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Abstract

This dissertation develops numerical optimization methods for quadratic programming
problems whose structural properties challenge solver reliability and computational ef-
ficiency. These methods are applied within optimal control problem formulations, with
particular emphasis on autonomous unmanned aerial vehicles (UAVs). To support a
practical deployment, a modular optimal control framework is developed and integrated
with communication protocols and simulation environments.

A stabilized primal-dual interior-point solver for quadratic programming (QP) is pre-
sented, integrating proximal and augmented Lagrangian regularization to enhance both
robustness and convergence. A novel proximal regularization for slack variables is pro-
posed, along with safeguards to maintain trajectories near the central-path. Extensive
numerical experiments on challenging benchmark problems, including ill-conditioned
and poorly scaled cases, demonstrate the solver’s accuracy, robustness, and competi-
tiveness with leading commercial and open-source QP solvers. Moreover, a reinforce-
ment learning approach is introduced to automatically tune proximal and augmented
Lagrangian regularization weight dynamics. The policy, trained on a small number of
random QP instances, adapts the solver parameters online, enhancing convergence speed
while maintaining theoretical guarantees. The QP solver is further embedded into an
in-house Sequential Quadratic Programming (SQP) framework, enabling the efficient
solution of constrained nonlinear optimization problems and providing comprehensive
background for the following part of the thesis.

A Model Predictive Control (MPC) framework is developed and applied to three types
of vehicles: fixed-wing aircraft, quadrocopters, and ground vehicles, each presenting
different dynamics and control challenges. The methods are validated through Software-
In-The-Loop (SITL) simulations and real-world experiments, including flight tests with
a very-light aircraft. A real-time trajectory visualization and guidance interface was
implemented to assist pilots, demonstrating the practical relevance of the approach in
both civil and military air traffic scenarios. Finally, interactions between cooperative
autonomous systems are examined through the high-speed landing of a quadrocopter on
an unmanned ground vehicle, demonstrating the ability of MPC-based methods to han-
dle multi-agent coordination, high-speed maneuvers, and strict feasibility requirements.
Overall, the dissertation shows that advanced optimization techniques, combined with
data-driven parameter tuning, can provide reliable and efficient control of autonomous
systems in complex, real-world environments.
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Zusammenfassung

Diese Dissertation beschiftigt sich mit der Entwicklung numerischer Methoden fiir
quadratische Optimierungsprobleme (QP), deren strukturelle Eigenschaften die beste-
henden Solver vor eine Herausforderung in Bezug auf ihre Zuverlissigkeit und Rech-
eneffizienz stellen. Die hier entwickelten Methoden werden auf diverse Optimals-
teuerungsprobleme angewendet, wobei besonderes Augenmerk auf autonome unbeman-
nte Luftfahrzeuge (UAVs) gelegt wird. Zur Gewihrleistung der praktischen Anwend-
barkeit wird ein modulares Framework fiir die Optimalsteuerung entwickelt und in beste-
hende Kommunikationsprotokolle sowie Simulationsumgebungen integriert.

Im Rahmen von dieser Arbeit wird ein stabilisierter primal-dualer Innere-Punkte-
Solver fiir quadratische Optimierungsprobleme vorgestellt. Dabei werden proximale
und Augmented-Lagrange-Methoden zur Regularisierung herangezogen, um sowohl
die Robustheit als auch die Konvergenz des Solvers zu verbessern. Zudem wird
eine neuartige proximale Regularisierung fiir Schlupfvariablen mit Absicherungsmech-
anismen prisentiert, um ein Verbleiben der Trajektorien in der Nihe des zentralen
Pfades zu gewdhrleisten. Umfangreiche numerische Experimente mit anspruchsvollen
Benchmark-Problemen (darunter schlecht konditionierte und schlecht skalierte) belegen
die Genauigkeit, Robustheit und vergleichbare Leistungsfahigkeit des Solvers im Ver-
gleich zu fithrenden kommerziellen und Open-Source-QP-Solvern. Um die Gewichts-
dynamik der auf proximalen und Augmented Lagrange-Methoden basierten Regular-
isierung automatisch anzupassen, wird ein Reinforcement-Learning-Ansatz verwendet.
Die auf einer kleinen Anzahl zufilliger QP-Probleme trainierte Policy passt die Solver-
Parameter online an, was eine Erhohung der Konvergenzgeschwindigkeit bei gleichzeit-
iger Beibehaltung der theoretischen Garantien zur Folge hat. Der QP-Solver wird zusit-
zlich in ein internes Framework fiir die Sequentielle Quadratische Programmierung
(SQP) eingebettet. Dieses interne Programm dient zur effizienten Losung von nicht-
linearen Optimierungsproblemen mit Nebenbedingungen und bietet eine Grundlage fiir
den folgenden Teil dieser Arbeit.

Dariiber hinaus wurde ein Modellpridiktives Regelungs-Framework (MPC) entwick-
elt und auf drei Fahrzeugtypen angewendet: Starrfliigler, Quadrocopter und Boden-
fahrzeuge. Diese Fahrzeuge weisen jeweils unterschiedliche Dynamiken auf und brin-
gen somit auch verschiedene Herausforderungen hinsichtlich der Steuerung mit sich.
Die Methoden wurden durch Software-In-The-Loop-Simulationen (SIL) und reale Ex-
perimente validiert, darunter Flugtests mit einem Ultraleichtflugzeug. Zur Unterstiitzung
der Piloten wurde eine Schnittstelle zur Echtzeit-Visualisierung und -Fiihrung der Flug-
bahn implementiert, die die praktische Relevanz des Ansatzes sowohl in zivilen als auch
militdrischen Luftverkehrsszenarien demonstriert. SchlieBlich werden die Interaktionen
zwischen kooperativen autonomen Systemen durch die Landung eines Quadrocopters
bei hoher Geschwindigkeit auf einem unbemannten Bodenfahrzeug untersucht. Dadurch
wird die Fihigkeit von MPC-basierten Methoden zur Multi-Agenten-Koordination bei
hochdynamischen Mandvern unter strengen Machbarkeitsanforderungen nachgewiesen.
Insgesamt zeigt die Dissertation, dass fortschrittliche Optimierungstechniken in Kom-
bination mit datengetriebener Parameteroptimierung eine zuverlédssige und effiziente
Steuerung diverser autonomer Systeme in realen komplexen Umgebungen ermoglichen.
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Introduction

Background and Context

This research was conducted between February 2022 and October 2025 as part of the Project
MissionLab within the University of the Bundeswehr Munich in the research group Ingenieur
Mathematik of Professor Gerdts. The project was funded by drec.bw, the center for digital-
ization and technology research of the Bundeswehr, and aimed to address real-time trajec-
tory optimization of aerial unmanned vehicles problems. Situated within the broader context
of optimization and applied mathematics, the research reflects the collaborative efforts of a
multidisciplinary team specializing in optimization, optimal control, sensors integration and
flight mechanics.

Content of the Thesis

This dissertation is divided into two main parts. The first part presents both theoretical and
numerical results for Quadratic Programs (QP) and Nonlinear Programs (NLP). We present
a primal-dual interior-point solver for Quadratic Programs that combines proximal and aug-
mented Lagrangian regularization to improve convergence speed and robustness. The mod-
ular solver efficiently handles equality and inequality constraints, is benchmarked against
state-of-the-art QP solvers software, and demonstrates high accuracy and robustness on chal-
lenging problems, including ill-conditioned or poorly scaled cases. In addition, several case
studies from optimal control, financial analysis, and industrial applications are presented to
illustrate the performance and versatility of the proposed approach.

Moreover, we propose a reinforcement learning (RL) framework to automatically tune
proximal and augmented Lagrangian regularization hyperparameters in the presented Quadratic
Programming solver. Trained on random QP instances and tested on standard benchmarks,
the RL policy adapts parameters dynamically, enhancing convergence speed and robustness
while maintaining theoretical guarantees at a low training cost.

To extend the capabilities of our QP solver to nonlinear problems, we integrate it into
a Sequential Quadratic Programming (SQP) framework. SQP is a widely used method for
solving constrained nonlinear nonconvex optimization problems by iteratively solving a se-
ries of quadratic approximations. At each iteration, the nonlinear problem is linearized and
a QP subproblem is solved to generate a search direction for the primal variables and the
Lagrangian multiplicators. By embedding our stabilized QP solver within an inhouse SQP
framework, we can efficiently tackle Nonlinear Programs (NLPs), including optimal control
problems. This integration serves as the natural bridge to Part II of the dissertation, where



the focus shifts to practical applications. All optimal control problems presented are solved
using this SQP-based approach, leveraging the robustness and efficiency of our QP solver.

In Part II, we apply the methods developed in Part I to a wide range of autonomous aero-
nautical applications. Optimal control is a mathematical approach for determining control
inputs that guide a dynamic system toward desired objectives while satisfying physical con-
straints. It is widely used in engineering applications, from aerospace and robotics. With
this foundation, we introduce rigorously an Optimal Control Problem (OCP) framework and
outline the Model Predictive Control (MPC) that will be used throughout the subsequent
chapters. A brief overview of stability considerations is given to ensure well-posed problems
and obtain efficient trajectories. Building on this, Model Predictive Control (MPC) is pre-
sented in both continuous and discrete settings, establishing a framework that will be used
consistently throughout the subsequent chapters of the thesis.

In this thesis, we consider three classes of vehicles: fixed-wing aircraft, quadrocopters,
and ground vehicles. Each system exhibits distinct dynamics and control challenges. Fixed-
wing aircraft are characterized by forward motion, limited maneuverability at low speeds,
and aerodynamic constraints. Control focuses on maintaining desired velocity, altitude, and
heading while respecting turn-radius limitations and aerodynamic feasibility. Quadrocopters
are highly maneuverable, capable of vertical takeoff and hovering, and can execute rapid,
precise and agile maneuvers. Control involves managing both translational and rotational
dynamics to achieve desired positions and orientations, often in the presence of disturbances
or obstacles. Ground vehicles operate on planar surfaces and are generally constrained by
kinematic limitations such as steering angles and maximum velocities. Control strategies
often aim to follow reference paths while ensuring comfort. This kinematic understanding
provides the foundation for designing and controlling trajectories for all subsequent optimal
control and MPC scenarios in the thesis.

After extensive simulations, a real-world use case was conducted based on a very-light
aircraft flight tests. A graphical interface was developed to display trajectories computed in
real-time to pilots, effectively acting as a low-level controller following them using a tunnel-
in-the-sky method. This setup allowed validation of both the trajectory generation algorithms
and the guidance interface under realistic operational conditions, bridging the gap between
simulation and practical deployment. The developed tools provide guidance to pilots, acting
as a decision support system for the air traffic management. Applications include military op-
erations, such as no-fly zone avoidance, and civil air traffic scenarios, particularly in airports
operating under Visual Flight Rules (VFR).

The automation of individual agents offers numerous future applications, but interactions
between autonomous systems open new possibilities. The automatic landing of a drone on
an unmanned ground vehicle (UGV) is presented in this research. The UGV performs path-
tracking along a predefined trajectory and does not adapt to the drone approach, as human
operators could be in the ground vehicle. The drone, having a path-planner based on Model
Predictive Control (MPC), must land safely on the moving UGV while handling high veloc-
ities, reaching up to 15 m/s. This case demonstrates the ability of MPC-based methods to
safely coordinate multi-agent interactions, handle high-speed maneuvers, and achieve pre-
cise alignment in dynamic environments, highlighting the potential of autonomous systems
for complex cooperative missions.



Contributions

The first part of this work introduces the QProxIP solver, which leverages primal-dual reg-
ularization to address degenerate Quadratic Programming (QP) problems within a stabilized
primal-dual Interior-Point Method (IPM) framework. A novel proximal regularization for
slack variables is proposed, accompanied by safeguards for the central path, a concept well-
established in theory but rarely applied in practical implementations. In addition, theoreti-
cal proofs are provided for cases where the literature is lacking, particularly regarding con-
vergence when scaling the IPM-KKT matrix by the positive slack variables. This research
delivers a competitive, robust implementation of a stabilized Primal-Dual IPM solver. Ad-
ditionally, the presented precursor study on proximal-ALM hyperparameter tuning using re-
inforcement learning with a lightweight neural network demonstrated reduced sensitivity to
initial solver parameters.

The second part of this work focused on the practical implementation of model predictive
control (MPC) for both simulation and real hardware, including real flight tests. A modular
mission-planning framework was developed, providing flexible integration with communi-
cation protocols for sensor and vehicle interaction. Furthermore, a concept for high-velocity
docking maneuvers between a quadrocopter and an unmanned ground vehicle (UGV) was
introduced, leveraging two decoupled systems to ensure robust coordination and trajectory
feasibility.
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Chapter 1

A Modular Regularized QP Solver

1.1 Introduction

Quadratic programming (QP) is a key optimization problem that has applications in a broad
spectrum of disciplines, including machine learning, finance, and control systems. The prob-
lem is a minimization of a quadratic objective function subject to linear equality and inequal-
ity constraints. Among many approaches developed to solve (QP) problems, interior-point
methods have emerged as a particularly powerful and versatile class of techniques. At ev-
ery iteration, interior-point methods relax the inequality constraints using barrier functions
penalizing the Lagrangian. By progressively reducing the influence of the barrier term, the
algorithm converges to an optimal solution that satisfies both the objective and constraints.

