, it has a poor performance in terms of R2. The ensemble method AdaBoost also
produces large test errors and has the poorest coefficient of determination of R2 = 90.71%. Other
ensemble methods such as Gradient Boost and XGBoost demonstrate better results in general.
Additionally, XGBoost has the second-fastest fit and prediction time, following closely after
the Decision Tree. As a neural network model, MLP Regressor produces smaller test errors
in terms of nMSE and nMAE, but it has the largest fit time with tf = 12.88 s. Among all the
investigated methods, the GP Regressor model stands out for its exceptional performance when
considering various accuracy metrics in test data, e.g., nMSE = 1.15%, nMAE = 3.05%, and
nMaxE = 11.76% along with R2 = 99.53%.
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Figure 4.5.: Comparison of the investigated baseline models to predict the effective contact area
(%). Horizontal axes are the observations or actual values, while vertical axes denote
the predictions. The red lines represent a perfect fit, which is used to qualify the
model’s accuracy.
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(a) (b)

Figure 4.6.: Comparison of the investigated data-driven baseline models to predict the effective
contact area for rough surface contact: (a) Accuracy metrics (%), (b) times for fit
and prediction in % are given including the corresponding actual values in s. Note
that each accuracy metric is scaled relative to the worst accuracy across all models
to enable better comparisons. Similarly, each prediction and fit time measures are
scaled relative to the maximum prediction and fit time across all models.
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4.4.2. Evaluation of tuned models

As mentioned earlier, hyperparameter optimization or tuning is a crucial and necessary step to
improve model performance and the ability to generalize from seen to unseen data. Also, tuning
can reduce prediction and fit times. Fig. 4.7 qualitatively illustrates the comparison of baseline
models and tuned models with their respective predictions of the effective contact area. For
all investigated models, there is a drastic improvement in accuracy. Particularly for AdaBoost,
SVM Regressor, Kernel Ridge, and MLP Regressor models, predictions now closely align with
the perfection line in contrast to the baseline models. Furthermore, the tuned models are quite
effective in avoiding unphysical negative values for the effective contact area, particularly for the
Kernel Ridge, the SVM Regressor and the MLP Regressor.

Table 4.4 provides quantitative comparisons of baseline and tuned models in terms of accuracy
metrics and computational time for model fitting and prediction. Hyperparameter optimization
yields varying improvements across models, often at the expense of increased training time. For
both the Decision Tree and Random Forest models, tuning yields slight improvements in most
accuracy metrics, except for nMaxE. Specifically, for the Decision Tree, the prediction time
remains almost the same, while the fit time decreases slightly from 0.48 s to 0.42 s. Conversely,
the Random Forest model shows a drastic increase in both training and prediction time, nearly 15
times larger. The fit time increases dramatically from 19.99 s to 298.58 s and the prediction time
rises from 0.094 s to 1.364 s. The tuned SVM Regressor demonstrates remarkable performance
improvements, with nMSE decreasing from from 5.47% to 1.20%, nMAE from 6.50% to 3.09%,
and nMaxE from 22.30% to 10.62%, while the R2 value increases from 97.61% to 99.50%.
However, these gains come with a steep computational cost, as the fit time increases from 9.17 s
to 2,550 s. Yet, the tuned SVM Regressor model exhibits a reasonable reduction in prediction
time. Tuned ensemble methods, e.g., AdaBoost, Gradient Boost, and XGBoost, exhibit great
improvements in accuracy metrics with an average improvement factor of approximately 40%.
Among the ensemble approaches, the tuned XGBoost model demonstrates outstanding computing
performance, delivering a fit time of tf = 4.13 s and a prediction time of tp = 0.005 s.

The tuned MLP Regressor model exhibits better goodness of fit than the tree-based models
across all accuracy metrics, with nMSE = 1.19%, nMAE = 3.09%, nMaxE = 9.95%, and
R2 = 99.51%. With these values, it ranks as the third-best model overall in terms of accuracy.
However, training the tuned MLP Regressor requires approximately 3,435 s, making it the most
time-consuming training process among all models. The fit time is approximately 266 times longer
than that of the baseline model, primarily due to a significantly higher number of training epochs
and increased model complexity. Specifically, the tuned model is trained over 20,000 epochs,
compared to just 200 epochs for the baseline. In addition, the tuned MLP employs a deeper
architecture with more neurons and layers, resulting in a substantially larger number of internal
parameters to optimize. With a prediction time of 0.049 s, the MLP Regressor lies in the middle
range. It is an order of magnitude slower than the Decision Tree, yet two orders of magnitude
faster than the slowest models, such as the GP Regressor and Random Forest.

For the GP Regressor model, tuning leads to slight improvements in nMSE and nMAE, and a
substantial reduction in nMaxE—from 11.76% to 8.98%. As a result, the GP Regressor achieves
the best overall accuracy across all evaluated metrics, making it the most effectively tuned model
in this study. However, this gain in accuracy comes at a considerable computational cost: the
fit time increases sharply from 11.76 s to 853.23 s, representing more than a 70-fold increase,
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Figure 4.7.: Comparison of the baseline models with the tuned models. Horizontal axes represent
the observations or actual values, while vertical axes denote the predictions. The red
lines represent a perfect fit, which is used to qualify the model’s accuracy.
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while the prediction time remains nearly unchanged. A significant portion of this fit time is
spent on computing the maximum likelihood estimation of the kernel parameters. In contrast, the
tuned Kernel Ridge model delivers accuracy metrics comparable to those of the GP Regressor,
but with much lower computational demands-requiring only 9.18 s for training and 0.827 s for
prediction. Overall, we consider the tuned Kernel Ridge model to be the most balanced surrogate,
as discussed in Section 4.4.4. For this reason, we focus on this model in greater detail in the
following sections.

4.4.3. Comparative cost analysis of reference and surrogate models
The motivation behind building surrogate models is to construct fast-to-evaluate approximations
of the BEM reference model, thereby making multi-query scenarios, requiring numerous model
evaluations, computationally tractable. While surrogate models reduce evaluation time compared
to the reference model, they also introduce additional upfront costs associated with model
construction.

Ultimately, our goal is to determine the break-even point, the number of model evaluations at
which the computational savings from using the surrogate outweigh the cost of building it. To
analyze this, we conduct a comparative cost analysis of the overall computational cost of using the
Kernel Ridge model versus the reference numerical method (BEM) for an increasing number of
simulations. For the BEM model, the total cost tBEM is obtained by summing the time required for
each individual simulation. As shown in Fig. 2.20, the simulation time depends on both surface
properties and the applied far-field displacement. Therefore, the exact cost of a specific BEM
simulation is not known in advance. To approximate the total cost, we use the average simulation
time from the database generation process, which is 189.79 s. This average is assumed to be a
reliable estimate of expected cost, especially when considering a large number of simulations.

In contrast, computing the total cost for the surrogate model is more intricate. To ensure a fair
comparison, all components of the surrogate modeling process must be considered. Specifically,
we account for four time contributions involved in building and using the surrogate model.
The first contribution is the model evaluation time, which refers to the total cost tp of making
predictions using the surrogate model across all input samples. To accurately estimate the
prediction time for a single sample, we compute the average prediction time based on 2,000
randomly selected input samples, drawn uniformly from the feature ranges specified in Table 4.1.
The second contribution is the fit time tf , i.e., the time required to train the surrogate model on
the available training data. The third contribution is the cost of hyperparameter optimization th,
which, as shown in Table 4.3, can be substantial. Finally, we include the cost of generating the
database td, as this is a necessary prerequisite for training any surrogate model. This includes
both the generation of input samples (e.g., synthetic surfaces and far-field displacements) and the
corresponding evaluations using the reference BEM model to obtain the output quantities. The
total cost of the Kernel Ridge Regressor can finally be computed as tKRR = tp + tf + th + td.

A visualization of the comparative computational cost analysis is provided in Fig. 4.8. The
overall cost of using the surrogate model is dominated by the database generation time td, which
is several orders of magnitude greater than the other cost components. The model training
time is negligible: on average, a single BEM evaluation is more expensive than the combined
cost of training and evaluating the Kernel Ridge model. Even the hyperparameter optimization
step, while computationally intensive within the surrogate modeling workflow, contributes only
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Performance metric (%) Time (s)

nMSE nMAE nMaxE R2 fit (tf ) pred. (tp)

Decision
Tree

Baseline 8.99 8.17 24.62 96.31 0.48 0.003
Tuned 8.51 8.03 27.66 96.51 0.42 0.003
Improvement 5.34 1.71 -12.35 0.21

Random
Forest

Baseline 3.39 5.05 17.81 98.56 19.99 0.094
Tuned 3.34 5.01 18.58 98.58 298.58 1.364
Improvement 1.47 0.79 -4.32 0.02

AdaBoost
Baseline 16.71 12.80 25.03 90.71 3.08 0.020
Tuned 2.92 4.77 16.34 98.76 230.11 1.174
Improvement 82.53 62.73 37.72 8.87

XGBoost
Baseline 3.01 4.86 17.59 98.75 0.77 0.002
Tuned 1.95 4.03 10.34 99.19 4.13 0.005
Improvement 35.22 17.08 41.25 0.45

Gradient
Boost

Baseline 3.95 5.68 17.55 98.30 9.57 0.006
Tuned 2.03 4.03 11.55 99.15 197.10 0.067
Improvement 48.61 29.05 34.19 0.86

SVM
Regressor

Baseline 5.47 6.50 22.30 97.61 9.17 3.408
Tuned 1.20 3.09 10.62 99.50 2550.27 0.624
Improvement 78.06 52.46 52.38 1.94

GP
Regressor

Baseline 1.15 3.05 11.76 99.52 11.76 1.994
Tuned 1.12 3.02 8.98 99.54 853.23 1.965
Improvement 2.61 0.98 23.64 0.02

Kernel
Ridge

Baseline 19.11 13.02 34.45 91.24 5.68 0.091
Tuned 1.16 3.07 9.84 99.52 9.18 0.827
Improvement 93.93 76.44 71.44 9.07

MLP
Regressor

Baseline 3.24 5.32 16.34 98.64 12.88 0.007
Tuned 1.19 3.09 9.95 99.51 3435.54 0.049
Improvement 63.27 41.92 39.11 0.88

Table 4.4.: Comparison of the baseline models with the tuned models. Accuracy metrics nMSE,
nMAE, nMaxE, R2 are evaluated on the test data. Improvement is calculated based
on 100(mt −mb)/mb where mb is the evaluated performance metric of the baseline
model and mt is the evaluated performance metric of the tuned model. The cells
with blue background show the model accuracy of the best baseline model, the cells
with orange background denote those of the best-tuned model, while the cells with
green background show the model accuracy and performance of the model considered
”optimal” overall. The model accuracy is determined based on accuracy metrics, and
the model performance is assessed by examining fit and prediction time. The fit (or
training) time refers to the time required to train the models on the training dataset,
whereas the prediction time is measured on the test dataset and represents the total
time needed to make predictions for all test data points.
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Figure 4.8.: Comparison of the total computational cost for the BEM model and the Kernel
Ridge surrogate model. For BEM, the cost is estimated using the average simulation
time (189.79 s) per sample. The surrogate model cost includes four components:
prediction time (tp), training time (tf ), hyperparameter optimization time (th), and
database generation time (td), with total cost tKRR = tp + tf + th + td. The surrogate
model’s overall cost is dominated by database generation (td), while training and
hyperparameter optimization contribute marginally. The surrogate becomes more
cost-efficient than BEM after approximately 15,893 simulations.
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marginally when compared to the cost of evaluating the reference model. Its cost breaks even
after just 14 model evaluations, including both training and prediction. A comparison of the
total costs, tBEM and tKRR, shows that the break-even point is reached at approximately 15,893
simulations. In other words, the surrogate model becomes the more cost-efficient choice only
when more than this number of simulations is required. It is noteworthy that the database used
to train the surrogate model consists of 15,878 samples, further underscoring the dominant cost
associated with generating training data. Essentially, all other surrogate-related costs, including
evaluation, training, and tuning times, are negligible in comparison. Although the break-even may
initially seem like a high threshold, it is important to consider that applications such as uncertainty
quantification (UQ) and Bayesian parameter calibration often involve several tens of thousands of
model evaluations [30]. In such scenarios, the break-even point can be reached relatively quickly,
making surrogate modeling a practical and cost-effective solution.

4.4.4. Discussion

In Section 4.4.1 and Section 4.4.2, the investigated surrogate models were compared in terms of
accuracy-using standard metrics-and in terms of performance, based on model fit and prediction
times. Our findings suggest that selecting an optimal surrogate model requires balancing accuracy
with prediction performance, depending on the specific requirements of the application task.
While the optimal choice is task-dependent, several general trends can be observed.

Tree-based models, such as Decision Trees and Random Forests, typically perform worse in
terms of accuracy compared to kernel-based methods. However, they offer significantly faster
prediction times. This makes them suitable candidates in scenarios where rapid evaluations are
critical and minor accuracy trade-offs are acceptable-such as in real-time applications. In contrast,
kernel-based models achieve superior accuracy. Although their prediction times are generally
higher than tree-based models, they are still relatively low in absolute terms (on the order of
seconds for 3,175 test points), making them viable for most practical applications. Among the
kernel-based models, the GP Regressor yields the best accuracy metrics, closely followed by
the Kernel Ridge model. The differences in accuracy between these two models are negligible
for most practical purposes. However, the GP Regressor has approximately twice the prediction
time of the Kernel Ridge model. This is expected, as the GP Regressor also provides a predictive
variance alongside the mean estimate—an added value that explains the increased computational
cost. If uncertainty quantification is not required, the Kernel Ridge model provides nearly identical
predictions at half of the computational cost. This is not surprising, as both methods are closely
related. In fact, the mean prediction of the GP Regressor is mathematically equivalent to that of
the Kernel Ridge model, provided the same hyperparameters are used—namely, the kernel type,
kernel parameters, and regularization parameter. The MLP Regressor, while slightly less accurate
than the Kernel Ridge model, achieves lower prediction times—around one order of magnitude
faster. However, this comes at the expense of a significantly longer training time and increased
model complexity.

Overall, the tuned Kernel Ridge model offers the best trade-off between accuracy and compu-
tational efficiency. It delivers high prediction accuracy with low prediction times and minimal
training overhead, making it a strong candidate for general-purpose surrogate modeling. There-
fore, while the GP Regressor achieves the highest accuracy, it is not considered the optimal model
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due to its substantially longer fit time and higher prediction cost. The tuned Kernel Ridge model
is identified as the most balanced surrogate for a wide range of application scenarios.

In Section 4.4.3, we compared the overall costs of using a surrogate model with those of the
reference model. Our results highlight that a fair comparison between data-driven surrogate
models and reference models can only be made by considering the total cost—including both
offline and online phases. The reasoning behind this is as follows: A general machine learning
regression task aims to learn an unknown functional relationship from input-output data. It is
common practice to distinguish between the offline and online phases of model development, as
they typically involve different tasks and cost structures [59]. The offline phase includes data
generation (collection, preprocessing, and feature selection) and model training. The online phase
refers to the cost of evaluating the trained model. This separation is particularly relevant because
online applications often involve a large number of model evaluations, while offline processes are
performed only once. As a result, the substantial cost of the offline phase is usually justified as a
one-time investment to obtain a usable model in the first place.

However, unlike standard machine learning scenarios where no prior model exists, surrogate
modeling assumes the existence of a reliable reference model-typically one that is accurate but
computationally expensive. The surrogate’s purpose is to approximate this reference model
efficiently, enabling its use in applications such as optimization, uncertainty quantification (UQ),
or parameter identification, where many evaluations are required. In these contexts, the total cost
of using a surrogate model-including both offline and online phases-must be considered to fairly
assess its efficiency in solving the application task. Solving the task with the reference model
involves direct evaluation across many configurations, often resulting in high computational
cost. In contrast, the surrogate model approach requires an initial investment: building the
surrogate entails data generation, model training, and hyperparameter tuning. Once constructed,
the surrogate is then evaluated across the same configurations as the reference model, but at
significantly lower cost per evaluation. Ultimately, the initial cost of building a surrogate is
incurred specifically for the application task at hand. Therefore, the offline cost must be included
in the overall assessment of the surrogate model’s efficiency. Our results demonstrate that ignoring
the offline costs leads to a distorted assessment, which falsely overstates the advantages of data-
driven modeling. Comparing only the evaluation times of the models, as it is often done in
the literature, is insufficient, since it neglects the largest cost component: database generation.
However, the encouraging finding is that there is no practical need to rely on such an incomplete
or unfair comparison. Even though the break-even point may initially appear high, our analysis
shows that the proposed surrogate modeling approach remains highly worthwhile for many
application tasks that involve large numbers of model evaluations.

4.5. Conclusion

In this study, we developed a surrogate modeling framework to predict the effective contact
area in rough surface contact problems involving a linear elastic half-space and a rigid rough
surface. A comprehensive database was constructed using BEM simulations, containing far-
field displacements, 22 statistical parameters derived from synthetic surface height fields, and
the target output-the effective contact area. Several machine learning regression models were
evaluated as surrogate modeling techniques. Optimal model configurations were determined
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through hyperparameter optimization using grid search with cross-validation. All models were
assessed using standard accuracy metrics, as well as training and prediction times to evaluate
their computational performance.

Our findings indicate that selecting an optimal surrogate model requires balancing predic-
tive accuracy and computational performance, depending on the specific requirements of the
application task. Each model exhibits distinct characteristics, meaning that the ideal choice is
context-dependent-for instance, a model prioritizing speed may be preferred in time-critical appli-
cations, whereas a more accurate model might be favored in precision-sensitive tasks. Overall, our
results show that the Kernel Ridge model offers the most favorable trade-off between accuracy and
efficiency across a broad range of scenarios. It achieves high accuracy, low prediction time, and
minimal training overhead, making it a strong candidate for general-purpose surrogate modeling.
The Gaussian Process Regressor presents a compelling alternative when uncertainty quantification
is required, although it incurs a higher computational cost due to variance estimation. To assess the
robustness of the surrogate modeling approach, the generalization capability of the Kernel Ridge
was evaluated on previously unseen simulation scenarios. When evaluating the effectiveness
of the surrogate modeling approach, the break-even point—where the overhead of building the
surrogate is offset by its reduced evaluation cost—is of particular interest. We emphasize the
importance of accounting for all offline costs, especially database generation. Neglecting these
costs, as is sometimes done in the literature, results in a skewed evaluation that overstates the
benefits of data-driven modeling. Nonetheless, we conclude that such an incomplete assessment is
unnecessary in practice. Even though the break-even point may initially appear high, the proposed
surrogate modeling framework proves to be highly beneficial for many application scenarios that
involve large numbers of model evaluations.

To conclude, the identified Kernel Ridge surrogate model predicts the effective contact area
with acceptable accuracy and robustness while significantly reducing evaluation time compared
to state-of-the-art numerical methods such as the Boundary Element Method (BEM). As such, it
serves as an attractive and efficient surrogate for use in multi-query analyses, such as uncertainty
quantification, parameter identification, and sensitivity analysis.

This work reveals several opportunities for further investigations. Apart from statistical
parameters, only the far-field displacement has been considered as input for the surrogate modeling
strategy. However, the input space could be extended to other properties, e.g., geometrical
parameters such as the scan length. Moreover, not only the effective contact area but also the
overall contact force could be considered as relevant model output to formulate and solve the
problem as a multi-target regression task. As an alternative approach, the contact force field can
be predicted using a neural network approach consisting of both fully connected and convolutional
neural networks, by taking contour plots of the topographies as image-based input and far-field
displacement values as numerical input. Eventually, the proposed surrogate modeling framework
could be formulated as a hybrid model that combines data-driven components and model-based
approaches that include the physics of the underlying problem.
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Physics: Physics-Informed Neural
Networks

Machine learning and deep learning approaches typically require large amounts of simulation or
experimental data. However, obtaining such data is not always feasible due to the complexity
of simulations and the high cost of experiments. The limited data availability often leads to
reduced accuracy in data-driven approaches, as these methods rely solely on available datasets.
Consequently, they are prone to making incorrect predictions when data-driven models are
trained on datasets that do not accurately represent real-world observations (such as sensor or
experimental data) or contain mislabeled samples. These errors can result in irreversible failures,
as there is no physics-based validation mechanism to ensure the reliability of predictions.

To address the challenges posed by data scarcity and the black-box nature of data-driven
models, Raissi et al. [134] introduced Physics-Informed Neural Networks (PINNs), an approach
that integrates data-driven methods with the underlying physics of the problem. By incorporating
governing equations into the learning process, PINNs enable neural networks to achieve higher
accuracy even with limited data, improving both model interpretability and generalization.

As illustrated in Fig. 5.1, there is an inherent trade-off between data availability and the
incorporation of physics in model development. Acquiring more data increases costs due to the
need for additional simulations or experiments, whereas incorporating more physics introduces
greater complexity to the problem. Striking a balance between these two aspects is essential for
building efficient and accurate models.

This trade-off underscores the importance of PINNs, which provide a middle ground by
leveraging data and physics. PINNs integrate governing equations into the learning process,
allowing the model to learn patterns effectively even with limited data. By embedding physics-
based constraints, PINNs enhance model generalization, reduce dependency on large datasets,
and improve interpretability, making them particularly valuable for scientific and engineering
applications.

The following key characteristics highlight the fundamental aspects of PINNs:

• Mesh-free framework: PINNs do not rely on predefined mesh structures, allowing them
to handle unstructured or irregular domains, making them applicable to a wide range of
complex geometries.

• Versatility in forward and inverse problems: PINNs can be applied to both forward and
inverse problems. In forward problems, they approximate the unknown solution when the
problem parameters are known. In inverse problems, they infer unknown parameters using
observed data, a process also referred to as data-driven identification.
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Figure 5.1.: Illustration of the trade-off between data and physics.

• Data efficiency: Since PINNs integrate governing equations into the learning process, they
require fewer labeled data points than purely data-driven models, making them particularly
useful in scenarios with limited or expensive-to-acquire data.

• Automatic differentiation for efficient computation: PINNs leverage automatic differ-
entiation, implemented in deep learning frameworks such as TensorFlow and PyTorch to
efficiently compute derivatives of the predicted solution with respect to spatial and temporal
variables.

• Regularization through physics constraints: Unlike conventional neural networks, PINNs
incorporate physics-based constraints directly into the loss function, helping to prevent
overfitting and ensuring physically consistent predictions even in the presence of noisy
data.

• Higher interpretability and robustness: By embedding physical laws into the learning
process, PINNs offer better interpretability compared to traditional black-box machine
learning models. This makes them more robust in extrapolating beyond the training data
and in handling uncertainties in real-world applications.

• Compatibility with hybrid modeling: PINNs can be integrated with traditional numerical
solvers, such as finite element or finite volume methods, to enhance computational efficiency
and accuracy.

• Scalability and computational challenges: While PINNs offer many advantages, their
training can be computationally intensive, especially for high-dimensional problems or
complex physical systems. Strategies such as adaptive weighting of loss terms, domain
decomposition, and multi-fidelity learning can help improve scalability and convergence.

• Broad applicability across scientific domains: PINNs can be used in various fields,
including physics, engineering, computational fluid dynamics, biomedical imaging (e.g.,
clinical MRI reconstruction), and material science. Their flexibility allows them to be
applied to problems governed by differential equations, such as continuum mechanics,
electromagnetism, and biological systems.
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5.1. Generic PINNs with output transformation
A generalized formulation for partial differential equations can be expressed in residual form with
accompanying boundary conditions as

D
[
u(x)

]
= 0, on Ω, (5.1)

B
[
u(x)

]
− g(x) = 0, on ∂Ω. (5.2)

Here, D[·] denotes a differential operator acting on an unknown solution u, B[·] is the boundary
operator, g(x) represents the prescribed boundary condition, x are the spatial coordinates that
span the domain Ω and the boundary ∂Ω.

Consider a fully-connected L-layers neural network to construct an approximated solution ũ to
the boundary value problem (BVP) as follows [93, 96]

u ≈ ũ := (N L(z;θ))
′
, N L(z;θ) : Rd → Rn. (5.3)

N L(z;θ) represents the network output in the output layer L, trainable network parameters,
namely weights and biases, are denoted as θ, (.)′ represents a user-defined output transformation
[102], and z is the network input such that x ⊂ z. Note that z can consist of spatial coordinates,
time, and other additional input parameters. The network output is calculated using recursive
L− 1 element-wise operations between the input layer and hidden layers as

input layer → N 1(z;θ) = z,

hidden layers → N l(z;θ) = ψ(θl · N l−1(z;θ)), for 2 ⩽ l ⩽ L− 1,

output layer → N L(z;θ) = θL · N L−1(z;θ),

(5.4)

where ψ denotes the activation function that adds non-linearity to the layer output.
Output transformation enables the neural network to enforce boundary conditions explicitly. A

user-defined output transformation can be obtained with suitable helper functions as

ũi(z;θ) = g(z) + s · h(z) · Nui(z;θ), (5.5)

where g is the prescribed boundary condition, s is a scaling parameter and h is a distance-to-
boundary function fulfilling the following conditions:

h(z) = 0, on ∂Ω,
h(z) > 0, in Ω \ ∂Ω.

(5.6)

For simple boundaries ∂Ω, it is relatively easy to define an appropriate distance-to-boundary
function. On the other hand, it can become a quite challenging task in the case of arbitrary
boundaries. One method to find a generalized distance-to-boundary function is to use NURBS
parametrizations [147]. Moreover, the scaling parameter can help the optimizer avoid getting
stuck in local minima by balancing target governing equations.

To ensure that ũ is a reasonable approximation of u, the network parameters must be determined
accordingly to the BVP. As shown in Fig. 5.2, the overall loss L(θ) consists of partial differential
equation (PDE) losses LPDE, boundary condition losses LBCs and experimental data losses LEXPs.
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Figure 5.2.: The general representation of a physics-informed neural network for a BVP.

Note that PDE derivatives are calculated using automatic differentiation (AD) [13]. To minimize
the overall loss, the optimization process continues until a prescribed tolerance ϵ is reached so
that optimal network parameters θ∗ are calculated

θ∗ = argmin
θ
L(θ). (5.7)

For each loss term, the inner loop sums up the mean squared error contributions of data points
collected inside the domain or on the boundary. Specifically, {zirp}Nrp

irp=1 denotes the collocation

points in the domain, {zibp}Nbp

ibp=1 are the boundary points corresponding to the prescribed boundary

conditions, and {ziep}Nep

iep=1 represents the points on which measurement data u∗ is available. As
the PDE residual D might have multiple terms and usually more than one boundary condition
is defined, we use a lower index to explicitly point out that the inner summation is done for
a given specific component, i.e., Din=1. Consequently, the outer loop sums up the weighted
contributions coming from individual components of the loss function. The terms {win}Nn

in=1,
{wibc}

Nbc
ibc=1 and {wie}Ne

ie=1 denote the loss weights for the individual components of LPDE, LBCs,
LEXPs, respectively. We observe that the weighting of loss terms can be quite crucial for the
convergence of the overall loss since it avoids the optimizer expanding greater efforts on loss
components that have a larger order of magnitude compared to others. It should be noted that
the identical collocation points {zirp}Nrp

irp=1 are employed in the calculation of every component
of LPDE. However, the boundary and experimental points may vary in each LBCs and LEXPs

contribution.
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5.1. Generic PINNs with output transformation

5.1.1. PINNs for inverse problems

As mentioned earlier, in PINNs, one of the key advantages is the ability to solve inverse problems
efficiently. In such cases, the goal is to determine unknown physical parameters when the solution
is known. For example, PINNs can identify material parameters such as Young’s modulus using
experimental or artificially generated data.

There are three main approaches to implementing PINNs for inverse problems. Before diving
into them, let us clarify the terminology for better understanding. Suppose x represents a given
parameter, such as spatial coordinates, u denotes the target solution of the governing equations,
and λ is the unknown parameter we wish to identify.

5.1.1.1. Network Inversion

In the first approach, referred to as network inversion, the target solution, which is typically
modeled as the neural network’s output in forward problems, now serves as the input to the
network. The goal of the network is to predict the unknown parameter λ, as illustrated in Fig. 5.3a.
One of the main advantages of this approach is that it does not require loss formulations due to
the boundary conditions of the physical problem to create the overall loss. For instance, if the
unknown parameter is a material parameter, it is enough to formulate the PDE loss. However, this
method has several limitations:

• Since λ is treated as a function of x, this approach is effective for identifying parameters
that act across the entire domain, but it may struggle when the unknown parameter is
localized, such as a boundary load that applies only to a portion of the domain.

• Additionally, this approach requires the behavior of the target solution u across the entire
domain, not just in a subset of it.

• Another constraint is that u is a function of x, which can impose practical limitations
regarding implementation. In particular, for our framework hosted at https://github.
com/imcs-compsim/pinns_for_comp_mech, this approach is not feasible, as it
does not support derivatives between the network inputs.

5.1.1.2. Data-driven discovery

The second approach, referred to as data-driven discovery, is the most widely used method for
solving inverse problems with PINNs. The core idea is straightforward: the inverse problem
is reformulated as a forward problem, where the unknown parameter λ is treated as one of the
network’s outputs (Fig. 5.3b). While solving the forward problem, the network simultaneously
learns and discovers the unknown parameter field.

Unlike the network inversion approach, data-driven discovery does not require data across the
entire domain. Instead, a limited amount of data, either experimental or synthetic, on the target
solution u is sufficient. This characteristic makes data-driven discovery a more practical approach,
particularly for applications where full-domain data is unavailable or difficult to obtain.

However, this approach does not guarantee that the identified unknown parameter is the unique
solution, even if the network accurately approximates the target solution. In other words, the
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Figure 5.3.: Approaches for solving inverse problems using PINNs: (a) Network inversion, (b)
Data-driven discovery, (c) Learnable parameter optimization.
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network may capture one of multiple possible solutions for the unknown parameter, leading to
non-uniqueness in parameter identification.

5.1.1.3. Learnable parameter via optimization

The third approach is similar to the second but differs in a key aspect. Instead of including λ as a
network output, it is treated as a trainable parameter in the network, included as part of the set of
trainable parameters θ (Fig. 5.3c). The parameter λ is identified by optimizing an extended loss
function that includes terms based on the difference between predictions and observations, which
can be formalized as

Θ∗ = argmin
Θ

L(Θ), where Θ = (λ,θ). (5.8)

This method has several advantages over the other approaches:

• λ does not need to be a function of x, allowing it to represent a parameter that applies only
to a specific region of the domain, e.g., identification of a boundary load.

• This approach is particularly effective when the unknown parameter is a constant.

• Compared to the previous methods, this method does not require additional loss formulation
for the unknown parameter as it is treated as a trainable parameter in the network.

Each approach has pros and cons depending on the nature of the target inverse problem.
Network inversion is suitable for domain-wide parameters but requires the target solution across
the entire domain data-driven discovery offers a practical way to uncover unknown parameters
across the domain using limited data, but still, the unknown parameter to be identified acts
on the entire domain. Finally, treating λ as a learnable parameter in the network provides
flexibility, especially for constant or localized unknowns, and often leads to more straightforward
implementations. However, this method can increase the computational cost for a large set of λ
values. To conclude, choosing the appropriate method depends heavily on the target problem and
the amount of additional data available.

Remark 5.1.1: Loss Formulation in Inverse Problems

In inverse problems, the formulation of the loss function must be tailored to the specific
unknown parameter being identified. The unknown parameter may influence the governing
PDEs, the BCs, or potentially both, depending on the nature of the problem. Therefore,
a generalized loss formulation for inverse problems is not feasible. Instead, the loss
formulation must be carefully adapted based on the occurrence and influence of the
unknown parameter within the problem domain.

5.2. Element-based PINN formulations
Element-based PINN formulations extend classical PINNs by incorporating domain decompo-
sition and numerical integration strategies inspired by the finite element method. Instead of
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enforcing residuals at scattered collocation points, these approaches evaluate physics-informed
quantities–such as weak residuals or energy densities–over discretized elements of the computa-
tional domain. This allows for better accuracy, improved numerical stability, and compatibility
with existing finite element workflows. In this section, we detail two key element-based formu-
lations: Variational PINNs (VPINNs), which are grounded in the weak form of the governing
equations, and element-based energy PINNs (EBE-PINNs), which minimize the total potential
energy of the system.