To enhance the performance and robustness of QP solvers, regularization techniques play
a decisive role. The Augmented Lagrangian Method (ALM) and proximal-point regulariza-
tions introduce additional terms in order to stabilize the numerical scheme and linear algebra,
particularly in ill-conditioned or degenerate cases. By adding a quadratic penalty term, the
augmented Lagrangian method enforces dual updates and ensures better convergence prop-
erties. Proximal-point methods incorporate a neighborhood operator convexifying the orig-
inal problem and ensuring super-linear convergence to the solution. A particular emphasis
is placed on the Gill-Robinson primal-dual regularization [54], highlighting the respective
roles of the primal and dual variables in the construction of the Lagrangian. Through this
exploration, our research aims to provide a comprehensive understanding of these tools and
methods as well as their applications in solving real-world QP problems.

Methods for the numerical solution of QPs have been extensively studied. These differ
in how they balance the number of iterations and the computational cost for each iteration.
First-order methods, such as OSQP [119] based on ADMM [23], build upon simple steps
but typically require many iterations, so several acceleration schemes have been proposed
[6, 37, 56, 70]. In contrast, Newton-type methods such as interior point (IP) [26, 50, 51],
active set [41] and semismooth Newton [87] usually need fewer, yet more demanding, iter-
ations to reach accurate solutions. Recently, proximal techniques [101] and the augmented
Lagrangian (AL) framework [108] have seen a resurgent interest due to their inherent regu-
larization properties, resulting in the development of solvers such as QPDO [34], QPALM
[68] and ProxQP [11]. Along this vein, the integration of proximal regularization with the IP
strategy led to IP-PMM [103], PS-IPM [29] and PIQP [114]. Among others, QPDO [34] and
PS-IPM [29] have been developed in this spirit so that proximally regularized subproblems
can be (efficiently and reliably) solved with Newton-type methods. Thanks to proximal regu-
larization, these solvers can cope with matrix Q merely positive semi-definite and with linear



equality and inequality matrices A, G having linearly dependent rows. For further regulariza-
tion, a Tikhonov-like proximal term is included to handle also non-strictly convex QPs, as in
[11,15,119].

1.2 Convex optimization

This section is based on the work of Boyd and Vandenberghe [24][Chap. 1-5] and Gerdts and
Lempio [49][Chap. 5].

1.2.1 Problem statement

The convex optimization problem is formulated as,

([ Problem 1.2.1 ] [Convex problem]\
mil)lciGrIr(lize f(x)
hi(x) =0, i=1,..,m, be affine,
gi(x) <0, i=1,..,p, be convex,
(1.1)
with f: K - R,
hi: XK ->R", i=1,..,m,
gi:K-RP, i=1,..,p,

- J

with K a convex subset of a real vector space X, see Definition 1.2.1. On this set, we con-
sider the convex functions f, g; and the affine functions £;(x), with f an objective function,
h; a equality constraints and g; inequality constraints, see Definition 1.2.2.

Definition 1.2.1 ] Convex set

Let K be a subset of a real vector space X. We call K convex if for any x,y € K and
any 6 € [0, 1], the point

Ox+ (1-0)y

on the line segment between x and y also belongs to K.

Definition 1.2.2 ] [Convex and affine functions]\
A function f : K — R is called convex if for all x,y € K and all § € [0, 1],

f(0x+ (1-0)y) <0f(x) + (1-0)f(y). (1.2)

The function is called strictly convex if inequality (1.2) is strict.

A function f : K — R is called affine if for all x,y € K and all 6 € [0, 1],

f(Ox+ (1-60)y) = 0f(x) + (1-6)f(y).

-




Definition 1.2.3 ] [Domain of a function
The domain of a function f: K — IR U {+o0} is defined as

dom(f) ={xe K| f(x) < 4o}

1.2.2 Hyperplane separation

To derive necessary optimality conditions, we require results on the separation of convex
sets by hyperplanes. These results will be applied exclusively in finite-dimensional spaces,
and thus we consider sets in IR”. A hyperplane in IR” is an affine set that divides the space
into two parts. Each hyperplane naturally defines two halfspaces. Formally, Definition 1.2.4
provides the precise formulation of a hyperplane.

Definition 1.2.4 ] [Hyperplane and halfspace
Letbe a € R", a#0and y € R. The set H = {x € R": a"x = y} is called an
hyperplane. The sets Hy = {xe R":a'x>y}and H. = {xe R":a"x <y} are
called positive/negative halfspace of H.

To analyze the convexity of sets, we introduce the concept of separation to characterizes
how two sets can be distinguished by a hyperplane. Intuitively, a hyperplane separates two
sets if one set lies entirely on one side and the other set on the opposite side. Depending on
the strictness of this condition, we speak of separation, strict separation, or proper separation,
see Definition 1.2.5.

/[ Definition 1.2.5 ] [Sets separation]\
Let A, B ¢ IR” be nonempty sets, and let H = {x € R" : a" x = v}, be a hyperplane

with a # 0.

e The hyperplane H separates the sets A and B if a'x < y forallx €
A, a'x>y forall x€B.

e The hyperplane H strictly separates A and B if a'x < 7y forallx €
A, a'x>vy forall x € B.

e The hyperplane H properly separates A and B if it separates them and not both
\ sets lie entirely within H. /

In convex optimization, distinguishing points and convex sets, as well as pairs of convex
sets, allows one to derive optimality conditions and establish duality results. The following
two theorems formalize these separation results. Theorem 1.2.1 establishes the separation of
a single point from a convex set, guaranteeing the existence of a hyperplane that separates
the origin from a nonempty convex set not containing it. If the set is additionally closed, the
separation can be made strict. Theorem 1.2.2 generalizes this result to two disjoint convex
sets, providing conditions under which a hyperplane separates them. If one set is closed and
the other is compact, the sets can be strictly separated, ensuring a nonzero gap between them.



([ Theorem 1.2.1 ] [Separation of a point and a convex set]\
Let A c IR"” be a nonempty convex set with O ¢ A. Then there exists a € R" \ {0} such
that

a'x>0 forall x € A.

If, in addition, A is closed, then {0} can be strictly separated from A, that is, one can
choose a such that
\ a'x>0 forall x €A. )

/[ Theorem 1.2.2 } [Separation of two convex sets
L

et A, B ¢ IR" be nonempty convex sets with A N B = (. Then there exists a hyper-
plane that separates A and B, i.e., there exist a € R" \ {0} and y € R such that

a'x>y forallxeA,

a'x <y forall xeB.

If, in addition, A is closed and B is compact, then A and B can be strictly separated,
that is, one can choose a and y such that

a'x>y>a'y forallxeA, yeB.

- J

As introduced in Definition 1.2.6, an affine set is a set that contains all affine combinations
of its points. The affine hull of a set is the minimal affine set containing it. The relative interior
of a set consists of all points that possess a neighborhood contained within the set relative to
its affine hull. These notions provide the geometric framework for the following results.

/[ Definition 1.2.6 | [Aﬂine set, affine hull, relative interior]\
LetA Cc R"™.

(a) Affine set: The set A is called affine if for all x,y € A and all 6 € IR,

(1-6)x+6y€cA.

(b) Affine hull: The affine hull of A is the smallest affine set containing A, denoted
by aff(A). It can be written as

aff(A) = {i Hixl-

i=1

m e N,

m

0, =1, QiER, xiGA}.
i=1

(c) Relative interior: The relative interior of A is defined as

relint(A) = {x € A | 3& > 0 such that B,(x) Naff(4) c A},

where B, (x) denotes the open Euclidean ball of radius ¢ centered at x.

. J

Theorem 1.2.3 guarantees that every nonempty convex set has a nonempty relative inte-
rior. In other words, a convex set always contains points that are interior with respect to its
affine hull. Theorem 1.2.4 establishes a precise condition for the proper separation of two
convex sets. Indeed, two convex sets can be properly separated by a hyperplane if and only

10



if their relative interiors do not intersect.

Theorem 1.2.3 ] [Non-emptiness of the relative interior
Let A ¢ R” be nonempty and convex. Then the relative interior of A is nonempty, i.e.

relint(A) # 0.

Theorem 1.2.4 ] [Proper separation
Let A,B c IR” be nonempty and convex. There exists a hyperplane that properly
separates A and B if and only if

relint(A) Nrelint(B) = 0.

1.2.3 Optimality

To identify optimal solutions, we rely on optimality conditions giving a certificate of the solu-
tion’s quality. Necessary optimality conditions characterize properties that must be satisfied
by any optimal solution, while sufficient conditions provide criteria for identifying optimal
solutions among feasible candidates. In the setting of convex optimization, these conditions
are closely aligned. The theoretical foundations of the following results trace back to the
work of John, Valentine, Slater, Karush, and Kuhn-Tucker, see [71, 76, 82, 116, 124].

In what follows, we restrict attention to finite-dimensional convex optimization problems
and carefully distinguish between convex and affine inequality constraints. For the mathemat-
ical treatment of affine constraints, see [21]. This section draws primarily from the material
presented in Lecture [131].

We denote an optimal point x* of a convex constrained optimization problem if it satis-
fies all constraints and f(x*) < f(x), Vuxfeasible. We denote by Xop the set of all such
optimal points. Definition (1.2.7) introduces the concept of a locally optimal solution candi-
date within a certain neighborhood. This differs from global optimality, where a point must
minimize the objective over the entire feasible set.

([ Definition 1.2.7 ] [L()ca] Optima]ity]\
A feasible point x is called locally optimal for Problem (1.2.1) if there exists an R > 0

such that
f(x) < f(y)

for all feasible y satisfying ||y — x||» < R. Equivalently, x solves

minimize f(z)
subjectto  h;
) <0, i=1,...,p,

llz = xll2 < R.

11



However, in the case of convex optimization problems, local optimality is sufficient to
guarantee global optimality, as formalized in Theorem (1.2.5).

Any locally optimal point of a convex optimization problem is also globally optimal.

[ Proof1.2.1 | (Global solution]\
S

uppose x is locally optimal and let y # x be a globally optimal point with

Theorem 1.2.5 | [Global solution]>

f) < ().
Since x is locally optimal, there exists R > 0 such that
if zis feasible and ||z — x|, < R, then f(z) > f(x).

Consider the point

R

z=06y+ (1-0)x, 0= ——.
( ) 2|y = xll2

Because |ly — x|l > R, we have 8 € (0,1/2).
Since z is a convex combination of two feasible points, it is feasible.
Furthermore,

R
lle = xll2 = 6lly = xll2 = 7.

$0 [lz = x|l < R. By convexity of f,

f2) =0f(y) +(1-0)f(x) < f(x),
which contradicts the assumption that x is locally optimal. Thus, no such point y can

\ exist. O /

Theorem (1.2.6) elaborate first-order conditions for optimality using the gradient of the
objective function. Geometrically, the condition Vf(x) T (y — x) > 0 implies that there are no
feasible descent directions in the neighborhood of x. In other words, all feasible directions
locally point either uphill or lie tangent to a level set of f, and keep the objective function
value constant.

Theorem 1.2.6 ] [First-Order Condition for Convex Problems
Let the objective function f of Problem (1.2.1) be differentiable, and let be X the
feasible set. Then a point x is optimal if and only if x € X and

Vilx)"(y—=x) 20 VyeX.

Proof 1.2.2

Suppose x € X. We want to show

{First-Order Condition for Convex Problems

f(x)<f(y) VyeX & Vf(x)T(y-x)20 VyeX.
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[First-Order Condition for Convex Problems]
Suppose Vf(x)T(y—x) >0 forall y € X. Since f is convex, for all y € X,

FO) 2 f(x) +VF() T (y—x) 2 f(x),
S0 x is optimal.
Suppose x is optimal, but there exists y € X with Vf(x)T(y — x) < 0. Consider the

point

2(t)=ty+ (1-1)x, re€][0,1],
with z(7) € X for all 7 € [0, 1]. Then

Flel) = ()

lim ==L = V()T (7 - x) < 0.

For sufficiently small 7 > 0, this implies f(z(¢)) < f(x), which contradicts the as-
sumption that x is optimal.
Therefore, Vf(x) " (y—x) > 0forall y € X. i

N J

In unconstrained convex optimization, first-order conditions using the gradient of the
objective are sufficient to characterize optimality. However, in the presence of constraints,
feasible directions are restricted, and the gradient alone no longer captures all necessary in-
formation. The Fritz John Theorem (1.2.7) generalizes first-order optimality conditions to
constrained optimization problems without assuming any regularity conditions, i.e., without
requiring constraint qualifications such as linear independence of the active constraint gra-
dients. It states that if a feasible point X is a local minimum, then there exist multipliers
(w,u,v), not all zero, satisfying the conditions in Theorem (1.2.7).