5.2.1. Variational PINNs

Variational PINNs (VPINNs) are formulated based on the variational or weak formulation of the
PDE as their foundation. To obtain a generalized weak form, the introduced PDE in Eq. 5.1 is
multiplied with a test function and integrated over the computational domain Ω, such as∫

Ω

D
[
u(z)

]
ϕ(z)dz = 0. (5.9)

Here, ϕ(z) denotes the test function defined across the entire domain. A discrete test space with
finite dimensions can be formed by employing Nk sets of admissible test functions such that

ϕ(z) =
[
ϕ1(z), ϕ2(z), . . . , ϕNk

(z)
]
. (5.10)

Instead of evaluating an integral over the whole domain, we decompose Ω into nonoverlapping
subdomains Ωe to calculate subdomain integrals. Thus, the element-based residual for a specific
test function set k, denoted asRe

k, takes the following form

Re
k =

∫
Ωe

De
[
u(z)

]
ϕek(z)dz. (5.11)

Element-based approach necessitates localized and nonoverlapping test functions denoted as ϕek.
This approach is also referred to as hp-VPINN [89].

To compute the integral in each subdomain, a mapping is introduced from natural coordinates
to each subdomain such as z̄(ξ) :

[
− 1, 1

]d→ Ωe, which allows the evaluation of the domain
integral in natural coordinates such that

Re
k =

∫
Ω̄e

De
[
u(z̄(ξ))

]
ϕek(ξ) det(J)dξ, (5.12)

where Ω̄e =
[
− 1, 1

]d represents the integral bounds for a dimension d of each subdomain in the
natural coordinates. The Jacobian matrix J is defined by ∂z̄/∂ξ. The mapping can be done using
linear interpolation, such as

z̄(ξ) =

nnodes∑
i=1

ziN i(ξ), (5.13)

where N denotes linear shape functions and nnodes represents the number of nodes per element.
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Since the integral is evaluated in the bounded natural domain, numerical integration is used to
approximate the integral in Eq. 5.12 such that

Re
k ≈

Ngp
x1∑

i1=1

. . .

Ngp
xd∑

id=1

ci1 · · · cidDe
[
u(z̄(ξx1 , . . . , ξxd))

]
ϕek(ξx1 , . . . , ξxd) det(J), (5.14)

where N gp
xi

denotes the number of Gauss points along the axis ξxi , with corresponding coefficients
or Gauss weights ci. A detailed explanation of the numerical integration procedure is provided in
Section 5.2.3.

By evaluating the integral usingNk number of test functions of each subdomain andN e number
of subdomains, the overall variational loss function of PDE is calculated as

LϕPDE =
Ne∑
e=1

1

N e
k

Ne
k∑

k=1

(Re
k)

2. (5.15)

Similar to PINNs, boundary condition losses LBCs and experimental data losses LEXPs are
enforced as additional loss terms as shown in Fig. 5.2.

The overall process for VPINNs is summarized in Fig. 5.4. Like PINNs, a neural network takes
z as input and calculates the intermediate quantity Nui . Via output transformation, quantities of
interest of physics ũ are obtained. Automatic differentiation is applied to calculate high-order
derivatives of the PDE. The weak formulation is derived by integrating the strong form of the
PDE over the entire domain, involving a suitable set of test functions ϕ. Instead of evaluating the
integral over the entire domain, the domain Ω is partitioned into non-overlapping subdomains
Ωe, called domain decomposition. A numerical integration scheme is performed based on Gauss
integration with coefficients ci and a mapping from physical to natural coordinates to integrate
individual element-based integrals. In PINNs, the residual is assessed at collocation points,
whereas in VPINNs, the residual is evaluated at quadrature points. The element-wise variational
loss is computed for each subdomain, employing a set of k test functions, and the variational PDE
loss over the entire domain LϕPDE is determined by aggregating the individual loss contributions
across all elements. The overall loss is minimized after involving the contributions of boundary
condition losses and experimental data losses until a prescribed tolerance is reached. Furthermore,
the procedure shown in Fig. 5.4 is structured using the Petrov-Galerkin method, in which
solution and test functions are chosen independently. The solution is expressed by a nonlinear
approximation of a neural network and the test functions are chosen from linear function spaces.

A test function is chosen based on the target problem and desired properties of the solution.
There are several ways to choose the test functions. At the core, the selection of test functions can
be divided into two groups: global test functions and local test functions. Since the formulation is
based on elements, the appropriate selection would involve localized test functions. The possible
choices for nonoverlapping polynomials include modified Legendre polynomials, Legendre shape
functions and Lagrange shape functions. Modified Legendre polynomials have the following
form

ϕk(ξ) = Pk+1(ξ)− Pk−1(ξ), (5.16)

which is generated by a combination of Legendre polynomials P . The key characteristic of the
modified Legendre polynomial test functions is their property to vanish at the boundaries of the
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Figure 5.4.: The general representation of variational physics-informed neural networks.
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integration domains. Note that the k-th test function is formed by the multiplication of the d
number of test functions for higher dimensions as

ϕk(ξ) = ϕk(ξx1)ϕk(ξx2) . . . ϕk(ξxd). (5.17)

Another possible choice is the Legendre shape functions defined as

ϕk(ξ) =



1− ξ

2
, for k = 1,

1 + ξ

2
, for k = 2,

Pk−1(ξ)− Pk−3(ξ)√
2(2k − 3)

, for k ≥ 3.

(5.18)

Legendre shape functions form a hierarchical basis, implying that advancing from k to k + 1
does not necessitate recomputing basis functions. Consequently, lower-polynomial orders, such
as linear basis functions remain the same during the computation of higher-order functions.
Compared to modified Legendre functions, Legendre shape functions incorporate linear basis
functions that do not vanish on the boundary. This characteristic could be highly advantageous
for certain problem scenarios.

Last but not least, another potential choice for a test function is the Lagrange shape functions,
defined as follows:

ϕk(ξ) =
k∏

i=0,i ̸=k

ξ − ξi

ξk − ξi
. (5.19)

where i denotes the number of interpolation nodes. Compared to Legendre-based formulations,
Lagrange shape functions are generated based on the interpolation on nodes. As an example, six
equidistant nodes are generated in the interval [-1,1] to generate Lagrange polynomials as shown
in Fig. 5.5c. Similar to Legendre shape functions, Lagrange shape functions do not completely
vanish on the boundary due to the interpolation property. This means shape functions ϕk(ξi) take
the value of 1 at the node i and zero at the remaining nodes, such as

ϕk(ξ
i) =

{
1 if i = k,

0 if i ̸= k.
(5.20)

Moreover, Fig. 5.5 illustrates the first-order derivatives of modified Legendre polynomials,
Legendre shape functions and Lagrange shape functions. Note that in the Lagrange-based
formulation, higher-order test functions may exhibit significantly elevated derivative values near
the end nodes, potentially leading to larger loss values.

5.2.2. Element-based energy PINNs

Element-based energy physics-informed neural networks (EBE-PINNs) are formulated based on
the principle of energy minimization. Instead of enforcing a strong or weak form of the governing
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Figure 5.5.: An illustration of introduced test functions ϕk and their first-order derivatives ∂ϕk up
to k = 6: (a) modified Legendre polynomials, (b) Legendre shape functions, and (c)
Lagrange shape functions.

PDE, the model is trained by minimizing a scalar energy functional defined over the domain. The
energy functional is expressed in general form as

E[u] =
∫
Ω

Π
[
u(z)

]
dz, (5.21)

where Π[·] denotes a generalized energy density functional, u is the neural network approximation
of the field variable of interest, and E represents the total potential energy of the system.

To facilitate localized computation and numerical integration, the domain Ω is decomposed
into a collection of non-overlapping subdomains Ωe. The total energy is then represented as the
sum of element-wise energy contributions such as

E =
Ne∑
e=1

Ee, where Ee =
∫
Ωe

Πe
[
u(z)

]
dz. (5.22)

Here, N e denotes the total number of elements. Each element-wise integral is mapped from
physical coordinates to natural coordinates ξ ∈ [−1, 1]d using a transformation defined by linear
shape functions:

z̄(ξ) =

nnodes∑
i=1

ziN i(ξ), (5.23)

where nnodes is the number of element nodes and N i denotes the corresponding shape functions.
The energy integral within each element is then evaluated in natural coordinates as

Ee =
∫
Ω̄e

Πe
[
u(z̄(ξ))

]
det(J) dξ, (5.24)
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where Ω̄e = [−1, 1]d and J = ∂z/∂ξ is the Jacobian matrix of the transformation for element e.
To approximate the element-wise integral, Gaussian quadrature is used in the natural coordinate

system such that

Ee ≈
Ngp

x1∑
i1=1

. . .

Ngp
xd∑

id=1

ci1 · · · cid Πe
[
u(z̄(ξx1 , . . . , ξxd))

]
det(J), (5.25)

where ci are Gauss quadrature weights and z̄(ξx1 , . . . , ξxd) is the mapped quadrature point. A
detailed explanation of the numerical integration procedure is provided in Section 5.2.3.

The overall energy-based loss function, which is equal to the overall potential energy, is
assembled by summing the element-wise energy contributions as

LE = E =
Ne∑
e=1

Ee. (5.26)

Additional loss terms can be appended for Dirichlet boundary conditions LDBCs and experimental
data LEXPs, forming the total loss function:

L = LE + LDBCs + LEXPs. (5.27)

The complete EBE-PINN pipeline is illustrated in Fig. 5.6. A neural network takes spatial
coordinates z as input and outputs intermediate representations Nui , which are transformed
into physical quantities of interest u. Automatic differentiation is applied as needed to evaluate
derivatives inside the energy functional. The domain is decomposed into elements, and energy
integrals are evaluated locally using Gaussian quadrature over mapped natural coordinates. The
total energy, along with additional loss terms, is minimized using gradient-based optimization.

Unlike traditional PINNs that evaluate residuals at collocation points, EBE-PINNs directly
minimize the total energy functional, offering a variationally consistent framework grounded in
energy principles without the explicit use of test functions.

5.2.3. Numerical integration
In element-based PINN formulations, numerical integration plays a central role in computing
domain-specific quantities such as residuals, weak forms, or energy functionals. Unlike pointwise
evaluation in classical PINNs, these methods require evaluating integrals over the spatial domain,
which is typically decomposed into a finite number of non-overlapping elements.

To perform these integrals efficiently and accurately, a mapping is established between a
reference (natural) coordinate system and the physical coordinates of each element. This mapping
is constructed using shape functions, which interpolate both geometry and field quantities over
the element. The transformation requires the Jacobian matrix J, whose determinant scales the
integration measure to account for geometric deformation of the element in physical space.

In this thesis, we focus on linear shape functions corresponding to standard finite elements. For
2D problems, triangular and quadrilateral elements are used, while for 3D cases, tetrahedral and
hexahedral elements are adopted. These choices strike a balance between geometric flexibility
and computational efficiency.
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Figure 5.6.: The general representation of element-based energy physics-informed neural net-
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Numerical integration is then carried out in the natural coordinate space using Gaussian
quadrature rules. For each element, the integrand is evaluated at a set of quadrature points, and
the total integral is approximated as a weighted sum over these points:∫

Ωe

f(z) dz ≈
ngp∑
i=1

ci f(z̄(ξ)) det(J), (5.28)

where f is the integrand (e.g., energy density or weak form expression), z̄(ξ) are the mapped
coordinates of quadrature points, ci are the corresponding weights, and det(J) is the determinant
of the Jacobian.

In general, the mapping from natural coordinates ξ to physical coordinates x̄(ξ) is expressed
as

z̄(ξ) =

nnodes∑
i=1

ziN i(ξ), (5.29)

where N i are the shape functions associated with node i, and zi are the coordinates of node i in
the physical domain. Similarly, the Jacobian matrix is defined as

J = ∂z̄(ξ)/∂ξ. (5.30)

n f(ξ, η) ξi ηj ci

1 x ξ1 = 1/3 η1 = 1/3 c1 = 1

3
x

x x

ξ1 = 1/6 η1 = 1/6 c1 = 1/3

ξ2 = 2/3 η2 = 1/6 c2 = 1/3

ξ3 = 1/6 η3 = 2/3 c3 = 1/3

4
x

x x
x

ξ1 = 1/3 η1 = 1/3 c1 = −27/48
ξ2 = 3/5 η2 = 1/5 c2 = 25/48

ξ3 = 1/5 η3 = 3/5 c3 = 25/48

ξ4 = 1/5 η4 = 1/5 c4 = 25/48

7
x

x

x x x

x
x

ξ1 = 0.33333 η1 = ξ1 c1 = 0.22500

ξ2 = 0.10128 η2 = ξ2 c2 = 0.12593

ξ3 = 0.79742 η3 = ξ2 c3 = c2
ξ4 = η2 η4 = ξ3 c4 = c2

ξ5 = 0.47014 η5 = ξ5 c5 = 0.13239

ξ6 = η5 η6 = ξ2 c6 = c5
ξ7 = 0.05971 η7 = η5 c7 = c5

Table 5.1.: Gauss points ξi, ηj and weighting factors ci of Gauss-Legendre quadrature for triangu-
lar elements.
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Gauss points ξi, ηj and weighting factors ci for Gauss-Legendre quadrature over triangular
elements are listed in Table 5.1. For a detailed treatment of quadrature rules for other element
types, we refer the reader to Zienkiewicz et al. [198]. Note that Eq.(5.28) should include a scaling
factor of 1/2 for triangular elements and 1/6 for tetrahedral elements, accounting for the area or
volume of the reference element.

1D elements

For a 1D element, there are two nodes, and the natural coordinate is defined in the interval
ξ ∈ [−1, 1]. The linear shape functions are defined as

N1(ξ) =
1

2
(1− ξ),

N2(ξ) =
1

2
(1 + ξ),

(5.31)

with the corresponding derivatives

N1
,ξ(ξ) = −

1

2
, (5.32)

N2
,ξ(ξ) =

1

2
. (5.33)

The mapped coordinate z̄ = x̄ of a point within the element is obtained by interpolating the
nodal coordinates as

x̄(ξ) =
2∑
i=1

xiN i(ξ), (5.34)

where xi are the physical coordinates of the ith node.
The Jacobian J of the 1D mapping reduces to a scalar quantity representing the derivative of x̄

with respect to ξ as follows

J =
∂x̄

∂ξ
=

2∑
i=1

xi
dN i

dξ
=

1

2
(x2 − x1). (5.35)

Note that this formulation for computing the Jacobian assumes that the element’s physical axis
aligns with the natural coordinate axis. When the 1D element is rotated in space, the Jacobian
must be computed as

J =
1

2

∣∣x2 − x1
∣∣ = 1

2

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2. (5.36)

Triangular elements

For a linear triangular element, there are three nodes, and the natural coordinates are usually
defined in terms of the reference triangle with (ξ, η) ∈ [0, 1]. The linear shape functions are

N1(ξ, η) = 1− ξ − η,
N2(ξ, η) = ξ,

N3(ξ, η) = η,

(5.37)
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with the corresponding derivatives

N1
,ξ(ξ, η) = −1, N1

,η(ξ, η) = −1, (5.38)

N2
,ξ(ξ, η) = 1, N2

,η(ξ, η) = 0, (5.39)

N3
,ξ(ξ, η) = 0, N3

,η(ξ, η) = 1. (5.40)

The mapped coordinates z̄ = (x̄, ȳ) of a point within the element are obtained by interpolating
the nodal coordinates using the following equations

x̄(ξ, η) =
3∑
i=1

xiN i(ξ, η),

ȳ(ξ, η) =
3∑
i=1

yiN i(ξ, η),

(5.41)

where (xi, yi) are the physical coordinates of the ith node.
The Jacobian matrix J of the mapping is given by:

J =


∂x̄

∂ξ

∂x̄

∂η

∂ȳ

∂ξ

∂ȳ

∂η

 . (5.42)

The same form of the Jacobian matrix shown in Eq. 5.42 is also used for quadrilateral elements,
as both triangular and quadrilateral elements involve mappings from 2D natural coordinates (ξ, η)
to 2D physical coordinates (x̄, ȳ).

Quadrilateral elements

For a linear quadrilateral element, there are four nodes, and the natural coordinates are defined
within the reference square (ξ, η) ∈ [−1, 1]. The bilinear shape functions are defined as

N1(ξ, η) =
1

4
(1− ξ)(1− η),

N2(ξ, η) =
1

4
(1 + ξ)(1− η),

N3(ξ, η) =
1

4
(1 + ξ)(1 + η),

N4(ξ, η) =
1

4
(1− ξ)(1 + η).

(5.43)

The derivatives of the shape functions with respect to the natural coordinates ξ and η are

N1
,ξ = −

1

4
(1− η), N1

,η = −
1

4
(1− ξ), (5.44)

N2
,ξ =

1

4
(1− η), N2

,η = −
1

4
(1 + ξ), (5.45)

N3
,ξ =

1

4
(1 + η), N3

,η =
1

4
(1 + ξ), (5.46)

N4
,ξ = −

1

4
(1 + η), N4

,η =
1

4
(1− ξ). (5.47)
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The mapped coordinates (x̄, ȳ) of a point within the element are obtained by interpolating the
nodal coordinates

x̄(ξ, η) =
4∑
i=1

xiN i(ξ, η),

ȳ(ξ, η) =
4∑
i=1

yiN i(ξ, η).

(5.48)

Tetrahedral elements

A linear tetrahedral element has four nodes, and the natural coordinates are given in terms of
barycentric coordinates (ξ, η, ζ), with the constraint ξ + η + ζ ≤ 1 and ξ, η, ζ ≥ 0. The shape
functions are defined as

N1(ξ, η, ζ) = 1− ξ − η − ζ,
N2(ξ, η, ζ) = ξ,

N3(ξ, η, ζ) = η,

N4(ξ, η, ζ) = ζ.

(5.49)

The derivatives of the shape functions with respect to the natural coordinates are constant and
obtained as follows

N1
,ξ(ξ, η, ζ) = −1, N1

,η(ξ, η, ζ) = −1, N1
,ζ(ξ, η, ζ) = −1, (5.50)

N2
,ξ(ξ, η, ζ) = 1, N2

,η(ξ, η, ζ) = 0, N1
,ζ(ξ, η, ζ) = 0, (5.51)

N3
,ξ(ξ, η, ζ) = 0, N3

,η(ξ, η, ζ) = 1 N1
,ζ(ξ, η, ζ) = 0, (5.52)

N3
,ξ(ξ, η, ζ) = 0, N3

,η(ξ, η, ζ) = 0 N1
,ζ(ξ, η, ζ) = 1. (5.53)

The mapped coordinates (x̄, ȳ, z̄) are obtained by:

x̄ =
4∑
i=1

xiN i(ξ, η, ζ),

ȳ =
4∑
i=1

yiN i(ξ, η, ζ),

z̄ =
4∑
i=1

ziN i(ξ, η, ζ).

(5.54)

The Jacobian matrix J is given as:

J =



∂x̄

∂ξ

∂x̄

∂η

∂x̄

∂ζ

∂ȳ

∂ξ

∂ȳ

∂η

∂ȳ

∂ζ

∂z̄

∂ξ

∂z̄

∂η

∂z̄

∂ζ

 . (5.55)
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Similarly, the same form of the Jacobian matrix shown in Eq. 5.55 is also used for hexahe-
dral elements, as both tetrahedral and hexahedral elements involve mappings from 3D natural
coordinates (ξ, η, ζ) to 3D physical coordinates (x̄, ȳ, z̄).

Hexahedral elements

A linear hexahedral element has eight nodes, and the natural coordinates (ξ, η, ζ) ∈ [−1, 1]3
define the reference cube. The shape functions are trilinear and defined as:

N i(ξ, η, ζ) =
1

8
(1 + ξξi)(1 + ηηi)(1 + ζζ i), (5.56)

where ξi, ηi, ζ i ∈ {−1, 1} are the signs associated with the natural coordinates of the ith node in
the reference element.

The mapped coordinates (x̄, ȳ, z̄) are given by:

x̄ =
8∑
i=1

xiN i(ξ, η, ζ),

ȳ =
8∑
i=1

yiN i(ξ, η, ζ),

z̄ =
8∑
i=1

ziN i(ξ, η, ζ),

(5.57)

where (xi, yi, zi) are the physical coordinates of the ith node.
The derivatives of the shape functions with respect to ξ, η, ζ are computed using the product

rule, based on:
∂N i

∂ξ
=

1

8
ξi(1 + ηηi)(1 + ζζ i), (5.58)

and similarly for ∂N i/∂η and ∂N i/∂ζ .

5.3. Algorithmic challenges

Although PINNs demonstrate that they can introduce powerful methods, they face algorithmic
challenges that impact model performance and training efficiency. Unlike traditional neural
networks, which are often considered black-box models, PINNs incorporate underlying physical
laws, making them much more interpretable. This inclusion of physics transforms PINNs into
”gray-box” models, offering more profound insights into the problem being solved. However,
on the negative side, this transformation also introduces new challenges that are not typically
encountered in traditional neural networks. On the positive side, integrating physics into the model
not only increases interpretability but also enables having more control to construct methods to
overcome those introduced challenges.
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5.3.1. Vanishing gradients: Choosing a proper activation function
As explained in Section 3.4.3.2, there are many types of activation functions, and the choice of
activation function directly affects model accuracy.

Recalling the update rule in backpropagation

∂L

∂W (l)
= δ(l)a(l−1)⊤

∂L

∂b(l)
= δ(l),

where

δ(l) = W (l+1)δ(l+1) ⊙ ∂ψ(z(l))

∂z(l)
. (5.59)

When the arbitrary layer l is the output layer, then the error term δ becomes

δ(L) = (ŷ − y)⊙ ∂ψ(z(L))

∂z(L)
. (5.60)

In traditional neural networks, the most commonly used activation function is the ReLU activation,
which is a piece-wise linear function. As provided in Eqs. 5.59 and 5.60, choosing ReLU activation
does not create any problems for traditional neural networks, since derivatives of the activation
function with respect to the output on a previous layer are not zero. In other words, error terms
do not vanish. Even using a linear activation function will not create any problems. However,
this is not the case for PINNs. The loss function of PINNs already includes derivatives. It is not
the difference between the predicted and actual target quantities anymore, but it is a function
of at least first-order derivatives with respect to the input. Thus, the error terms would include
at least second-order derivatives due to backpropagation and the given problem’s nature. If the
second-order derivatives of the chosen activation function are zero, then the error terms will
vanish, causing the network not to learn at all.

Let us verify this statement using a simple example. Consider the following ordinary differential
equation (ODE) with initial condition

dy

dt
= sin(t)

y(0) = 1,

where t = [0, 2π]. The analytical solution can be easily derived using the initial condition as
follows

y = − cos(t) + 2.

We present a PINN architecture designed to solve the given ODE. The architecture consists of
one input layer for the input variable t, three hidden layers with 50 neurons each, and a single
output layer for the variable ypred. To emphasize the significance of the activation function in the
learning process, we investigate two distinct activation functions: the ReLU and tanh activation
functions. For both models, Adam optimization is used to train models for 10,000 epochs.

The key distinction between these activation functions is their behavior with respect to second
derivatives. The second derivative of the ReLU activation function is zero, leading to the so-called
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Figure 5.7.: Comparison of ReLU and tanh activation functions for solving an ODE system. Plots
include the comparison of predicted solutions with true or analytical solutions and
corresponding ODE loss evolutions through epochs.

vanishing gradient problem during training. In contrast, the tanh activation function maintains
non-zero second derivatives, enabling more effective gradient propagation through the neural
network.

Fig. 5.7 illustrates the predicted values ypred versus the true values ytrue for the solution of
the exemplary ODE, comparing the ReLU and tanh activation functions. The first row displays
the predictions and the corresponding ODE loss evolution over epochs for the ReLU activation
function, while the second row presents the same for the tanh activation function.

The network utilizing the tanh activation function successfully approximates the true solution,
demonstrating that the model effectively learns the underlying dynamics of the target ODE. In
contrast, the results obtained with the ReLU activation function exhibit significant deviations from
the true solution. The accompanying ODE loss plots further support this observation, showing that
the model with the ReLU activation function struggles to learn the model parameters effectively
due to the vanishing gradient problem. The loss function remains constant after the first iteration
at LODE = 0.487. On the other hand, the ODE loss for the model with the tanh activation function
converges toward zero, demonstrating effective learning. However, some oscillations are observed
due to the nature of the chosen optimizer.
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5.3.2. Stiffness of PDEs

The stiffness of a PDE in a neural network arises when terms within the same loss function
have different magnitudes at the initial stages of training, often due to the natural characteristics
of the target PDE and the random initialization of network parameters. Particularly for the
mixed-variable formulations (e.g. Section 2.2.2.3), where the network predicts multiple variables
(e.g., stress and displacement or other field variables), random initialization can lead to initial
outputs with different scales depending on the physical properties and relations between these
variables.

Standard initialization methods, such as Glorot initialization, generate random estimates for the
network parameters following a normal distribution with a mean of zero and a standard deviation
of one [59]. However, this approach can cause convergence issues, as network outputs may begin
with magnitudes that do not reflect the actual scales of each variable in the PDE. When network
predictions for coupled variables have similar magnitudes, terms involving large constants can
dominate the loss function in the first iteration. As a result, the optimizer faces the challenge of
balancing a large-scale loss contribution, leading to potentially unstable variable adjustments.

Such significant adjustments in the optimization process are problematic, as they can lead to
vanishing gradients, especially for standard activation functions whose gradients approach zero
with extensive function arguments [76]. This makes it difficult for the optimizer to reduce the
loss and achieve convergence efficiently.

A common approach to addressing this challenge is scaling specific network outputs using
output scaling. This, indeed, necessitates knowledge regarding the physical target problem.
Output scaling helps the optimizer maintain stable gradients and ensures that the loss terms
contribute more equally to the overall optimization process, facilitating convergence.

5.3.3. Balancing of loss terms

As explained in Section 5.1, target problems often involve multiple loss terms due to the nature
and dimensionality of the problem. In such cases, it is crucial to balance the contributions of
these loss terms, which can be done by setting appropriate weights for each component. Certain
loss terms might dominate others during training without proper balancing, causing the neural
network to ignore important aspects associated with the so-called less influential components.
For example, the predicted solution may satisfy the governing equations but fail to fit the data.
Hence, balancing the loss weights is a critical step in the training process. A simple approach is
to check the training loss of each component at the first iteration, as this can provide insight into
which loss terms are dominating and guide how the loss weights for the individual components
should be adjusted accordingly.

5.3.4. Non-uniqueness in inverse problems

Another problem one might face is that PINNs might struggle to find a unique solution, particularly
for inverse problems, which are used to identify the problem parameters. This can be particularly
the case where multiple problem parameter sets might fulfill governing equations, including
boundary conditions. However, these identified parameters do not match the actual values. This
can be avoided by incorporating more experimental data and additional physical constraints. For
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instance, if prior knowledge or relations exist within unknown target parameters, this can be
enforced by introducing an additional loss component.

5.3.5. Gradient calculation
PINNs rely on automatic differentiation to calculate the gradients of the PDE residuals and the
gradients used in boundary conditions. While this collocation-based approach is reasonably
practical, the automatic differentiation can become computationally expensive, particularly for
PDEs, including higher-order partial derivatives. As seen in Section 2.1.2, the governing equations
of beam mechanics include fourth-order derivatives.

Mixed-variable approaches can be developed to alleviate computational costs due to higher-
order derivatives. In such approaches, higher-order derivatives are avoided by introducing
additional coupling operators that transform the original higher-order derivatives into a system of
first-order or lower-order equations. This method, indeed, increases the number of loss terms to
be minimized during the optimization process; however, it significantly reduces the computational
cost caused by higher-order derivatives.

5.3.6. Selection of an appropriate optimizer
As discussed in Section 3.4.2.1, there are various optimization techniques, such as Adam, SGD, and
L-BFGS. Each optimizer offers distinct advantages and disadvantages. Through experimentation,
we observe that sequentially applying two different algorithms significantly improves the results:
first training the model using the Adam optimizer, followed by switching to the L-BFGS algorithm,
a strategy also highlighted in the work of [105]. While Adam tends to be slower compared to
L-BFGS, using L-BFGS from the start often leads to the convergence of the solution to a local
minimum. In contrast, starting with Adam helps the model avoid local minima, and then switching
to L-BFGS enables faster convergence to the global minimum.
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Neural Networks to Computational
Mechanics

6.1. Use Case 1: Beam mechanics

6.1.1. PINN formulation for beam mechanics

6.1.1.1. Dynamic beam equation

For one-dimensional Euler-Bernoulli beam problems, PINNs are deployed using output transfor-
mation to predict the vertical displacement field u. The network takes x-coordinates and t as the
neural network input (i.e. z = [x, t]). A fully-connected neural network (FNN) approximates the
vertical displacement ũ as

ũ := (Nu(x; t;θ))
′

(6.1)

Combining the information provided in Fig. 5.2 for losses of general PINNs with the governing
equations of beam mechanics (Section 2.1.2), we obtain the total loss LB for one-dimensional
beam mechanics, including experimental data loss as

LB = LPDE + LDBCs + LNBCs + LEXPs + LICs, (6.2)

where

LPDE = wn
1

Nrp

Nrp∑
irp=1

[
ρA

∂2ũ(xirp , t)

∂t2
+

∂2

∂x2

(
EI

∂2ũ(xirp , t)

∂x2

)
− q(xirp , t)

]2
,

LDBCs = wbc,D
1

Nbp,D

Nbp,D∑
ibp,D=1

[[
ũ(xibp,D , t)− û(xibp,D , t)

]]2
,

LNBCs =

Nbc,N∑
ibc,N=1

wibc,N
1

Nbp,N

Nbp,N∑
ibp,N=1

[[∂kũ(xibp,N , t)
∂xk

− t̂(xibp,N , t)
]
ibc,N

]2
,

LEXPs = we
1

Nep

Nep∑
iep=1

[[
ũ(xiep , t)− u∗(xiep , t)

]]2
.

(6.3)

Here, û denotes the prescribed displacements, and t̂ represents the prescribed contributions for
the NBCs. Moreover, u∗ denotes the additional measurement data. For details on problem-related
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parameters, we refer the reader to Section 2.1. The loss formulation due to initial conditions LICs

has two main contributions that are derived from the displacement and the velocity fields. The
term LICs can be expressed as

LICs = wic,D
1

Nip

Nip∑
ibp,D=1

[[
ũ(xiip , 0)− û0(xiip , 0)

]]2
+

wic,V
1

Nip

Nip∑
ibp,D=1

[[∂ũ(xiip , 0)
∂t

− ˆ̇u0(x
iip , 0)

]]2
.

(6.4)

Here, û0 is the prescribed initial displacement and ˆ̇u0 denotes the prescribed initial velocity, which
is the time derivative of the displacement. In this formulation, the terms LPDE, LDBCs, LNBCs,
LICs, and LEXPs represent the losses corresponding to the governing PDE, Dirichlet boundary
conditions, Neumann boundary conditions, initial conditions, and experimental data, respectively.
Each of these losses is computed based on specific input points:

• {xirp , t}Nrp

irp=1 refers to the collocation points within the domain,

• {xibp,D , t}Nbp,D

ibp,D=1 denotes the boundary points for Dirichlet BCs,

• {xibp,N , t}Nbp,N

ibp,N=1 represents the boundary points for Neumann BCs,

• {xiep , t}Nep

iep=1 corresponds to additional points based on experimental data,

• {xiip , 0}Nip

iip=1 denotes the points related to initial conditions.

The weights for the individual loss components are denoted as wn, wbc,D, {wibc,N}
Nbc,N

ibc,N=1,
we, and {wic,D, wic,V} for LPDE, LDBCs, LNBCs, LEXPs, and LICs, respectively. In the case of
Neumann BCs, multiple loss weights are required due to the higher-order derivatives present
in beam mechanics, as these derivatives may vary in magnitude or scale. Therefore, LNBCs is
formulated to accommodate multiple loss terms. Moreover, an illustration of the application of
PINNs for dynamic one-dimensional Euler-Bernoulli beams is depicted in Fig. 6.1.