Geometrically, the Fritz John conditions can be interpreted as a balance of forces at the
optimum. The gradient of the objective function at X is expressed as a nonnegative linear
combination of the gradients of the active constraints. This means that, at X, there are no
feasible directions that decrease the objective while remaining within the constraints and
every feasible direction either increases the objective or is neutral along the active constraint
surfaces.

([ Theorem 1.2.7 ] [Fritz John Necessary Conditions]\
L

et X be a feasible solution of optimization Problem (1.2.1). If ¥ is a local minimum,
then there exist multipliers (w, u, 1) such that

p m

WYF(E) + ) 1iV8i(%) + Y AiVhi(5) =0,

i=1 i=1
(w,u) 20,
(w,pu, ) # 0,

,u,--g,-(fc)zO, izl,...,p.
- J

H

However, the Fritz John conditions are not always sufficient, because they allow the de-
generate case in which the multiplier associated with the objective function is zero. In such
situations, the optimality system does not provide a meaningful relationship between the ob-
jective and the active constraints, and the conditions may hold even at points that are not
genuine candidates for optimality. The Karush-Kuhn-Tucker (KKT) conditions addresses
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these limitations by imposing a regularity assumption, namely the linear independence of
the gradients of the active constraints. Under this assumption, the multiplier associated with
the objective is strictly positive, and the resulting KKT system provides a nondegenerate
characterization of local optimality.

Theorem (1.2.8) formalizes these necessary conditions for a local minimum ¥ of a standard-
form constrained optimization Problem (1.2.1). Geometrically, the KKT conditions imply
that at the optimal point ¥, the gradient of the objective function lies in the cone generated by
the gradients of the active inequality constraints together with the linear span of the equality
constraints. In other words, no feasible descent directions exist: any infinitesimal move along
a feasible direction either increases the objective or remains tangent to the active constraint
surfaces, ensuring local optimality.

/[ Theorem 1.2.8 ] [KKT Necessary Conditions]\
Let X be a feasible solution of the standard-form optimization problem, and let

I={i|g(%)=0,i=1,...,p}, the active inequality index set.

Suppose that the collection of vectors {Vg;(%) | i € [} U{Vh;(X) | i = 1,...,m}is
linearly independent. If X is a local minimum, then there exist multipliers (u, /1) such
that

+Zu,Vgl +Z/1Vh

\ i gi(X) = ] .o D )

1.2.4 Duality

The Lagrangian is a central tool in constrained optimization that incorporates both the objec-
tive function and the constraints into a single function.

Let O = dom(f) n L dom(k;) N (}_, dom(g;) denote the domain where all
objective and constraint functlons are defined.

([ Definition 1.2.8 ] Lagrangian }\
T .

he Lagrangian is defined as,

L:R"XR"XR? 5> R, dom(L£)=DxR"xR?,
P
(1.3)
L(x,p,2 +Z/”l +Zlh‘gi(x)’
i=1

where A; and y; are Lagrange multipliers associated with the equality constraints
hi(x) = 0 and the inequality constraints g;(x) < 0, respectively.

- J

As shown in Definition (1.2.8), the Lagrangian allows us to combine the objective and
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constraints in a single function. We will now derive the dual problem and analyze its opti-
mality conditions.

The Lagrangian dual function is obtained by minimizing the Lagrangian over the primal
variables, producing a function of the multipliers alone. We formulate it as follow,

g:R"XR? > R, gqu) = inzf).ﬁ(x,,u,/l), (1.4)
XE.

where y; are the Lagrange multipliers associated with the inequality constraints g;(x) < 0
and A; those associated with the equality constraints 4;(x) = 0. Explicitly, we have

q(u, ) = inf {L(x,#, ﬁ)},
(1.5)

= ;ng){f(x) + Z; Aihi(x) + Z;/,tigi(x)}.

The dual function g(u, ) is always concave in (u, A1), even if f is not convex, and it can
take the value —co for some choices of multipliers, see [131].

The following Theorem (1.2.9) formalizes a fundamental property of the Lagrangian dual
function: every value it attains yields a valid lower bound on the primal optimal value. This
property is the cornerstone of Lagrangian duality, as it provides the basis for constructing
dual problems and analyzing optimality gaps.

Theorem 1.2.9 ] [Lower Bounds of g(u, 1)
For any u > 0 and any A, the Lagrangian dual function satisfies

qg(pu, ) < I,

where [* is the optimal value of the primal problem.

l Proof 1.2.3 ! [Lower Bounds of g(u, 1) ]\

Let X be any feasible point of the primal problem. Since u > 0, we have

m

Z/Jigi()?) + Z /bhi(fc) <0.

i=1
Hence,

LEpd) = £+ Y (@) + D) () < £(5).
i=1 i=1
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[Lower Bounds of ¢(u, /1)]

Taking the infimum over all x € D, we obtain

q(u, ) = ing){ll(x,u, /1)} < L(xp, 1) < f(5).

Since this holds for every feasible ¥, it follows that

q(u,A) < I,

which proves the theorem. |

. J

The lower bound property of the Lagrangian dual function naturally motivates the formu-
lation of the dual problem, which seeks the best possible lower bound on the primal optimal
value. By selecting multipliers that yield the tightest possible lower bound, one obtains a
strong certificate of optimality. This leads to the formulation of the Lagrange dual problem,
which consists of maximizing the dual function over all admissible multipliers.

([ Problem 1.2.2 ] [l,agrange Dual Prol)lem]\

maximize A
_ q(p, ) (L6)
subjectto u >0,
where,
q(p, 1) = inf {L(x,ﬂ, /l)}, (1.7)
xeD
\ is the Lagrangian dual function. )

The dual problem seeks the best possible lower bound d* on the primal optimal value [*.
Formally, d* := sup,5 , q(u, ), and it represents the tightest lower bound on [* obtainable
by any choice of dual multipliers and corresponds to the optimal value of the dual optimiza-
tion problem. A pair (u, A) is considered dual feasible if 4 > 0 and (u, 1) € dom(g), meaning
that the dual function is finite, g(, 1) > —oo. The dual optimal multipliers are denoted by
(u*, 2*), and the difference between the primal and dual optimal values, I* — d*, is referred to
as the optimal duality gap.

Weak duality, expressed as d* < [*, holds universally for all optimization problems,
whether convex or nonconvex. In contrast, strong duality, meaning d* = [*, does not hold in
general. However, for convex problems, strong duality typically holds, if constraint qualifi-
cations are satisfied.

We consider a convex optimization problem where the equality constraints are express as
linear Ax = b, and written in the form,

minimize  f(x)

xelR"
subjectto  gi(x) <0, i=1,...,p, (1.8)
Ax=b, AeR™" becR"

—~

with variable x € R" and domain D, = ﬂf:o dom(g;).
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We introduce Slater’s condition as a regularity assumption that strengthens the feasibility
requirements of a constrained optimization problem by requiring the existence of a strictly
feasible point.

Definition 1.2.9 ] [Slater’s Condition
The Slater’s condition writes,

Ax erelint(D,) with gi(x)<0,i=1,...,p, and Ax=>. (1.9)

where the interior is taken relative to the affine hull of D,. Under these assumptions, the
following classical result, known as Slater’s Theorem (1.2.10), guarantees strong duality.

Theorem 1.2.10 J [Slater’s Theorem
As Problem (1.2.1) is convex, if Slater’s condition holds, then strong duality holds,
and the optimal dual value equals the optimal primal value.

Now suppose x* is a primal optimal solution and (A*,u*) are dual optimal multipliers.
Then x* minimizes the Lagrangian

P m
L) = f(x)+ ) wigi(x) + > hy(x), (1.10)
i=1 =1

and the complementary slackness conditions

pigi(x") =0, i=1,...,p, (1.11)

hold. These conditions state that if an inequality constraint is strictly inactive (g;(x*) < 0),
its corresponding multiplier vanishes (u; = 0), and if the multiplier is positive (u; > 0), then
the constraint is active (g;(x*) = 0). Moreover, if strong duality holds, x is primal optimal,
u, A are dual optimal, and g;, h; are differentiable, then the KKT conditions must hold, see
Theorem (1.2.8).

Given the Lagrangian (1.10) the primal problem can be written in saddle-point form as

inf {sup {.[Z(x,,u,/l)}}, P)
XeP >0, 1

while the corresponding dual problem takes the form

sup{ inf {L(x,,u,/l)}},
4>0, 2 xeP (D)

withP:={xeR" | gi(x)<0,i=1,....,p, hj(x)=0, j=1,...,m}.

the primal feasible set. This formulation provides a natural minimax interpretation where
the primal variables x attempt to minimize the Lagrangian, while the dual variables (u, 1)
attempt to maximize it.
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Weak duality follows directly from the minimax inequality, with

sup { inf{L(x,u,/l)}} < inf{ sup {ﬁ(x,,u,/l)}}. (1.12)
1>0, 1 xeP xeP 1>0, 1

This inequality implies that, for any feasible dual variables (u, 1) and any feasible primal
variable x € P, the value of the dual function provides a lower bound on the primal objective.
In other words, the best lower bound achievable by the dual problem cannot exceed the
optimal value of the primal problem. However, this inequality alone does not guarantee
equality, and therefore does not ensure the existence of a saddle point. To have a saddle
point, as in Definition (1.2.10), one requires a point (x*,,u*,/l*) where the minimum and
maximum meet exactly, and therefore having lower bound and upper bound coinciding at
L(x*,p*, %),

Definition 1.2.10 ] (Saddle Point of a Function
Let L : X XY — R be areal-valued function defined on the Cartesian product of two
sets X and Y. A point (x*,y*) € X x Y is called a saddle point of L if

L(x",y) < L(x",y") < L(x,y"), VxeX, yeY. (1.13)

The existence of a saddle point at (x*, u*, 1*) guarantees strong duality [107][Theorem
28.3], and

f(x') = qu,2") = inf{ sup {L(X,,u,/l)}} = sup {inf{L(x,u,/l)}}, (1.14)

xeP 1>0, 1 1>0, 1 xeP

the primal and dual optimal values coincide. The points x* and (u*, 1*) are optimal for the
primal and dual problems, respectively.

The properties of strong and weak duality play a central role in certifying optimality
in numerical optimization. When strong duality holds, Primal-dual algorithms exploit this
saddle-point structure to converge reliably and provide meaningful stopping criteria. In con-
trast, if only weak duality holds, the dual problem yields merely a lower bound on the pri-
mal optimal value. Dual solutions in this case may not correspond to any primal optimum,
and complementary slackness conditions cannot be applied. Consequently, primal-dual al-
gorithms may converge to suboptimal points. Thus, strong duality is not only a theoretical
guarantee but also provides certitude in identifying the true optimum, enabling robust and
efficient numerical methods for constrained optimization.

1.3 Convex Quadratic Programming

In this section, we present the class of convex quadratic programming (QP) problems that
form the foundation of our research.

Classical QP solvers typically rely on strong regularity assumptions, such as the Linear

Independence Constraint Qualification (LICQ) and strict convexity, to guarantee uniqueness
of the solution and fast convergence. When these assumptions are violated, however, their
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numerical behavior can deteriorate rapidly, leading to poor convergence or even failure. In
contrast, we propose a regularized formulation based on proximal and augmented Lagrangian
techniques that fundamentally reduces sensitivity to problem degeneracy. By relaxing the
reliance on LICQ, full-rank constraint sets, and strict convexity, our approach remains well
posed even in the presence of degenerate, or weakly convex QP instances. The introduced
regularization yields stable primal-dual solutions and consistent numerical behavior, thereby
expanding the class of QP problems that can be solved reliably.

1.3.1 Mathematical formulation

Convex Quadratic Programming is a particular type of convex optimization problem where
the objective is a quadratic function subject to linear constraints. One formulation of a QP
problem is

/[ Problem 1.3.1 J QP}\

x € R”,
X Qef,
minimize EXT Ox+c'x A e R™",

xeR”
1 . pXn
subjectto Ax =b with : G e R, (QP)
ceR",

Gx<d
b e R",

deR?,

- _/

with 5% the set of positive semi-definite matrices, see def (1.3.3), for some nonnegative
integers n, m, and p. We consider Q to be symmetric and at least semi-positive definite,
resulting in convex QP problems. In the case of Q positive definite, the problem is strictly
convex.

Problem (1.3.1) can be rewritten using a semi-positive definite vector s € IR? called slack
variables. The slack variables enable the rewriting of the inequality equations as equality
constraints while ensuring only the semi-positivity of s. Indeed, by maintaining the semi-
positivity of s, the feasibility of x (the interior of the feasible region) is ensured, and the
problem is equivalent. Variables x and s are called primal variables, see [24], [96].

/[ Problem 1.3.2 ] [reformulated QP]\
x e R,
. s € R?,
Ce . o T n
TR gv vt s
. A€ ,
subjectto Ax=05b with : (QP-s)

pxn
Gx—d+s=0 G € R,

n
$>0 c e R",

beR",
d e R?.
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1.3.2 Constraints analysis
In the Quadratic Programming (QP) problem formulation, the constraints define the feasible
region of the optimization problem. Equality constraints are given by:

A-x=0b, (1.15)

where A € R™" and b € R™. These constraints define a linear subspace of the solution
space. The feasible set for the equality constraints, Feg, is defined as

Feq = {x € R" | Ax = b}. (1.16)

The feasible set Fq is a convex set, as it is the intersection of affine hyperplanes, see Theorem
(1.3.1).

[Intersection of affine spaces]\

|
J
C IR? be affine spaces. Then their intersection

n
A= ﬂAi
i=1

is either empty or an affine space. )

Theorem 1.3.1
LetA, A, ... A,

-

| Proof 1.3.1 ! [Intersection of affine spaces]\
A

ssume that A # 0, and let x,y € A, sothat x,y € A; foralli = 1,2, ...,n. Since each
A; is affine, for any 6 € IR, the affine combination

z:=0x+ (1-0)yeA; foralli.

Therefore, z € ﬂ?zlAi = A. Hence, for any x,y € A and any 6 € R, we have
Ox + (1 -0)y € A, proving that A is an affine space. m]

- J

However, feasibility is not guaranteed. If the constraints are inconsistent, the convex
feasible set Foq = 0 leads to an infeasible problem.

Inequality constraints are represented as:
G-x<d, 1.17)
where G € RP*" and d € IR”. These constraints define a feasible set
Fineq = (x € R" | Gx < d}, (1.18)

where G € RP" and d € IRP. The feasible set Fiyeq is convex when the inequality constraints
are linear, see Theorem (1.3.2).
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Theorem 1.3.2 ] [Convexity of linear inequality constraints
Let G € R” and d € R”. The feasible set

77ineq ={xeR"|Gx<d)

defined by linear inequality constraints is convex.

Proof 1.3.2 [Convexity of linear inequality constraints]\

Let x,y € Fineq- Then
Gx<d and Gy<d.

For any 6 € [0, 1], consider the convex combination
z:=0x+ (1-0)y.
By linearity of G, we have
Gz=0Gx+ (1-0)Gy<6d+ (1-6)d =d.
Thus, z € Fineq, which shows that

Ox + (1 - 0)y € Fineq forall 0 € [0, 1].

Hence, Fipeq 18 convex. O )

S

The overall feasible set of the QP problem, 7, is the intersection of the feasible sets for
equality and inequality constraints:

F = Feq N Fineg- (1.19)

A QP problem having a disjointed constraints set # = 0 is called infeasible. The infea-
sibility arises if the constraints are mutually inconsistent, such that no solution x satisfies all
constraints simultaneously. Only feasible QPs are investigated in this thesis. Depending on
F = 0, the problem may be unbounded, leading to no local nor global solution.

To assess the regularity and local structure of the constraint set near feasible points, ad-
ditional constraints qualifications are commonly introduced. These conditions impose reg-
ularity properties on the description of the feasible set, ensuring that its local behavior can
be accurately captured by first-order approximations of the defining constraint functions. In
the context of quadratic programming, such qualifications are standard for classical primal
methods with convergence guarantees. In this research, however, we introduce a family of
regularized formulations that fundamentally relax these requirements, allowing robust anal-
ysis and computation without that the Linear Independence Constraint Qualification (LICQ)
holds [118], see Definition 1.3.1 and the Slater condition (1.2.9).
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Definition 1.3.1 |

The Linear Independence Constraint Qualification (LICQ) requires that the gradients
of all active constraints at a feasible point be linearly independent. In the case of linear
constraints, this condition reduces to linear independence of the rows corresponding
to the active inequalities and all equalities.

1.3.3 Convexity of QPs

Convexity is a decisive property in optimization, and it influences the solvability of a QP
problem. The convexity determines whether a local minimum is also a global minimum,
significantly affecting the computational methods required to solve the problem, see Theorem
(1.2.5).

/[ Definition 1.3.2 ] ( Positive Definite Matrix]\
A symmetric matrix Q € IR"™" is positive definite if

x'0x>0 VxeR"\{0}.

We denote it Q > 0.

- /

Moreover, all eigenvalues of Q > 0 are strictly positive, and the quadratic form x" Qx
defines a strictly convex function. Positive definiteness implies that the matrix is invertible
and that the optimization cost

1
min =x' Ox + ¢ x
x 2

has a unique minimizer when unconstrained, while holding a strong duality.

Definition 1.3.3 ] {Positive Semidefinite Matrix]\
A symmetric matrix Q € IR™" is positive semidefinite if

x"0x>0 VxeR™

We denote it Q > 0.

- J

Equivalently, all eigenvalues of Q > 0 are non-negative. The associated quadratic form
x" Qx is convex but non-strictly convex. There may exist directions x # 0 such that x" Qx =
0, which corresponds to flat directions in the function surface.
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Remark 1.3.1 ] [nonconvex QP

The QP problem becomes non-convex if Q is not at least positive semi-definite. Such
QP problems are generally more difficult to solve due to the potential presence of
multiple local minima. Specialized algorithms are required to find a suitable solution.
These considerations go further than the scope of this chapter and will be introduced
in chapter 3.

1.3.4 Duality of QPs

The Lagrangian formulation resulting from Problem (1.3.2) enforces the linear equality and
inequality constraints,

1
L(x,5,04,0,,05) = ExTQx +c'x+ 6, (Ax-b) + 0;(Gx —d+s)-0;s, (1.20)

where 6, € R and 6, € R?, 6, € R? are the Lagrange multipliers (also called dual
variables) associated with the equality constraints, inequality constraints and slack variable
positivity, respectively.

Taking first-order stationarity of the Lagrangian with respect to the slack variable s yields

ViL=0 =6,-6,=0

1.21
& 0,=0,. ( )

Substituting the relation 6, = 6, into the stationarity condition with respect to the primal
variable x, we obtain

V.L=0 =0x+c+AT0,+G"6,:=0

1.22
& c:—Qx—QIA—GZG. ( )
We now write the dual problem g (63, 6,,)
1
q(61,6,) = 9%3)2(0 inf {ExTQx +c"x+ 0] (Ax=b) + 6, (Gx - d)} , (1.23)

see (1.4) for its formulation in the convex case

Under the stationarity conditions, the dual Lagrangian is rewritten using the expression
of ¢,
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1
Lp(x,64,6,) = ExTQx + T (x,00,6,)x+ 6] (Ax—b) + 6?; (Gx—d)

1
= 5x7Qx+x" (-0x-6]A-0.G)+ 0] (Ax—b) + 6] (Gx—d) (1.24)

1
= —ExT Ox—b"0, - dTHM,

leading to the resulting Wolfe dual problem:

(( Problem 1.3.3 |  Wolfe Dual QP]\

x € R”,
Qefl,
A € R™",
with : G € R, (1.25)
st. Ox+c+AT6,+G'6,=0, ceR",
beR™,
deR”.

\- J

1
max — ExTQx -b"0, - dTO#

01,0,

which is concave since the dual function is the pointwise infimum of a family of affine
functions of (6,, 9/1), see [120][chapter 5], [10]. Therefore, the Wolfe dual Problem (1.3.3)
provides a powerful alternative formulation that is a concave QP maximization, i.e. equiva-
lent to a convex QP minimization.

We consider the convex QP (P)

1
min —x ' Ox+c'x st Gx<d, Ax=0b,
xR 2

with @ > 0, and its associated dual problem (D) with Lagrange multipliers 6, > 0 for the
inequalities and 6, for the equalities:

1
q(04,0,) = il’]llg {ExTQx—i- c'x+6;(Gx—d) + QI(Ax—b)}.
xelR”

Weak Duality: For any primal feasible X and any dual feasible (6,,6,) with §, > 0,

- 1
q(0,,0)) < E)ZTQ)"H— c'x.

Thus, the dual objective provides a lower bound on the primal objective.

Strong Duality: If the primal problem is convex and satisfies Slater’s condition (1.2.9)
(strict feasibility of Gx < d and Ax = b), then there exist dual optimal multipliers (0; >0,6%)
such that

1
q(6;,6;) = Ex*TQx* +c'x,
where x* is primal optimal. In this case, the KKT conditions hold, and the primal and dual

optimal values coincide.

24



1.3.5 Existence of the solution for convex QPs

The existence of solutions for Equality Constrained Quadratic Programs (ECQP) has been
well established in the literature, see [61, 74]. When linear inequality constraints are intro-
duced, additional conditions are required to ensure the existence of a solution. We recall a
few fundamental concepts from set theory that play a central role in optimization theory. In
particular, the notions of closedness, boundedness, and compactness describe the geometric
properties of the feasible set that ensure minimizers exist.

Definition 1.3.4 | Closed Set

A set § € IR" is called closed if it contains all its limit points. That is, if a sequence
{xx} C S converges to x,then x € §.

Definition 1.3.5 ] Bounded Set

A set § C IR" is called bounded if there exists a constant M > 0 such that ||x|]| < M
forallx e §.

Definition 1.3.6 |

A set S € IR" is called compact if it is both closed and bounded. Equivalently, every
sequence {xx} C S has a subsequence that converges to a pointin S.

Compact Set

By the Weierstrass extreme value theorem, any continuous function achieves its minimum
over a compact set. Therefore, if the feasible set of a QP problem is compact (i.e., closed
and bounded in the sense of Definitions 1.3.4-1.3.6) and the objective function is convex, the
existence of at least one minimizer is guaranteed.

([ Theorem 1.3.3 ]—[Existence and uniqueness of a solution for convex QP]\
Let the Quadratic Program be given by

mi(}_l f(x) =3xT0x+cx, (1.26)
X€

where Q € IR™" is symmetric and at least positive semi-definite, and the feasible set
F={xeR"|Ax=b, Gx < d}
is nonempty and closed.

If Q is positive semidefinite and ¥ is compact, there exists at least one global mini-
mizer x* € F.
\If Q is positive definite, then the minimizer x* is unique, see [107, 120]. )

In other words, convexity of both the objective function and the feasible set, together with
the closedness and boundedness properties introduced in Definitions 1.3.4—1.3.6, is sufficient
to guarantee the existence of an optimal solution to the Quadratic Program. If the objective
function is strictly convex (i.e., O > 0), the solution is unique. In the case of a non-strictly
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convex objective function (i.e., Q > 0), at least one but possibly multiple minimizers exist.

1.3.6 Optimality of QPs

The optimality of a candidate solution can be assessed through a set of well-defined metrics.
These measures, typically derived from first- and second-order derivatives, quantify how
closely the current point satisfies stationarity, feasibility, and complementarity requirements.

For a convex quadratic program, where Q € R with Q > 0 and the constraints are lin-
ear, a constraint qualification is automatically satisfied at every feasible point, see [49][Chap.
5 page 277]. Consequently, the Karush-Kuhn-Tucker (KKT) conditions apply, and it is not
necessary to consider the more general Fritz-John conditions. In this case, the KKT condi-
tions are both necessary and sufficient for optimality. A candidate solution x* € IR” is optimal
if and only if there exist Lagrange multipliers 6 € R™ and ¢, € R” such that the following
conditions hold,

Ox*+c+AT0; + GTHZ =0, (Stationarity) (1.27a)
Ax" = b, (Primal feasibility - equalities) (1.27b)
Gx" <d, (Primal feasibility - inequalities) (1.27¢)
9; >0, (Dual feasibility) (1.27d)
9;’1. (Gx*=d); =0, i=1,...,p, (Complementarity). (1.27e)

Under the stationarity condition (1.27a) the x-derivative (V,(.)) of the Lagrangian is
zero at the optimum. The objective’s gradient is exactly balanced by the gradients of the
constraints weighted by their corresponding Lagrange multipliers. The optimality condition
(1.27b) enforces the linear-equality constraints feasibility of a candidate solution, and equiv-
alently for the linear-inequality constraints condition (1.27c). The dual feasibility (1.27d)
(non-negativity of ) reflects that relaxing a satisfied constraint should not improve the ob-
jective; thus, the corresponding multipliers must remain non-negative. For each inequality
constraint, the complementarity condition (1.27e) is satisfied at the optimum when the i — th
constraint is active (G; - x —d; = 0), or the i — th constraint is inactive and its correspond-
ing Lagrange multiplier is zero. Thus, no inequality constraint contributes to the Lagrangian
unless it is active.