6.1.1.2. Static beam equation

In static models, we exclude time from the input space, so the input for the network is z = x.
Thus, an FNN approximates the vertical displacement ũ as

ũ := (Nu(x;θ))
′
. (6.5)

An illustration of the PINNs for static one-dimensional Euler-Bernoulli beams is depicted in Fig.
6.2. We can derive the loss formulation for a static 1D beam problem using the general loss
formulation of beam mechanics (Eq. 6.3) as follows

LB = LPDE + LDBCs + LNBCs + LEXPs, (6.6)

168



6.1. Use Case 1: Beam mechanics
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Figure 6.1.: An illustration of the application of PINNs for dynamic one-dimensional Euler-
Bernoulli beams.

where

LPDE = wn
1

Nrp

Nrp∑
irp=1

[ ∂2
∂x2

(
EI

∂2ũ(xirp)

∂x2

)
− q(xirp)

]2
,

LDBCs = wbc,D
1

Nbp,D

Nbp,D∑
ibp,D=1

[[
ũ(xibp,D)− û(xibp,D)

]]2
,

LNBCs =

Nbc,N∑
ibc,N=1

wibc,N
1

Nbp,N

Nbp,N∑
ibp,N=1

[[∂kũ(xibp,N )
∂xk

− t̂(xibp,N )
]
ibc,N

]2
LEXPs = we

1

Nep

Nep∑
iep=1

[[
ũ(xiep)− u∗(xiep)

]]2
.

(6.7)
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Figure 6.2.: An illustration of the application of PINNs for static one-dimensional Euler-Bernoulli
beams.
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6.1.2. Numerical examples

In the following sections, we will explore a range of beam problems under both static and dynamic
models. The aim is here to increase the problem complexity through the examples to show the
capability of PINNs.

We begin with static models, examining classic beam configurations such as clamped, cantilever,
and simply supported beams. We use constant material properties and relatively simple distributed
loads for these cases. In the following example, we increase the complexity of the problem by
introducing a more sophisticated load distribution and a non-uniform cross-section for the beam,
challenging the model with more realistic scenarios. Then, we employ PINNs as an inverse
solver to identify the distributed load of the beam using the provided so-called experimental
data. This step-by-step approach highlights the power of PINNs in tackling both forward and
inverse problems. Finally, we address time-dependent beam problems, where dynamic effects are
considered.

As a common error metric, we report the vector-based relative L2 errors for the displacement
Eu
L2

as follows

Eu
L2

=

√∑Ntest
j=1 (ũ(x

j)− u(xj))2√∑Ntest
j=1 (u(x

j))2
. (6.8)

Similarly, for the inverse problems, we report the vector-based relative L2 errors for the distributed
load Eq

L2
as follows

Eq
L2

=

√∑Ntest
j=1 (q̃(x

j)− q(xj))2√∑Ntest
j=1 (q(x

j))2
. (6.9)

The number of test points for both error calculations is set to Ntest = 20.
The following PINN architecture is employed through the examples:

• The network architecture consists of one input layer, one output layer, and three hidden
layers, each containing 30 neurons.

• The hyperbolic tangent activation function (tanh) is used to introduce non-linearity in the
model.

• Weights are initialized using the Glorot uniform initializer.

• The optimization process utilizes the Adam optimizer for 1,000 iterations, with a learning
rate set to 0.001, followed by the L-BFGS-B optimizer.

• The number of collocation points is set to Nf = 25, and these points are sampled using
Sobol sampling to ensure a non-uniform, well-distributed set of points across the domain.

• Except for the inverse problems, no experimental or artificially generated data is utilized.
Specifically for inverse problems, 20 additional artificially generated data points are incor-
porated, i.e., Ne = 20.

• The loss weights are constant and set to 1 for all investigated examples.
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Description

Clamped beam under a uniformly distributed load q(x)  

with the magnitude q. 

Cantilever beam under a triangular distributed load q(x)  

with the magnitude q at x=L.

Simply supported beam under a quadratically distributed

load q(x) with the magnitude q at x=L/2. 

The analytical solution: 

The analytical solution: 

The analytical solution: 

Beam model

Case 1

Case 2

Case 3

Figure 6.3.: Three investigated beam models with their descriptions and analytical solutions.

6.1.2.1. Static models

Three investigated models, along with their corresponding descriptions, are presented in Fig. 6.3.
For these examples, the product of Young’s modulus and the moment of inertia is set to AE = 1,
while the beam length and the magnitude of the distributed load are set to L = 1 and q = 1,
respectively.

In the first case, a clamped beam is subjected to a uniformly distributed load. In the second
case, the complexity of the applied load is slightly increased, resulting in a cantilever beam under
a triangularly distributed load. Finally, in the third case, a quadratic load is applied to a simply
supported beam.

The following output transformation is applied to enforce displacement BCs as hard constraints

ũ = x(L− x)Nu for Case 1, (6.10)
ũ = xNu for Case 2, (6.11)

ũ = x(L− x)Nu for Case 3. (6.12)
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As seen in Fig. 6.3, the constructed output transformations fulfill the prescribed displacements.
For instance, in Case 1, the augmented displacement ũ is equal to zero at x = 0 and x = L, which
allows hard enforcement of DBCs. Since only the displacement is considered as the network
output, we can enforce only the displacement boundary conditions as hard constraints.

The results of the analyzed cases are presented in Fig. 6.4. The figures on the left demonstrate
that the predicted displacements closely match the analytical solutions, as confirmed by the
computed relative L2 errors of 6.66× 10−4%, 5.12× 10−2%, and 8.05× 10−3% for cases 1, 2,
and 3, respectively.

During training with the Adam optimizer, the convergence rate slows as the number of epochs
increases, as illustrated in the figures on the right (Fig. 6.4). Switching to the L-BFGS-B optimizer
after Adam improves the convergence rate and significantly reduces the PDE and boundary
condition losses. For the PDE loss, the mean squared error reaches approximately 2.03× 10−9,
3.97× 10−6, and 7.86× 10−6, while the average MSE for the boundary condition losses is around
6.99× 10−14, 5.69× 10−11, and 4.9× 10−12 for Cases 1, 2, and 3, respectively.

The sequential use of Adam followed by L-BFGS-B plays a crucial role in achieving high accu-
racy. Adam helps prevent premature convergence to a local minimum, a benefit also emphasized
in [105].

A complex consideration

So far, simple beam structures with uniform material and geometrical properties under non-
complex loadings have been investigated. Now, we increase the complexity. Consider a simply
supported beam having the following non-uniform inertia function

I(x) =
(x
L

)2
, (6.13)

and under the following distributed loading

q(x) =
8π2

(
(2π2x2 − L2) sin(2πx

L
)− 4πx cos(2πx

L
)
)

L4
. (6.14)

An illustration of the loading and the representative inertia distribution is depicted in Fig. 6.5.
The analytical solution can be easily derived as

u(x) = sin(
2πx

L
). (6.15)

For simplicity, Young’s modulus is set to E = 1, and the length of the beam is set to L = 1.
To enforce the DBCs, we employ the following output transformation

ũ = x(L− x)Nu, (6.16)

which fulfills the DBCs at x = 0 and x = L for a simply supported beam (Case 3), as depicted in
Fig. 6.3.

The results for the complex model are presented in Fig. 6.6. As with the previously analyzed
simpler models, the figure on the left indicates that the predicted displacements closely match the
actual solution. However, a notable difference between the PDE loss and BC loss is observed,
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Figure 6.4.: On the figures left, the predicted and true deflections through the coordinate x are
compared for three different cases. On the figures right, the loss history for PDE and
BCs is given through epochs.
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representative 

non-uniform inertia distribution

Figure 6.5.: An illustration of a simple supported beam having a non-uniformly distributed cross-
section under an arbitrary load

which is larger than the simpler models (see 6.4). This difference arises due to the high magnitude
of the applied load.

Because the applied load is significantly larger relative to the predicted displacements, the
initial PDE loss is substantially higher than the BC loss. During network training, the PDE loss
decreases while the BC loss increases, reducing the gap between them. The relative L2 error
is calculated as 0.3%, with an MSE of 5.1× 10−3 for the PDE loss and 1.0× 10−4 for the BC
loss. Although these MSE values are considerably larger compared to the simpler models (6.4),
the key factor is achieving convergence. Notably, the initial PDE loss was on the order of 1e7,
demonstrating significant convergence throughout the training process.

Figure 6.6.: Results for the complex beam example. On the left is the comparison of displacements
obtained from the analytical solution and the predicted values, on the right, the
evolution of the MSE for the PDE loss and BCs loss.
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6.1.2.2. Inverse problem: Load discovery

In the context of the inverse problem, PINNs can be employed to estimate the distributed load on
a cantilever beam, as described in Case 2 of Section 6.1.2.1.

As outlined in Section 5.1.1, three principal approaches exist for constructing PINN models
for inverse problems. Given that the unknown parameter in this case is a distributed quantity, we
adopt the data-driven discovery method (Approach 2), as detailed in Section 5.1.1.2.

Compared to the PINN network illustrated in Fig. 6.2, the network for this inverse problem is
configured such that a fully connected neural network approximates both the vertical displacement,
denoted as ũ, and the distributed load, q̃, as follows:

ũ := (Nu(x;θ))
′
, q̃ := (Nq(x;θ))

′
. (6.17)

As discussed in Remark 5.1.1.3, a generalized loss formulation for inverse problems is not
feasible, as the loss function depends on the characteristics of the problem and the specific
parameter to be identified. Since the distributed load appears only in the governing PDE, we
define the loss function solely using the LPDE term, adapted from the static model loss function
(Eq. 6.7) as follows:

LPDE = wn
1

Nrp

Nrp∑
irp=1

[ ∂2
∂x2

(
EI

∂2ũ(xirp)

∂x2

)
− q̃(xirp)

]2
. (6.18)

The results of the inverse problem are presented in Fig. 6.7. As shown in Fig. 6.7(a), the
predicted and actual displacements are well-aligned, with a relative L2 error of Eu

L2
= 0.72%.

Additionally, the MSE values for the PDE, boundary condition (BC), and experimental data
(EXP) losses are computed as 2.5× 10−8, 8.76× 10−10, and 8.75× 10−12, respectively.

However, as illustrated in Fig. 6.7(b), the predicted distributed load does not match the true
load well, with an L2 relative error of Eq

L2
= 47%. While the network accurately predicts the

target solution u, it struggles to correctly identify the unknown load distribution q.
As discussed in Section 5.3 on algorithmic challenges, this issue is an example of the non-

uniqueness in inverse problems phenomenon. Although the identified load satisfies all governing
equations, it does not necessarily correspond to the actual load we seek to recover.

To mitigate this issue, we incorporate prior knowledge of the load into the experimental loss
term LEXPs. Assuming we have the following prior information about the unknown load:

q(x = 0) = 0, (6.19)
q(x = 1) = q. (6.20)

These equations imply that the values of the unknown load at the boundaries are known and
provided. Thus, we can incorporate this prior knowledge into the loss function by adding these
measurements to the experimental loss term, resulting in an updated LEXPs:

LEXPs =
1

Nep

Nep∑
iep=1

[[
ũ(xiep)− u∗(xiep)

]]2
+

1

2

2∑
iep=1

[[
q̃(xiqp)− q∗(xiqp)

]]2
, (6.21)

where xiqp = {0, 1} and q∗ = {0, q = −1} as defined in Eqs. 6.19 and 6.20.
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Figure 6.7.: Results for the inverse problem. (a) Comparison of displacements obtained from the
analytical solution and the predicted values, (b) comparison of the analytical and
predicted loads, (c) evolution of the MSE for the PDE, BCs and the experimental
data (EXPs).

The results of the inverse problem with prior knowledge of the load distribution are shown in
Fig. 6.8. As seen in Fig. 6.8(a), the predicted and actual displacements align closely, yielding a
relative L2 error of Eu

L2
= 0.14%. Compared to the previous results without prior knowledge,

the identified distributed load now accurately matches the true value, with an L2 relative error
of Eq

L2
= 1.3%. Furthermore, the loss convergence plots show a smoother convergence pattern

(Fig. 6.8c). By incorporating prior knowledge about the distributed load, the network effectively
solves the inverse problem, accurately identifying both the target solution u and the unknown
load parameter q.

A key insight from addressing inverse problems is the inherent risk of non-uniqueness in the
identified parameters, which may arise from the underlying characteristics of the problem. To
mitigate this, incorporating additional constraints or prior knowledge can significantly improve
the optimization process, helping to accurately determine the unknown parameter. Indeed, an
alternative approach to address non-uniqueness is network inversion (see Section 5.1.1.1), where
the network is specifically designed to approximate only the unknown parameter field, potentially
enhancing stability.

6.1.2.3. Dynamic models

We now extend our analysis to time-dependent beam problems, where dynamic effects are
incorporated. Unlike static models, the neural network takes both the spatial coordinate x and the
temporal variable t as inputs.

Consider a simply supported beam subjected to the following time-dependent distributed load:

q(x, t) = − sin(πx)e−t
(
π4(t+ 1) + t− 1

)
. (6.22)

The boundary conditions are defined as:

u(x = 0, t) = 0 and ux(x = 0, t) = 0,

u(x = L, t) = 0 and ux(x = L, t) = 0.
(6.23)
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Figure 6.8.: Results for the inverse problem with a prior knowledge of the distributed load. (a)
Comparison of displacements obtained from the analytical solution and the predicted
values, (b) comparison of the analytical and predicted loads, (c) evolution of the MSE
for the PDE, BCs and the experimental data (EXPs)

The initial conditions are given by:

u(x, 0) = − sin(πx) and ut(x, 0) = 0. (6.24)

This results in the following analytical solution:

u(x, t) = − sin(πx)(t+ 1)e−t. (6.25)

For this analysis, the moment of inertia is set to AE = 1, while the density and cross-sectional
area terms are set to ρA = 1.

The results of the time-dependent beam problem are presented in Fig. 6.9. A comprehensive
comparison between the predicted and true solutions at various spatial and temporal locations
demonstrates that the PINN model provides accurate predictions. This agreement is further
supported by the computed relative L2 error, which is Eu

L2
= 0.12%.

The top two contour plots illustrate the true and predicted solutions across the entire spatial
and temporal domain. The close visual similarity between these plots confirms that the PINN
model effectively captures the underlying dynamics of the beam’s response.

The lower section of Fig. 6.9 provides a more detailed validation of the model’s accuracy by
comparing predicted and true solutions at specific spatial and temporal cross-sections

• The three plots in the second row show displacement profiles at fixed time instances
(t = 0.00, t = 0.50, and t = 1.00).

• The three plots in the third row display displacement evolution over time at fixed spatial
locations (x = 0.25, x = 0.50, and x = 0.75).

In all cases, the predicted values closely align with the true values, highlighting the model’s good
accuracy in predicting beam displacements under dynamic loading conditions.
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Figure 6.9.: Results for the time-dependent beam example. The figure above shows the predicted
solution, while the figures below compare the predicted solution to the analytical
solution when one input dimension is kept constant.
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6.2. Use case 2: Linear elasticity
In this section, we develop comprehensive methodologies for constructing PINN frameworks
to solve the governing equations in solid mechanics. We begin with PINN formulations based
on a displacement-based approach (detailed in Section 2.2.2.2) and extend to formulations
incorporating the mixed-variable approach (outlined in Section 2.2.2.3). These frameworks
are specifically designed to address both elastodynamics (time-dependent) and elastostatics
(quasi-static) problems. Furthermore, we adapt the developed methods to the 3D Cartesian
coordinate system for three-dimensional solid models while also providing reduced formulations
for two-dimensional cases, such as plane strain and plane stress conditions. Additionally, we
discuss the critical importance of output scaling in the mixed-variable approach to ensure a stable
optimization.

In the numerical examples, we present a diverse range of examples, including the Lamé elastic-
ity problem (2D elastostatics), a hollow sphere subjected to internal pressure (3D elastostatics), a
2D block under time-dependent loading (elastodynamics), a hollow sphere under time-dependent
internal pressure (3D elastodynamics), and an inverse problem for identifying material parameters.

6.2.1. PINNs with displacement-based formulation
6.2.1.1. Elastodynamics

In the displacement-based approach for elastodynamics problems without additional network
input parameters, the network takes spatial coordinates, denoted as x, and time, denoted as t, as
the neural network input such that z = [x, t]. An FNN maps the given network input z to the
approximated displacement ũ (see Fig. 6.10) such that

ũ := (Nu(x; t;θ))
′
. (6.26)

An illustration of the displacement-based (single-variable) PINN approach for solving elas-
todynamics problems is presented in Fig. 6.10. In this formulation, an FNN is employed to
approximate the displacement field by taking spatial coordinates, x, and time, t, as input variables.
The network learns a continuous representation of the displacement field, denoted by ũ, which
serves as the primary output of the model. To enforce the governing equations of elastodynamics,
the method leverages automatic differentiation, allowing efficient computation of both first-order
and second-order derivatives of ũ with respect to x and t. This capability is crucial for deriving
all necessary intermediate physical quantities, including the predicted displacement gradient, ∇ũ,
and the predicted acceleration field, ¨̃u. These derivatives are then used to enforce equilibrium
conditions, boundary constraints, and initial conditions, ensuring that the identified solution
remains consistent with the underlying physics. For instance, the governing Navier equations
do not explicitly include stress terms. Therefore, these intermediate variables can be directly
incorporated into the PDE loss term. However, for NBCs, stress terms are required, which are
derived using the kinematic equation and Hooke’s law.

As depicted in Fig. 6.10, a key limitation of the displacement-based PINN approach lies
in its dependence on second-order derivatives of the predicted displacement field with respect
to both spatial coordinates and time. This requirement stems from the governing equations
of elastodynamics, which inherently involve acceleration terms and spatial gradients of stress

179



6. Application of Physics-Informed Neural Networks to Computational Mechanics

.

.

.

.

.

.

...

...

FNN

Automatic 

Differentiation

(AD)

Elastodynamics

Boundary conditions

Governing equations

(Dirichlet)

(Neumann)

Initial conditions

Figure 6.10.: Physics-informed neural networks using the displacement-based formulation to
solve elastodynamics problems.

and strain. The necessity for computing these higher-order derivatives introduce a significant
computational burden, as second-order derivatives are considerably more expensive to evaluate
compared to first-order derivatives. This computational overhead becomes particularly significant
in large-scale or high-dimensional problems, such as three-dimensional models subjected to
time-dependent loads, where the increased complexity amplifies training inefficiencies.

Beyond computational cost, another limitation of the displacement-based formulation is its
restrictive handling of boundary conditions. Since only the displacement field is explicitly
represented as the neural network output, the method inherently favors directly enforcing Dirichlet
boundary conditions through output transformations, ensuring strict adherence to prescribed
displacements. While initial conditions related to the displacement field can similarly be imposed
as hard constraints via output transformations, enforcing Neumann or mixed boundary conditions,
such as traction or stress constraints, becomes more challenging. These conditions must typically
be incorporated in a soft-constraint manner through penalty terms in the loss function, which may
lead to approximation errors or convergence difficulties.

Combining the information provided in Fig. 5.2 for losses of general PINNs with the governing
equations of time-dependent solid mechanics in the case of the displacement-based approach as
explained in Section 2.2.2.2, we obtain the total loss LE for the displacement-based formulation
including additional experimental data as

LE = LPDE + LDBCs + LNBCs + LICs + LEXPs, (6.27)
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where

LPDE =
Nn∑
in=1

win
1

Nrp

Nrp∑
irp=1

[[
∇ ·

(
∇ũ(xirp , t)

)
+ µ∇2ũ

(
xirp , t

)
+

b̂
(
xirp , t

)
− ρ¨̃u

(
xirp , t

)]
in

]2
,

LDBCs =

Nbc,D∑
ibc,D=1

wibc,D
1

Nbp,D

Nbp,D∑
ibp,D=1

[[
ũ
(
xibp,D , t

)
− û

(
xibp,D , t

)]
ibc,D

]2
,

LNBCs =

Nbc,N∑
ibc,N=1

wibc,N
1

Nbp,N

Nbp,N∑
ibp,N=1

[[
σu
(
xibp,N , t

)
· n− t̂

(
xibp,N , t

)]
ibc,N

]2

LICs =

Nic,u∑
iic,u=1

wiic,u
1

Nip,u

Nip,u∑
iip,u=1

[[
ũ
(
xiip,u , 0

)
− û0

(
xiip,u , 0

)]
ie,u

]2
+

Nic,u̇∑
iic,u̇=1

wiic,u̇
1

Nip,u̇

Nip,u̇∑
iip,u̇=1

[[
˙̃u
(
xiip,u̇ , 0

)
− ˆ̇u0

(
xiip,u̇ , 0

)]
ie,u̇

]2
,

LEXPs =

Ne,u∑
ie,u=1

wie,u
1

Nep,u

Nep,u∑
iep,u=1

[[
ũ
(
xiep,u , t

)
− u∗ (xiep,u , t)]

ie,u

]2
,

(6.28)

including

σu(xibp,N , t) = λ tr
(
εu(xibp,N , t)

)
I + 2µεu(xibp,N , t), (6.29)

εu(xibp,N , t) =
1

2

(
∇ũ(xibp,N , t) +∇ũ(xibp,N , t)⊤

)
. (6.30)

Since the σu term is only present in the NBCs loss, LNBCs, the constitutive equation and kinematic
relation are evaluated specifically at the boundary points on the Neumann boundaries. The first
loss term, denoted as LPDE, represents the loss associated with the governing PDE. In the
displacement-based formulation, the LPDE term is constructed to fulfill only the equilibrium
equation, so-called the Navier equation (NE) (Eq. 2.83). The loss weights for the PDE loss are
denoted as {win}Nn

in=1. Note that ¨̃u represents the second derivative of the predicted displacement
with respect to time. Moreover, Tonti’s diagram in Fig. 2.9, can be examined to identify the
primary variables, secondary variables, and prescribed quantities.

The terms LDBCs and LNBCs denote losses for Dirichlet and Neumann BCs, respectively. They
include the prescribed displacement fields, denoted as û, and traction fields, denoted as ˆ̇u. Since
the neural network does not directly predict the stress field, it is computed based on Hooke’s law
(Eq. 6.29) and the kinematic equation (Eq. 6.30). The loss weights for the DBCs are represented
as {wibc,D}

Nbc,D

ibc,D=1, while the loss weights for the NBCs are {wibc,N}
Nbc,N

ibc,N=1.
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The loss term associated with the initial conditions is represented asLICs. It mainly contains two
components. The first loss component enforces the initial conditions due to displacements, where
û0 defines the prescribed initial displacement at t = 0. On the other hand, the second component
enforces the initial conditions due to velocity fields, where ˆ̇u0 denotes the prescribed initial
velocity fields. The loss weights associated with initial conditions are given as {wiic,u}

Nic,u

iic,u=1 and

{wiic,u̇}
Nic,u̇

iic,u̇=1, respectively for the displacement and velocity components. Note that ˙̃u denotes
the first derivative of the predicted displacement with respect to time.

The last loss term denotes the experimental loss due to the provided additional displacement
fields, denoted as u∗. Similarly, the loss weights for the experimental loss components due to
displacements are represented as {wie,u}

Ne,u

ie,u=1.
Each defined loss component is computed using specific sets of input points, as outlined below:

• The
{
xirp , t

}Nrp

irp=1
term refers to the collocation points within the entire domain, where

Nrp represents the corresponding total number of collocation points.

• The
{
xibp,D , t

}Nbp,D

ibp,D=1
term denotes the boundary points for Dirichlet BCs, where Nbp,D

represents the corresponding total number of boundary points.

• The
{
xibp,N , t

}Nbp,N

ibp,N=1
term represents the boundary points for Neumann BCs, where Nbp,N

represents the corresponding total number of boundary points.

• The
{
xiip,u , 0

}Nip,u

iip,u=1
term denotes the points related to displacement initial conditions,

where Nip,u represents the corresponding total number of initial points.

• The
{
xiip,u̇ , 0

}Nip,u̇

iip,u̇=1
term refers to initial points associated with the velocity fields, where

Nip,u̇ represents the corresponding total number of initial points.

• The
{
xiep,u , t

}Nep

iep,u=1
term corresponds to additional data points based on experimental

displacement data, where Nep,u represents the total number of additional points.

The total loss formulation (Eq. 6.27) in a 3D Cartesian system using Lamé constants can be
expressed as

LE = LPDE + LDBCs + LNBCs + LICs + LEXPs. (6.31)
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Each loss term is defined as follows:

LPDE = w
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∂2ũy
∂x∂y

+
∂2ũz
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Ω

+
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(
∂2ũz
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(6.32)

where c1 = λ+ 2µ, c2 = µ and c3 = λ+ µ. Also, the stress components can be computed using
the constitutive equations, Eqs. 2.29-2.34, such that

σuxx = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuxx,

σuyy = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuyy,

σuzz = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuzz,

σuxy = 2µεxy, σuxz =2µεxz, σuyz = 2µεyz,

(6.33)

with the following set of kinematic equations (Eq. 2.23-2.28)

εuxx = ũx,x, εuyy = ũy,y, εuzz = ũz,z,

εuxy =
1

2
(ũx,y + ũy,x), εuyz =

1

2
(ũy,z + ũz,y), εuxz =

1

2
(ũx,z + ũz,x).

(6.34)

Similarly, the network predictions are computed as follows

ũx ≈ (Nux(x, y, z, t))
′
, ũy ≈ (Nuy(x, y, z, t))

′
, ũz ≈ (Nuz(x, y, z, t))

′
. (6.35)
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For simplicity, we denote the mean squared error (MSE) as | · |, which is defined as 1
n

∑n
i=1(·)2.

This detailed, component-wise rewriting of the total loss function is essential for implementing
PINNs, not only in the displacement-based formulation but also across various types of problems.
By explicitly defining each term in a 3D Cartesian system–such as the governing PDE, boundary
conditions, initial conditions, and experimental data terms–we ensure that the constructed network
adheres to physical laws, boundary constraints, and available data. This clarity enables a precise
and practical implementation. Furthermore, this breakdown highlights the computational load
imposed on the PINN architecture when minimizing the various loss terms. For instance, in a 3D
elastodynamics problem, the network must optimize 3 PDE loss components, 3 DBC losses, 3
NBC losses, 6 IC losses, and 3 experimental data losses. Altogether, the network must optimize a
total of 18 distinct loss terms, underscoring the complexity and computational workload required
for accurate modeling.

In the case of plane strain, each loss component (Eq. 6.32) reduces to
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∣∣ũx − ûx∣∣∂ΩD
+ w

(dbc)
2

∣∣ũy − ûy∣∣∂ΩD
,

LNBCs = w
(nbc)
1

∣∣σuxxnx + σuxyny − t̂x
∣∣
∂ΩN

+

w
(nbc)
2

∣∣σuyxnx + σuyyny − t̂y
∣∣
∂ΩN

,

LICs = w
(ic)
1
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∣∣ũx − u∗x∣∣Ωe
+ w

(EXPs)
2
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(6.36)

Similarly, the stress components simplify to

σuxx = λ
(
εuxx + εuyy

)
+ 2µεuxx,

σuyy = λ
(
εuxx + εuyy

)
+ 2µεuyy,

σuxy = 2µεuxy,

(6.37)

where
εuxx = ũx,x, εuyy = ũy,y, εuxy =

1

2
(ũx,y + ũy,x). (6.38)

This necessitates the following network outputs:

ũx ≈ (Nux(x, y, t))
′
, ũy ≈ (Nuy(x, y, t))

′
. (6.39)

In the case of the plane strain condition, the designed network is required to minimize 2 PDE loss
components, 2 DBC losses, 2 NBC losses, 4 IC losses, and 2 experimental data losses. Altogether,
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the network must optimize a total of 12 distinct loss terms. This statement also holds true for the
plane stress condition.

For the plane stress condition, the only necessary adjustment is in the set of constitutive
equations, i.e., Eq. 6.37. In the case of plane stress, these equations are given by

σuxx =
E

1− ν2
(εuxx + νεuyy),

σuyy =
E

1− ν2
(νεuxx + εuyy),

σuxy =
E

1 + ν
εuxy.

(6.40)

6.2.1.2. Elastostatics

For elastostatics or quasi-static problems, an FNN, constructed based on the displacement-based
formulation, maps the given spatial coordinates x to the approximated displacement ũ (see Fig.
6.11) such that

ũ := (Nu(x;θ))
′
. (6.41)
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Figure 6.11.: Physics-informed neural networks in the displacement-based approach for elasto-
statics problems.

To obtain the governing equations of quasi-static solid mechanics for the displacement-based
formulation, we omit the terms associated with time in Eq. 6.28. By doing so, we obtain the total
loss LE, including the losses due to additional experimental data as

LE = LPDE + LDBCs + LNBCs + LEXPs, (6.42)
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(6.43)

with the following compatibility and constitutive conditions

σu(xibp,N ) = λ tr
(
εu(xibp,N )

)
I + 2µεu(xibp,N ), (6.44)

εu(xibp,N ) =
1

2

(
∇ũ(xibp,N ) +∇ũ(xibp,N )⊤

)
. (6.45)

Unlike elastodynamic problems, the quasi-static approach primarily differs in its total loss
formulation by excluding the initial condition loss term (LICs). This is because, in the absence
of time-dependent inertia effects, initial conditions are irrelevant in purely quasi-static analyses.
Another key distinction lies in the PDE loss formulation, where the acceleration term is omitted.
Since quasi-static problems assume equilibrium at all times, the governing equations reduce to
a balance of internal and external forces, without inertial effects. As a result, in a 3D Cartesian
coordinate system with Lamé parameters, the PDE loss function simplifies to:
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)
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w
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3
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(
∂2ũz
∂x2

+
∂2ũz
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)
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(
∂2ũx
∂x∂z

+
∂2ũy
∂y∂z

)
+ b̂z

∣∣∣∣
Ω

.

(6.46)

Here, the constants are defined as c1 = λ + 2µ, c2 = µ, and c3 = λ + µ. The remaining
loss formulations are already given in Eq. 6.32. Also, the constitutive equations and kinematic
relations remain the same as with those provided in Eq. 6.33 and Eq. 6.34, respectively. However,
as time is no longer an input to the network, the network outputs are defined as

ũx ≈ (Nux(x, y, z))
′
,

ũy ≈ (Nuy(x, y, z))
′
,

ũz ≈ (Nuz(x, y, z))
′
.

(6.47)
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Concerning the plane strain and plane stress formulations, the same simplification is valid,
meaning that time-dependent terms and the LICs term are omitted. Thus, the PDE loss for both
plane strain and plane stress conditions is defined as

LPDE = w
(pde)
1

∣∣∣∣c1∂2ũx∂x2
+ c2

∂2ũx
∂y2

+ c3
∂2ũy
∂x∂y

+ b̂x − ρ
∂2ũx
∂t2

∣∣∣∣
Ω

+

w
(pde)
2

∣∣∣∣c1∂2ũy∂y2
+ c2

∂2ũy
∂x2

+ c3
∂2ũx
∂x∂y

+ b̂y − ρ
∂2ũy
∂t2

∣∣∣∣
Ω

.