Under the slack reformulation of the original QP problem, the complementarity condition
(1.27e) can be equivalently rewritten,

g .-s;=0 Vi=1,...,p, (Complementarity slackness). (1.28)

The complementarity slackness (1.28) implies for each index i, that either the i-th in-
equality constraint is inactive ( s; > 0 = 6,7 = 0), or the constraint is active ( s; = 0 =
04, 1" > 0), not simultaneously.
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1.4 Algorithmic

In this section, we translate the theoretical foundations of convex optimization and convex
quadratic programming into the algorithmic framework used throughout this work. Building
on optimality conditions and duality theory, we introduce the numerical methods that form
the core of the approach presented here. We begin with first-order methods as a brief reminder
of iterative schemes, and then proceed to second-order Newton-type algorithms, emphasizing
the role of regularization and merit functions in ensuring robustness. Key components such
as linesearch strategies, termination criteria tailored to QPs, and preconditioning techniques
are introduced.

1.4.1 Merit function

As presented in the previous section, showing the existence of the solution for Quadratic
programs can be tedious, often requiring intricate analysis of the feasible set. Another strat-
egy to circumvent the complexity of proving existence directly is to reformulate the problem
into an equivalent but easier-to-solve problem. One such approach involves the use of reg-
ularizations [42, 51], by adding penalty terms to the original Lagrangian to make it easier
to solve and analyze. In particular, regularized problems are transformed into equivalent
unconstrained problems, where the objective and constraint violations are penalized simul-
taneously. In this framework, the (regularized) Lagrangian £ constitutes a natural starting
point for the construction of meaningful merit functions, denoted throughout this document
by ¢ and equivalently M when regularized.

The Augmented Lagrangian Methods (ALM) penalize infeasibility by introducing a
quadratic Euclidean measure of constraint violation, scaled by penalty weights [19, 109].
This penalty term enlarges the classical Lagrangian by adding components that grows quadrat-
ically with the degree of constraint violation, thus penalizing infeasible solutions during the
optimization process. Using an iterative ALM-weight evolution framework, the constrained
problem is effectively reformulated into a serie of subproblems, each progressively enforcing
feasibility more strongly. The Euclidean second norm squared provides a smooth measure
of unfeasibility, being compatible with gradient-based and Newton-type methods commonly
used to solve these subproblems.

The proximal regularizations [109] introduce a penalty based on the primal variables’
evolution by penalizing their deviations’ velocity and reinforcing the convexity structure of
the problem. An Euclidean measure qualifies the distance between successive iterates and
a reference point (an estimator). Proximal methods promote stability and robustness, par-
ticularly for ill-conditioned or non-strictly convex problems. The proximal penalty assesses
how far a given iterate is from satisfying optimality conditions (highlighted in the next §
1.3.6 ). The proximal reformulation of the Lagrangian is based on a sequence of regularized
subproblems, each of which is better conditioned and easier to solve.

Gill and Robinson introduced a primal-dual Augmented Lagrangian Method (ALM)
regularization [53], which extends the classical ALM framework by incorporating both pri-
mal and dual variables into the regularization process. Unlike the standard ALM, which
primarily penalizes primal infeasibility through a Euclidean norm of the constraint residuals,
the primal-dual ALM also directly regularizes the behavior of the dual variables by introduc-
ing additional terms into the augmented Lagrangian that simultaneously penalize deviations
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in both the primal and dual variables from their expected optimal behavior using estimators.
This dual regularization improves the robustness of the method, especially in situations where
strong duality does not immediately hold or when the constraint qualifications are weak.

The combination of the introduced regularizations ensures the efficient solving of degen-
erated and ill-conditioned QP problems, and the Lagrangian formulation are carefully studied
in§ 1.54.

1.4.2 First order methods

Optimization algorithms are iterative methods that begin with an initial guess for the primal
and dual variable x, s, 6,, 6, and generate a sequence of improved iterates until they terminate,
ideally at a solution. Gradient-based optimization algorithms use the values of the objective
function and constraints’ first derivatives (gradient) to guide the search for an optimal solu-
tion. The strategy to update each iterate involves computing these gradients and adjusting
the current iterate in the direction that reduces the objective function while staying feasible.
Effective gradient-based algorithms can show three main qualities: robustness, efficiency,
and accuracy. Robustness ensures that the algorithm performs well across various problems.
Efficiency guarantees that computational time and data storage waste are avoided. Accuracy
means that the algorithm can identify solutions with precision even with numerical errors.

Algorithm 1 presents a gradient-descent framework built around the merit function
¢(x,01,0,). At each iteration, the concatenated vector of primal and dual variables
z = [x,0,,6,] is updated by moving along the negative gradient of this merit function. The
step size ay is chosen to ensure a sufficient decrease of ¢, thereby guaranteeing progress
toward a stationary point that corresponds to a solution of the underlying quadratic program.

Algorithm 1 Gradient-descent iterative optimization framework.

1: Input: Initial guess zg = [xo,HAO, 6’,,0], tolerance €
2: while e-Termination not satisfied do

3:  Compute dy = —V(¢(z))

4:  Find a4

5 Update iterate: zx4+1 = zx + ax - di

6: end while

7: Output: Approximate solution z*

The strategy to choose ay is presented in § 1.4.4 and the e-termination structure is pre-
sented later in § 1.4.5.

1.4.3 Newton Schemes

Newton methods are powerful second-order optimization techniques that make use of both
gradient and curvature information of the objective function. For convex quadratic program-
ming (QP) problems, Newton-based methods are widely used due to their ability to achieve
fast (typically quadratic) convergence near the optimal solution. These methods solve a se-
quence of linearized systems derived from the Karush-Kuhn-Tucker (KKT) conditions to find
a primal-dual solution.
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Algorithm (2) shows the basic Newton methods steps for continuous optimization. The
goal is to iteratively solve the nonlinear system V(¢)(z) = 0, and we denote H the Hessian
of the merit function ¢(z) with respect to the primal-dual variables z = [x,64,6,]. The
merit function encodes both optimality and feasibility, so its stationary points coincide with
solutions of the underlying convex QP.

Algorithm 2 Usual Newton-based optimization algorithm for convex QPs.

: Input: Initial guess zo = [xo, S0, 60, 00, tolerance €
: while e-Termination not satisfied do

Compute R = V(z)

Compute H = V(V(¢(zx)))

Solve Hj, - Az = —Ry

Estimate line step ay

Update iterate: zx4+1 = zx + axAzk

: end while

: Output: Approximate solution z*

YRR RN

The algorithm begins with an initial guess for the primal and dual variables, denoted
20 = [x0, 50, 610, 9#0] , along with a termination tolerance €. At each iteration, the residual vec-
tor Ry is computed to measure the violation of the optimality conditions. Then, the Jacobian
of this residual, i.e., the Hessian Hy is evaluated. Solving the linear system Hj - Azy = —Ry
provides the Newton direction Azg, which is the search direction for both primal and dual
updates. A step size ay is then chosen, possibly using a linesearch or a barrier-based strategy,
to ensure that the updated iterate remains feasible and reduces the residual sufficiently. The
new iterate is computed as zXT! = zF + @z Az;. This process repeats until the residual norm
falls below the specified tolerance, indicating convergence to an approximate solution.

1.4.4 Linesearch

The purpose of the linesearch in the inner loop is to determine a suitable step lengthO < @ < 1
along the Newton search direction A. While the Newton direction provides a locally optimal
update, taking the full step (@ = 1) can lead to infeasibility, or insufficient reduction of the
merit function ¢(z), see [96]. The linesearch balances progress by sufficiently decreasing
the cost and feasibility. When using proximal or augmented Lagrangian regularization the
regularized Hessian H of ¢(z) is positive definite, allowing the Newton direction to point
downhill. The linesearch then finds the step length to achieve a controlled, stable descent
ensuring the convergence of the regularized primal-dual method while exploiting the fast
local convergence of Newton’s method.

Armijo condition: A step size « is said to satisfy the Armijo condition if
¢(z+ aAz) < ¢(z) +caVp(z) Az, 0<c< 1. (1.29)

This condition guarantees a sufficient decrease of the merit function at each iteration.
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Theorem 1.4.1 | [Convergence of Newton-Armijo method

Suppose that Algorithm (2) does not terminate. Let Az be a descent direction of ¢(z).
Let z* be an accumulation point of the sequence {z*};cn generated by Algorithm (2).
Let¢ : R” — R be twice continuous, differentiable and bounded below. Then it holds

Ve (")l = 0.

Proof 1.4.1 [Convergence of Newton-Armijo method]\
Assume that {z;;} jeN is a subsequence with

% — 2z and |[Vo(z)| # 0. (1.30)

]

By construction, the sequence {¢(ij)}.,-€]N is monotonically non-increasing, and by
continuity of ¢ and V¢ it holds

¢(zr;) = ("),

Ay, = —H,;J,quﬁ(zkj) - —H,;1V¢(Z*) =: Ay with H positive definite. (131)
The Armijo condition at Newton step reads

¢z, + abieAy) < ¢(zk;,) + cakiey] Ay = ¢(;,) - Cakf‘||vk||ill:1, (1.32)
with j the step where the Armijo condition is accepted, vy, := V¢(zkj[) and the

Newton direction
Ay, = —Hy v, with Hy, Ay, . (1.33)

We rewrite (1.32),
0< cakf”vk,uz;_. < B(z,) = D(2k,)- (1.34)

j

¢(ij) - ¢(ij+1> -0,

two cases appear.

Case 1: ”v"f”irk-l = 0 and by definition Theorem (1.4.1) holds.
j

Case 2: ofic = 0, and by rewriting (1.32) at backtracking step j, before Armijo

(1.32) holds, we have:

a/k./ ak./

(2, + FAIQ/) > ¢(z,) - anvk_,.nf,;}, (1.35)
J

with the backtracking rule o%i+! = Baki, 0<p < 1.

By rewriting (1.35) we get:
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[Convergence of Newton-Armijo method]

¢(zx; + 4 Ak ) —d(zx,)
= > —cllvi - (1.36)
a_ kj
B
As —> O we have
k;
2k, + D) — d(zk,)
i "B ak/, = Ay, = _||vkj||§ll:_l, see (1.33), (1.37)
7 J
and as
k 2
(v, IIHfl = IV, IIHfl*, (1.38)
the inequality reads,
- ||vk,.||2 a2 —c||vk,||2_.,
kj kj
& < vk, ||§1,1 < i, ||2 with: 0 < ¢ < 1, (1.39)
= v =0. a

- ' J

Non-monotone linesearch:  While the classical Armijo rule enforces monotonic decrease
of ¢, this can be overly conservative in ill-conditioned or nearly singular regimes. A non-
monotone linesearch relaxes the strict descent requirement by allowing temporary increases
in the merit function, provided that an overall trend of decrease is maintained. A typical
criterion is given by

(zk1) < max  ¢(z;) + carVo(z) T Az, (1.40)
JE[k—M, K]

where M > 0O controls the memory length of past merit values. This approach improves
practical convergence when the regularized Newton direction provides locally accurate but
globally aggressive updates, see [63].

Adding monotonicity, barrier coupling v:  To further enhance robustness, monotonicity
can be adaptively restored using a strategy inspired by Li-Fukushima’s work, see [84]. The
acceptance threshold of the Armijo rule is linked to the barrier parameter v, with v, — 0.
Specifically, when v is large (far from the central path), non-monotone steps are permitted to
accelerate progress. As v decreases monotonously, the criterion becomes stricter, enforcing
monotonic decrease of the merit function ¢(z). This can be expressed as

$(zct1) < ¢(a) + aVe(z) T Az + n(vi), (1.41)
where n(vx) € (0,1) is a decreasing function of v, such as n(vk) = cf1 + cpvx with

cr1,cyp2 > 0. This coupling preserves fast convergence during early iterations and guarantees
global convergence as the barrier parameter tends to zero.

Overall, this adaptive line-search framework balances global convergence guarantees of
the Armijo condition with the quadratic convergence of the Newton descent.
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1.4.5 Termination

As introduced in § 1.3.6, where the optimality conditions were presented, one can moni-
tor how closely a candidate solution [x,6,,6,] satisfies the original QP problem. Based on
these optimality conditions, a termination procedure can be defined. We recall the optimality
conditions,

0=0x+qg+A"0,+G"0,, 0=min{s,0,}, 0=Ax—-b, 0=Gx-d+s (142)

From these conditions, three termination criteria can be derived, see [83] for details.

Primal residual: the primal residual measures the violation of the problem’s equality and
inequality constraints, see (1.27b), at iteration k (1.27¢),

rp := max [JAx® = blle, [Gx¥) ~d]..],

rel .

(1.43)
= max | [AxY oo, [1Blloo, 1G X o, 1o |

p

where [£]1 = max(&,0) is applied componentwise. A solver declares primal feasibility
when

r, < e+ r;fl * Eels (1.44)

where € is an absolute tolerance and €. is a relative tolerance relaxing the primal residual
depending on the problem scaling.