(6.48)

Indeed, the appropriate constitutive equations must be selected based on whether the problem
is governed by a plane strain or plane stress condition to compute the stress field accurately,
σu. Specifically, for plane strain problems, the material behavior follows Eq. 6.37, whereas
for plane stress conditions, it adheres to Eq. 6.40. This distinction is crucial, as plane strain
assumptions apply to scenarios where out-of-plane deformations are negligible, such as deep
structural elements, while plane stress conditions are typically used for thin structures where
out-of-plane stresses can be ignored. The network outputs for plane strain and plane stress
conditions are

ũx ≈ (Nux(x, y, z))
′
, ũy ≈ (Nuy(x, y, z))

′
. (6.49)

6.2.2. PINNs with mixed-variable formulation

6.2.2.1. Elastodynamics

In the mixed-variable formulation for elastodynamics problems without additional network input
parameters, the network takes spatial coordinates, denoted as x, and time, denoted as t, as the
neural network input such that z = [x, t]. Thus, an FNN maps the given network input z to the
predicted displacement ũ and the predicted stress σ̃ such as

ũ := (Nu(x; t;θ))
′

and σ̃ := (Nσ(x; t;θ))
′
. (6.50)

By integrating the general PINN loss formulations depicted in Fig. 5.2 with the governing
equations for time-dependent solid mechanics, as outlined in Sections 2.2.2.1 and 2.2.2.3, we
derive the total loss LE for linear elasticity in the mixed-variable formulation, incorporating
additional experimental data, as follows

LE = LPDE + LDBCs + LNBCs + LICs + LEXPs, (6.51)
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where

LPDE =
Nm∑
in=1

win
1

Nrp

Nrp∑
irp=1

[[
∇ · σ̃

(
xirp , t

)
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+

Nn∑
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ũ
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(
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,
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ie,u=1

wie,u
1

Nep,u
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iep,u=1

[[
ũ
(
xiep,u , t

)
− u∗ (xiep,u , t)]

ie,u

]2
+

Ne,σ∑
ie,σ=1

wie,σ
1
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[[
σ̃
(
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(6.52)

with

σu(xirp , t) = C : εu(xirp , t), (6.53)

εu(xirp , t) =
1

2

(
∇ũ(xirp , t) +∇ũ(xirp , t)⊤

)
. (6.54)

Since the σu term appears only in the PDE loss, LPDE, the constitutive equation and kinematic
relation are evaluated specifically at the domain collocation points. In the mixed-variable formu-
lation, the LPDE term is constructed in a composite form to fulfill both the balance equation (BE)
(Eq. 2.8) and the stress-to-stress coupling (SS) (Eq. 2.87) as depicted in Fig. 2.10. The index Nm

is used to distinguish the loss weights related to BE and SS. The loss weights for the PDE loss are
denoted as {win}Nn

in=1. Note that ¨̃u represents the second derivative of the predicted displacement
with respect to time.

Refer to Section 6.2.1.1 for the definitions of the loss terms LDBCs, LNBCs, and LICs. Compared
to the displacement-based approach, we can now directly utilize the predicted stress to enforce
the NBCs.

The last loss term denotes the experimental loss due to the provided additional displacement
fields, denoted as u∗, and the additional stress field, denoted as σ∗. Similarly, the loss weights for
the experimental loss components due to displacements are represented as {wie,u}

Ne,u

ie,u=1, while the
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experimental data loss weights due to stresses are provided as {wie,σ}
Ne,σ

ie,σ=1. Note that ˙̃u denotes
the first derivative of the predicted displacement with respect to time.

Each of the defined loss components in Eq. 6.52 is computed based on specific input points as de-
scribed in the displacement-based formulation for time-dependent problems (see Section 6.2.1.1).
The only difference in the mixed-variable formulation is that the experimental data loss, LEXPs,
now also includes data points related to the stress field. Specifically,

•
{
xiep,σ , t

}Nep

iep,σ=1
refers to additional points corresponding to experimental stress data,

where Nep,σ represents the total number of additional stress data points.

.

.

.
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Boundary conditions
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Figure 6.12.: Physics-informed neural networks in the mixed-variable formulation to solve elasto-
dynamics problems.

An illustration of the mixed-variable PINN approach for solving elastodynamics problems is
shown in Fig. 6.12. In this framework, an FNN takes the spatial coordinates, x, and time, t, as
inputs to predict both the displacement field, denoted by ũ, and the stress field, denoted by σ̃.

Using automatic differentiation, we can efficiently compute the first-order derivatives of the
network outputs with respect to spatial coordinates, x, as well as both first- and second-order
derivatives with respect to time, t. This enables the derivation of all intermediate variables
required for formulating the governing equations of the problem, including boundary and initial
conditions.

However, the mixed-variable formulation still involves second-order time derivatives of dis-
placement, which are computationally expensive. The velocity field can be introduced as an
additional network output [140] to design a network that requires only first-order derivatives in
both spatial and temporal domains. This approach, however, necessitates additional coupling
operators between the displacement, velocity, and stress fields.

Furthermore, displacement and stress fields are directly represented as network outputs in the
mixed-variable formulation, allowing Dirichlet and Neumann boundary conditions to be strictly
enforced as hard constraints through output transformations. Similarly, initial conditions associ-
ated with the displacement field can be imposed as hard constraints using output transformations.
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Conversely, since the velocity field is not treated as a network input, its initial conditions must be
enforced using soft constraints.

The total loss formulation (Eq. 6.52) in 3D Cartesian system using Lamé constants can be
expressed as

LE = LPDE + LDBCs + LNBCs + LICs + LEXPs. (6.55)

Each loss term is defined as follows:

LPDE = w
(pde)
1
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∣∣
Ω
+

w
(pde)
2
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3
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,
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(6.56)

Also, the stress components (secondary variables) can be computed using the constitutive equa-
tions, Eqs. 2.29-2.34, such that

σuxx = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuxx,

σuyy = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuyy,

σuzz = λ
(
εuxx + εuyy + εuzz

)
+ 2µεuzz,

σuxy = 2µεxy, σuxz =2µεxz, σuyz = 2µεyz,

(6.57)

with the following set of kinematic equations (Eq. 2.23-2.28)

εuxx = ũx,x, εuyy = ũy,y, εuzz = ũz,z,

εuxy =
1

2
(ũx,y + ũy,x), εuyz =

1

2
(ũy,z + ũz,y), εuxz =

1

2
(ũx,z + ũz,x).

(6.58)
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Similarly, the network outputs are expressed as follows

ũx ≈ (Nux(x, y, z, t))
′
, ũy ≈ (Nuy(x, y, z, t))

′
, ũz ≈ (Nuz(x, y, z, t))

′
,

σ̃xx ≈ (Nσxx(x, y, z, t))
′
, σ̃yy ≈ (Nσyy(x, y, z, t))

′
, σ̃zz ≈ (Nσzz(x, y, z, t))

′
,

{σ̃xy = σ̃yx} ≈ (Nσxy(x, y, z, t))
′
,

{σ̃yz = σ̃zy} ≈ (Nσyz(x, y, z, t))
′
,

{σ̃xz = σ̃zx} ≈ (Nσxz(x, y, z, t))
′
.

(6.59)

Similar to the displacement-based formulation, this detailed, component-wise breakdown of
the total loss function is essential for implementing PINNs in elastodynamics using a mixed-
variable approach. This decomposition highlights the computational demands on the PINN
architecture in minimizing the various loss terms. For example, in a 3D elastodynamics problem,
the network must minimize 9 PDE loss components, 3 DBC losses, 3 NBC losses, 6 IC losses,
and 9 experimental data losses. Altogether, the network is tasked to optimize a total of 30 distinct
loss terms.

In the case of plane strain, each loss component (Eq. 6.55) simplifies to
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∣∣
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(6.60)

Similarly, the set of constitutive equations (Eq. 6.57) can be written as

σuxx = λ
(
εuxx + εuyy

)
+ 2µεuxx,

σuyy = λ
(
εuxx + εuyy

)
+ 2µεuyy,

σuxy = 2µεxy,

(6.61)

with the corresponding set of kinematic equations (Eq. 6.58)

εuxx = ũx,x, εuyy = ũy,y, εuxy =
1

2
(ũx,y + ũy,x). (6.62)
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The approximated solutions are expressed as

ũx ≈ (Nux(x, y, t))
′
, ũy ≈ (Nuy(x, y, t))

′
,

σ̃xx ≈ (Nσxx(x, y, t))
′
, σ̃yy ≈ (Nσyy(x, y, t))

′
, {σ̃xy = σ̃yx} ≈ (Nσxy(x, y, t))

′
.

(6.63)

Under the plane strain condition, the designed network is tasked to minimize 5 PDE loss compo-
nents, 2 DBC losses, 2 NBC losses, 4 IC losses, and 5 experimental data losses. Altogether, the
network faces a total of 18 distinct loss terms to optimize. This statement is also valid for the
plane stress condition.

For the plane stress condition, the only adjustment needed lies in the set of constitutive
equations, i.e. Eq. 6.61. It is expressed as

σuxx =
E

1− ν2
(εuxx + νεuyy)

σuyy =
E

1− ν2
(νεuxx + εuyy)

σuxy =
E

1 + ν
εuxy.

(6.64)

6.2.2.2. Elastostatics

In the elastostatics (quasi-static) problems without additional network input parameters, the
network takes spatial coordinates, denoted as x, as the neural network input such that z = [x].
As depicted in Fig. 6.11, an FNN maps the given spatial coordinates x to the displacement vector
ũ and stress tensor σ̃ such that

ũ := (Nu(x;θ))
′

and σ̃ := (Nσ(x;θ))
′
. (6.65)

To obtain the governing equations of quasi-static solid mechanics, we omit the terms associated
with time as explained in Section 2.2.2.1. By doing so, we obtain the total loss LE for linear
elasticity in the mixed-variable formulation with additional experimental data as

LE = LPDE + LDBCs + LNBCs + LEXPs, (6.66)
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where
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(6.67)

with

σu(xirp) = C : εu(xirp), (6.68)

εu(xirp) =
1

2

(
∇ũ(xirp) +∇ũ(xirp)⊤

)
. (6.69)

An illustration of the mixed-variable PINN approach for solving quasi-static problems is shown
in Fig. 6.13. In this approach, an FNN takes spatial coordinates, x, as inputs to predict displace-
ment and stress fields. Using automatic differentiation, we can efficiently compute the first-order
derivatives of the network outputs with respect to spatial coordinates. This allows us to obtain all
the necessary intermediate variables required for formulating the governing equations and bound-
ary conditions of the target problem. Compared to time-dependent approach (Section 6.2.2.1),
the mixed-variable formulation for quasi-static problems offers a huge computational advantage
due to involving only first-order derivatives.

Unlike elastodynamics, the quasi-static total loss formulation does not include the losses
associated with the initial conditions (LICs). The second difference lies in the PDE loss, which
does not include the acceleration term. Therefore, in 3D Cartesian system with Lamé parameters,
the PDE loss can be expressed as follows

LPDE = w
(pde)
1

∣∣σ̃xx,x + σ̃xy,y + σ̃xz,z + b̂x
∣∣
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(6.70)
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Figure 6.13.: Physics-informed neural networks in the mixed-variable form to solve elastostatics
problems.

The remaining loss formulations are already given in Eq. 6.56. Also, the constitutive equations
and kinematic relations remain the same as those provided in Eq. 6.57 and Eq. 6.58, respectively.
However, as time is no longer an input to the network, the network outputs are defined as

ũx ≈ (Nux(x, y, z))
′
, ũy ≈ (Nuy(x, y, z))

′
, ũz ≈ (Nuz(x, y, z))

′
,

σ̃xx ≈ (Nσxx(x, y, z))
′
, σ̃yy ≈ (Nσyy(x, y, z))

′
, σ̃zz ≈ (Nσzz(x, y, z))

′
,

{σ̃xy = σ̃yx} ≈ (Nσxy(x, y, z))
′
,

{σ̃yz = σ̃zy} ≈ (Nσyz(x, y, z))
′
,

{σ̃xz = σ̃zx} ≈ (Nσxz(x, y, z))
′
.

(6.71)

Concerning the plane strain and plane stress formulations, the same simplification applies,
meaning that time-dependent terms and the LICs term are omitted. Thus, the PDE loss for both
plane strain and plane stress conditions can be defined as follows

= w
(pde)
1

∣∣σ̃xx,x + σ̃xy,y + b̂x
∣∣
Ω
+

w
(pde)
2

∣∣σ̃yx,x + σ̃yy,y + b̂y
∣∣
Ω
+

w
(pde)
3

∣∣σ̃xx − σuxx∣∣Ω + w
(pde)
4

∣∣σ̃yy − σuyy∣∣Ω+ w
(pde)
5

∣∣σ̃xy − σuxy∣∣Ω+
(6.72)

Depending on whether the plane strain or plane stress condition is considered, the appropriate
constitutive equations must be chosen to compute the stress field, σu. Specifically, Eq. 6.61
applies to plane strain, while Eq. 6.64 applies to plane stress.

Moreover, the components of the network output for both plane strain and plane stress condi-
tions are expressed as

ũx ≈ (Nux(x, y))
′
, ũy ≈ (Nuy(x, y))

′
,

σ̃xx ≈ (Nσxx(x, y))
′
, σ̃yy ≈ (Nσyy(x, y))

′
, {σ̃xy = σ̃yx} ≈ (Nσxy(x, y))

′
.

(6.73)

6.2.2.3. Importance of output scaling

As outlined in Section 5.3.2, output scaling, a form of output transformation, helps prevent the
optimizer from becoming trapped in local minima. In solid mechanics applications, PINNs predict
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the displacement field, u, and the stress field, σ, as network outputs. With random initialization
and no transfer learning, these outputs are initially estimated from a random parameter initializa-
tion. While effective, this approach can lead to convergence challenges if output variables have
similar initial magnitudes. This issue can be explained through the example of the SS loss term
(see Eq. 6.52) which is expressed as

LSS =
Nn∑

in=Nm+1

win
1

Nrp

Nrp∑
irp=1

[[
σ̃
(
xirp , t

)
− σu

(
xirp , t

)]
in

]2
, (6.74)

where

σu(xibp,N , t) = λ tr
(
εu(xibp,N , t)

)
I + 2µεu(xibp,N , t) (6.75)

εu(xibp,N , t) =
1

2

(
∇ũ(xibp,N , t) +∇ũ(xibp,N , t)⊤

)
. (6.76)

Minimizing LSS requires satisfying σ = σu. When large-scale material property values, such
as large λ and µ (e.g., O(3)), are used, σu can initially dominate σ, resulting in a significant
difference in magnitudes within the loss term LSS. Why is this the case? This occurs because,
at the first forward pass of the neural network, σ̃ and ũ are initialized to similar magnitudes,
around O(1), due to the use of Glorot initialization (see Sections 3.4.3.3 and 5.3.2). Assuming
the derivatives of σ̃ remain on the order of O(1), εu will also initially have this same order of
magnitude. However, when we compute σu using the small-scale εu (of orderO(1)) and the large
material parameters (of order O(3)), the result is a large-scale σu, around O(3). Now, we expect
from optimizer to fulfill the requirement σ = σu, despite this large difference in magnitudes.
This requires either a substantial increase in σ or an extensive decrease in σu, leading to issues
with large adjustments during optimization. Such adjustments can be problematic because the
gradient of the commonly used tanh activation function tends toward zero for large input values,
resulting in the vanishing gradient problem.

To improve optimization, the displacement output, u, can be scaled by the inverse of the Lamé’s
first parameter 1

λ
, as it is typically larger than the shear modulus µ. Alternatively, this scaling

can also be done using Young’s modulus, i.e., 1
E

. Such output scaling ensures that the initial
magnitudes of both terms are of a similar order of magnitude in the SS condition, effectively
balancing the loss contributions and enhancing convergence stability.

6.2.3. Comparison of displacement-based and mixed-variable
approaches

Table 6.1 compares the displacement-based and mixed-variable PINN approaches for solving
elastodynamics and elastostatics problems in both 2D and 3D. The table highlights key differences
regarding the maximum order of time and spatial derivatives, hard enforcement capabilities, and
the number of loss terms and weights required for each approach. Both methods require a
maximum time-derivative order of 2. However, the displacement-based approach requires second-
order spatial derivatives, while the mixed-variable approach only requires first-order spatial
derivatives, providing a computational advantage.
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Dirichlet boundary conditions (DBCs) and initial conditions (ICs) can be enforced strictly as
hard constraints using both approaches. However, Neumann boundary conditions (NBCs) can be
enforced only in the mixed-variable approach. The total loss terms and weights depend on the
target problem and the PINN formulation. For example, in 3D elastodynamics, the displacement-
based method minimizes 18 loss terms, whereas the mixed-variable approach minimizes 30,
indicating more computational intensity. Similarly, the displacement-based method requires 18
distinct loss weights, while the mixed-variable approach requires 30. These loss weights are
hyperparameters and are typically chosen manually. Overall, this table provides a clear overview
of the requirements and capabilities of each approach, highlighting the main advantages and
trade-offs for specific elastodynamics and elastostatics applications.

Displacement-based
approach

Mixed-variable
approach

time-derivative

order (max)
2 2

spatial-derivative

order (max)
2 1

Hard
enforcement

DBC yes yes

NBC no yes

IC yes yes

# loss terms

elastodynamics (3D) 18 30

elastostatics (3D) 12 24

elastodynamics (2D) 12 18

elastostatics (2D) 8 14

# loss weights

elastodynamics (3D) 18 30

elastostatics (3D) 12 24

elastodynamics (2D) 12 18

elastostatics (2D) 8 14

Table 6.1.: Comparison of displacement-based and mixed-variable PINN approaches for elasto-
dynamics and elastostatics in 2D and 3D, showing the maximum order of time and
spatial derivatives, hard enforcement capabilities, and the number of loss terms and
weights.
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6.2.4. Numerical examples
In this section, we investigate five numerical examples.

The first example is the classical Lamé elasticity problem, treated as a quasi-static problem.
This example is divided into two parts. In the first part, we construct a displacement-based PINN,
both with and without output transformation, to emphasize the significance of output scaling. In
the second part, we compare the displacement-based PINN (with output transformation) to the
mixed-variable approach, analyzing differences in computational cost and accuracy. As we will
demonstrate, the mixed-variable formulation offers several advantages. Hence, the following
examples deploy PINNs using the mixed-variable formulation.

The second example focuses on an inverse problem using PINNs, where we identify Young’s
modulus of the Lamé elasticity problem. We also emphasize the importance of a ”good” initial
guess to reduce the computational time needed to train the model.

In the third example, we increase the problem complexity by applying PINNs to solve a 3D
elastostatics problem involving a hollow sphere subjected to internal pressure.

The fourth example shifts the focus to time-dependent problems. We predict displacement and
stress fields for a 2D block under time-dependent loading, including a body force. This example
demonstrates that the mixed-variable formulation facilitates the enforcement of initial conditions.

Finally, in the last example, we examine a 4D problem involving a hollow sphere subjected
to time-dependent internal pressure. We show that while PINNs can mitigate the curse of
dimensionality, they come at the cost of increased computational resources required for training
the models.

Note that training points are generated by GMSH, since it has strong mesh generation and
visualization capabilities and provides boundary normals at arbitrary query points [60]. When not
explicitly specified, 2D examples are modeled using the plane strain condition, and body forces
are neglected.

Moreover, unless otherwise specified, all numerical examples have the following common
settings. Networks are initialized using the Glorot uniform initializer, and the tanh function
is chosen as activation function. Models are first trained using a stochastic gradient descent
optimizer, so-called Adam [91], with a learning rate of lr = 0.001, for 2,000 epochs, and then we
switch to the limited memory BFGS algorithm including box constraints (L-BFGS-B) [195] until
one of the stopping criteria is met [36, 105]. We refer to the DeepXDE[101] documentation for
default L-BFGS-B options.

As a common error metric, we report the vector-based relative L2 errors for displacement Eu
L2

and stress fields Eσ
L2

as follows

Eu
L2

=

√∑
i

∑Ntest
j=1 (ũi(x

j)− ui(xj))2√∑
i

∑Ntest
j=1 (ui(x

j))2
for i = (x, y, z),

Eσ
L2

=

√∑
k

∑Ntest
j=1 (σ̃k(x

j)− σk(xj))2√∑
k

∑Ntest
j=1 (σk(x

j))2
for k = (xx, yy, yy, xy, yz, xz).

(6.77)

In the case of 2D, i = (x, y) and k = (xx, yy, xy). Here, ũi and σ̃i represent the PINN
solutions, while ui and σi denote the reference solutions, which are obtained either analytically
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or numerically. Additionally, the index j = (1, . . . , Ntest) iterates over the test points generated
using structured meshes.

6.2.4.1. Lamé problem of elasticity

The first example involves the well-known Lamé problem of a cylinder subjected to internal
pressure p (see Fig. 6.14a). Due to the axisymmetric geometry and uniformly applied internal
pressure on the inner boundary, only a quarter of the annulus needs to be modeled. The analytical
solution for the stress and displacement fields can be derived in polar coordinates {r, α} as given
by [164]:

σrr =
R2
i p

R2
o −R2

i

(
1− R2

o

r2

)
,

σαα =
R2
i p

R2
o −R2

i

(
1 +

R2
o

r2

)
,

σrα = 0,

ur =
(1 + ν)pR2

iR
2
o

E(R2
o −R2

i )

(
1 +

r

R2
o

)
.

(6.78)

1

2

3

4

Equivalent 
system

with BCs

(a) (b)

Figure 6.14.: The Lam’e elasticity problem. (a) The full cylinder under internal pressure, and (b)
the equivalent reduced model due to axisymmetry in geometry and loading, along
with boundary conditions.

In Eq. 6.78, Ri and Ro are the inner and outer radii of the annulus, p is the internal pressure
applied to the inner radius, E denotes Young’s modulus, and ν represents Poisson’s ratio. In this
specific setup, values are set to Ri = 1, Ro = 2, p = 1, E = 2000, and ν = 0.3 It is important
to note that our formulation uses Cartesian coordinates; therefore, a polar transformation is
performed to compare results.

In the first case, we deploy a displacement-based PINN (see Section 6.2.1.2) both with and
without output transformation to show the effect of the output transformation. For a 2D quasi-static
problem, the constructed PINN in the displacement-based approach maps the spatial coordinates
x, y to Nux ,Nuy . The architecture is a fully connected neural network of 3 hidden layers of 50
neurons. We train the networks using 330 training points, of which 262 are located within the
domain, and the remaining 68 points are on the boundary.
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For the model with output transformation, the following transformation is applied

ũx =
x

E
Nux , ũy =

y

E
Nuy . (6.79)

As shown in Fig. 6.14, the constructed output transformation fulfills the displacement boundary
conditions at x = 0 and y = 0. Also, the displacement outputs are scaled by 1/E to ease the
optimization process (see Section 6.2.2.3).

MSE (%)

PDE NBC DBC
training
time (s)

prediction
time (s) Eu

L2
(%) Eσ

L2
(%)

No output
transformation 0.4 1.8 0.2 15.2 0.009 6,100 84

With output
transformation 4.1× 10−5 6.3× 10−5 - 25.3 0.013 0.5 0.2

Table 6.2.: Comparison of PINN results with and without the defined output transformation for
the Lamé elasticity problem.

Fig. 6.15 compares results with and without the defined output transformation. For both cases,
normalized stress comparisons from the analytical solution and predicted values are presented in
Figs. 6.15(a,d), normalized displacement comparisons are shown in Figs. 6.15(b,e), and MSE
evolutions are displayed in Figs. 6.15(c,f).

Without output transformation, the predicted stress and displacement results deviate signifi-
cantly from the analytical solutions, even though the losses decrease to the order of 10−1 from
105. Relative L2 errors for displacements and stresses, detailed in Table 6.2, further confirm that
the results without transformation poorly match the analytical solution.

In contrast, with output transformation, the results align closely with the analytical solutions, as
shown in Figs. 6.15(d,e). This alignment is also supported by the relative L2 errors in Table 6.2.

Training time for the model without output transformation is 15.2 s, while training with output
transformation takes slightly longer at 25.3 s, primarily due to the L-BFGS-B optimizer. As
illustrated in Figs 6.15(c,f), after 2,000 epochs, we switch to L-BFGS-B from Adam. Since
L-BFGS-B has additional stopping criteria beyond the maximum number of epochs, it requires
more epochs to converge in the case of output transformation, resulting in a longer training time.

To conclude, output transformation improves the quality of the results by easing the optimiza-
tion process as explained in Section 6.2.2.3.

In the second case, we compare the displacement-based PINN (with output transformation)
against the mixed-variable approach. Compared to the displacement-based PINN, the PINN
architecture for mixed-variable approach involves both displacement and stress fields as network
output. Consequently, the constructed PINN for the mixed-variable approach maps the spatial
coordinates x, y toNux ,Nuy ,Nσxx ,Nσyy ,Nσxy , yielding a total of 5 outputs. Since the stress field
is included as a network output, traction BCs can also be enforced as hard constraints. Therefore,
the following output transformation is applied to enforce displacement and traction BCs as hard
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Figure 6.15.: Results for the Lamé problem of elasticity with and without output transformation.
(a,d) Comparison of normalized stresses obtained from the analytical solution
and the predicted values, (b,e) comparison of normalized displacements, and (c,f)
evolution of the MSE for the cumulative PDE loss and NBC loss.
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Figure 6.16.: Results of the Lamé problem of linear elasticity for the mixed-variable formulation.
(a) Comparison of normalized stresses obtained from the analytical solution and the
predicted values, (b) comparison of normalized displacements, and (c) evolution of
the MSE for the cumulative PDE loss and NBC loss.

constraints on the edges numbered 1 and 3:

ũx =
x

E
Nux , ũy =

y

E
Nuy , σ̃xy = xyNσxy . (6.80)

Similarly, the constructed output transformation fulfills the displacement boundary conditions
at x = 0 and y = 0 (Fig. 6.14). Also, the displacement outputs are scaled by 1/E. Traction
boundary conditions are enforced as hard constraints for edges numbered 1 and 3, which lets us
represent zero shear stresses there. Since traction boundary conditions on edges 2 and 4 contain a
coupling of normal and shear stresses, we enforce them as soft constraints.

Fig. 6.16 shows the results of the Lamé problem of linear elasticity for the mixed-variable
formulation. In Fig. 6.16a, a comparison of the normalized stress and displacement solutions in
radial direction is given. Relative L2 errors for displacements and stresses are calculated as 0.082%
and 0.084%, respectively. These results show a significant improvement in accuracy compared to
the displacement-based approach with output transformation, as provided in Table 6.2.

Similarly, switching to the L-BFGS-B optimizer after Adam enhances convergence rates,
leading to further reductions in PDE and NBC losses. The cumulative MSE for PDE loss
reaches about 8.17e-5%, while the average MSE for NBC loss is around 7.85e-6%. Training
time is 20.41 s, and prediction takes 0.013 s. Although the mixed-variable formulation includes
more PDE loss terms, it achieves greater efficiency in both accuracy and computational time
than the displacement-based approach. Additionally, for more complex problems, such as 3D
time-dependent cases, this efficiency gap between the mixed-variable and displacement-based
formulations may become even more substantial. Thus, in the following examples, we deploy
PINNs with output transformation in the mixed-variable formulation.

6.2.4.2. Inverse problem: Identifying material parameters

In this example, we utilize PINNs in the mixed-variable approach to solve an inverse problem for
identifying the material parameters in the Lamé elasticity problem. The target parameter to be
identified is chosen as Young’s modulus.
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Figure 6.17.: Identification of Young’s modulus for the Lamé problem of elasticity.

As outlined in Section 5.1.1, there are three main approaches for solving inverse problems using
PINNs. Assuming that Young’s modulus is a constant variable, we employ the third approach
(see Section 5.1.1.3) to identify the unknown material parameter by incorporating it into the set
of network trainable parameters, θ, as follows:

θ∗ = argmin
θ

L(θ) where, θ = (E,θ). (6.81)

Indeed, solving inverse problems with PINNs necessitate additional measurement data. To achieve
this, 100 points are randomly selected based on the previous forward model (see Fig.6.16). At
these randomly selected points, displacements in the x-direction and stresses in the yy-direction
are computed and incorporated into the additional data loss components (Eq. 6.67).

Fig. 6.17 illustrates the convergence behavior of the identified Young’s modulus, denoted as Ẽ,
compared to the distinct actual Young’s modulus values E through epochs. The initial estimate
for Young’s modulus, represented as Ẽo, is set to 5 for all cases. As shown in Figs. 6.17a and
6.17b, convergence is achieved around 6000 epochs for both inverse models. In other words,
the identified and actual Young’s modulus values closely match, as also confirmed in Table 6.3.
The relative absolute error, denoted as Erel,abs, measures the difference between the identified and
actual values, yielding errors of 0.015% and 0% for E = 1.33 and E = 10, respectively. It is
important to note that these predictions were obtained with a favorable initial guess of Ẽo = 5.

Additionally, there is a noticeable increase in the convergence rate after 2,000 epochs, which
can be explained by switching to the L-BFGS-B optimizer. As discussed in Section 5.3.6, we
employ Adam for the first 2,000 epochs to mitigate the risk of getting trapped in local minima.

For the case of E = 50, which is considerably different from the initial guess, the predicted
Young’s modulus still converges well, with a value of Ẽ = 50.0397 and a relative absolute error of
Erel,abs = 0.079%. However, as seen in Fig. 6.17c, this case requires more epochs for convergence
compared to the others. Initially, (1) the model is trained using Adam for 2,000 epochs, and then
(2) is switched to the L-BFGS-B optimizer until a stopping criterion is met, which occurs at 6,859
epochs, as indicated by the second dashed line in Fig. 6.17c. At this point, the predicted Young’s
modulus is still not sufficiently accurate; thus, the pretrained model is further trained using Adam
for an additional 30,000 epochs. As a result, the identified Young’s modulus aligns well with the
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Actual
Ẽ

Identified
Ẽf

Erel,abs(%)
Training
time (s) # epochs

Fig 6.17(a) 1.33 1.3298 0.015 22.68 5,768
Fig 6.17(b) 10 10.0000 0 26.45 6,016
Fig 6.17(c) 50 50.0397 0.079 83.33 36,117

Table 6.3.: Comparison of relative errors, training time and number of epochs for the inverse
Lamé problem of elasticity problem used to identify Young’s modulus. The relative
absolute error is defined as E∗

rel,abs = abs ((∗̃ − ∗)/∗).

analytical value. Since, in the last case, the initial guess is quite different from the actual Young’s
modulus, more training steps are required.

6.2.4.3. 3D hollow sphere subjected to internal pressure

In the second example, we consider a hollow sphere subjected to internal pressure as depicted
in Fig. 6.18. Due to the axisymmetric geometry and the uniformly applied internal pressure on
the inner boundary, only one-eighth of the hollow sphere needs to be modeled. The analytical
solution is expressed in spherical coordinates {r, ϕ, θ} as given in [153]

σrr = −
p(

Ro

Ri

)3
− 1

[(
Ro

r

)3

− 1

]
,

σϕϕ = σθθ =
p(

Ro

Ri

)3
− 1

[
1

2

(
Ro

r

)3

+ 1

]
,

ur =
r

E
[(1− ν)σθθ − νσrr] .

(6.82)

Similarly, in this specific setup, the parameter values are set as Ri = 1, Ro = 2, p = 1, E = 2000,
and ν = 0.3.

As this is a 3D quasi-static problem, the constructed PINN (see Section 6.2.2.2) in the
mixed-variable approach maps the spatial coordinates x, y, z to Nux ,Nuy ,Nuz ,Nσxx ,Nσyy ,
Nσzz ,Nσxy ,Nσyz ,Nσxz , yielding a total of 9 outputs. The architecture is a fully connected
neural network consisting of 5 hidden layers of 50 neurons each. We train the networks using
1000 training points, of which 356 are located within the domain, and the remaining 644 points
are on the boundary. Similarly, the PINN architecture in the mixed-variable form enables us to
enforce both Dirichlet BCs and Neumann BCs as hard constraints. Consequently, the following
output transformation is applied

ũx =
x

E
Nux , ũy =

y

E
Nuy , ũz =

z

E
Nuz ,

σ̃xy = xyNσxy , σ̃yz = yzNσyz , σ̃xz = xzNσxz .
(6.83)

As depicted in Fig. 6.18c, the defined output transformation fulfills the Dirichlet BCs at x = 0,
y = 0 and z = 0. For traction BCs, only those on flat surfaces are enforced as hard constraints, as
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(c) (d)

Figure 6.18.: A hollow sphere subjected to internal pressure. (a) The complete geometry, in-
cluding radial dimensions. (b) One-eighth of the hollow sphere under internal
pressure and Dirichlet boundary conditions due to the axisymmetric nature of both
the geometry and the loading. (c) Dirichlet and Neumann boundary conditions to
be enforced as hard constraints. (d) Neumann boundary conditions to be enforced
as soft constraints.
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the stress components are uncoupled. For further understanding, let us consider the flat surface at
y = 0, where the Dirichlet BC uy = 0 is applied. Recall the Neumann BCs on this specific plane
at y = 0 (Eqs. 2.60-2.62) as

σxy − t̂x(y = 0) = 0 (6.84)

σyy − t̂y(y = 0) = 0 (6.85)

σyz − t̂z(y = 0) = 0 (6.86)

Since there is a defined Dirichlet BC in y-direction, we cannot enforce σyy as a hard constraint.
On the other hand, t̂x = 0 and t̂z = 0 at y = 0, since the surface is subjected to zero traction in the
x- and and z-directions. Consequently, these zero tractions can be enforced as hard constraints by
multiplying the network outputsNσxy andNσyz with y, as provided in Eq. 6.83. Similarly, traction
components in other planes, i.e, x = 0 and z = 0, can be obtained using the same approach. Note
that traction BCs on the inner and outer curved surfaces of the hollow sphere are enforced as soft
constraints as depicted in Fig. 6.18d, as normal and shear stress components are coupled.