Dual residual: the dual residual quantifies the deviation from the stationarity condition of
the KKT system, which corresponds to the optimality of the Lagrangian gradient with respect
to the primal variables, at iteration k

ra :=110x® + ¢ +AT9§]‘) + GTegk)H‘x”

(1.45)
; k k
e = max | 10X oo, 1AT0W oo, 1670 1o,
where dual feasibility holds when
ra < €+ el 1 (1.46)

where € is an absolute tolerance and €. is a relative tolerance relaxing the primal residual
depending on the problem scaling.
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Duality gap: the duality gap reflects the difference between the primal and dual objective
values and provides a certificate of suboptimality . For convex QPs, a zero gap guarantees
global optimality.

re = 1(x¥)TQx® + g7 ® + 576 + a4,

(1.47)
k k
rg,el ‘= max |(x(k))TQx(k)|, IqTx(k)l, |bT9§ )|, |dT9;(4 )| )
Termination via the gap test requires:
rgSE_}'Ere]'rgd (148)

where € is an absolute tolerance and €. is a relative tolerance relaxing the primal residual
depending on the problem scaling.

The algorithm terminates when the combined primal, dual, and duality-gap residuals
satisfy

lry +ra + rell < €, (1.49)

ensuring that the solution is sufficiently close to optimal.

1.4.6 Preconditioning

The convergence behavior and numerical stability are heavily influenced by the conditioning
of the linear system that must be solved iteratively. A poor scaling of the problem data can
lead to slow convergence and numerical issues. To mitigate this, a diagonal preconditioning
(Ruiz Equilibration) scales the problem before applying Newton steps, see [110, 119]. The
scaling matrices D € R™", E € R™, are both positive definite and diagonal. Their goal
is to rescale the primal and dual variables, resulting in a transformed optimization problem.
Define the scaled variables ¥ = D~!x and 7 = Ez. The scaled problem becomes

1
manJ”cT(DQD))”c + (Dq) "%

subjectto E,ADX = b (1.50)

E,GDi <d.

The motivation behind choosing D and E is to balance the magnitudes of the rows and
columns of A, and to ensure that all variables have roughly the same numerical scale. This
equalization improves the spectral properties of the matrices involved in the linear system,
see [119]. To assess the termination criterion (1.49), the original problem data are recon-
structed, and the primal and dual candidate solutions are back-preconditioned. The complete
procedure is described in [110, 119].
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1.5 Interior Point Methods

1.5.1 History and background

Interior Point Methods (IPMs) have undergone a remarkable evolution since their origins.
The development of Interior Point Methods (IPMs) is rooted in the foundational work on
linear programming by George Dantzig, who introduced the simplex method and formalized
much of the early theory in his classic books [31, 32]. For decades, the simplex method was
the dominant approach, although it is not polynomial in the worst case. A major theoretical
breakthrough occurred in 1979 when Khachiyan introduced the first polynomial-time algo-
rithm for linear programming using the ellipsoid method [78]. However, it was Karmarkar’s
work in 1984 that truly revolutionized the field with a new polynomial-time algorithm based
on projective geometry [75]. This algorithm inspired a wealth of subsequent research explor-
ing the connections between barrier functions and projective methods, as seen in the work
by Gill et al. [52]. The development of primal-dual interior point methods soon followed.
Kojima and collaborators introduced a primal-dual framework in the late 1980s [81], and
this was later extended to handle infeasible starting points [80]. Megiddo contributed sig-
nificantly to understanding the geometric interpretation of the central path and convergence
properties [92], helping bridge theory and algorithmic design. Over time, IPMs were no
longer confined to linear programming but generalized to handle quadratic, semidefinite, and
nonlinear programming problems. An extensive overview of the development and refine-
ment of Interior Point Methods (IPMs) over the past decades is provided by Gondzio in his
retrospective articles [58, 59]. His survey serves as both a historical record and a technical
reference, reflecting on the sustained relevance and adaptability of IPMs in areas such as
quadratic programming, conic optimization, and beyond.

1.5.2 Enforcing inequality constraints

Slack variables transform inequality constraints Gx < d into equality constraints Gx — d +
s = 0, where s > 0. The slack transformation does not alter the solution space but do
not enforce satisfaction of the inequality constraints at each iteration [26]. This reformula-
tion of the problem ensures compatibility with numerical solvers and provides insights into
constraint activity at the optimal solution, see [96] [24] [51]. The resulting Lagrangian of
problem (1.3.2)

1
Ls(x,s) ::ExT Ox+c'x

+6; (Gx—d + )
+ ove(s),
P
with ¢(s) = — 2 In(s;), v the barrier parameter, and o € (0, 1| is a centering parameter.
p gp
i=0

Comparing to the Lagrangian of problem (1.3.1), the inequality constraints are relaxed by
a log barrier sum ¢(s). Given an early-termination tolerance € > 0, with &€ > 0 a minimum
acceptable threshold, the barrier parameter is updated using the heuristic rule from IPOPT
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[126, Eq. 7]: starting from vy = 1, at each outer iteration it is reduced by taking the minimum
of a linear scaling term kv and a superlinear reduction v, where «, € (0,1) and 6, € (0,1),
and is floored at €/ 10 to prevent v, from becoming excessively small.

Vi1 = max{¢/10, min{,vi, vi'}}. (1.52)

This formulation perturbs the first-order optimality conditions, see § 1.3.6. Instead of
enforcing the complementarity condition OL - s' = 0 exactly (as required at optimality by
the KKT conditions), a relaxed version (9/’J si=v, v>0, v—o O) is used and gradu-
ally driven to zero during the optimization process. The barrier parameter v is decreased at
each optimization following [130]. Moreover, this relaxation removes the need to explicitly
determine which inequality constraints are active or inactive and therefore avoids numeri-
cal misclassification of active/inactive constraints, leading to a destruction of the solution,
especially for high-precision solutions.

As the algorithm progresses and v — 0 [130], the partitioning of the slack variables
into zero and nonzero components naturally emerges, thereby revealing the active set at the
solution. This approach provides a robust and systematic means of handling inequality con-
straints without the combinatorial complexity of active-set guessing. However, this approach
makes the parameter v central to the method’s convergence, which complicates the warm-
start process. Empirical results in [62] indicate that interior-point methods are generally
much faster for large problems. However, when a warm start is required, active-set methods
may be preferable. Although significant research has been dedicated to improving the warm-
start capabilities of interior-point methods [44], also using learning-based methods, the full
potential of these techniques remains largely unexplored. In practice IPMs are well suited for
large problems and converge in a number of iterations that is almost constant independently
of the problem dimension [30].

([ Example 1.5.1 ] | Barrier function]\

We illustrate the use of the log-barrier penalty for relaxing a simple inequality con-
strained optimization problem. Considering the following optimization problem,

)Icnigl f(x1,x0) = x% —2x1x3 + 4x§,
1,X2

st. 0.1x;—xp =1, (1.53)
x|+ x> 4.

The barrier method introduces a barrier term to the objective function to enforce the
constraints. The barrier-enforced cost function becomes,

Hxx) = f(x1,x) =v(In(0.1-x; —x3 = 1) + In(x; + x2 —4)),

where v is a sequence of decreasing positive values.

As v approaches zero, the barrier term weakens, allowing the optimization process to
approach the boundary of the feasible region. In Figure 1.1 the barrier of example 1
\ is shown as we gradually decrease v. )
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Barrier Contours (v =100) Barrier Contours (v =10)

Ficure 1.1: Barrier penalty depending on v = 100 (left) v = 10 (right).
1.5.3 Classical primal Interior Point
1.5.3.1 Formulation

Primal methods focus on minimizing the objective with respect to the primal variables x,
while the dual variables 6,, 6, are updated along the optimization process according to an
update rule. These methods work by iteratively improving the primal solution and adjusting
the dual estimates to enforce the constraints, often leading to efficient convergence when ap-
plied to well-structured problems. In this section, the primal merit function is an augmented
proximal Lagrangian formulated as,

1
Ls(x,5;0) 2=§xTQx +cTx

1
+6; (Ax-b) + glle—bH%

4 | (1.54)
+6;(Gx—d+s)+ EIIGx—d—l—sll%

0
+ gnax — x|} + ove(s),

with 6 = [0, 6,,, 0] the Lagrangian multiplicators of the original Lagrangian (1.20) and
the proximal estimator. The Lagrangian (1.54) is formulated using the cost function of prob-
lem (1.3.1), following by a constraints relaxation using Lagrangian-multiplicator 6,, 6,, and
an augmented Lagrangian regularization of penalty parameters 6,,0,. A proximal term of
penalty parameters J, is added in order to handle non-strictly convex problems.

Let us consider the following general type of two-nested loops iterative method for solv-
ing the barrier Problem (1.51) using a Lagrangian merit function. The primal variables min-
imize the proximal augmented Lagrangian while the dual variables are updated such that,
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xt,sT ~ argmin Ls(x, s;6)

x€R”,seRP
+
0y =6, +Gx—d+s
6F = x.

The Lagrangian multiplicators 6,6, ensure the feasibility of the problem by regular-
izing the equality and inequality constraints. The proximal multiplicator 6, increases the
robustness and stability of the minimization process by penalizing a too great distance from
previous solutions.

The augmented proximal Lagrangian’s first derivatives in primal directions x and s are
defined such as,

1
V. Ls(x,5,0) = Ox+c+AT0, + (S—AT(Ax— b)
1

+Go, + éGT(Gx—d—i—s) +6,(x—6,), (1.56a)
VLs(x,5,0) =6, + %(Gx —d+s)—ovs!, (1.56b)
and second derivatives as,
Vi Ls(x,56) = 0+ 6—1ATA + éGTG + 6,1, (1.57a)
Ve Ls(x, 5:0) = é]lp +ovs?, (1.57b)
Vi, Ls(x,5;0) = iG. (1.57¢c)

The augmented proximal Lagrangian is a function of the primal variables [x, s| and dual
and proximal multiplicators [9#,04,6)(]. From this set of first and second derivatives, the
associated primal Newton step can be derived as a two by two block-dense matrix following
Hs(x, 550)A = =VLs- (x,s5;0). The Hessian matrix Hs(x, s;6) is constructed using (1.57a),
(1.57b), (1.57¢) such that,

| VLs(x, 530)

O+, + ;-ATA+ iGTG iGT Ax Lsg
| VeLs(xs:0)| (1.58)

i 1 -2
5, G 5 p T ovs As

As the linear system (1.58) would need to be solved multiple times in an optimization
iterative process, its structure influences the whole solver performance. By introducing a
sparse subsystem being bigger but easier to numerically inverse we introduce auxiliary vari-
ables 1t and v. By substituting the auxiliary variables in the first and second block-lines of
equations of system (1.58) we have
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1 1
(Q+6,0,)Ax+A" (5—A) Ax+G" (6—(GAx + As)) = —V.Ls(x,s;6),
1 H

1 1
—GAx+ —1I, + ovs i As = =V, Ls(x, 5:6),
Ou Ou (1.59)
. AAx '
uz —,
0a
bt GAx+ As
2 3 )
The Newton four-by-four block linear system can be constructed as follows,
o+6l, 0 AT GT 1[Ax V. Ls(x,s;0)
0 ¥ 0 I, [|As|_ _|VsLs(x,5:6) ‘ (1.60)
A 0 =06, 0 Au 0
G I, 0 0,1, Av 0

The linear system is primal-consistent, having block-lines 3 and 4 equal to zero, meaning
that the descent direction minimizes the augmented proximal Lagrangian only according to
variables x and s. The auxiliary variables u and » don’t have any meaning so far in the
development but will play a role later in the primal-dual study. Moreover, it can be observed
that the term Vf’ Ls contains a factor proportional to s~2, which may destabilize the Newton
iteration. In practice, the optimal slack variables s* can become extremely large or extremely
small, depending on the active constraints, thereby introducing severe scaling issues in the
KKT system.

1.5.3.2 Algorithm

Algorithm 3 represents the classical single-loop formulation of a primal interior-point method,
where primal and barrier updates occur within one iteration structure.

Algorithm 3 Classical primal Interior-Point Method

1: Initialize variables (x, s,6,, 9#), and barrier parameter v.

2: while r, < € and ry < € do {check termination}

3:  Solve the primal KKT system for (x, s), KKT.A = —R (1.60)

4: Linesearch: find (x, s) such that ||V.Li(x*, s*)|| < & and s* > 0

5:  Update the primal variables: x « x+a - Ax, s « s+ a - As.

6:  Update the Lagrangian and proximal multipliers: 6, 6,,,0,, see eq 1.55 .
7:  Update the Lagrangian and proximal weights: 6,4, 0., 0.

8:  Update the barrier parameter: v.

9: end while
10: Return the optimal primal solution.