The results for the hollow sphere subjected to internal pressure are presented in Fig. 6.19.
These results include the displacement field in the x-, y-, and z-directions (Cartesian coordinates);
the normal stress components in the xx-, yy-, and zz-directions (Cartesian coordinates); the
shear stress components in the xy-, yz-, and xz-directions (Cartesian coordinates); the normal
stress components in the rr-, θθ-, and ϕϕ-directions (polar coordinates); and the shear stress
components in the rθ-, θϕ-, and rϕ-directions (polar coordinates).

From the displacement field, we observe that the results exhibit perfect symmetry, with zero
displacements at the surfaces where Dirichlet BCs are applied as hard constraints. Similarly,
the normal stress components range from 7.15e-1 to -1 across all directions. Since shear stress
components are enforced as hard constraints, the corresponding surfaces exhibit strictly zero
shear stress. Additionally, the normal stresses in the θθ- and ϕϕ-directions (polar coordinates)
show almost identical distributions, as expected. The normal stress component in the rr-direction
reaches a value of -1 on the inner curvature, which matches the magnitude of the applied pressure
p = 1.

Furthermore, a comparison between the predicted values and analytical solutions for the
hollow sphere under internal pressure is shown in Fig. 6.20. We observe a strong alignment
between the predicted and analytical values across all stress and displacement components. This
agreement is further validated by the relative L2 errors, with Eu

L2
= 0.1% and Eσ

L2
= 0.17% for

the displacement and stress fields, respectively. Additionally, the total training time is 188.51 s.

6.2.4.4. 2D block under time-dependent loading

In the third example, we examine a 2D block subjected to time-dependent loading, as depicted in
Fig. 6.21. The 2D block is constrained along its left edge in the x-direction and its bottom edge
in the y-direction. Additionally, a time-dependent body force b̂ = [b̂x, b̂y] is applied throughout
the domain, defined as

b̂x =
λx

4µ(λ+ µ)
4π2 sin(2πt),

b̂y =
(λ+ 2µ)y

4µ(λ+ µ)
4π2 sin(2πt).
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Figure 6.19.: Results for the hollow sphere subjected to internal pressure.
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Figure 6.20.: Comparison of the predicted values and analytical solutions for the hollow sphere
subjected to internal pressure. (a) Comparison of stresses in the rr- and θθ-
directions, (b) comparison of stresses in the ϕϕ-direction, and (c) comparison
of the radial displacements ur.

x
y y

1

2
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4

(a) (b)

Boundary 
conditions

Figure 6.21.: A 2D block under time-dependent loading. (a) geometry, supports, loading, (b) all
relevant boundary conditions.

Since this is a time-dependent problem, initial conditions at t = 0 are specified as follows:

ux(t = 0) = 0, (6.87)
uy(t = 0) = 0, (6.88)

u̇x(t = 0) = −p λ

4µ(λ+ µ)
x, (6.89)

u̇y(t = 0) = p
λ+ 2µ

4µ(λ+ µ)
y. (6.90)

The analytical solution can be derived as

ux = −p
λ

4µ(λ+ µ)
xt, uy = p

λ+ 2µ

4µ(λ+ µ)
yt,

σxx = 0, σyy = −p, σxy = 0.
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Here, λ denotes the Lamé’s first parameter and µ is the shear modulus. We set λ = 1.5 and
µ = 0.5 for our specific setup. The length of the 2D block is set to l = 1. Additionally, the
time-dependent load is applied for 1 s, thus t = [0, 1].

In this example, we deploy a PINN in the mixed-variable approach for the time-dependent
problem (see Section 6.2.2.1). Since this is a 2D problem, the constructed PINN maps the spatial
coordinates x, y, and time t to Nux ,Nuy ,Nuxx ,Nuyy ,Nuxy . The architecture is a fully connected
neural network consisting of 5 hidden layers of 50 neurons each. We train the network using 1000
training points, of which 512 are located within the domain, 388 points are on the boundary, and
100 points are for initial conditions.

We train the network using 1000 training points, of which 512 are located within the domain,
and the remaining 488 points are on the boundary. Additionally, the following output trans-
formation is applied to enforce Dirichlet and Neumann BCs (Fig 6.21b) including ICs due the
displacement field (Eqs. 6.87-6.88) as

ũx = xtNux , ũy = ytNux ,

σ̃xx = (l − x)Nuxx , σ̃yy = − sin(2πt) + (l − y)Nuyy , σ̃xy = xy(l − x)(l − y)Nuxy .

This constructed output transformation strictly fulfills the Dirichlet BCs and ICs for displacements,
namely ux(x = 0, t) = 0 and ux(x, t = 0) = 0, as well as uy(y = 0, t) = 0 and uy(y, t = 0) = 0.
Similarly, all traction BCs are enforced as hard constraints. Since the velocity field is not included
as a network output, ICs for the velocity fields (Eqs. 6.89-6.90) are imposed as soft constraints.

The results for the 2D block under time-dependent loading are shown in Fig. 6.22, with
the time step chosen as t = 0.2 s. These results include the predicted values, analytical or
reference solutions, and the point-wise absolute errors. A linear distribution is observed for
both displacement components, which is consistent with the analytical solutions. The maximum
point-wise absolute errors are reduced to Eux

abs,max = 6.76e-4 and Euy
abs,max = 4.38e-4 for the

displacement components ux and uy, respectively. Since the Dirichlet BCs are enforced as hard
constraints on the left and bottom edges, and the minimum point-wise absolute errors are strictly
zero. Similarly, the normal stress in the xx-direction, σxx, and the shear stress in the xy-direction,
σxy, are close to zero, consistent with the analytical solutions. On the edges where traction BCs
are applied as hard constraints, the stress components are also strictly zero, as defined in the
output transformation. However, the minimum point-wise absolute error for σyy is not strictly
zero (Eux

abs,min = 2.37e-8) due to round-off error. Additionally, σyy is computed as −0.0951,
which aligns with the applied pressure at t = 0.2, given by − sin(2π · 0.2) = −0.0951.

Additionally, Fig. 6.23 illustrates comparisons between the predicted values and analytical
solutions at various time steps. These comparisons are computed along a horizontal line at y = 0.5
across the domain. As seen in Fig. 6.23a, predicted displacements in the x-direction exhibit
a linear variation and are correctly scaled according to each time step, aligning well with the
analytical solutions. In contrast, the predicted displacements in the y-direction remain constant as
expected. This behavior is similarly observed for the predicted normal stress in the yy-direction.
Since uxx and uxy are zero, they are omitted from the visualization. Quantitative comparisons
using relative L2 errors further validate these alignments between predicted and analytical values,
as summarized in Table 6.4. At t = 0.5, the applied load is zero, resulting in zero displacements
and stresses. Consequently, relative errors are undefined at t = 0.5. Additionally, network training
takes approximately 96 s.
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Predicted Analytical Error
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Figure 6.22.: Results for the 2D block under time-dependent loading at t = 0.2. Predicted
and analytical solutions for the displacement (ux, uy) and stress (σxx, σyy, σxy)
components. Additionally, corresponding point-wise absolute errors are provided,
which are defined as E∗

abs = abs(∗̃ − ∗)
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t = 0.125 t = 0.25 t = 0.5 t = 0.75 t = 0.875

Eu
L2

(%) 0.07 0.05 NaN 0.09 0.1
Eσ
L2

(%) 0.16 0.11 NaN 0.13 0.2

Table 6.4.: Relative L2 errors for displacement (Eu
L2

) and stress (Eσ
L2

) fields at different time steps
for the 2D block under time-dependent loading. These errors are computed based on
Fig. 6.23.

Figure 6.23.: Comparisons between the predicted values and analytical solutions of the 2D block
under time-dependent loading for different time steps. (a) Comparison of the
displacement component ux, (b) comparison of the displacement component uy,
and (c) comparison of the normal stress component σyy.
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6.2.4.5. 4D problem: 3D hollow sphere under time-dependent loading

In the final example for deploying PINNs to solve a problem, we revisit the hollow sphere scenario
(Section 6.2.4.3), this time applying a time-dependent loading, p = sin(2πt). This makes the
problem 4D: three spatial dimensions and time.

Under the given initial conditions

u(t = 0) = 0, (6.91)
u̇(t = 0) = 0, (6.92)

the analytical solution can be derived as

σrr = −
sin(2πt)(
Ro

Ri

)3
− 1

[(
Ro

r

)3

− 1

]
,

σϕϕ = σθθ =
sin(2πt)(
Ro

Ri

)3
− 1

[
1

2

(
Ro

r

)3

+ 1

]
,

ur = sign
(
sin(2πt)

) r
E

[(1− ν)σθθ − νσrr] .

(6.93)

Here, sign denotes the sign operation to determine the direction of the applied load. Similar
to quasi-static case (Section 6.2.4.3), the following parameters are set Ri = 1, Ro = 2, p = 1,
E = 2000, and ν = 0.3. Additionally, the time-dependent load is applied for 1 s, resulting in
t = [0, 1].

In this example, we deploy a PINN in the mixed-variable approach for the time-dependent prob-
lem (see Section 6.2.2.1). For a 3D problem, the constructed PINN in the mixed formulation maps
the spatial coordinates x, y, z, and time t to Nux ,Nuy ,Nuz ,Nσxx ,Nσyy , Nσzz ,Nσxy ,Nσyz ,Nσxz .
The architecture is a fully connected neural network consisting of 8 hidden layers of 70 neurons
each. Due to the complexity of the problem, a wider and deeper network is generated compared to
the previous examples. We train the network using 1100 training points, of which 356 are located
within the domain, 644 points are on the boundary, and 100 points are for initial conditions.

The following output transformation is employed to enforce the Dirichlet and Neumann BCs,
including ICs

ũx =
xt

E
Nux ,

ũy =
yt

E
Nuy ,

ũz =
zt

E
Nuz ,

σ̃xy = xyNσxy , σ̃yz = yzNσyz , σ̃xz = xzNσxz .

(6.94)

The predicted solutions for the hollow sphere under time-dependent loading are shown in
Fig. 6.24. The predictions include only ũx, σ̃xx, σ̃xy, σ̃rr, and σ̃rθ. Results are presented for three
specific time steps: t = 0.25 s, t = 0.5 s, and t = 0.75 s. At t = 0.5 s, the applied load is zero,
resulting in nearly zero values across all predicted fields. In contrast, at t = 0.25 s and t = 0.75 s,
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t = 0.125 t = 0.25 t = 0.5 t = 0.75 t = 0.875

Eu
L2

(%) 0.07 0.05 NaN 0.09 0.1
Eσ
L2

(%) 0.16 0.11 NaN 0.13 0.2

Table 6.5.: Relative L2 errors for displacement (Eu
L2

) and stress (Eσ
L2

) fields at different time steps
for the hollow sphere under a time-dependent loading. These errors are computed
based on Fig. 6.25.

the applied loads are p = −1 and p = 1, respectively. As a result, the predicted stress field in
the rr-direction (σ̃rr) at the inner surface of the sphere matches the applied loading. Since the
magnitudes of the applied loads at t = 0.25 s and t = 0.75 s are equal, the predictions exhibit
almost a mirrored pattern. For example, the minimum and maximum values of σ̃xx at t = 0.25 s
are -9.98e-1 and 7.25e-1, respectively, while at t = 0.75 s, these values are -7.28e-1 and 9.98e-1,
indicating a reversal in sign.

Additionally, Fig. 6.25 illustrates comparisons between the predicted values and analytical
solutions at various time steps. These comparisons are computed along a horizontal line at
y = 0.5 across the domain. We can see a good match between predicted and analytical values for
all fields, which is confirmed by provided relative L2 errors in Table 6.5. Additionally, training
of the network takes approximately 2,070 s, which is significantly longer compared to previous
examples due to the complexity of the problem as it is a 4D problem.

Fig. 6.25 compares the predicted values and analytical solutions at different time steps. These
comparisons are made along a random horizontal line in the radial direction. The predicted values
strongly agree with the analytical solutions for all fields, as confirmed by the relative L2 errors
listed in Table 6.5. Additionally, the total training time for the network is approximately 2,070 s,
which is significantly longer than in previous examples due to the increased complexity of the 4D
problem.

6.3. Use Case 3: Contact mechanics under linear
elasticity

6.3.1. PINNs with mixed-variable formulation

In the context of contact mechanics under small deformation, we employ PINNs with output
transformation within the framework of the mixed-variable formulation (refer to Section 2.3.2.2).
As previously demonstrated, the mixed-variable PINN formulation provides several key advan-
tages over the displacement-based approach, such as enforcing traction boundary conditions
as hard constraints and avoiding higher-order derivatives. Consequently, we utilize only the
mixed-variable formulation to implement PINNs to solve contact mechanics problems.

For time-dependent contact problems, using the mixed-variable formulation without additional
network input parameters, an FNN maps the spatial coordinates x and time t to the approximated
displacement ũ and stress σ̃ as follows

ũ := (Nu(x; t;θ))
′

and σ̃ := (Nσ(x; t;θ))
′
. (6.95)
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t = 0.25 s t = 0.5 s t = 0.75 s

ũ
x

σ̃
x
x

σ̃
x
y

σ̃
r
r

σ̃
r
θ

Figure 6.24.: Predicted solutions of the hollow sphere subjected to time-dependent loading for
three steps: t = 0.25 s, t = 0.5 s and t = 0.75 s.
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Figure 6.25.: Comparison between analytical and predicted solutions for the hollow sphere sub-
jected to time-dependent loading at different time steps. (a) Radial stress σrr, (b)
circumferential stress σθθ, (c) circumferential stress σϕϕ, and (d) radial displacement
ur.
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6.3. Use Case 3: Contact mechanics under linear elasticity

In the quasi-static case, the neural network input involves only the spatial coordinates x. Fig. 6.26
presents the PINN frameworks for solving normal contact problems in the mixed-variable form
for both time-dependent and quasi-static cases.

For contact problems under small deformation and frictionless sliding assumptions, the total
loss function LC is defined as

LC = LE + LFSC + LKKT, (6.96)

where:

• LE represents the losses associated with linear elasticity, which have already been detailed
in Eq. 6.52 and Eq. 6.67 for time-dependent and quasi-static problems, respectively (see
Section 6.2.2.1 and Section 6.2.2.2 for details.).

• LFSC denotes the losses due to frictionless sliding conditions, defined as:

LFSC = w(fs,ξ)|tξτ |∂Ωc + w(fs,η)|tητ |∂Ωc , (6.97)

where w(fs,ξ) and w(fs,η) are the weights associated with the computed tangential traction
components. This term enforces the frictionless sliding condition within the contact zone
∂Ωc. Note that for 2D contact problems, only one tangential traction loss component is
introduced.

• LKKT incorporates the losses associated with the Karush-Kuhn-Tucker (KKT) conditions,
ensuring the enforcement of non-penetration, admissibility of contact pressure, and comple-
mentarity. This loss term will be explained in the following section.

While the computation of the normal gap gn remains a widely debated topic in discretization
techniques, such as the FEM [178, 187], a simplified approach is sufficient here. This simplifi-
cation arises from the fact that we only focus on contact interactions between an elastic body
and a rigid flat surface. The normal gap gn is consistently defined by evaluating the orthogonal
projection of the elastic body onto the rigid flat surface.

6.3.2. Enforcing Karush-Kuhn-Tucker constraints
There are various methods available for enforcing inequality conditions in general. One common
approach is to formulate loss functions that represent the inequalities and impose them as soft
constraints with fixed loss weights [69, 70]. However, this direct method has its limitations:
using large loss weights can lead to ill-conditioned optimization problems [102], while small loss
weights may result in solutions that fail to satisfy the inequality constraints.

To address these challenges, authors in [102] propose using penalty and augmented Lagrangian
methods, which are well-established techniques from constrained optimization. These methods
construct loss formulations with adaptive loss weights, dynamically balancing the trade-off
between constraint enforcement and numerical stability.

In the following, we explore three distinct methods for enforcing the Karush-Kuhn-Tucker
(KKT) conditions for normal contact problems using soft constraint formulations. Each method
is analyzed for its effectiveness and applicability in handling these inequality constraints.
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Figure 6.26.: Physics-informed neural networks in the mixed-variable form to solve normal
contact problems. (a) Time-dependent, (b) quasi-static.
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6.3. Use Case 3: Contact mechanics under linear elasticity

Figure 6.27.: Illustration of the sign-based functions for enforcing constraints depending on the
gap g̃n and contact pressure p̃n.

6.3.2.1. Sign-based method

One of the simplest methods to enforce the KKT conditions is by using the sign function, as
suggested in [70]. This approach results in the following KKT loss function formulation

LKKT = Lg̃n⩾0 + Lp̃n⩽0 + Lp̃ng̃n=0

= w
(KKT)
1

∣∣∣∣12(1− sign(g̃n)
)
g̃n

∣∣∣∣
∂Ωc

+ w
(KKT)
2

∣∣∣∣12(1 + sign(p̃n)
)
p̃n

∣∣∣∣
∂Ωc

+ w
(KKT)
3

∣∣p̃n g̃n∣∣∂Ωc
.

(6.98)

Here, the terms {w(KKT)
i }3i=1 represent the loss weights associated with the corresponding KKT

conditions. Each term ensures that the constraints are enforced: the first term enforces the
non-penetration constraint (g̃n ⩾ 0), the second term enforces the admissibility of the contact
pressure (p̃n ⩽ 0), and the third term ensures complementarity (p̃ng̃n = 0).

Fig. 6.27 illustrates the behavior of the sign-based function:

• The term 1
2

(
1− sign(g̃n)

)
g̃n contributes to the loss component Lg̃n⩾0 when the gap g̃n is

less than zero, penalizing interpenetration.

• Similarly, 1
2

(
1 + sign(p̃n)

)
p̃n contributes to Lp̃n⩽0 if the contact pressure p̃n becomes

positive, which is physically inadmissible.

However, it is important to note that the sign function introduces gradient jumps, particularly
around the origin, where its derivative is discontinuous. This lack of smoothness at the origin can
hinder optimization by creating non-differentiable regions in the loss landscape.

6.3.2.2. Sigmoid-based method

An alternative approach to address the issue of discontinuous gradients is to utilize the Sigmoid
function [69], which ensures smoother transitions and avoids gradient jumps. The corresponding
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loss function for enforcing the KKT conditions is defined as

LKKT = Lg̃n⩾0 + Lp̃n⩽0 + Lp̃ng̃n=0

= w
(KKT)
1

∣∣∣∣ 1

1 + eδg̃n
g̃n

∣∣∣∣
∂Ωc

+ w
(KKT)
2

∣∣∣∣ 1

1 + e−δp̃n
p̃n

∣∣∣∣
∂Ωc

+ w
(KKT)
3

∣∣p̃ng̃n∣∣∂Ωc
,

(6.99)

where δ is the steepness parameter that controls the smoothness of the transition between zero
and non-zero loss contributions. Unlike the sign-based approach, the Sigmoid function introduces
an exponential regularization term that ensures smooth gradients, even near critical points, e.g.,
the origin.

As illustrated in Fig. 6.28, the Sigmoid function provides smooth transitions based on the
choice of δ:

• When δ is set to a low value (e.g., δ = 1), the transition becomes too smooth, leading to
significant unphysical contributions to the loss function for cases where g̃n > 0 or p̃n < 0.

• Conversely, when δ is set to a very high value (e.g., δ = 20), the Sigmoid function
approximates the behavior of the sign-based implementation, potentially reintroducing the
challenges associated with gradient discontinuities.

Thus, determining an optimal value for δ, denoted as δopt, is critical to balancing regularization
smoothness and constraint enforcement accuracy. A parameter study is often necessary to identify
a proper value of δ for a given problem.

6.3.2.3. Nonlinear complementarity function: Fischer-Burmeister

Nonlinear complementarity problem (NCP) functions are widely used to reformulate inequalities
as equalities, enabling smooth optimization [98]. One of the most commonly used NCP functions
is the Fischer-Burmeister function [52], which is defined as

ϕFB(a, b) := a+ b−
√
a2 + b2 = 0 ⇐⇒ a ⩾ 0, b ⩾ 0, ab = 0. (6.100)

By substituting a = g̃n and b = −p̃n into the Fischer-Burmeister function, the loss function
LKKT for enforcing the KKT conditions can be expressed as

LKKT = w(KKT)
∣∣ϕFB(g̃n,−p̃n)

∣∣
∂Ωc

= w(KKT)
∣∣∣g̃n − p̃n −√g̃2n + p̃2n

∣∣∣
∂Ωc

. (6.101)

The Fischer-Burmeister function is particularly well-suited for loss calculations based on the
mean squared error, as (ϕFB)

2 is continuously differentiable, even at the critical point where
a = b = 0, as reported in [161]. This property makes the Fischer-Burmeister function ideal for
optimization problems requiring smooth loss landscapes.

Fig. 6.29 illustrates the behavior of the Fischer-Burmeister function. The 3D surface plot
(Fig. 6.29a) demonstrates the loss contributions across the gap gn and contact pressure pn,
while the 2D contour plot (Fig. 6.29b) highlights regions of significant loss. The largest loss
contributions are observed in Region IV, where excessive penetration (gn ⩽ 0) and large adhesive
stresses (pn ⩾ 0) occur simultaneously.
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Figure 6.28.: Illustration of the Sigmoid-based function applied to the gap gn and contact pressure
pn for different values of the steepness parameter δ, which controls the smoothness
of the transition in the loss function.
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(a) 3D surface plot of the Fischer-Burmeister
function.

(b) 2D contour plot of the Fischer-Burmeister
function.

Figure 6.29.: Visualization of the Fischer-Burmeister NCP function based on the gap gn and
contact pressure pn, where (a) is the 3D surface plot and (b) represents the projection
of the function as 2D contour plot.

A key advantage of the Fischer-Burmeister NCP function is its simplicity in implementation.
Unlike the methods discussed in Sections 6.3.2.1 and 6.3.2.2, which require multiple loss terms
with corresponding weights, the Fischer-Burmeister formulation uses a single loss weight w(KKT).
This reduction in complexity facilitates easier parameter tuning and enhances the optimization
process.

For more details on the properties and applications of the Fischer-Burmeister function, we refer
to [11, 52, 98, 161].

Domination of pn over gn

The Fischer-Burmeister NCP function is an effective approach for reformulating inequality
constraints into a single equality. However, a key challenge with this method is the potential
domination of one term over another in the loss function.

As discussed in previous sections, the normal gap gn is derived from the displacement field u,
while the contact pressure pn is derived from the stress field σ. Depending on the problem-specific
parameters, such as material stiffness, the scales of the estimated quantities u and σ can vary
significantly, leading to disparities in the scales of gn and pn, which have already been addressed
in Section 6.2.2.3. This imbalance in scales can result in optimization issues where one term
dominates the loss function.

Fig. 6.30 illustrates this phenomenon. When gn and pn are of similar scales (Fig. 6.30a), the
optimization process is balanced, and no term dominates. However, as the scale of pn increases
relative to gn (Fig. 6.30b and Fig. 6.30c), pn begins to dominate. This dominance forces the neural
network to prioritize minimizing the larger-scale quantity pn, potentially leading to significant
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violations of constraints associated with gn. Such constraint violations can cause the unphysical
phenomena, such as penetration across domains.

To address this issue, non-dimensionalization techniques can be employed to ensure that pn and
gn are rescaled to comparable magnitudes [182]. By normalizing these quantities, the optimization
process is balanced, preventing the domination of one term over the other and ensuring that the
constraints for both gn and pn are enforced effectively. Additionally, output scaling can serve as
an effective strategy to address this challenge (see Section 6.2.2.3).

Figure 6.30.: Illustration of the domination effect of pn over gn in the Fischer-Burmeister NCP
function. (a) No domination when gn and pn are of similar scales. (b) Intermediate
domination as the scale of pn increases. (c) Strong domination where pn significantly
outweighs gn, causing optimization challenges.

6.3.3. Numerical examples

In the following sections, we explore four distinct contact examples:

• 2D contact problem between an elastic block and a rigid flat surface

• Hertzian contact problem

• Single contact patch test

• Cylindrical contact problem

The first example investigates a 2D contact problem between an elastic block and a rigid flat
surface. This serves as a foundational case to validate the implementation. The second example
focuses on the well-known Hertzian contact problem, comprising three different cases to empha-
size the importance of data enhancement. A key distinction between these two problems lies in
the contact area: for the Hertzian contact problem, the actual contact area must be determined
by the PINN, whereas in the elastic block example, the potential and actual contact areas are
identical.

Subsequently, we increase the complexity by transitioning to 3D contact problems, including
the single contact patch test and the cylindrical contact problem. It is important to note that plane
strain conditions are assumed for the 2D examples, and body forces are neglected in all cases.
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Across all numerical examples, consistent settings are applied. Since the PINNs are employed
using the mixed-variable approach, the networks map spatial coordinates x = (x, y, z) as inputs
to mixed-form outputs (ũ, σ̃) = (ũx, ũy, σ̃xx, σ̃yy, σ̃xy). The neural networks are initialized using
the Glorot uniform initializer, and the tanh function is selected as the activation function.

For training, the models first utilize the Adam stochastic gradient descent optimizer with a
learning rate of lr = 0.001 for 2000 epochs. Afterward, the training transitions to the L-BFGS-B
optimizer until convergence is achieved. These consistent training settings ensure reliable and
efficient optimization for all examples. Additionally, we utilize the vector-based relative L2 errors
for comparison, as defined in Section 6.2.4.

6.3.3.1. 2D contact between an elastic block and a rigid surface

In the first example, we analyze a contact problem involving a 2D linear-elastic block and a rigid
flat surface, as shown in Fig. 6.31a. The elastic block is subjected to an external pressure on its
top surface while its left surface is constrained in the horizontal direction. The analytical solution
for this setup, derived from [142], is given as

ux =
−p
E
ν(1 + ν)x, uy =

p

E
(1− ν2)y,

σyy = −p, σxy = 0.

For this specific problem, the material parameters are set as E = 1.33, ν = 0.33, with the edge
length of the square block l = 1, and the applied pressure p = 0.1.

1

2

3

4

Boundary 
conditions

Rigid surface

(a) (b)

Potential
contact
region

Figure 6.31.: Contact problem between a linear-elastic block and a rigid flat surface: (a) geometry,
supports, and loading, and (b) equivalent system including all relevant boundary
conditions.

To enforce displacement and traction boundary conditions on the edges numbered 1, 2, and 3,
we employ the following output transformations

ũx = xNux , σ̃xx = (l − x)Nσxx ,

σ̃yy = −p+ (l − y)Nσxy , σ̃xy = x(l − y)(l − x)Nσxy .
(6.102)

These transformations are derived based on the geometry and boundary conditions illustrated in
Fig. 6.31b. For example, the normal stress σyy in the loading direction is equal to −p at y = l.
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6.3. Use Case 3: Contact mechanics under linear elasticity

Consequently, we define g(x) = −p and h(x) = (l − y) to satisfy the requirements outlined in
Eq. 5.6.

The contact constraints at the bottom edge (potential contact region) are enforced as soft
constraints using three methods that are explained in Section 6.3.2: the sign-based method,
the Sigmoid-based method, and the Fischer-Burmeister NCP function. For the Sigmoid-based
method, we select steepness parameters δgn = 10 and δpn = 100.

For training, a total of 514 points are used, with 434 points sampled within the domain and 80
points located on the boundary. For testing, a denser set of 11,827 points is employed to evaluate
the model’s performance comprehensively.

As illustrated in Fig. 6.32, all the investigated methods successfully capture the linear distribu-
tion of uy and its near-zero value at the bottom surface, which is a result of the soft enforcement
of contact constraints. The maximum absolute error for the displacement component uy, denoted
as Euy

abs,max, is noticeably larger for the sign-based formulation compared to the Sigmoid-based
and Fischer-Burmeister methods (see Table 6.6).

For the stress components, the normal stress σyy is approximately equal to the applied load of
−0.1 across the entire domain, while the shear stress field σxy remains close to zero. Since the
traction boundary condition in the y-direction on the top surface and the shear stress boundary
conditions are enforced as hard constraints on all edges, the absolute errors in these regions
are strictly zero across all methods. However, the sign-based formulation exhibits the highest
maximum errors for Eσyy

abs,max and Eσxy
abs,max compared to the other two methods.

The relative L2 errors indicate that the Fischer-Burmeister NCP function outperforms the
other methods, achieving errors up to an order of magnitude smaller than those of the sign-
based and Sigmoid-based formulations, as provided in Table 6.6. Furthermore, the training time
remains comparable across all methods, and the prediction requires approximately 0.39 s for all
approaches.

Overall, the Fischer-Burmeister NCP function demonstrates superior performance in terms
of both accuracy and computational efficiency, along with the key advantages explained in
Section 6.3.2.3. Therefore, we enforce the KKT constraints using the Fischer-Burmeister method
for all the contact problems presented in the next sections.

Hidden
layers

Training
time (s)

Eu
L2

(%) Eσ
L2

(%) E
uy
abs,max E

σyy
abs,max E

σxy
abs,max

(a) 5× 50 20.15 0.382 0.154 2.66× 10−4 4.34× 10−4 1.11× 10−4

(b) 5× 50 20.14 0.090 0.094 8.23× 10−5 1.51× 10−4 6.30× 10−5

(c) 5× 50 18.20 0.024 0.031 2.71× 10−5 6.10× 10−5 2.55× 10−5

Table 6.6.: Comparison of hidden layer architectures, performance metrics, and error measure-
ments for the 2D contact problem involving an elastic block and a rigid surface. The
KKT constraint enforcement methods include (a) sign-based, (b) Sigmoid-based, and
(c) Fischer-Burmeister approaches.
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Sign-based Sigmoid-based Fischer-Burmeister
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Figure 6.32.: Predictions of the displacement component uy, stresses σyy and σxy with correspond-
ing absolute errors Euy

abs, E
σyy
abs , Eσxy

abs . The contact constraints LKKT is enforced via
three different methods. Absolute error is defined as E∗

abs = abs(∗̃ − ∗).
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6.3. Use Case 3: Contact mechanics under linear elasticity

6.3.3.2. 2D Hertzian contact problem

In this example, we examine a long, linearly elastic half-cylinder with material parameters
E = 200 and ν = 0.3, resting on a rigid flat surface. The cylinder is subjected to a uniform
pressure p = 0.5 applied on its top surface, as depicted in Fig. 6.33a. The analytical expression
for the contact pressure pc is given by [90, 125]

pc =
4Rp

πb2

√
b2 − x2, where b = 2

√
2R2p(1− ν2)

Eπ
. (6.103)

Here, b represents the width of the contact zone, and R denotes the radius of the cylinder. Using
the specified parameters (p = 0.5, E = 200, ν = 0.3, R = 1), the width of the contact zone is
calculated as b = 0.076.

The analytical solution is limited to the contact pressure pc. Reference solutions for the displace-
ment and stress fields within the half-cylinder are generated using well-established finite element
method (FEM) algorithms. These simulations are carried out using our in-house multiphysics
research code, 4C: A Comprehensive Multi-Physics Simulation Framework, https://www.4c-
multiphysics.org [1].

Potential 
contact 
region

1

2

3

4

(a) (b)

Boundary 
conditions

Rigid surface

Figure 6.33.: The Hertzian contact problem between an elastic half-cylinder and a rigid flat
surface (a) domain under uniform pressure on top and making use of symmetry, (b)
accompanying boundary conditions.