Step 3 poses the most computational requirements. The termination conditions (1.49) are
checked at Step 2, before updating the incumbent Lagrangian multiplicators 8! at Step 6.
Of all steps, the choice of hyperparameters 6 and v, at Steps 7,8 remains the most elusive,
with minimal guidelines dictated by the theory.
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The convergence of Algorithm 3 is guaranteed insofar as the regularization parameters
6 remain positive and bounded, the barrier parameter v, vanishes from above, and the inner
tolerance g; is summable.

The technical requirements and mild conditions for convergence are detailed, e.g., in [89]
and investigated in §1.8.1. The convergence properties of Algorithm 3 can be analyzed with
the lens of inexact proximal point algorithms; we refer the interested reader to [11, 15, 29, 34,
35, 68, 87, 103] for recent results established by exploiting this connection for regularized
QP solvers.

The constraint violations, (Ax — b) and (Gx —d + s), steer the evolution of the mul-
tiplier updates (67 ,6;") toward their optimal values (67,6;) throughout the minimization
process. For the primal variables, a linesearch method is used to find a safe gradient de-
scent step-length . In later developments, this scheme will be extended into an outer-inner
loop framework, in which the outer loop updates the barrier parameter, estimators, and dual
regularization terms, while the inner loop solves the corresponding KKT subsystem to con-
vergence. The termination of the algorithm is governed by the evaluation of the primal and

dual residuals, which are described in detail in § 1.4.5.

1.5.4 Classical primal-dual Interior Point

Unlike purely primal interior-point methods, primal-dual methods simultaneously handle
both the primal variables (x, s) and the dual variables (6,,6,). The primal interior-point
method solves a sequence of barrier-modified primal problems, focusing exclusively on the
primal space and ensuring that iterates remain strictly within the feasible region. However,
since the dual variables are not explicitly updated, convergence toward dual feasibility is
generally weaker [128, § 3.3] for primal IPMs than primal-dual IPMs.

1.5.4.1 Formulation

The Primal-Dual IPM solves the primal Problem (1.3.1) and dual Problem (1.3.3) simul-
taneously by applying Newton’s method to the perturbed Karush-Kuhn-Tucker conditions.
This method follows the central path and ensures convergence to both primal and dual solu-
tions [128]. The central path aspect of primal-dual IPMs will be investigated later in § 1.7.1.
Primal-dual IPMs are more efficient in practice, particularly in large-scale settings, and sup-
ports infeasible starts [128]. Furthermore, they show, under suitable conditions, better-than-
linear convergence rates [57].

A primal-dual merit function, denoted by MgR (1.62), is constructed based on the pre-
viously defined primal Lagrangian (1.54). This formulation incorporates a primal-dual reg-
ularization term following the Gill-Robinson approach [54], leading to the following mini-
mization problem,

ce . GR . .
o TS M0 51250, 01,00), with (e
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1
MER ::ExTQx—Fch
1 1
+ 6] (Ax—b) + —llAx - b} + 0, (Gx—d+s)+ -—IlIGx—d + sli3
26, 26,
Ox

+ S 10x =l + oy
1 ~ 1 n
+ ——llAx—b =50, - )5 + =—IIGx —d + s - 5,(8, - 6,)I3
26 26,
1 o 1 N
=Ls(x, 8,0,,00,60,) + =—Ax—b—81(0: = 013 + =—IIGx—d + s —5,(0,— 6,)I3
26, 25,

=Ls(x, 8304, 00, 0x) + LR (x, 5,18, 256, 02).
(1.62)

The quantities (8,,8,) act as auxiliary estimators of the Lagrange multipliers (6,,6,),
introduced to regulate and bound the evolution of the dual variables during the iterative pro-
cess. For clarity of notation, we will henceforth denote 8, by A and 9ﬂ by u, see remark
below. Thus far, only the Gill-Robinson augmented Lagrangian LgR includes the (u, 1)
terms. From this point onward, for numerical stability reasons, the dual variables are now
(A, ). The primal-dual minimization process is then formulated as

(xt,sT,ut,2") = arg min M(SGR(x, So 1, A3 0,00, 6y). (1.63)
xeR%,,seRP,,A€R™, uelRP
([ Remark 1.5.1 ] [/i-y-substitution]\
Used in an iterative minimization process, at convergence
VLR (xt, st ut,at:6) =0, (1.64)
& Ax—-b-6,(1-6,) =0, (1.65)
Axt —b
o r=0+-" "7 (1.66)
0,
& Gx-d+s—-6,(u—6,) =0, (1.67)
Gxt =d +
& u :9,1+x6—+s. (1.68)
u

Consequently, the auxiliary variables A and u can be interpreted as effective dual vari-
ables that guide the gradient-based minimization process. In this formulation, they
serve both as approximations of the true Lagrange multipliers and as stabilizing terms
that regulate the evolution of the dual iterates, ensuring consistent progression toward
the primal-dual optimum. Applying the 1-u-substitutions causes the Gill-Robinson
augmented Lagrangian to vanish. j

-

For clarity, the index O € {x, 4, u} will be used throughout the remainder of this disserta-
tion.
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We derive MgR(x, s, A, i;0) with respect to its arguments, obtaining the first-order
derivatives,

1 1
VMGR(x, 5, 4,1:0) =Qx +c+AT0, + 6—AT(Ax— b) + 6—AT(Ax— b—35,(1-6y))
A A

1 1
+GT0+ —G'(Gx— d+s)+ —G (Gx-d+s-6,(u—6y))

O O
F6u(x—6y), (1.692)
1
VSM(?R(x, 8§, A, 130) =6, + 6—(Gx —d+s)- ovs!
u
+ (S—(Gx d+s—6,(u—0,)), (1.69b)
VMR (x, 5,4, 150) = —(Ax—b = 62(1 - 6,)), (1.69¢)
VuMGR(x, 5., 1:0) = —(Gx—d + 5= S, (u— ). (1.69d)

The corresponding second-order derivatives are then expressed as

1 1
VingR(x, s, s 0) = V2 Ls(x,5;60) + aATA + (S—GTG,

u
2 2
=Q+60,+—ATA+=G'G, (1.70a)
62 Su
1
Vi MSR(x,5,4,130) = V3, Ls(x, 5:60) + =Ty,
7
ov 2
= =1, 1.70b
3 * 6y’ ( )
VMR (x5, 4, 150) = Sall, (1.70c)
Vo MR (x 8. A,1:0) =6 ]Ip, (1.70d)
VI MR (x, 5,4, 1:0) = (1.70e)
Vi MGR (x5, 4, 130) = (1.70f)
VI MER(x, 5,4, 150) = —GT (1.70g)
/1
VI MR (x5, 4,11,0) = (1.70h)
Vi MR (x5, 4,10,0) = (1.70i)

Based on the above derivatives, the Newton system can be constructed as follows, pro-
viding the linear approximation that drives the iterative primal-dual update,
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. > ) 5
(| —ATA+ —=—G'G -AT -GT ZGT
Q+ X ”+6/l +6ﬂ 5# Ax VxM(;GR(x,S,/l,,u;HX>
—A —5]/(1]Im (13 0 Al _ V/LL((;R(/L,L!)
-G 0 =0, 1, -I, Au V,uLgR(/l,,U)
EG 0 .| 7V 2Ly |1as VMSR (x, s, A, 113 6x)
6/‘ DXp SZ 6# ]
(1.71)

The primal Hessian associated with L&(x, s;36,,64,6x) (cf. Eq. 1.60) exhibits signifi-
cantly greater sparsity. This structural density increases computational complexity and time,
particularly for large-scale problems. An equivalent, computationally efficient, and stabi-
lized version of this Newton scheme is presented later in § 1.5.6. In this approach, a linear
transformation is applied to improve the numerical properties of the KKT matrix. These
modifications come at the expense of symmetry and no longer rely on the pure Hessian struc-
ture.

1.5.4.2 Algorithm

Algorithm 4 implements an outer-inner loop primal-dual interior-point method,

Algorithm 4 Outerloop-Innerloop primal-dual Interior-Point Method.

1: Initialize variables z = [x, 50, A0, u0] ™, estimators (6,,.x, ), proximal and augmented
Lagrangian weight (61,.40.x,) and barrler parameter vy.
2: while rpim < € and Tdual < € do {Outer-termination (k)}

3:  while ”VMGR xk, sk,/lj y,{ H < & < & do {Inner-termination (j)}

4: Solve the KKT system for (xk, sk,/lj ;1];, KKT.A =-R(1.71)

5: Linesearch: find (xk, sk,/lj ,uk) such that HVMGR(xk, sk,/V )” < g and SJ{ >0
6: Update the primal and dual variables: z] e Zk +a- Az

7:  end while

8:  Update the estimators: 6, ,, 6, ,0x.,,, (1.55).

9:  If px > nevpr-1, update the weights dg 441 (1.73),

10:  Update the barrier parameter: vy .
11: end while
12: Return the optimal primal-dual solution.

and have a nested outerloop-innerloop structure of indexes (k) and (). In the outer-
loop the estimators 65, , the proximal and augmented Lagrangian weights dg, and the barrier
parameter v, are updated at Steps 8,9,10.

For the update of 6y, let the constraint violation at iteration k be defined as
ok := ||lmax (0, Gx — h)|leo + [|Axk — Dllcos (1.72)

where Ax = b and Gx < h denote the equality and inequality constraints, respectively. Let
Nev € (0, 1) be a relative constraint violation threshold. Specifically, if the relative decrease
in constraint violation between outer iterations k — 1 and & is seen as good enough, the next
subproblem is deconvexified by applying the geometric update rule (1.73), resulting in 631 <
Ok-
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Indeed, the outerloop generates subproblems that are progressively less convexified, as
the proximal and augmented Lagrangian weights d5 are updated non-monotonically across
iterations (see §1.6 for the 5-dynamics analysis). To achieve superlinear convergence of the
outer loop (see §1.8.1), the weights remain strictly positive while being reduced according to
the update rule

6D,k+l = max (6min7 a’D,k : 6D,k)a Oe X, /l’/J’ (173)

starting from some &80 = (62,056 /1,0,6,1’0) € ]Rfr Iy where the small threshold 6., > 0
safeguards the numerical linear algebra for (1.81) and the decrease factors apy € (0, 1) are
fixed.

In the subsequent innerloop, having fixed estimators, proximal and augmented Lagrangian
weights, and barrier parameter, a sSubQP problem is solved until satisfying an early termina-
tion ||[VMER (x, s, 2%, 1ub)|| < &x < & based on the gradient of the merit function. The early
termination & is updated at each outer-iteration using an amortized geometric rule, see §
1.4.5,1.7.5. By freezing the estimators, each iteration of the outer loop defines a convexified
sub-QP problem in the primal-dual variables (x, s, A, ,u), which can be efficiently solved as a
regularized quadratic program using the Newton system associated with MgR. The convex-
ified KKT system is solved iteratively to obtain the search directions (Ax, As, Ad, Au). A
linesearch is applied to the primal and dual variables to guarantee sufficient decrease of the
merit function and to maintain positivity of the slack variables s.

Upon convergence of the inner loop, i.e., when the gradient of the subproblem is suf-
ficiently small, the outer loop updates the estimators (6,,6,, ;) and the barrier parameter
V.

The inner tolerance € evolves as

&r+1 = max{¢/10, Kgc/;gk}, (1.74)

with decay rate k. € (0, 1) and decay damping @, € (0, 1). The initial inner tolerance &

is chosen adaptively, based on the primal-dual guess (x%, s°,1°, z%) according to

g0 = VMo (%, s°,3°, ) lla, (1.75)

where ¢ € (0, 1) is the initial damping factor.

This nested outer-innerloop framework enables the algorithm to handle non-strict con-
vexity while ensuring numerical stability, as each inner problem remains strictly convex and
well-conditioned. Termination of the algorithm is achieved when both the primal and dual
residuals satisfy the prescribed tolerances, thereby guaranteeing convergence to a primal-dual
solution, see § 1.4.5.

Once the inner loop converges ,i.e., the gradient of the subproblem is sufficiently small,
the outerloop updates the estimators and the barrier parameter, creating a new convexified
subproblem for the next iteration. The convexification ensures that each inner problem is
well-posed and tractable.
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1.5.5 Primal and primal-dual KKT schemes linear equivalency

In this subsection, we investigate the relationship between the primal and primal-dual KKT
systems by examining the equivalence of their associated Hessian matrices. Specifically, we
aim to determine whether the dynamics of the primal and primal-dual minimization processes
are similar, which would be reflected in structurally related Hessians. To this end, we seek an
invertible transformation matrix T such that H (LR (x, 5, 4, 1;0,)) = T YH (Ls(x, 5,6y, 0,5 65)).