The following output transformation is applied to enforce displacement and traction BCs as
hard constraints on the edges numbered 1 and 2 (see Fig. 6.33b)

ũx =
−x
E
Nux , ũy =

1

E
Nuy , σ̃yy = −p+ (−y)Nσyy , σ̃xy = xyNσxy . (6.104)

The displacement field is scaled by the inverse of Young’s modulus, 1/E. Additionally, only
one non-zero helper function, g(x) = −p, is required for σ̃yy. The traction boundary conditions
on edge 3 and the contact constraints on edge 4 are imposed as soft constraints. To define the
potential contact area, we set α = 15◦, corresponding to b = 0.259, which extends well beyond the
actual contact area. Furthermore, the KKT constraints are enforced using the Fischer-Burmeister
method.

In the subsequent analysis, we examine three distinct application scenarios of PINNs for the
Hertzian contact problem
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6. Application of Physics-Informed Neural Networks to Computational Mechanics

• Case 1: PINNs as a pure forward model / PDE solver.

• Case 2: PINNs as a data-enhanced forward model.

• Case 3: PINNs as an inverse solver for parameter identification.

• Case 4: PINNs as a fast-to-evaluate surrogate model.

Details on the network architecture, as well as the training and testing points, are summarized in
Table 6.7. To facilitate reproducibility, the table also includes the weights assigned to individual
loss terms.

Hidden

layers

# input

neurons

# training

points

# test

points
Loss weights

Case 1 5× 50 2 47,935 26,185 wKKT=103

Case 2,3 5× 50 2 47,935 26,185

wKKT=103, wEXPs
1 =104,

wEXPs
2 =104, wEXPs

3 =10−1,
wEXPs

4 =10−1, wEXPs
5 =10−1

Case 4 8× 75 3 1,946 604 wKKT=104

Table 6.7.: The structure of hidden layers, number of input neurons, training and test points,
and loss weights are given for different cases of the Hertzian contact problem. The
remaining loss weights are set as 1.

Case 1: PINNs as pure forward model / PDE solver

In the first use case, we employ PINNs as a pure forward solver to validate their application
to contact problems. The training process requires a total of 4,049 s, while the prediction time
is only 0.091 s. In comparison, FE simulation for the same test case takes 19.2 s, significantly
longer than the prediction time of a trained PINN, emphasizing that the computational cost of
PINNs is dominated by the training phase.

Displacement and stress components computed using PINNs and FEM are compared through
contour plots in Fig. 6.34. The errors in the displacement and stress fields are quantified using
the relative L2 norm. As summarized in Table 6.8, the relative error for the displacement field is
Eu
L2

= 2.24%, while for the stress field it is Eσ
L2

= 3.74%.
Additionally, Fig. 6.35 compares the contact pressure distributions obtained through the

analytical solution, PINNs, and FEM. Since the zero traction boundary condition and the KKT
constraints on the curved surface (edge 3 in Fig. 6.33) are implemented as soft constraints rather
than hard constraints, the PINN solution approximates the kink at x = ±0.076 based on the
chosen training points. As a result, the contact pressure pc transitions to zero smoothly and
slightly violates the zero traction boundary condition in the non-contact region. This contributes
to the relatively large error values Eσ

L2
, primarily due to the violation of the zero traction boundary

condition and KKT constraints near the kink.
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6.3. Use Case 3: Contact mechanics under linear elasticity

It is worth noting that a similar phenomenon is observed in FEM modeling of contact problems,
where the transition between contact and non-contact zones cannot be perfectly resolved. In some
cases, this can even lead to spurious oscillations when higher-order interpolation functions are
employed [128, 129, 154].

ux uy σxx σyy σxy

PI
N

N
FE

M

Figure 6.34.: PINNs as pure forward solver for the Hertzian contact problem. Comparison of
stress and displacement components obtained by PINN and FEM.

Figure 6.35.: Comparison of contact pressure distributions pc(x) obtained by analytical solution,
PINN and FEM for case 1.

Case 2: PINNs as data-enhanced forward model

As explained earlier, a key advantage of PINNs is their ability to seamlessly integrate external
data, such as measurements or simulation results, into the loss function. In this section, we improve
the accuracy of our PINN model by incorporating ”artificial” measurement data generated from
FEM simulations. Specifically, we use data points for displacement and stress fields. The FEM
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Eu
L2

(%) Eσ
L2

(%) Training time (s) Prediction time (s)
∫
Ωc
p̃c

Case 1 2.24 3.74 4,049 0.091 0.4993
Case 2 0.11 2.79 7,126 0.092 0.4978

Table 6.8.: Comparison of relative L2 errors, training and prediction time for case 1 and case
2. The term

∫
Ωc
p̃c denotes an integral of the predicted contact pressure p̃c over the

potential contact boundary.

data points are randomly sampled, with 100 points taken from inside the domain and another 100
from the boundary, as shown in Fig. 6.36b.

Figure 6.36.: Comparison of contact pressure distributions pc(x) obtained by analytical solution,
PINN and FEM for case 2. (a) PINNs as a data-enhanced forward solver, (b)
distribution of data points generated through FEM simulations in the domain and
on the boundary.

Fig. 6.36a compares the contact pressure pc in the data-enhanced case with the analytical and
FEM reference solutions. While the PINN’s accuracy near the kink at x = ±0.076 is significantly
improved, the data-enhanced model underestimates the normal contact pressure around the origin.
The relative L2 errors support this observation. While Eσ

L2
shows only minor improvement, Eu

L2

greatly benefits from incorporating data. As shown in Table 6.8, the integrated contact pressure
remains close to the applied load p = 0.5, due to the conservation of momentum. To satisfy this
equation, overshooting beyond the kink is balanced by undershooting near the origin. Similarly,
in case 1, overshooting after the kink is offset by undershooting from x = 0.04 to the kink.

We also find that results are highly sensitive to the choice of additional data loss weights
wEXPs (detailed in Table 6.7). For this study, the weights were manually tuned, but in general, a
hyperparameter analysis is recommended to identify optimal loss weights. The data-enhanced
model also requires more training time compared to the pure forward model, as additional loss
terms must be evaluated. However, once trained, the more accurate predictions are computed in
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6.3. Use Case 3: Contact mechanics under linear elasticity

essentially the same time as in case 1.

Case 3: PINNs as inverse solver for parameter identification

Next, we identify the applied pressure p on the half-cylinder using FEM-derived ”artificial”
measurement data. The unknown parameter p is added to the trainable parameters Θ as described
in Section 5.1.1.3, leading to

Θ∗ = argmin
Θ

LC(Θ) where, Θ = (p,θ). (6.105)

Fig. 6.37 illustrates the convergence of the identified pressure p̃ compared to the true pressure p,
across epochs, for different initial guesses p̃o. First, we use a ”good” initial guess p̃o = 0.1 close to
p = 0.5. Then, we test p̃o = 20 to examine sensitivity to the initial guess. As shown in Fig. 6.37c,
convergence occurs even for large, unphysical guesses. The convergence rate steeply increases
after 2000 epochs when switching to the L-BFGS-B optimizer. Similarly, we use Adam for 2000
epochs to prevent the optimization from getting stuck in local minima. However, switching to
L-BFGS-B can introduce oscillations in the transition region, requiring careful handling.

The relative error E measures the difference between identified and actual pressures, yielding
1.2% for all initial guesses p̃o = 0.1, p̃o = 5, and p̃o = 20 (see Table 6.9). Larger initial guesses
require more time and epochs, as expected.

Figure 6.37.: Identification of the applied external pressure on the half-cylinder for different initial
guesses (a) p̃o = 0.1, (b) p̃o = 5, (c) p̃o = 20.

229



6. Application of Physics-Informed Neural Networks to Computational Mechanics

Initial guess
p̃o

Identified
p̃f

Relative error
E(%)

Training time (s) # epochs

Case 3
0.1 0.494 1.2 3,472 12,958
5 0.494 1.2 3,762 14,019
20 0.494 1.2 5,394 19,793

Table 6.9.: Comparison of relative errors, training time, and epochs for identifying the applied
external pressure. The relative error is defined as E = abs ((∗̃ − ∗)/∗).

Case 4: PINNs as fast-to-evaluate surrogate model

In the last use case, the load (applied external pressure) is considered as an additional network
input, i.e. z = (x, p), to construct a fast-to-evaluate surrogate model that is capable of predicting
displacement and stress fields for different pressure values. Since a single network is deployed,
the length of each network input must be the same. We sample the three-dimensional input space
with 1,946 training points. While the spatial coordinates x are selected from a two-dimensional
mesh (as in Section 6.3.3.2, 6.3.3.2, and 6.3.3.2), the third (pressure) component of the input
vector is drawn randomly from a uniform distribution over the considered the pressure range.
To improve the accuracy of the prediction, the N sampling points are repeated k times. In the
context of network training, we refer to one instance of the N distinct sampling points as one
chunk, so that k is the number of chunks as depicted in Fig. 6.38. Indeed, this process increases
the computing time and complexity of the model, since the input size increases from (n, 2) to
(n · k, 3). However, such a method can lead to better accuracy since the network is trained with
a larger data set and also it enables batch training to reduce computational effort [59]. For our
specific example, we sample pressure values from a range of [0.2, 1.0] and we consider only two
different numbers of chunks, namely k = 1 and k = 5.

Repeat k times

Coordinates

Pressure

1. chunkk. chunk
Neural Network

Pressure

Coordinates

Figure 6.38.: An illustration of the procedure to include the applied external pressure as a neural
network input.

As shown in Figure 6.39, employing a single chunk is insufficient to accurately capture the
influence of the applied external pressure p on the contact pressure distribution pc(x, p). However,

230



6.3. Use Case 3: Contact mechanics under linear elasticity

Applied pressure

p = 0.45 p = 0.98 p = 1.5

Number of chunks
k = 1 22.81% 17.23% 16.93%

k = 5 16.30% 11.47% 10.87%

Table 6.10.: Comparison of relative L2 errors for the contact pressure distribution pc(x, p) be-
tween the analytical solution and the predictions of our surrogate PINN models.
Predictions are based on unseen pressure values.

increasing the number of chunks from k = 1 to k = 5 increases the accuracy. Table 6.10 provides
the relative L2 errors for the contact pressure distribution pc(x, p) between the analytical solution
and the predictions of surrogate PINN models, and it can be seen that increasing the number of
chunks indeed results in improved accuracy of the surrogate model. Nonetheless, the overall error
level of 10%-16%, even in the case k = 5, is still too high from an engineering perspective and
will be subject to further investigations. This example is only intended as a very first proof of
concept, and we have already identified several algorithmic modifications that could increase the
accuracy of the surrogate model. For example, we use fixed loss weights even though pressure
values in the input layer vary. Thus, adaptive loss weights should be implemented since the PINN
accuracy highly depends on choosing appropriate loss weights. Additionally, the accuracy of
PINNs could be further improved by increasing the number of chunks.

k
=

1
k
=

5

Figure 6.39.: Comparison of the contact pressure distribution obtained through a PINN-based
surrogate model to the analytical solution. The PINNs are trained using different
numbers of chunks.
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6.3.3.3. 3D single contact patch test

To further increase the complexity of the input space, we examine a single patch contact problem,
as illustrated in Fig. 6.40a. In this setup, an elastic cube is subjected to a uniform external pressure
applied to its top surface. The geometry is constrained in the x-direction at x = 0 and in the
z-direction at z = 0. The analytical solution for this problem, derived from [164], is given by:

ux = ν
p

E
x, uy = −

p

E
y, uz = ν

p

E
z, σyy = −p.

The parameters for this test case are specified as E = 1.33, ν = 0.33, p = 0.1, and l = h = w =
1.

To enforce the DBCs and NBCs shown in Fig. 6.40b as hard constraints, the following output
transformations are applied:

ũx = xNux ,
ũz = zNuz ,
σ̃xx = (l − x)Nσxx ,
σ̃yy = −p+ (h− y)Nσyy ,
σ̃zz = (w − z)Nσzz ,
σ̃xy = x(h− y)(l − x)Nσxy ,
σ̃yz = z(h− y)(w − z)Nσyz ,
σ̃xz = xz(l − x)(w − z)Nσxz .

These transformations enforce DBCs and NBCs as hard constraints, while the contact conditions
are incorporated as soft constraints, as described earlier. The set of KKT constraints is enforced
using the Fischer-Burmeister function. The employed PINN architecture consists of a fully
connected neural network with 5 hidden layers, each containing 50 neurons.

x

y

z

Rigid domain

(a) (b)

Figure 6.40.: Single patch contact problem: (a) geometry, constraints, and loading, (b) relevant
boundary conditions including NBCs, DBCs, KKT, and FSCs.

The comparison between the predicted and analytical solutions for the single contact patch
test is shown in Fig. 6.31. The results are only provided for the displacement components ux
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Figure 6.41.: Comparison of the PINN predictions and the analytical solution for the single
contact patch test. Point-wise absolute error is defined as E∗

abs = abs(∗̃ − ∗).

and uy, as the behavior of uz is identical to that of ux. Both predicted displacement fields exhibit
a linear distribution that closely matches the analytical solution. While the contact constraints
are imposed softly, the displacement component uy approaches zero near the contact surface,
reflecting the expected behavior. Thanks to the output transformation, the boundary conditions at
x = 0 and z = 0 are enforced as hard constraints, ensuring that the corresponding displacement
components are strictly zero. This accuracy is further supported by point-wise error analysis,
which confirms the close agreement between predictions and the analytical solution. Similarly,
the normal stress component in the y-direction, σyy, remains close to the expected value of −0.1
across the entire domain, consistently aligning with the analytical solution.

6.3.3.4. 3D cylindrical contact problem

Now, we consider a finite linear elastic cylinder of height w and radius R lying on a rigid flat
domain under a contact force F as depicted in Fig. 6.42a. As depicted in Fig. 6.42b, the contact
area is a rectangle of a width of 2b and length of w with an elliptical pressure distribution. Due to
the axisymmetric nature of both geometry and loading, the equivalent problem under a uniform
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pressure p is given in Fig. 6.42c The analytical solution is expressed as [35]

σxx = −pmax

 1 + 2
y2

b2√
1 +

y2

b2

− 2
∣∣∣y
b

∣∣∣
 , (6.106)

σyy =
−pmax√
1 +

y2

b2

, (6.107)

σzz = −2νpmax

(√
1 +

y2

b2
−
∣∣∣y
b

∣∣∣) , (6.108)

where

pmax =
2F

πbw
, (6.109)

b =

√
2F

πw

(1− ν2)/E
1/(2R)

, (6.110)

F = 2Rwp. (6.111)

By inserting p = 0.5, R = 1, w = 1, ν = 0.3 and E = 200, the half-width of the contact area can
be computed as b = 0.076, and the maximum pressure is calculated as pmax = 8.36. Additionally,
the maximum shear stress can be expressed as

τmax =
σzz − σyy

2
for 0 ≤ y ≤ 0.436b, (6.112)

τmax =
σxx − σyy

2
for y ≥ 0.436b. (6.113)

Similarly, the following output transformation is applied to impose the Dirichlet and Neumann
boundary conditions (BCs) shown in Fig. 6.42d as hard constraints:

ũx =
x

E
Nux , ũy =

1

E
Nuy , ũz =

z(w + z)

E
Nuz , σ̃yy = −p+ (−y)Nσyy ,

σ̃xy = xyNσxy , σ̃yz = (w + z)zyNσyz , σ̃xz = (w + z)zxNσxz .

This output transformation ensures that the DBCs and NBCs on the flat surfaces are strictly
enforced. For instance, sigmayy is equal to −p at the top of the quarter-cylinder. To simplify
the optimization process, the displacements are scaled using the inverse of Young’s modulus.
Moreover, NBCs on the curved surface are enforced using soft constraints due to the coupling
between the normal and shear stress components on those surfaces. To define the potential contact
area, we set α = 15◦ and enforce the contact constraints exclusively on the points lying on that
surface (highlighted in red in Fig 6.42d).

In the following, we explore two distinct applications of PINNs for the cylindrical contact
problem. In the first approach, a PINN is used solely as a PDE solver, referred to as the
plain vanilla PINN. In the second approach, a data-enhanced PINN is employed, incorporating
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y z
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Figure 6.42.: The Hertzian contact problem between an elastic quarter-cylinder and a rigid flat
domain: (a) The full contact problem under load F , including geometry and di-
mensions, (b) the width of the contact zone, (c) the equivalent problem due to
the axisymmetrical nature of both geometry and loading (d) all relevant boundary
conditions.
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additional data points derived from the analytical solution (see Eqs. 6.106-6.108). A total of 150
supplementary data points are distributed along three different lines, each containing 50 points,
positioned at z = −1, z = −0.5, and z = 0. Each line extends from y = −1 to y = −0.7642.

Additionally, the loss weight for the KKT term in Eq. 6.101 is set to wKKT = 500, ensuring
that the PINN model emphasizes learning the contact constraints. The neural network architecture
remains consistent with that used in the previous example.

The predictions of the plain vanilla PINN for the cylindrical contact problem are shown in
Fig. 6.43. These predictions include the displacement fields and the stress fields in both the normal
and shear directions. Furthermore, the normal components of the stress tensor are represented in
cylindrical coordinates to illustrate the normal contact pressure. It can be observed that the output
transformation explicitly enforces the displacement and stress field components on the target
surfaces, such as ux(0, y, z) = 0. Additionally, the maximum pressure is found to be σrr = 7.44,
which differs from the maximum analytical pressure of pmax = 8.36 (Eq. 6.109).

The PINN predictions for the cylindrical contact problem with data enhancement are presented
in Fig. 6.45. Similarly, these predictions include the displacement fields, stress fields in both
normal and shear directions, and stress fields in cylindrical coordinates.

The results of the data-enhanced model exhibit similar qualitative distributions to those of the
plain vanilla PINN model. However, in contrast to the plain vanilla PINN, the maximum pressure
achieves a value of σrr = 8.38, which is remarkably close to the maximum analytical pressure of
pmax = 8.36.

Additionally, a comparison between the PINN predictions and the analytical solution for both
the plain vanilla and data-enhanced PINNs is shown in Fig. 6.44. The plain vanilla PINN tends to
underpredict the analytical solution, particularly in regions with higher nonlinearity. In contrast,
the data-enhanced PINN exhibits significantly improved performance, closely matching the
analytical solution.

This improvement is further corroborated by the relative L2 errors provided in Table 6.11.
For example, the relative error Eσyy

L2
is calculated as 5.29% for the plain vanilla PINN, whereas

it is drastically reduced to 0.17% for the data-enhanced PINN, highlighting the impact of data
enhancement. It is important to note that the predictions are evaluated at unseen data points along
the line z = −0.75, demonstrating the model’s generalization capabilities.

Eσxx
L2

(%) E
σyy
L2

(%) Eσzz
L2

(%) Eτmax
L2

(%)

Plain vanilla PINN 3.81 5.29 3.31 7.41
Data-enhanced PINN 0.15 0.17 0.16 0.18

Table 6.11.: Comparison of relative L2 errors (%) between the predictions and the analytical
solution for the plain vanilla PINN and the data-enhanced PINN.

6.4. Use Case 4: Large deformations
This section introduces a systematic approach for developing PINN frameworks tailored to the
modeling of large deformation problems in solid and contact mechanics, specifically under finite
strain hyperelasticity.
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Figure 6.43.: The predictions of the plain vanilla PINN for the cylindrical contact example. Polar
components are computed based on the cylindrical coordinates.
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Figure 6.44.: Comparison of the predictions with the analytical solution for the cylindrical contact
problem between the plain vanilla PINN and data-enhanced PINN.

In contrast to the previous examples, where traditional PINN formulations were employed,
the methodologies presented here are grounded in the principle of minimum potential energy
(refer to Section 2.2.3) and are implemented using the element-based energy PINNs described in
Section 5.2.2. This variational formulation enables a more physically consistent and numerically
stable treatment of nonlinear mechanics problems.

We begin by formulating the EBE-PINN framework for finite strain solid mechanics, incor-
porating geometric nonlinearities. The approach is then extended to handle contact interactions,
facilitating the simulation of large deformation contact problems within the same energy-based
framework.

In the numerical examples, we present a diverse range of examples, including the 2D beam
bending example, torsion of a square prism, spherical contact problem, and torus contact instability
problem. Note that the investigated examples include only static problems.

6.4.1. EBE-PINNs for solid mechanics
For quasi-static finite strain solid mechanics, an FNN maps the given spatial coordinates x to the
approximated displacement ũ (see Fig. 6.46) such that

ũ := (Nu(x;θ))
′
. (6.114)

An illustration of the EBE-PINN formulation for finite strain solid mechanics in static problems
is presented in Fig. 6.46. In this approach, a FNN is employed to approximate the displacement
field by taking spatial coordinates x as input. The network outputs a continuous representation of
the displacement field, denoted by ũ.

To compute the internal energy, automatic differentiation (AD) is employed to obtain the
required spatial derivatives of ũ, such as the deformation gradient F . The resulting fields are then
used to assemble the total potential energy functional, posed as an integral over the computational
domain and discretized into elementwise contributions, as detailed in Section 5.2.2.
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Figure 6.45.: The data-enhanced PINN predictions for the Hertzian contact example. Polar
components are computed based on the cylindrical coordinates.
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Figure 6.46.: Element-based energy physics-informed neural networks (EBE-PINNs) solve quasi-
static finite strain solid mechanics problems.

By combining the information provided in Fig. 6.46 for losses of general EBE-PINNs with the
governing equations of finite strain solid mechanics as explained in Section 2.2.3.3, we obtain the
total loss LS, including additional experimental data as

LS = LE + LDBCs + LEXPs, (6.115)

where

LE = wE

Ne∑
in=1

EeS, (6.116)

LDBCs =

Nbc,D∑
ibc,D=1

wibc,D
1

Nbp,D

Nbp,D∑
ibp,D=1

[[
ũ
(
xibp,D

)
− û

(
xibp,D

)]
ibc,D

]2
, (6.117)

LEXPs =

Ne,u∑
ie,u=1

wie,u
1

Nep,u

Nep,u∑
iep,u=1

[[
ũ
(
xiep,u

)
− u∗ (xiep,u)]

ie,u

]2
, (6.118)

with
EeS =

∫
Ωe

Πe
S

[
ũ(x)

]
dx. (6.119)

Equations 6.117 and 6.118 have been introduced in the previous section. Here, N e denotes the
number of elements, Πe

S is the element-wise strain energy density functional, wE is the weighting
coefficient applied to the potential energy loss term, and EeS represents the element-wise strain
energy potential.

By explicitly introducing the internal energy and external work components as defined in
Eqs. 2.109 and 2.110, we can expand the element-wise strain energy potential as

EeS =

∫
Ωe

0

Ψ
[
F̃ (ũ(x))

]
dV0 −

∫
∂Ωe

σ,0

t̂0 · ũ(x) dA0 −
∫
Ωe

0

b̂0 · ũ(x) dV0. (6.120)

Here, Ψ is the strain energy density function, F̃ denotes the deformation gradient derived via
automatic differentiation of the neural network displacement field, t̂0 is the prescribed traction on
the Neumann boundary ∂Ωe

σ, and b̂0 denotes the body force per unit reference volume.
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The strain energy density function for Neo-Hookean materials is expressed as

Ψ(F̃ ) =
µ

2
(tr(C̃)− 3)− µ log J̃ +

λ

2
(log J̃)2, (6.121)

with

C̃ = F̃⊤ F̃ , (6.122)

J̃ = det F̃ , (6.123)

F̃ = I +∇ũ(x). (6.124)

This energy-based formulation naturally enforces mechanical equilibrium by minimizing the total
potential energy of the system through all elements.

As the next step, the integrals in Eq. 6.120 must be evaluated using numerical integration, as
discussed in Section 5.2.3. For problems defined in 3D space, volume integrals can be computed
using numerical integration over hexahedral or tetrahedral elements. Similarly, surface integrals
are evaluated using quadrature rules on quadrilateral or triangular surface elements. In the case of
2D problems, boundary integrals reduce to line integrals, which can be evaluated using numerical
integration over 1D elements.

If the target problem is 3D and the domain is discretized using hexahedral elements, then the
total potential energy of an element can be expressed as

EeS =

Ngp
x∑

ix=1

Ngp
y∑

iy=1

Ngp
z∑

iz=1

cixciycizΨ
[
F̃ (ũ(x̄(ξ, η, ζ)))

]
det(J)−

Ngp
x∑

ix=1

Ngp
y∑

iy=1

cixciy t̂0 · ũ(x̄(ξ, η)) det(J)−
Ngp

x∑
ix=1

Ngp
y∑

iy=1

Ngp
z∑

iz=1

cixciyciz b̂0 · ũ(x̄(ξ, η, ζ)) det(J),

(6.125)
where N gp denotes the number of Gauss points in each respective direction, c are the Gauss
quadrature weights, and x̄ are the mapped physical coordinates obtained via linear isoparamet-
ric mapping (see Section 5.2.3). The term det(J) represents the determinant of the Jacobian
matrix associated with the transformation from reference to physical coordinates. For specific
expressions, refer to Eq. 5.42 and Eq. 5.55, which detail the Jacobian transformations for two-
and three-dimensional settings, respectively. Note that, since the domain is discretized using
hexahedral elements, surface integrals are naturally evaluated over quadrilateral elements, as these
represent the projections of the hexahedral faces onto the boundary (with the surface projection
taken along the z-axis in this representative case). In the representative case considered here, the
surface projection is taken along the z-axis so that the projected plane is the z-plane. Depending
on the chosen projection, the formulation of the surface integral can be adapted accordingly.

When the domain is discretized using tetrahedral elements, the total potential energy of an
element can be expressed as

EeS =
1

6

Ngp∑
i=1

ci Ψ
[
F̃ (ũ(x̄(ξ, η, ζ)))

]
det(J)−

1

2

Ngp∑
i=1

ci t̂0 · ũ(x̄(ξ, η)) det(J)−
1

6

Ngp
x∑

i=1

ci b̂0 · ũ(x̄(ξ, η, ζ)) det(J).

(6.126)
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In contrast to the hexahedral formulation, this expression includes explicit scaling factors: 1/6
for volume integrals and 1/2 for surface integrals, which account for the area and volume of the
reference tetrahedral elements. Moreover, the Gauss quadrature weights are defined in a single
dimension due to the simplex geometry. Similarly, since the domain is meshed with tetrahedral
elements, surface integrals are naturally evaluated over triangular elements, which correspond to
the projections of the tetrahedral faces onto the boundary.

In the next scenario, if the target problem is 2D and the domain is discretized using quadrilateral
elements, then

EeS =

Ngp
x∑

ix=1

Ngp
y∑

iy=1

cixciy Ψ
[
F̃ (ũ(x̄(ξ, η)))

]
det(J)−

Ngp
x∑

ix=1

cix t̂0 · ũ(x̄(ξ)) det(J)−
Ngp

x∑
ix=1

Ngp
y∑

iy=1

cixciy b̂0 · ũ(x̄(ξ, η)) det(J).

(6.127)

Here, the contribution of external work due to traction is evaluated over 1D elements, as the
projection of a triangular face onto the boundary is a line segment. When the domain is discretized
using triangular elements, the total potential energy of an element can be expressed as

EeS =
1

2

Ngp∑
i=1

ci Ψ
[
F̃ (ũ(x̄(ξ, η)))

]
det(J)−

Ngp
x∑

ix=1

cix t̂0 · ũ(x̄(ξ)) det(J)−
1

2

Ngp∑
i=1

ci b̂0 · ũ(x̄(ξ, η)) det(J).

(6.128)

As with the tetrahedral case, surface integration in triangular elements includes a scaling factor of
1/2, corresponding to the area of the reference triangle. Additionally, note that triangular and
tetrahedral elements do not have directions for the Gauss points.

6.4.2. EBE-PINNs for contact mechanics

Analogous to solid mechanics, in the case of quasi-static finite strain contact mechanics, an FNN
maps the spatial coordinates x to the predicted displacement field ũ, as illustrated in Fig. 6.47

ũ := (Nu(x;θ))
′
. (6.129)

In the quasi-static case, the neural network input involves only the spatial coordinates x as
input. Fig. 6.47 illustrates the EBE-PINN framework tailored for large deformation contact
problems. Compared to the finite strain solid mechanics formulation, this framework addition-
ally incorporates a contact potential, modeled here using the penalty method as introduced in
Section 2.3.3.

For frictionless contact under large deformation, the total loss function LC is defined as

LC = LE + LDBCs + LEXPs, (6.130)
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Figure 6.47.: Element-based energy physics-informed neural networks (EBE-PINNs) solve quasi-
static finite strain contact mechanics problems.

where the energy loss term is given by

LE = wE

Ne∑
in=1

EeC, (6.131)

with the element-wise integrated energy defined as

EeC =

∫
Ωe

Πe
S

[
ũ(x)

]
dx+

∫
∂Ωe

c

Πe
C

[
ũ(x)

]
dx. (6.132)

The first term in Eq. 6.132 accounts for the strain or internal energy due to finite strain deformation,
as discussed in Section 6.4.1. In this section, we focus on the second term, which represents the
contribution of the contact potential. As shown in Fig. 6.47, the element-wise contact potential
energy is expressed using the penalty formulation (see Eq. 2.127) as

1

2

∫
∂Ωe

c

ϵ⟨−g̃⟩2 dA0, (6.133)

where the predicted gap vector is defined as

g̃ = X + ũ− x̂. (6.134)

Following the same approach used for evaluating the strain energy, the contact potential integral
in Eq. 6.133 must also be computed numerically. In 3D problems, the contact surface integral is
evaluated using quadrature rules on quadrilateral or triangular surface elements. For 2D problems,
the surface integral reduces to a line integral, which is numerically computed over 1D boundary
elements.
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For 3D problems, depending on the surface element type, the contact potential energy per
element is computed as

1

2

Ngp
x∑

ix=1

Ngp
y∑

iy=1

cixciyϵ⟨−g̃(x̄(ξ, η))⟩2 det(J), → for quad elements

1

2

1

2

Ngp∑
i=1

ciϵ⟨−g̃(x̄(ξ, η))⟩2 det(J). → for triangular elements

(6.135)

For 2D problems, the contact potential energy is computed over a 1D boundary, regardless of the
element type as

1

2

Ngp
x∑

ix=1

cix ϵ⟨−g̃(x̄(ξ, η))⟩2 det(J). (6.136)

6.4.3. Numerical examples

In this section, we present four numerical examples based on quasi-static large deformation theory
to demonstrate the capabilities and performance of the proposed framework.

The first example considers a 2D bending beam, serving as a baseline model to validate the
formulation under plane strain assumptions.

The second example investigates the torsion of a square prism, highlighting the framework’s
ability to handle 3D geometries. In this case, all boundary conditions are enforced via hard
constraints. Furthermore, this example illustrates the potential sources of discrepancy between
FEM results and those obtained using the EBE-PINN approach.

The third example focuses on a 3D large deformation contact problem involving spherical
contact. This scenario showcases the method’s effectiveness in resolving contact interactions
under significant geometrical nonlinearity.

Finally, the fourth example examines the contact instability of a torus geometry, which serves
as a challenging benchmark to evaluate the robustness of EBE-PINNs in handling unstable contact
behavior.

Unless stated otherwise, all numerical examples follow a consistent configuration. The neural
networks are initialized using the Glorot uniform initializer, and the tanh function is employed as
the activation function. The models are first trained using the Adam optimizer [91] with a learning
rate of lr = 0.001 for a predefined number of epochs. Subsequently, the training is refined using
the L-BFGS-B optimizer [195] with box constraints, a quasi-Newton method known for its fast
convergence [36, 105].

Furthermore, all simulations are conducted assuming hyperelastic material behavior modeled
by a Neo-Hookean formulation. Body forces are neglected unless explicitly stated otherwise.

6.4.3.1. 2D bending beam

In the first example, we investigate a 2D bending beam subjected to shear loading, as illustrated
in Fig. 6.48a. The beam has a length of L = 20 and a height of h = 2. The left boundary at
x = 0 is fully constrained in both the x- and y-directions. A uniform shear loading of magnitude
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t0y = −0.01 is applied on the right edge in the vertical direction. The material is characterized by
Young’s modulus E = 10 and Poisson’s ratio ν = 0.2.

The employed PINN architecture maps spatial coordinates (x, y) to the displacement compo-
nents (Nux ,Nuy). The network consists of a fully connected feedforward neural network with
5 hidden layers, each containing 64 neurons. Training is performed using 1,248 quadrilateral
elements, as shown in Fig. 6.48b. For numerical integration, we employ 2× 2 = 4 Gauss points
for surface integrals and 4 Gauss points for line integrals. Additionally, the model is trained for
5,000 epochs using the Adam optimizer, and we switch to L-BFGS-B to smooth the solution.

To impose the Dirichlet boundary conditions as hard constraints, we apply the following output
transformation:

ũx =
x

L
Nux , ũy =

x

L
Nuy . (6.137)

This formulation ensures that the displacements vanish at the fixed boundary (x = 0), satisfying
the prescribed boundary conditions exactly. Additionally, the normalization by the beam length L
introduces a non-dimensional scaling, which helps improve the conditioning of the optimization
problem and mitigates numerical instabilities during training.

(a)

(b)

Figure 6.48.: 2D bending beam under shear loading. (a) Geometry, boundary conditions, and
applied traction, (b) corresponding mesh with quadrilateral elements.

Fig. 6.49 presents a comparison between the displacement fields predicted by the EBE-PINN
and the FEM reference solution for the 2D beam under shear loading. The displacement compo-
nents ux and uy obtained from both methods show good qualitative and quantitative agreement, as
indicated by the nearly identical color distributions in the top two rows. The bottom row illustrates
the corresponding point-wise absolute errors. The maximum absolute errors are on the order of
10−3 for both ux and uy, which confirms the accuracy of the EBE-PINN framework. As expected,
larger errors are concentrated in regions where larger displacements occur, as the deformation
gradients are more pronounced and harder to approximate. Furthermore, the computational
efficiency of the EBE-PINN model is noteworthy: while the FEM solution requires approximately
232 s, the EBE-PINN training takes only 25 s, offering a substantial reduction in computation
time. This highlights the potential of EBE-PINNs as a fast and reliable alternative for solving
nonlinear solid mechanics problems.

245



6. Application of Physics-Informed Neural Networks to Computational Mechanics

ux uy

E
B

E
-P

IN
N

FE
M

Po
in

t-
w

is
e

er
ro

r

Figure 6.49.: Comparison of predicted and reference displacement components (ux, uy) for the
2D beam under shear loading between EBE-PINN and FEM. The bottom row shows
the corresponding point-wise absolute errors, defined as E∗

abs = abs(∗̃ − ∗), where
∗̃ denotes the predicted quantity.
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Fig. 6.50 compares the stress components σxx, σyy, and σxy predicted by the EBE-PINN
and FEM methods for the 2D beam under shear loading. While the EBE-PINN results exhibit
good overall agreement with the FEM reference across all stress components, the accuracy is
slightly lower compared to the displacement fields. This is primarily due to the presence of stress
concentrations near boundary edges or corners, where the deformation gradients are sharp and
more challenging to approximate. The point-wise absolute error plots confirm that the largest
discrepancies are confined to these localized regions, with maximum errors reaching the order of
10−1. In contrast, the error remains below 10−2 across most of the domain. Despite these localized
differences, the EBE-PINN model still captures the global stress distribution with reasonable
fidelity, validating its effectiveness for large deformation problems. Quantitatively, the average
absolute errors are computed to be approximately 1.8 × 10−3 for σxx, 2.2 × 10−3 for σyy, and
1.0× 10−3 for σxy, indicating that while EBE-PINNs achieve good global agreement. However,
special attention may be needed in high-gradient regions, where adaptive refinement strategies
could further improve accuracy.

As depicted in Fig. 6.49, the displacement predictions from EBE-PINNs exhibit a closer match
with FEM results compared to the stress components shown in Fig. 6.50. This discrepancy is
primarily attributed to stress concentrations that arise near boundary edges and corners–regions
where stress gradients are steep and numerical sensitivity is high. It is well known that even
in conventional FEM, stress concentrations lead to localized inaccuracies unless highly refined
meshes are used. In the case of EBE-PINNs, Cauchy stresses are recovered in a post-processing
step from the predicted displacements. Therefore, when displacement fields are accurate, the
associated stress fields are generally expected to align well. However, due to the nature of
energy-based formulations and the absence of direct stress supervision, EBE-PINNs, like FEM,
may exhibit stress discontinuities or jumps, particularly at geometric singularities or sharp edges.
This highlights the need for improved stress recovery techniques or localized refinement strategies
to enhance stress accuracy in such regions.

6.4.3.2. 3D torsion of a square prism

In the second example, we analyze the torsional deformation of a square prism, as illustrated
in Fig. 6.51a. The prism has a length of L = 4, a height of h = 1, and a width of w = 1. The
surface at x = 0 is fully constrained in all three spatial directions (x-, y-, and z-directions). The
material is modeled using Young’s modulus E = 1.33 and Poisson’s ratio ν = 0.33.

To induce torsion, a prescribed displacement is applied at the front face (x = L), corresponding
to a rigid rotation about the x-axis. The displacement field is defined as:

ûL =

 0
y(cos θ − 1)− z sin θ
y sin θ + z(cos θ − 1)

 , (6.138)

where θ = 150◦ represents the applied torsional angle.
The PINN architecture maps the spatial coordinates (x, y, z) to the displacement components

(Nux ,Nuy ,Nuz). The model employs a fully connected feedforward neural network consisting of
5 hidden layers with 50 neurons each. Training is conducted using 4,961 hexahedral elements, as
shown in Fig. 6.51b. Numerical integration is performed using 2× 2× 2 = 8 Gauss points for
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Figure 6.50.: Comparison of predicted and reference Cauchy stress components (σxx, σyy, σxy)
for the 2D beam under shear loading using the EBE-PINN and FEM. Similar
to displacement results, corresponding point-wise absolute errors are defined as
E∗
abs = abs(∗̃ − ∗), where ∗̃ denotes the predicted quantity.
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volume integrals and 2× 2 = 4 Gauss points for surface integrals. The model is trained for 3,000
epochs using the Adam optimizer and we switch to L-BFGS-B to smooth the solution.

To impose the Dirichlet boundary conditions as hard constraints, we use the following output
transformation:

ũ = s ûL + s(1− s)Nu, (6.139)

where the scaling parameter is defined as s = x/L. Substituting the prescribed displacement field
from Eq. 6.138, the transformed displacement vector becomes as

ũxũy
ũz

 =


x

L
(1− x

L
)Nux

x

L
[y(cos θ − 1)− z sin θ] + x

L
(1− x

L
)Nuy

x

L
[y sin θ + z(cos θ − 1)] +

x

L
(1− x

L
)Nuz

 .
This transformation ensures that the displacements vanish at x = 0, satisfying the essential
boundary condition exactly. Simultaneously, it enforces the prescribed rotation at x = L, while
allowing the interior displacement field to be identified by the neural network.

(a) (b)

Figure 6.51.: Torsion of a prism. (a) Geometry, boundary conditions, and loading; (b) correspond-
ing mesh with hexahedral elements.

Fig. 6.52 compares the displacement components (ux, uy, uz) predicted by EBE-PINN and
FEM for the square prism under torsion, visualized in the deformed configuration. The EBE-
PINN predictions (top row) closely match the FEM reference results (middle row), demonstrating
that the network accurately captures the twisting deformation characteristic of this benchmark
problem. The displacement distributions are nearly identical in both magnitude and pattern across
all three components. The bottom row presents the point-wise absolute errors, which are generally
small. Maximum absolute errors are on the order of 10−3 for all displacement components, with
slightly higher values observed near the free surface and sharp edges – regions where gradients
are sharper and stress concentrations typically occur.

Fig. 6.53 presents a comparison of the Cauchy stress components (σxx, σyy, σzz, σxy, σyz, σxz)
computed using EBE-PINN and FEM for the torsion of the square prism. The first and second

249



6. Application of Physics-Informed Neural Networks to Computational Mechanics

ux uy uz
E

B
E

-P
IN

N
FE

M
Po

in
t-

w
is

e
er

ro
r

Figure 6.52.: Predicted and reference displacement components (ux, uy, uz) for the torsion of the
prism example shown in the deformed configuration. Results from EBE-PINN and
FEM are shown in the first and second rows, respectively. The third row presents
the corresponding point-wise absolute errors.
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rows show the results from EBE-PINN and FEM, respectively, while the third row displays the
corresponding point-wise absolute errors. Overall, the EBE-PINN stress fields exhibit good visual
agreement with the FEM reference across all components. However, the errors are noticeably
higher than those observed in the displacement predictions (cf. Fig. 6.52).

Similar to the bending beam example, the error distributions reveal that the largest discrepancies
in stress predictions occur along the outer surfaces and near the regions experiencing significant
twisting, where stress gradients and rotational deformations are most pronounced. In particular,
shear stress components such as σxy and σxz exhibit localized absolute errors on the order of
10−2, while the normal stress component σxx shows even higher localized errors, reaching up to
10−1. Despite these localized inaccuracies, the EBE-PINN framework successfully captures the
overall multiaxial stress distribution under large deformation.

Quantitatively, the average absolute errors are computed as approximately 4.7× 10−3 for σxx,
4.8 × 10−3 for σyy, 4.6 × 10−3 for σzz, 3.7 × 10−3 for σxy, 1.7 × 10−3 for σyz, and 3.8 × 10−3

for σxz. These values confirm that EBE-PINNs deliver good global agreement with FEM.
To investigate the stress concentration phenomena in greater detail, we extract and evaluate

field quantities along a line segment extending from one sharp corner to another, specifically from
(2,−0.5,−0.5) to (2, 0.5, 0.5). Along this line, we plot the displacement, normal and shear stress
components (see Fig. 6.54), as well as the Green-Lagrange strain components (see Fig. 6.55).

The displacement profiles exhibit excellent agreement between EBE-PINN and FEM, with
the curves overlapping almost perfectly across the entire domain. However, deviations become
apparent when examining the stress components. Notably, both normal and shear stresses show
localized discrepancies near the endpoints of the line–regions that coincide with geometric corners
and are prone to stress concentrations. While the overall stress trends are well-captured, the FEM
solution exhibits slight oscillations near the corners, which are not present in the EBE-PINN
results.

This pattern is also observed in the Green-Lagrange strain components. While EBE-PINN and
FEM results align well through most of the domain, sharp kinks appear near the corners in the
FEM curves. These kinks are not physically expected and are likely numerical artifacts caused by
local stress singularities and mesh distortion in FEM due to large deformations. In contrast, the
smooth nature of EBE-PINN predictions helps to suppress such behavior, delivering a cleaner
representation of the underlying deformation field.

6.4.3.3. 3D spherical contact problem

In the third example, we increase the level of nonlinearity by incorporating contact constraints in
addition to geometric nonlinearity. Our focus now shifts to contact problems, beginning with the
classical spherical contact scenario illustrated in Fig. 6.56a. The problem considers a hyperelastic
sphere subjected to a compressive force F applied vertically at its top. Thanks to the symmetry
of both geometry and loading, we model only one-eighth of the sphere, as shown in the reduced
domain in Fig. 6.56b.

The reduced domain has a radius of R = 1. To impose essential boundary conditions, the
face at z = 0 is fixed in the z-direction, while the face at x = 0 is fixed in the x-direction. A
uniform traction load t̂0y = −5 is applied along the top surface at y = 0. At the bottom, a rigid
flat surface defines the contact interface. The material is modeled as hyperelastic with Young’s
modulus E = 50 and Poisson’s ratio ν = 0.3.
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Figure 6.53.: Predicted and reference Cauchy stress components (σxx, σyy, σzz, σxy, σyz, σxz) for
the torsion of the prism example. Results from EBE-PINN and FEM are shown in
the first and second rows, respectively. The third row presents the corresponding
point-wise absolute errors.
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Figure 6.54.: Comparison of displacement and Cauchy stress components along a line in the 3D
torsion problem between FEM and EBE-PINNs.

Figure 6.55.: Comparison of Green-Lagrange strain tensor components along a line in the 3D
torsion problem between FEM and EBE-PINN.
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The PINN architecture maps the spatial coordinates (x, y, z) to the displacement components
(Nux ,Nuy ,Nuz). A fully connected feedforward neural network is employed, consisting of 5
hidden layers with 50 neurons each. The model is trained using 14,964 tetrahedral elements, as
shown in Fig. 6.56c. For numerical integration, 4 Gauss points are used for both volume and
surface integrals. Training is first carried out for 5,000 epochs using the Adam optimizer, followed
by a refinement stage using the L-BFGS-B algorithm to enhance convergence and smoothness of
the predicted solution. Note that the penalty parameter is set to ϵ = 3× 104.

To exactly enforce Dirichlet boundary conditions and improve training stability, we apply the
following output transformation:

ũx =
x

E
Nux ,

ũy =
1

E
Nuy ,

ũz =
z

E
Nuz .

(6.140)

This formulation ensures the displacement field satisfies the Dirichlet boundary conditions exactly.
Moreover, the scaling by E introduces non-dimensionalization, which improves the numerical
conditioning of the optimization problem and helps mitigate instability during training.

Fig. 6.57 presents a comparison of the displacement and Green-Lagrange strain components
computed using EBE-PINN and FEM for the 3D spherical contact problem. The EBE-PINN
results are shown in the first and third rows for displacement and strain, respectively, while the
corresponding FEM results are displayed in the second and fourth rows. The EBE-PINN predic-
tions exhibit excellent visual agreement with the FEM reference, particularly in the displacement
field. This is further supported by the relative L2 errors, which are 2.42× 10−3 for displacement
and 2.92× 10−2 for strain, indicating high accuracy across both fields.

Similarly, Fig. 6.58 presents a comparison of the Cauchy stress components computed using
EBE-PINN and FEM for the 3D spherical contact problem. The EBE-PINN results are shown in
the first and third rows for the normal and shear stress components, respectively, while the second
and fourth rows display the corresponding FEM results. The predicted stress fields from EBE-
PINN show good visual agreement with the FEM reference across all components. The relative
L2 error for the full Cauchy stress tensor is 3.13× 10−2, which is higher than the displacement
error, but still indicates reasonably accurate stress recovery under large deformation.

In terms of computational performance, the EBE-PINN model required approximately 13
minutes to complete the simulation, whereas the FEM simulation took over 78 hours (2.82× 105

seconds), despite being parallelized. It is worth noting that the FEM setup solves the full 3D
problem, while EBE-PINN is trained on a clipped subdomain. Nevertheless, this significant gap in
computational time highlights the potential of EBE-PINNs to efficiently approximate high-fidelity
solutions typically obtained using traditional numerical methods. Once trained, EBE-PINNs can
rapidly predict displacement, strain, and stress fields, making them highly suitable for scenarios
involving repeated simulations or real-time inference.

It should be emphasized that these results constitute a preliminary demonstration of the EBE-
PINN framework for large-deformation contact problems. The current model accuracy could
be further enhanced through targeted hyperparameter tuning (e.g., optimal penalty parameter),
architectural refinements (e.g., increasing the complexity of the neural network), and algorithmic
advancements such as a Lagrange-based gap formulation. Considering that the present simulation
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(a) (b)

(c)

Figure 6.56.: Spherical contact problem between an elastic sphere and a rigid flat domain. (a)
The full contact problem under load F , including geometry and dimensions, (b) the
equivalent problem due to the axisymmetrical nature of both geometry and loading,
including boundary conditions, (c) corresponding mesh with tetrahedral elements.
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Figure 6.57.: Comparison of displacement and Green-Lagrange strain components predicted by
EBE-PINN and FEM for the 3D spherical contact problem.
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already yields reasonably accurate results within a fraction of the computational time required
by FEM, further optimization of the EBE-PINN approach holds considerable potential for
accelerating the solution of large-deformation contact problems.

6.4.3.4. 3D torus contact instability problem

This benchmark problem investigates the contact-induced instability behavior in a toroidal
geometry. The setup provides a challenging test case to evaluate the effectiveness and robustness
of EBE-PINNs under highly nonlinear and unstable contact conditions.

Fig 6.59a illustrates the complete geometry, where a torus lies in contact with a rigid flat
domain. The top of the torus (located at y = 0) is subjected to a prescribed vertical displacement
in the negative y-direction. The torus is characterized by two radii: the major radius R, which
denotes the distance from the center of the torus to the center of the tube, and the minor radius r,
which represents the radius of the tube itself.

Due to the axisymmetric nature of both the geometry and the loading, the domain can be
reduced to a quarter of the half torus without loss of generality. The reduced configuration is
depicted in Fig. 6.59b, leading to a significant reduction in computational cost.

The reduced domain is defined with the following geometric and material properties: the major
radius is set to R = 0.95 and the minor radius to r = 0.05. Imposed displacements are applied
as uy = −0.8 on the top surface of the torus (y = 0). The material parameters are given by a
Young’s modulus of E = 10 and a Poisson’s ratio of ν = 0.3. This setup can be likened to a foam
pool toy, exhibiting highly hyperelastic behavior that permits large deformations.

Homogeneous Dirichlet boundary conditions are specified as follows:

• ux = 0 is applied on the front surface at x = 0 and on the top surface at y = 0,

• uz = 0 is applied on the symmetry plane at z = 0.

These constraints, along with the prescribed displacements, are illustrated in Fig. 6.59(a,b).
To construct the EBE-PINN architecture, a fully connected feedforward neural network is

employed. The designed architecture maps the spatial coordinates (x, y, z) to the displacement
components (Nux ,Nuy ,Nuz). The architecture consists of 5 hidden layers with 50 neurons each.
The training mesh comprises 14,119 tetrahedral elements, as illustrated in Fig. 6.59c. Numerical
integration is carried out using 4 Gauss points for both the volume and contact surface integrals.

Similar to previous examples, the training is conducted in two stages. Initial training using
the Adam optimizer for 5,000 epochs. Fine-tuning with the L-BFGS-B optimizer to improve
convergence and ensure smooth displacement fields.

To ensure exact satisfaction of Dirichlet boundary conditions and improve numerical condition-
ing, the output of the neural network is transformed as follows:

ũx =
xy

E
Nux ,

ũy =
1

E
Nuy ,

ũz =
z

E
Nuz .
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Figure 6.58.: Comparison of Cauchy stress components predicted by the EBE-PINN model and
FEM for the 3D spherical contact problem. The top two rows show the normal
stress components σxx, σyy, and σzz, while the bottom two rows present the shear
stress components σxy, σyz, and σxz.
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This transformation exactly enforces the prescribed displacements while introducing non-dimensional
scaling via E. This scaling enhances numerical stability during optimization and helps mitigate
instabilities in training.

The penalty parameter used in the loss formulation is set to ϵ = 3× 104.
The displacement results in Fig. 6.60 show smooth, continuous deformations across the quarter-

torus geometry with only a negligible penetration of approximately 4.8×10−4 between contacting
surfaces. The predicted displacement fields (ux, uy, uz) follow the expected deformation pattern
under the applied loading, with large amplitudes near the free ends and reduced motion toward
the fixed or symmetry-constrained boundaries. The overall deformation profile is physically
meaningful and consistent with the imposed contact conditions.

The corresponding Cauchy stress components in Fig. 6.61 exhibit meaningful distributions
between the compression and tension sides of the curved geometry. Regions of high positive
stress align with tensile zones, while high negative stress corresponds to compressive loading,
matching the bending-like deformation observed in the displacement plots. Although no FEM
reference solution is available for direct comparison, the patterns are qualitatively reasonable,
symmetric where expected, and free from spurious oscillations, indicating that the EBE-PINN
method successfully captured both the displacement and stress states for this challenging 3D
contact instability problem.

Furthermore, the shear stress components (σxy, σyz, σxz) display localized concentration pat-
terns near regions of curvature change and contact interfaces, which is consistent with the
mechanics of curved tubular structures under bending. These shear distributions are well-bounded
and exhibit smooth spatial variation, indicating that the EBE-PINN formulation handled the stress
coupling between directions without producing unphysical discontinuities.

The normal stress components (σxx, σyy, σzz) also exhibit balanced tensile–compressive behav-
ior across the thickness, with symmetry about the mid-surface where applicable. The magnitudes
and gradients appear physically realistic, indicating that the identified stress field fulfills equilib-
rium and compatibility conditions. Taken together, these results indicate that even in the absence
of FEM ground truth, the EBE-PINN predictions are mechanically consistent, contact constraints
are satisfied, and the stress fields align with expected physical trends for the quarter-torus contact
instability scenario.
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Rigid domain

(a)

(b) (c)

Figure 6.59.: Torus contact instability example. (a) The full contact problem under displacement
loading uy including geometry and dimensions, (b) the equivalent problem due
to the axisymmetrical nature of both geometry and loading, including boundary
conditions, (c) the tetrahedral mesh used for the quarter torus contact instability
example.
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ux
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Figure 6.60.: Demonstration of predicted displacement components (ux, uy, uz) obtained using
EBE-PINN for the 3D quarter torus contact instability example.
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Figure 6.61.: Demonstration of predicted Cauchy stress components (σxx, σyy, σzz, σxy, σyz, σxz)
obtained using EBE-PINN the 3D quarter torus contact instability example.
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7. Towards a Hybrid Digital Twin

A hybrid digital twin represents a digital replica of a physical asset or system, serving as a
metamodel that integrates sensor data, simulation results, and the underlying physical principles
of the system. This combination enhances the model’s accuracy, reliability, and predictive
capabilities. Hybrid digital twins have been widely adopted across various industries, such as
construction, manufacturing, and automotive, demonstrating their versatility and value. Notable
applications and case studies can be found in the works of Jiang [82], Singh [157], and San [150].

Surrogate modeling has become a cornerstone in developing hybrid digital twins, offering rapid
and efficient models capable of delivering accurate, real-time predictions. Once trained, these
models can be continuously updated with live sensor data, enabling applications like monitoring
the structural health of critical infrastructure, such as bridges. This capability is crucial for
ensuring the safety and integrity of these essential assets.

Broadly, surrogate modeling methods fall into two primary categories: purely data-driven
approaches and physics-informed approaches. Purely data-driven models, often referred to as
black-box models, rely solely on observed data to learn the underlying system dynamics. These
models are typically constructed using machine learning and deep learning techniques, such as
neural networks, and aim to approximate system behavior based on input-output pairs. However,
they may struggle with accuracy in scenarios where data is sparse, as they lack knowledge of the
system’s inherent constraints.

In contrast, physics-informed methods–also known as gray-box models–enhance traditional
data-driven approaches by embedding physical laws and governing equations directly into the
learning process. This integration aims to improve the model’s robustness and generalization,
particularly when data is limited or the system behavior extends beyond the available observations.
A promising example of this approach is physics-informed neural networks (PINNs) [134],
which have recently gained significant traction due to their potential for achieving high-fidelity
predictions by combining data with domain-specific physics.

7.1. The concept of hybrid digital twins

A digital twin is an up-to-date, virtual representation of a physical asset, system, or process
designed to accurately replicate the characteristics and behaviors of its real-world counterpart
[67]. In essence, it serves as a dynamic bridge between the physical and digital realms, providing
a comprehensive mapping of physical entities into the virtual environment.

In contrast, a hybrid digital twin [42] advances this concept by merging physics-based modeling
(often referred to as a virtual twin) with data-driven approaches (digital twin). This combination
creates powerful simulation tools capable of monitoring and analyzing system behavior and
detecting underlying trends, incorporating real-time operational data, making reliable predictions,
and performing sophisticated what-if simulations.
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7. Towards a Hybrid Digital Twin

In the context of bridge infrastructure, hybrid digital twins offer immense potential for enhanc-
ing condition and lifetime assessment. By enabling effective structural health monitoring (SHM)
and facilitating proactive maintenance, these digital replicas improve the overall resilience and
safety of critical infrastructure assets [166].
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Figure 7.1.: The conceptual workflow between hybrid digital twin, virtual twin, and digital twin.

The conceptual workflow between the hybrid digital twin, virtual twin, and digital twin is
depicted in Fig. 7.1. At the core of the workflow lies the physical asset, which exists within the
physical realm. Data generated by the physical asset, including sensor information and operational
metrics, is continuously streamed to the digital realm. Fast, efficient, and secure data transmission
methods, such as advanced file transfer and streaming protocols, play a critical role in maintaining
the integrity of the digital representation, as the quality of the data directly impacts the fidelity of
the replication.

A hybrid digital twin has two main components: the digital twin and the virtual twin. A digital
twin is a data-centric model built using data-driven methods like machine learning and deep
learning techniques. This approach captures complex behaviors and patterns from real-world
data, enabling predictive capabilities and insights based on historical and real-time inputs.

Conversely, the virtual twin is constructed using a physics-based modeling approach. It
leverages fundamental physical principles and domain-specific knowledge to replicate the behavior
of the physical asset through analytical models and numerical simulations, providing a detailed
understanding of the underlying system dynamics.

The digital twin and virtual twin coexist within the virtual realm, forming the hybrid digital twin.
This integrated model combines the predictive power and flexibility of data-driven techniques with
the robustness and interpretability of physics-based simulations. The hybrid digital twin offers a
high-fidelity representation of the physical asset, facilitating enhanced monitoring, diagnostics,
and optimization. Bridging the gap between empirical data insights and theoretical simulations
provides a comprehensive framework for improved decision-making and system analysis.

264



7.1. The concept of hybrid digital twins

7.1.1. Proof of concept for a steel-reinforced concrete beam

As a part of this thesis, we aim to lay the foundation for a hybrid digital twin concept for steel-
reinforced concrete beams as a representative component of bridges or, more generally, civil
engineering structures.

Physical asset

Sensor 
data

Model updating

Human-machine 
interface

Real-time
prediction

FOM

ROM

Human 
intelligence

On-site actions

Sensor 
data

Physics laws

Figure 7.2.: Conceptual framework of a hybrid digital twin for a steel-reinforced concrete beam
under a four-point bending test.

As illustrated in Fig. 7.2, the hybrid digital twin framework is applied to a steel-reinforced
concrete beam, which is the physical asset analyzed. The experiment setup involves a four-point
bending test, where forces are applied at two points to induce bending moments, simulating
realistic loading conditions. Sensors embedded in the beam continuously capture structural
response data, such as strain and displacement, throughout the test.

The collected sensor data is transmitted in real-time to two modeling components: a pure
physics-based full-order model (FOM) and a physics-enhanced data-driven reduced-order model
(ROM). The FOM utilizes detailed physical equations to provide a high-fidelity representation of
the beam’s behavior. In contrast, the ROM, enhanced by integrating physical principles (gray-box
modeling), offers a simplified but fast-to-evaluate approximation, allowing for efficient real-time
predictions of the structural response.

While the ROM’s rapid evaluation capability is advantageous for real-time analysis, gray-box
modeling approaches still require human expertise to manage the overall framework, as the
reliability of purely data-driven models can be inconsistent. Therefore, human intelligence plays
a crucial role in interpreting the outputs and guiding on-site decision-making.
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7. Towards a Hybrid Digital Twin

The ROM is constructed using physics-informed neural networks (PINNs) to balance computa-
tional speed and predictive accuracy. The detailed formulation of the FOM is beyond the scope of
this section; we refer the reader to [45] for further information.

7.1.2. Physical asset and sensor information

As shown in Fig. 7.2, the physical asset in this thesis is a steel-reinforced concrete beam, repre-
sentative of structural components commonly used in civil engineering applications. The beam
is subjected to a four-point bending test, a standard method for evaluating structural elements’
flexural strength and behavior. The beam’s dimensions and experimental setup are illustrated
in Fig. 7.3. The concrete used in the beam has a Young’s modulus of Ec = 29GPa, while the
reinforcing steel has a Young’s modulus of Es = 200GPa. Detailed specifications of the beam
can be found in [29, 45].
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Figure 7.3.: Schematic of the four-point bending test setup for the steel-reinforced concrete beam.
The experiment aims to evaluate the flexural response of the beam under cyclic
loading. Image adapted from [45].

The four-point bending test is conducted to generate a comprehensive dataset for validating
the hybrid digital twin framework. During the experiment, fiber-optical sensors are embedded
along the longitudinal axis of the beam to measure the microstrains, providing high-resolution
strain data. A total of six fiber-optic sensors are deployed: two sensors are positioned on the
compression side of the beam, while four sensors are placed on the tension side. For this analysis,
data from two key channels are highlighted: one sensor from the compression side (Fiber 1) and
one from the tension side (Fiber 2).

A sinusoidal cyclic load with a peak amplitude of 10 kN is applied to the beam during the test,
simulating realistic loading conditions. Each fiber-optical sensor records approximately 1000 data
points, capturing the strain response of the beam under cyclic loading. The strain measurements
from the fiber-optical sensors are presented in Fig. 7.4.
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Figure 7.4.: Strain measurements obtained from fiber-optical sensors during the four-point bend-
ing test under a peak load of 10 kN. (a) The microstrain response of Fiber 1 on the
compression side shows a typical parabolic bending profile. (b) The microstrain
response of Fiber 2 on the tension side highlights regions of significant strain increase
due to the presence of cracks and localized damage.
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In Fig. 7.4(a), the strain data from Fiber 1 (located on the compression side) displays a typical
parabolic shape consistent with the expected bending behavior of a beam under flexural loading.
The microstrains gradually increase toward the mid-span of the beam and decrease towards the
supports.

In contrast, Fig. 7.4(b) illustrates the strain measurements from Fiber 2 (on the tension side),
where the response is significantly different. The strain profile exhibits sharp peaks, indicative of
localized damage regions where cracks have formed in the concrete. These cracks significantly
weaken the structural integrity of the beam, resulting in a dramatic increase in microstrain values.
The highlighted shaded areas in the figure represent the damaged regions where the material
experiences substantial tensile stresses beyond its cracking threshold.

The collected strain data from both sensors are then transmitted to the hybrid digital twin
framework, which integrates a purely physics-based full-order model (FOM) and a physics-
enhanced data-driven reduced-order model (ROM). The FOM provides a detailed, high-fidelity
simulation of the beam’s response, incorporating the physical laws governing structural mechanics.
In parallel, the ROM, constructed using physics-informed neural networks (PINNs), offers a
computationally efficient alternative, enabling real-time predictions of the beam’s behavior.

Despite the inclusion of physics in the ROM through gray-box modeling, human expertise is
essential for managing the framework and interpreting the model outputs, particularly given the
potential inconsistencies in purely data-driven predictions (see Fig. 7.2).

For further details on the full-order model formulation and additional experimental specifica-
tions, the reader is referred to [45].

In the following section, we develop fast-to-evaluate reduced-order models (ROMs) to pre-
dict strain distributions within a reinforced concrete beam as a representative example of civil
engineering structures.

7.2. Surrogate modeling of a reinforced concrete beam

In this section, we develop efficient, fast-to-evaluate reduced-order models (ROMs) to predict
strain distributions within a steel-reinforced concrete beam, serving as a representative example
of typical civil engineering structures as explained in Section 7.1. Two distinct ROMs are
constructed using PINNs, each addressing a specific aspect of the strain behavior observed during
the four-point bending test.

The first ROM is designed to analyze the temporal evolution of strain at a fixed spatial location
inside the beam. Starting with time series data collected from fiber-optical sensors embedded
within the beam, we employ a purely data-driven neural network model trained exclusively
on the available sensor data. However, due to the periodic nature of the applied cyclic load,
we extend this approach by incorporating domain-specific knowledge, which is the harmonic
oscillator motion. By integrating the physical insights of periodic loading with the sensor data, we
demonstrate the enhanced predictive capability of the physics-augmented model over the purely
data-driven approach.

The second ROM focuses on capturing the spatial variation of strain within the beam at a
specific time instance. Here, we integrate the collected sensor data with the governing equations
of linear elasticity to predict the strain distribution across the entire beam. The inclusion of sensor
data from both the compression and tension sides of the beam enables a more comprehensive
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7.2. Surrogate modeling of a reinforced concrete beam

representation of the strain field, leading to improved prediction accuracy. However, incorporating
measurements from multiple sensors introduces potential challenges due to the presence of noise
in the sensor data, which may result in non-smooth or unrealistic predictions.

To address these issues, we employ a loss-weight tuning strategy, carefully balancing the
contributions of the physics-based loss and the data-driven sensor loss. This approach mitigates
the effects of measurement noise and ensures a smoother, physically consistent strain prediction.

Overall, the comparison between the purely data-driven model and the physics-augmented
model highlights the importance of incorporating physical knowledge into the ROM framework,
demonstrating significant improvements in predictive accuracy and robustness.

7.2.1. Capturing the temporal response
The primary objective of this section is to develop a model capable of accurately capturing the
temporal behavior of the system under cyclic loading conditions. To achieve this, we utilize
measurement data collected at a fixed location along the beam, specifically at the center of fiber 1
(see Fig. 7.3 in Section 7.1.2) across multiple time instances.

Figure 7.5.: Temporal strain measurements recorded at the center of fiber 1 over a duration of
16 seconds. Each second contains ten individual measurement points, capturing the
cyclic nature of the loading.

Fig. 7.5 presents the recorded strain measurements for the first 16 seconds of the experiment.
The strain data follows a characteristic harmonic pattern, consistent with the sinusoidal loading
applied to the beam. Each measurement interval consists of ten data points per second, providing
high-resolution temporal data that captures the cyclic response of the structure.

Although the measured strain data in this example exhibits harmonic behavior due to the
known sinusoidal loading, it is important to note that, in general, the underlying data generation
process may be unknown or more complex. To address such realistic scenarios, we introduce the
ordinary differential equation (ODE) for a harmonic oscillator as a model for describing the data
distribution shown in Fig. 7.5. For this simple case, the ODE can be solved analytically, providing
a straightforward interpretation of the temporal strain response. However, as we demonstrate in
the following sections, more complicated cases may require numerical or data-driven approaches
due to increased complexity.
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7.2.1.1. Motion of a simple harmonic oscillator

The balance of forces for a simple harmonic oscillator, governed by Newton’s second law, is
given by:

m
d2u

dt2
= −ku ⇔ d2u

dt2
+ ω2

0u = 0, (7.1)

where u(t) denotes the displacement from the equilibrium position x0, k is the spring constant,

and m is the inertial mass of the system. The term ω0 =
√

k
m

= 2πf represents the natural
angular frequency of the oscillator, with f being the natural oscillating frequency.

For a reinforced concrete beam subjected to periodic loading, the longitudinal strain ε can be
related to the displacement u as follows:

ε =
u

x0
. (7.2)

This strain-displacement relationship provides a direct link between the harmonic motion of the
beam and the measured microstrain data, allowing us to use the harmonic oscillator model as a
simplified but an effective representation of the observed strain behavior under cyclic loading.

7.2.1.2. A PINN-based temporal ROM

Inspired by the harmonic oscillator model, we utilize an FNN to approximate the longitudinal
strain within a selected fiber. The neural network predicts the strain as:

ε̃ := Nε(t;θ), (7.3)

where the time t serves as the input to the neural network, and the predicted longitudinal strain ε̃
is the output. Using automatic differentiation, we compute the necessary second-order derivatives
of the neural network output with respect to time.

The total loss function consists of two components: LODE and LEXPs, expressed as

LODE =
1

Nrp

Nrp∑
irp=1

[
d2ε̃(tirp)

dt2
+ ω2

0 ε̃(t
irp)

]2
, (7.4)

LEXPs =

Ne,ε∑
ie,ε=1

wie,ε
1

Nep,ε

Nep,ε∑
iep,ε=1

[[
ε̃
(
tiep,ε

)
− ε∗

(
tiep,ε

)]
ie,ε

]2
. (7.5)

The term LODE represents the loss contribution from the ODE given in Eq. (7.1), and ε∗ represents
the measurement data. Since the measurement data loss LEXPs already includes the initial
condition, ε(t = 0) = −293 µmm−1, the total loss function does not include LICs.

While the square of the oscillating frequency can be estimated as ω2
0 ≈ 9.87 rad2Hz2 using

the measurement data, we treat this parameter as unknown during training and allow the PINN to
infer it from the data. The detailed workflow of the temporal ROM is depicted in Fig. 7.6. The
neural network architecture consists of three fully-connected layers, each with 30 neurons, and
uses the tanh activation function.

For the training process, we initially employ the Adam optimizer with a learning rate of 0.001
for 5,000 epochs to obtain a preliminary model. Subsequently, we refine the model using the
L-BFGS-B algorithm.
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Figure 7.6.: Schematic representation of the temporal reduced-order model (ROM) using a
physics-informed neural network (PINN).

7.2.1.3. Comparison of temporal models

Here, we assess the performance of two modeling approaches for predicting the temporal strain
response of a steel-reinforced concrete beam. The first approach employs a purely data-driven
neural network trained solely on time-dependent sensor data collected from the compression side
of the beam (see Fig. 7.5). This network follows the same architecture as the temporal ROM but
uses a sin activation function instead of tanh. The second approach leverages the physics-informed
temporal ROM, which integrates sensor data with physical insights obtained from the harmonic
oscillator model in Eq. (7.1).

Fig. 7.7 compares the predictions of the purely data-driven model and the physics-informed
temporal ROM. Both models are trained using the first 6 s of sensor data. The data-driven model
fits the training data almost perfectly, achieving close alignment. However, while the temporal
ROM does not perfectly match the training data, it successfully captures the overall trend. This
discrepancy arises from inherent measurement noise in the sensor data, which is not explicitly
accounted for in the physical model.

The advantage of the temporal ROM becomes apparent when evaluating predictions beyond
the training interval (t > 6 s). While the data-driven model significantly deviates from the actual
sensor data, the temporal ROM continues to capture the general strain response trend. This
highlights the limitation of the purely data-driven model in generalizing beyond the training data
range, whereas the temporal ROM, benefiting from embedded physical laws, demonstrates robust
predictive capability even in regions without measurement data.

Regarding training performance, the purely data-driven model required 10.2 s using the Adam
optimizer, followed by an additional 12.7 s using the L-BFGS-B optimizer. The temporal ROM
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Figure 7.7.: Comparison of the purely data-driven model and the physics-informed temporal
ROM, including training data and sensor measurements. The data-driven model
aligns well with the training data, but diverges outside the training interval, whereas
the temporal ROM maintains accurate predictions beyond the training period.
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7.2. Surrogate modeling of a reinforced concrete beam

took approximately 12.6 s for the initial training with Adam, and 23 s for the subsequent refinement
with L-BFGS-B. Despite the longer training time for the temporal ROM, including physical
laws significantly improves its generalization ability. The prediction times for both models are
comparable, with the purely data-driven model taking 0.003 s and the temporal ROM requiring
0.004 s per prediction.

The robustness of the temporal ROM is further enhanced by its capability to identify key
physical parameters, leveraging the PINN framework as an inverse solver. Specifically, we
included the natural oscillating frequency ω0 as a trainable parameter within the neural network’s
parameter set θ. Starting from an initial guess of 1, the model successfully converged to an
estimated value of ω̃2

0 ≈ 9.74 rad2Hz2, as shown in Fig. 7.8. This estimate is very close to
the value of ω2

0 ≈ 9.87 rad2Hz2 obtained from direct measurement analysis. The convergence
plot highlights the significant improvement achieved by switching from the Adam optimizer to
L-BFGS-B, demonstrating the effectiveness of this two-stage optimization approach.

Figure 7.8.: Convergence of the identified natural frequency ω0. The optimization begins with
the Adam optimizer and switches to L-BFGS-B, resulting in rapid convergence to
ω̃2
0 ≈ 9.74 rad2Hz2.

Overall, the results clearly demonstrate the benefits of incorporating physical knowledge into
the model. While the purely data-driven approach shows excellent fit within the training range, it
fails to generalize beyond this interval. In contrast, the temporal ROM leverages the governing
physical laws, allowing it to make reliable predictions even in regions with limited or no data.
This highlights the potential of hybrid modeling approaches, combining data-driven techniques
with physics-based insights, for robust and accurate predictions in engineering applications.

7.2.2. Capturing the spatial response

After developing a ROM for the temporal response in the previous section, we now introduce
PINN-based ROMs aimed at predicting the spatial strain distribution within the steel-reinforced
concrete beam. To simplify the problem, we model the beam as a two-dimensional rectangular
domain and disregard its depth. It is important to note that accurately modeling the physical
behavior of a steel-reinforced concrete beam, especially considering the damage depicted in
Fig. 7.4 (Section 7.1.2), is quite challenging. Thus, our spatial ROM employs a simplified
physical model, which is enhanced by incorporating the available sensor data. This data-driven
enhancement corrects the model predictions, and we demonstrate that, with appropriate weighting
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of the competing loss components during training, the combined approach yields sufficiently
accurate results.

This integration of sensor data with simplified physics in the context of PINNs allows for
constructing a surrogate model without explicitly modeling the complex underlying physics. By
leveraging this hybrid modeling strategy, we bypass the need for detailed physical simulations
while still achieving high-fidelity predictions of the spatial strain distribution.

7.2.2.1. A PINN-based spatial ROM

The spatial reduced-order model (ROM) is formulated using a mixed-variable approach under
quasi-static conditions (refer to Section 6.2.2.2). As shown in Fig. 7.9, an FNN maps the spatial
coordinates x = (x, y) onto both the estimated displacement ũ and stress σ̃, such that

ũ := (Nu(x;θ))
′

and σ̃ := (Nσ(x;θ))
′
. (7.6)
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Figure 7.9.: Schematic of the spatial ROM based on the PINNs in the mixed-variable formulation.

To model the beam’s physical behavior, we adopt a relaxed representation of the experiment
(see Fig. 7.10a). The supports are replaced by traction boundary conditions, and the beam is fixed
in the x-direction at its center to prevent rigid body motion. The boundary conditions (BCs) of
this relaxed model are illustrated in Fig. 7.10b. Specifically, the displacement is constrained at
x = 0 such that ux = 0.

Since both displacement and stress components are directly defined as neural network outputs,
certain boundary conditions are enforced as hard constraints through output transformations.
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Based on the relaxed model, the following output transformations are applied:

ũx = xNux , σ̃xx =

(
l

2
− x
)(

l

2
+ x

)
Nσxx ,

σ̃xy =

(
l

2
− x
)(

l

2
+ x

)
Nσxy ,

(7.7)

where the displacement constraint at the beam’s center and traction boundary conditions on the
left and right edges are strongly enforced. For additional details on the formulation of the output
transformations, we refer to Sahin et al. [144]. The traction boundary conditions on the upper and
lower edges are incorporated as soft constraints via additional loss terms.

The sensor dataset includes longitudinal strain measurements from both the compression and
tension sides of the beam. The sensor data loss LEXPs integrates data from 200 points on the
compression side (fiber 1) and 100 points on the tension side (fiber 2). This combination of data
helps enhance the model’s accuracy by providing comprehensive information about the strain
distribution.

The spatial ROM utilizes a fully connected neural network with four hidden layers, each
containing 50 neurons. The tanh activation function is chosen to ensure smooth predictions.
Given the 2D nature of the problem, the network inputs are the spatial coordinates (x, y), while
the network outputs are ũx, ũy, σ̃xx, σ̃yy, and σ̃xy.

As with the temporal ROM, the initial training phase employs the Adam optimizer for 2000
epochs, followed by the L-BFGS-B optimizer to refine the pre-trained model.

(a)

(b)

Figure 7.10.: (a) Schematic representation of the relaxed system with simplified boundary con-
ditions. (b) Detailed boundary conditions of the relaxed model, showing the fixed
displacement at x = 0 and traction BCs on the left and right edges.
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7.2.2.2. Comparison of spatial ROM scenarios

In this section, we evaluate the performance of the spatial ROM across three distinct scenarios to
assess the impact of incorporating different types of sensor data. The scenarios are defined as
follows:

• Scenario 1: The sensor loss component of the spatial ROM includes only the compression
data from fiber 1.

• Scenario 2: The sensor loss incorporates both compression and tension data. However,
tension data from the damaged regions (refer to Fig. 7.4 in Section 7.1.2) is excluded to
avoid inaccuracies caused by structural weakening.

• Scenario 3: Both compression and tension data are included, but the weight for the sensor
loss from the tension data is reduced (wEXPs,T = 0.01) to mitigate the influence of noisy
measurements.

In Fig. 7.11, we compare the strain predictions across the three scenarios. In Scenario 1
(Fig. 7.11a and Fig. 7.11b), the spatial ROM accurately aligns with the training and sensor data
on the compression side. However, it significantly underestimates the strains on the tension side,
primarily due to the absence of tension data in the loss component. Additionally, the simplified
physical model does not capture the increased deformations caused by cracks.

To address this issue, Scenario 2 incorporates tension data, resulting in better alignment on both
the compression and tension sides (Fig. 7.11c and Fig. 7.11d). However, the predictions exhibit
oscillatory behavior, especially near the beam’s center, due to the noisy tension data contributing
to the sensor loss.

In Scenario 3, we reduce the sensor loss weight for the tension data to wEXPs,T = 0.01. This
adjustment improves the model’s robustness by mitigating the influence of noisy measurements.
The resulting predictions (Fig. 7.11e and Fig. 7.11f) show a smoother strain distribution without
significant underestimation on the tension side, striking a balance between fitting the data and
maintaining physically realistic behavior.

The spatial ROM’s extrapolation capabilities are demonstrated in Fig. 7.12, where the predicted
strain distribution is shown across the entire beam domain for each scenario. In Scenario 1
(Fig. 7.12a), the strain distribution is smooth, with nearly zero horizontal strains at the beam’s
center, as expected. In Scenario 2 (Fig. 7.12b), fluctuating strains are observed near the center line,
indicating the impact of the noisy tension data. Scenario 3 (Fig. 7.12c) achieves a compromise,
restoring a smooth strain distribution while capturing the larger strains on the tension side.

The training with the Adam optimizer averages 25 s across all scenarios. The L-BFGS-B
optimizer requires longer times, with 56.96 s, 171.17 s, and 70.49 s for Scenarios 1, 2, and 3,
respectively. The increased time for Scenario 2 is due to the inclusion of more data points,
resulting in a higher computational cost. However, the prediction time remains consistent across
scenarios at approximately 0.35 s.

7.2.3. Conclusion
Here, we demonstrated how sensor data and non-sensor contextual knowledge, specifically the
underlying physics of the system, can be effectively integrated using physics-informed neural
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7.2. Surrogate modeling of a reinforced concrete beam

Figure 7.11.: Strain predictions using the spatial ROM along fiber 1 (compression side, top row)
and fiber 2 (tension side, bottom row). (a, b) Scenario 1: Only compression data
is included. (c, d) Scenario 2: Both compression and tension data are included. (e,
f) Scenario 3: Both compression and tension data are included, but the sensor loss
weight for tension data is set to wEXPs,T = 0.01.

277



7. Towards a Hybrid Digital Twin

(a) Scenario 1: Only compression data.

(b) Scenario 2: Both compression and tension data included.

(c) Scenario 3: Both compression and tension data included with adjusted loss
weight.

Figure 7.12.: Strain predictions using the spatial ROM within the beam domain for the three
scenarios. The strain distribution is visualized, showing how the model predictions
adapt with varying sensor data contributions.

networks (PINNs) to develop surrogate models for a steel-reinforced concrete beam. These
models serve as core components in hybrid digital twins, combining data-driven insights with
physical laws for enhanced predictive capabilities.

Unlike traditional machine learning models, which rely solely on sensor data, PINNs leverage
additional contextual knowledge by embedding physics directly into the loss function. This fusion
of experimental data from a four-point bending test with governing physical laws forms the basis
of our modeling approach.

For the first surrogate model, we integrated time-dependent strain measurements collected at
fixed locations along the beam’s center line with an ODE representing the motion of a harmonic
oscillator. Additionally, we trained a purely data-driven model for comparison. Our results
indicate that the data-driven model yields accurate predictions in regions where sensor data is
available (strong interpolation) but performs poorly in regions lacking data (poor extrapolation). In
contrast, the PINN-based surrogate model demonstrated strong performance in both interpolation
and extrapolation regimes. Furthermore, by utilizing the inverse solving capability of PINNs, we
accurately identified the natural frequency of the system.

In the second surrogate modeling approach, we combined spatial sensor data with a simplified
PDE representing the equations of linear elasticity to capture the spatial strain distribution across
the beam at a fixed time instance. We explored several scenarios by incorporating sensor data
from different beam locations and adjusting the loss weight for the sensor data. The results
showed that including both compression and tension data enhanced the accuracy of the model,
particularly on the tension side, where cracks formed during the experiment. However, the model
tended to overfit the compression side, resulting in fluctuating strain predictions. To address
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7.2. Surrogate modeling of a reinforced concrete beam

this, we reduced the loss weight for tension-side sensor data, which led to smoother and more
physically realistic strain predictions. Overall, incorporating physical laws significantly improved
the extrapolation capability of the surrogate models, enabling reliable predictions across the entire
beam domain, including regions with no available sensor data.

In conclusion, these two predictive models can integrate sensor data and physical knowledge,
making them suitable components for hybrid digital twins. Depending on whether temporal or
spatial phenomena are of interest, these models can be adapted to provide accurate and robust
predictions, highlighting the potential of PINNs for enhanced modeling in civil engineering
applications.
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8. Summary and Outlook
In this thesis, traditional machine learning and deep learning methods, along with physics-
informed machine learning techniques, have been investigated in the context of computational
mechanics—including rough surface contact problems, beam mechanics, solid and contact
mechanics under small and large deformation regimes–and extended toward a hybrid digital twin
framework by integrating real sensor data with physics-informed neural networks, demonstrated
through a proof-of-concept application to a steel-reinforced concrete beam for an accurate
temporal and spatial surrogate modeling under realistic measurement conditions.

In the first part of this thesis, we developed and evaluated a data-driven surrogate modeling
framework to predict the effective contact area in rough surface contact problems involving a linear
elastic half-space and a rigid rough surface. The surrogate approach is purely statistical in nature
and does not incorporate governing physical laws, positioning it within the class of black-box
models. While such models offer high flexibility and predictive power, they lack inherent inter-
pretability and do not guarantee physically consistent behavior outside the training distribution.
To enable model training, a comprehensive and computationally expensive database was generated
using boundary element method simulations. The dataset included far-field displacements as
well as 22 statistical descriptors derived from synthetic surface height fields. Several machine
learning regression models were assessed, and optimal configurations were identified through
cross-validated grid search. Among all models considered, the Kernel Ridge approach emerged
as the most effective, providing a favorable balance between accuracy, generalization, training
cost, and prediction speed. Despite the high offline cost of data generation, the trained surrogate
model proved highly efficient in online evaluation and demonstrated strong generalization to
unseen inputs. These features make it a promising tool for multi-query tasks such as uncertainty
quantification, sensitivity analysis, and parameter exploration, where repeated model evaluations
are required, but high-fidelity simulations would be computationally prohibitive.

In order to mitigate the black-box nature of purely data-driven approaches, we explored the
development and application of physics-informed neural networks (PINNs) in beam mechanics,
solid mechanics, and contact mechanics, covering both small and large deformation regimes.
Each of these problem domains introduces distinct challenges that help illustrate the capabilities,
strengths, and limitations of PINNs.

In the context of beam mechanics, we addressed challenges of solving governing equations that
contain fourth-order derivatives, such as those in the Euler-Bernoulli beam theory. To demonstrate
the capability of PINNs in handling high-order derivatives, we developed models for both static
and dynamic beam problems. The complexity was further increased by introducing nonlinear
loading conditions and beams with spatially varying cross-sections. Despite these challenges,
PINNs successfully captured the physical behavior with high accuracy. However, when applied
to inverse problems, a well-documented issue with PINNs is the non-uniqueness of the identified
parameters. That is, multiple sets of parameters may satisfy the governing equations and observed
data equally well. To highlight this limitation, we considered a data-driven discovery problem
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where the goal was to identify the unknown applied loading from observed structural response
data. As expected, the PINN successfully predicted a valid loading distribution that satisfied
the equations, but it was not the unique solution we were targeting. To address this issue, we
introduced prior knowledge in the form of additional constraints on the loading. Incorporating
this information helped guide the solution toward the physically correct configuration. This
finding emphasizes the importance of embedding domain knowledge into the PINN formulation
to enhance the reliability and interpretability of inverse modeling tasks.

In the context of solid mechanics, we first focused on problems governed by infinitesimal strain
theory, i.e., linear elasticity. We introduced and compared displacement-based and mixed-variable
PINN formulations for solving elasticity problems. The role of output transformation, particularly
output scaling, was emphasized as a crucial step for improving training efficiency and solution
accuracy. While the displacement-based approach requires fewer loss terms, the mixed-variable
formulation allows traction boundary conditions to be enforced as hard constraints and reduces
the order of required derivatives. Both formulations were developed using the strong form of the
linear elasticity equations. In the first example–the classical Lamé problem–we demonstrated
that output transformation is essential. Without output transformation, the optimizer failed to
handle large output magnitudes and could not recover the true solution. In contrast to the beam
mechanics case, material parameters were treated as scalar values rather than distributed functions,
and PINNs successfully identified these parameters with high accuracy. To further evaluate the
performance of PINNs, we applied the framework to high-dimensional problems, such as a 3D
hollow sphere subjected to time-dependent loading, resulting in a 4D input space. The results
showed that PINNs could accurately capture the underlying physics, although computational cost
increases with higher input dimensionality.

Next, we shifted our focus to contact problems under small deformations. In this part, PINNs
were applied using the mixed-variable formulation due to the advantages discussed earlier, such as
the ability to impose traction boundary conditions and reduce derivative orders. Contact problems
inherently involve inequality constraints in the form of Karush-Kuhn-Tucker (KKT) conditions.
To address these, we implemented several strategies, including sign-based and sigmoid-based
formulations inspired by similar approaches in elastoplasticity studies via PINNs. As an alternative
to standard soft constraint enforcement, we also investigated the use of nonlinear complementarity
problem functions. Specifically, the Fischer-Burmeister function was employed to impose contact
constraints in a smooth and differentiable manner. The methodology was tested on benchmark
problems, including a simple contact patch test and the classical 2D Hertzian contact problem. For
the Hertzian case, we explored multiple setups, including a data-enhanced PINN model guided by
finite element simulations and a PINN-based surrogate model using the applied load as input. The
data-enhanced model showed superior accuracy by leveraging simulation results to better inform
the learning process. The surrogate model, however, struggled to generalize well due to fixed loss
weights and a lack of adaptive loss weights balancing, which is critical when applied pressure
significantly influences the contact response. PINNs, in this case, were sensitive to weight scaling
and captured the target solution only partially. To further challenge the framework, we extended
our study to 3D contact problems. These results demonstrated that PINNs retain their ability to
handle geometrically complex scenarios, but performance strongly depends on proper constraint
formulation and loss weighting strategies.

In the final application of PINNs to solid and contact mechanics, we addressed problems
involving large deformations. This part of the study employed the principle of minimum potential

282



energy rather than the strong form residuals used in vanilla PINNs. Accordingly, we developed
element-based energy PINNs (EBE-PINNs), which minimize a scalar energy functional over the
domain to approximate the solution. Since the energy formulation involves integral evaluations,
we partitioned the domain into smaller subdomains, inspired by the finite element method (FEM).
To define the strain energy functional, we employed a hyperelastic Neo-Hookean material model
capable of capturing large nonlinear deformations. The approach was first validated on a 2D
beam bending problem, demonstrating the ability of EBE-PINNs to handle geometric nonlinearity
effectively. We then extended the formulation to 3D settings, exemplified by a torsion problem
applied to a square prism. The displacement fields computed by EBE-PINNs showed excellent
agreement with FEM results. However, localized discrepancies in strain and stress fields were
observed near sharp edges due to stress concentration effects, a well-known challenge in FEM as
well. Next, we further increased the level of complexity by incorporating contact constraints in
addition to geometric nonlinearity. The contact interactions were modeled using a penalty-based
contact potential. This formulation was applied to highly nonlinear 3D problems, including a
spherical contact scenario and a torus contact instability problem. Moreover, it was observed
that EBE-PINNs are competitive with FEM in terms of overall computational cost. While the
training phase may require substantial time, it remains comparable to or faster than the total run
time of FEM. More importantly, once trained, the prediction time of EBE-PINNs is exceptionally
fast and cannot be matched by traditional numerical solvers, making them highly suitable for
real-time or multi-query scenarios. These examples demonstrated the potential of EBE-PINNs to
handle complex contact phenomena in the large deformation regime, highlighting the flexibility
of quasi-variational PINN formulations in advanced solid mechanics applications.

Until now, PINNs and their variations have primarily been formulated without incorporating
experimental or sensor data. While some studies have enhanced PINN models using synthetic data
generated from analytical solutions or finite element simulations, such data types are inherently
deterministic and noise-free. In contrast, real-world structures generate large amounts of data
through sensors, often accompanied by significant measurement noise and uncertainty. To address
this gap, the final part of this thesis introduced the concept of hybrid digital twins, demonstrating
their potential by integrating physics-informed models with real sensor data. A proof of concept
was established using a steel-reinforced concrete beam, showcasing the end-to-end workflow
for linking physical assets with virtual models through sensor-based monitoring systems. We
explored both temporal and spatial surrogate modeling strategies for reduced-order modeling
(ROM) of structural response. In the temporal domain, a PINN-based ROM was developed by
taking inspiration from the motion of a simple harmonic oscillator and was evaluated against a
purely data-driven model. For the spatial domain, PINN-based ROMs were constructed using the
momentum equation, with different weightings applied to balance the contributions of physics
and data. Our findings show that PINNs can accurately capture both time-dependent and spatial
responses when trained on well-posed data. These observations suggest that hybrid digital twins
hold considerable promise for structural health monitoring applications. By combining sensor-
driven data with physics-informed models, they offer a flexible and interpretable framework
for real-time digital twin development in engineering practice. However, model performance is
highly sensitive to ROM design factors, including challenges in integrating noisy sensor data into
the governing physics of the target problem, as well as the choice and tuning of loss weighting
strategies.

A question that has gained increasing attention is whether data-driven methods such as PINNs
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will eventually replace classical numerical techniques like the finite element method (FEM).
This thesis has two perspectives on the matter. The first perspective considers scenarios where
large amounts of data are available. In such cases, data-driven models can serve as powerful
tools–not to replace, but to enhance classical solvers, or vice versa. While some argue that they
may eventually supersede traditional methods, one of the key limitations of purely data-driven
models is their lack of extrapolation capability. These models cannot inherently detect whether
a given input scenario lies outside their training distribution. Thus, to ensure robustness, one
would need to collect an extensive dataset covering nearly all relevant scenarios–an effort that
demands a massive amount of data. The second perspective assumes limited data availability
but leverages physical knowledge of the underlying system, as exemplified by PINNs. In this
thesis, we applied PINNs and their variants to a range of benchmark problems, progressively
increasing the complexity up to large deformation and contact mechanics applications. The results
demonstrate that PINNs exhibit strong potential to act as alternatives to traditional numerical
methods. However, they also introduce challenges, particularly in terms of training stability,
loss balancing, and convergence–issues that have been discussed throughout this work. It is
important to note that these challenges are not unique to PINNs. Even classical methods like
FEM can be difficult to implement and solve efficiently, especially for complex geometries or
nonlinear problems. Both data-driven and traditional approaches have their respective strengths
and limitations. Therefore, I strongly believe that hybrid strategies, which combine the physical
grounding of classical methods with the flexibility and efficiency of data-driven models, hold
great promise. Such mixed frameworks can capitalize on the advantages of both paradigms to
offer accurate, efficient, and scalable solutions for computational mechanics.

This thesis opens several possibilities for future research and exploration. In the context
of PINNs, we have addressed nonlinearities arising from geometry and contact interactions.
However, material nonlinearity remains an open area for investigation. For instance, it would
be of interest to apply the Fischer-Burmeister NCP function to elastoplasticity problems under
small deformations–a direction that has not yet been explored in existing literature. Moreover, the
EBE-PINN framework could be further extended to handle time-dependent problems, enabling
its application to dynamic large deformation scenarios involving complex material behavior
and evolving contact conditions. Another potential direction involves the use of augmented
Lagrangian formulations to improve the enforcement of contact constraints within energy PINN
frameworks. Furthermore, all contact examples in this thesis have involved interactions between
an elastic body and a rigid domain. A natural next step would be to investigate contact between
two elastic bodies, which would require the development of more advanced gap formulations.
On the other hand, the development of variational PINNs may offer further improvements in
solution accuracy and physical consistency, though this remains a challenging and ongoing area
of study. Beyond formulation extensions, PINNs are known to be sensitive to hyperparameter
choices. Future work could focus on systematic hyperparameter optimization, including tuning of
loss weights, network architectures, and activation functions. Going a step further, establishing a
generic guideline for PINN hyperparameter selection–independent of the target problem–could
significantly enhance model reliability and usability in practical applications.

In parallel with PINN-based methods, surrogate modeling techniques present another promis-
ing research direction—particularly for rough surface contact problems. In this thesis, surface
geometries were generated based on the Random Midpoint Displacement (RMD) method. How-
ever, more advanced and diverse surface generation techniques, such as spectral synthesis or
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generative models, could be employed to improve the representativeness and diversity of the
training data. Moreover, the current database could be expanded to include a broader set of
statistical descriptors—such as higher-order moments or frequency domain features—to better
capture the complexity of rough surfaces. Leveraging such enriched datasets, future work could
explore the development of more accurate and generalizable surrogate models, potentially based
on neural networks, to predict contact mechanics quantities (e.g., pressure distribution, real
contact area) with high efficiency and accuracy. Moreover, convolutional neural networks (CNNs)
could be employed to automatically extract spatial features directly from surface height maps.
Instead of limiting predictions to scalar outputs like effective contact area, these models could be
trained to predict full-field outputs—such as spatially varying contact pressure or contact area
distributions—offering a more detailed and robust surrogate modeling approach.
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A. Comparison of GP Regressor and
Kernel Ridge

In the kernel-based regression, the predicted output ŷ is calculated as

ŷ =
N∑
i=1

αiκ(x,xi), (A.1)

where α is the dual parameter, κ is the kernel function and N denotes number of sample points.
The dual parameters for both models are calculated as

α = (K+ σn
2I)−1y→ GP Regressor

α = (K+ λI)−1y → Kernel Ridge

where K is the kernel matrix, λ is the regularization term, I is the identity matrix, and σn2 is
the noise variance. As long as the same kernel function with identical kernel parameters is used
and the condition λ = σn

2 is met, the mean predictions of the GP Regressor closely follow
the predictions of Kernel Ridge. To verify this, two cases are considered. In the first case,
a GP Regressor using the Radial Basis Function (RBF) kernel with the length scale of 1 and
σn

2 = 1 × 10−10, along with a Kernel Ridge using the same kernel with λ = 1 × 10−10, are
trained. In this case, both models demonstrate strong alignment between observed data and their
respective predictions. Additionally, both predictions closely match each other, as depicted in Fig.
A.1. In the second case, illustrated in Fig. A.2, a GP Regressor using the DotProduct kernel with
σn

2 = 0 (an equivalent representation of a linear kernel) is compared to a Kernel Ridge employing
the linear kernel. Here, although there is a noticeable misalignment between observed data and
predictions, the predictions of both models closely match each other, resembling the behavior
observed in the first case. Moreover, in both scenarios, point-wise errors between predictions of
GP Regressor and Kernel Ridge confirm these observations. Note that the kernel used in the first
case is the kernel of the baseline GP Regressor, while the kernel used in the second case is the
kernel of the baseline Kernel Ridge (see Fig. 4.5). Therefore, we can see similar behavior on
effects on the predictions.
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Figure A.1.: Case 1: Good generalization.

Figure A.2.: Case 2: Bad generalization.

Figure A.3.: Comparison of GP Regressor and Kernel Ridge under the assumption of both models
having the same kernel including identical kernel parameters and the regularization
parameter.
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[109] Montáns, F.J., Chinesta, F., Gómez-Bombarelli, R., Kutz, J.N.: Data-driven modeling
and learning in science and engineering. Comptes Rendus Mécanique 347(11), 845–
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