Having the A*, u* substitution rule (earlier u, v),

. . AAX
A= (,).—,
A
. GAx+As (1.76)
o=
u

when substituting it in (1.60), we find H (MR (x*, s*, A*, u*;00)) = H(Ls(x*, 5%, 0,,0,:06y)),
as:

.2 2 2 1 1
O+ =—ATA+ ZG"G|Ax+ =G"As— —ATA- —G"G = V,.LOR(x, 5,4, 1:0,),
5,1 5# 5[u 5/1 6,u

2 20 A A
(—GT) Ax—l—(o-—; + po)As—prpm = VS.EGR(x, 8, A, 145 0y).
Ou s Ou Ou

(1.77)

with 0 = O + 6. Iuxn.

Moreover, both primal and primal-dual symmetrized KKT matrices are linearly equiva-
lent by finding a back transformation 7! that is triangular and therefore invertible.

Q-+, + FATA+ %GTG 2GT AT -GT

2 21
+G g+ 0 I,
—A 0 &L, 0
-G -1 0 o1
, ) r wP (1.78)
I, 0 FAT £G'] [o+é1, 0 AT G
_|0 L, 0 L | o0 S 0 I,
0 0 -I, O A 0 -&'L, O
00 0 - G I, 0 -6,

1.5.6 Stabilized primal-dual Interior Point

The primal-dual Newton system (1.71), when directly derived from the regularized merit
function MgR, is largely block-dense and contains terms such as ATA and G'G. These
contributions can be computationally expensive and lead to dense matrices even when the

linear constraint matrices A and G themselves are sparse. From a numerical perspective,
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this formulation is inefficient and undermines the advantages of the more structured Gill-
Robinson approach previously emphasized.

1.5.6.1 Formulation

The transformations are performed in two stages. First, the variables A and u are substituted
into Mg;R, as shown in (1.66) and (1.68). Subsequently, the gradient with respect to s is scaled
elementwise by s, thatis, soV SM(?R . These operations can equivalently be interpreted as the
sequential application of two linear transformations. Starting from the primal-dual Newton
system (1.71), we introduce a transformation matrix 7 defined as

10 0 0] [I YsAT 2/s,GT 0

01000 -1 0 0
T=77=lp 01 0/l0 o 1 ol (1.79)

000 sllo 0o 2, 1

which is applied to the gradient of the merit function VMSR(x, 5,4, 1:65) ((1.69a)-
(1.69d)) such as

Ox+c+A"A+GTu+6,(x—06y)
Ax—b—6(1-6)
T - VMR (x, 5,4, 115 600) = 1 . 1.80
5 (%5 4.4500) Gx—d+s—6,(u—0,) (1.80)

S-y—ovy

Figure 1.2 depicts the sequential linear transformations applied to VMSR, which collec-
tively yield the Newton scheme direction A.

M — YM > A
10 0 0 1 26,47 25,GT 0
010 0/ [0 =1 0 0
7_7;’7;_0010 0 0 -1 0
00 0 s 0 0 25, 1
A 4
—)TVM }A

Ficure 1.2: Merit function, derivatives and directions.

The transformed gradient in the s-direction is now given by s - u — ov, thereby elimi-
nating the 1/s term that previously induced the unstable 1/s* behavior in the original Hessian
matrix (1.71). The second and third block rows are multiplied by —1 in order to obtain matrix
properties that will be examined later.

Taking the derivative of this expression once more with respect to the primal and dual
variables yields the transformed Newton system, V (TVM?R) A= —TVM?R ,
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O+ 6y AT G’ 0 Ax Ox+c+A"A+G u+6,(x—6)
A _6/1]Im><m 0 0 AA . Ax—b—&,z(/l—g/l)
G 0 5wy Ly ||Bn| Gx—d+s—6,(u—6,)
0 0 diag(s) diag(p)|1As s p—ovl,

(1.81)

The resulting KKT matrix exhibits both sparsity and numerical stability, although it is
not symmetric, as the second-order matrix does not correspond to the pure Hessian of the
merit function MgR, see [29] for its original formulation.

However, an important question remains: from an optimality perspective, is it valid to
apply the 7, transformation, and with respect to which merit function does the resulting
scheme perform minimization? A formal justification and analysis of these properties are
provided in the following subsection.

Remark 1.5.2 l [IPM algorithm

The subsequent algorithm is the same as for the inner-outerloop classical primal-dual
IPM, see Algorithm 4.

1.5.6.2 Merit function minimizer

A linear transformation is applied on the Newton equation (1.71) and the question remains;
does system (1.81) minimize Mg;R (see eq: 1.62) even after the 7 r transformation is applied
to VM making an corresponding merit function non-trivial to find ? Figure 1.2 schematizes
the transformation process.

To demonstrate that the transformed gradient 7V MCR§ yields a valid search direction
A for minimizing MC®5, we establish the negativity of the inner product (VMCRs, Ay < 0 in
Proof 1.5.1.

Theorem 1.5.1 J [Newton direction A invariance
Under a gradient transformation 7 - 7, see (1.79), the Newton system

V(T T IMIN) B = =T, 7, T MG (1.82)

yields the search direction A that minimizes the merit function M((S}R.

Proof 1.5.1 [N ewton direction A invariance]\
We aim to show that the search direction A minimizes the merit function MS® by
showing,

(VMER, Ay <0, (1.83)

with the Newton system
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[Newton direction A invariance]

V(Ts T YMGR)A = =T - T, - VMGE. (1.84)

The transformations and back transformations 75, Ts_l, Tr ‘7’,‘l are defined as

1 2/5AT 2/5GT 0
0 -1 0 0| .
Tr: 0 O _1 O Trl:TraSTrl'(].Jr:Hn-‘rm—&—Zp, (185)
0 0 2/s, 1
1000 100 0
_ (0100 4 o1 0 o0
"=loo1o ™ Tloo1 of *>° (1.86)
000 s 00 0 /s

Let7 =T, T,and7 ' =7 1. 71

Having the Newton equations

V(T - VMGF)- A = -7 - I MGE
YMGR = -7 [V(T -  MEF) - A]
V MR
VMER
V MER
VMER

[Ox+c+ATA+ G+ 6,(x—6y)
Ax—b—é/l(/l—éh)

VMSR = —71.1v|T - A see (1.692)-(1.69d)

GR _ _—1 X
VM® =7V Gx—d+ s 8,(u~0,) A, see (1.80)
Hos—av
O+6.0, AT G’ 0
A -0 0 0 ~
GR _ _—1 Pl ‘
VMR = - o s, |
0 0 diag(s) diag(u)
0460, +2/5ATA+2/5,GTG -AT -GT 2/5,GT
-A ol 0 0 ~
GR __ _ Alm .
VMG = G 0 6,0, -1, =
2/5,G 0 -1, diag(?/s,+#/s)
(1.87)

yielding in the product
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[N ewton direction A invariance]
(VMGR Ay = (=7 [V(T - YMGF)A]- A)

0+61I, AT GT 0
~ A 0 0 0 ~
_ — T . /1 .
=4 G 0 4 1, |
0 0 diag(s) diag(u/s)
_ TA TH
= —|[Ax QAx+ As SAS] (1.88)

[ 2
- 5—AxTATAAx + A6, A0 - 2AxTATA/l]
101

The terms in black are positive, and we investigate the sums of terms in blue and

In blue,
2
6—AxTATAAx + AAT6,A1-2AxTATAQ
2

2

52 52
- {(AxTATAAx —5,AxTATAL + MTZ*M) + A" fm} (1.89)

2 51 \T 5 52
[(AxTAT - ?AA/I) : (AxTAT - EAA/l) i A/ITZAAA] > 0.

~ o
In s
Ax|' [2/5,GTG -GT  2/5,GT Ax
Au -G 0 -0, —I,||Au (1.90)
As 2/ G -1, 2/s,-1, As,
having a M matrix positive, shown using the Sylvester criterion, see [55],
2
—G'G>0
Ou
2 T T
(S_G Go,+G G>0 (1.91)
u
2 2 2
—=G'G-(3-1,)-=G'G+—=G'G>0.
Ou Op Op

As all terms from equation (1.88) are positive and negated, the transformation 7~
applied on VM(SGR leads to a Newton scheme minimizing MgR. O

J

1.5.6.3 KKT matrix properties: Nesterov-Todd decomposition
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The structure of the KKT system can be exploited to simplify the underlying linear algebra.
The Nesterov-Todd (NT) decomposition [95] provides a framework enabling a transforma-
tion of the primal-dual variables that symmetrizes and decouples parts of the system. This



decomposition leads to a reduced and better-conditioned linear system of smaller dimension,
making the linear algebra more efficient and stable.

For a quadratic program with equality constraints Ax = b, inequality constraints Gx +
s = d, slack s > 0 and duals u > 0, the regularized KKT system is

o+6d, AT  GT 0 1[Ax ry
A —5,11[," 0 0 A/l o ra
G 0 -6,0, I, Aul |l (1.92)
0 0  diag(s) diag(u)]|As rs
KKT

where ry = sou—ovl,,.

The definitions of the residual terms correspond to those introduced in Equation (1.81).
From the 4 block equations (complementarity),

SAu+puAs =-r; o As=(-rg=SAu) o (u), (1.93)

As is isolated and substituted into the 3¢ block-row of the KKT such as,

GAX - 5#A,u =+ As = rlu
SGAx =5, M+ (=ry = SAu) @ (1) = 1y (1.94)
SGAT= W+ 8,)00 = =1+ (1) @ (1) = T

with @ the Hadamard component wise division and W = (s) @ (), leading to the reduced
symmetric KKT system with variables (Ax, Ad, Au),

0+ 6,1, AT G’ Ax Iy
A —5/1]Im 0 Adl = - rFa|. (195)
G 0 —-(W+6,0,)[[Au Fus
KKTyr

where Q + 6, > 0,6, > 0, and W + 6, > 0. In the typical symmetric quasi-definite
(Vanderbei [125]) form, it reads
T T
KKTNTz[A B ] A:[Q—f—éx]l,, A

5 c ) Mm] >0, C=(W+§,)I,>0. (1.96)

By classical results on quasi-definite matrices, KKTx7 is nonsingular and admits a block
LDLT factorization

by 0],
KKTNT_L[O DJL, (1.97)

where L is unit lower triangular, with one of D or D, positive definite and the other negative
definite.
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1.5.7 Proximal slack-stabilized primal-dual Interior-Point Method

In this subsection, we introduce a novel proximal slack regularization within the stabilized
primal-dual interior-point framework. To the best of our knowledge, such a formulation does
not appear in the existing literature. This represents a first attempt to enhance numerical
stability and control the evolution of slack variables in a unified primal-dual setting.

We augment the generalized regularized primal-dual merit function M?R with an addi-
tional Euclidean proximal term on the slack variables, yielding

1
—16; - sli3, (1.98)

MR (x, 3, 11504, 00, 60, 65) = MGR (x,9, 4,1 61,60,,6,) + 55
S

where s € RP, s > 0, and 65 denotes a proximal estimator. Applying the same transfor-
mation and derivation steps as in the stabilized KKT system (1.81), we obtain the following
proximal-slack-regularized system:

Q+d, AT GT o 1]/Ax Ox+c+ATA+ G u+6,(x—6y)
A —(S,I]Im 0 0 Al _ Ax—b—dl(/l—é’))
G 0 =0, T, ||Ap Gx-d+s-6,(u—-6,) ’
O O dlag(s) dlag(g) AS soﬂ_o-v+s.6s(s_gs)
(1.99)

with ¢ = p + 85(2s — 6;).

In the KKT matrix, the term V2, = diag(u + 65(2s — 6;)) appears as a diagonal correc-
tion. When s ~ 6y, this simplifies to approximately diag(u + d5s), providing a stabilizing
penalty that scales with the magnitude of s. Similarly, in the residual, the term s - §5(s — 6;)
vanishes as s approaches 6;.

Within the outer-inner loop algorithm, the estimators are updated at the outer iteration
and remain fixed during the inner loop, which defines a sub-QP problem. For the augmented
Lagrangian and proximal terms, the standard updates 9’5“ = 0% are employed (see Algo-
rithm 4). A similar approach could be adopted for 6, yet we propose here an analytical
update rule.

We define 6, as the minimizer of the subproblem,

6 = argmin MgR(x, 8y 1, A3 0y, 6,4, 6y, 6y), (1.100)

selR?

whose stationary condition, after applying the transformation 7, reads

50 VSMgR(x, Sy, A30,,00,0x,05) =pos—ov+s-6,(s—6s) =0. (1.101)

This leads to a quadratic equation in §; for each component. The corresponding discrim-
inant is
A= (u+65)* + 46,05 > 0, (1.102)
which guarantees the existence of real and positive roots. Selecting the positive root, the
analytical update for 6; in the outer loop becomes
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2
gl = 7 . (1.103)
(1 +0ysk) + \/(u +6,5%)% + 46,05

This expression ensures smooth and stable evolution of 6, maintaining both feasibility
and numerical robustness in the proximal-slack regularized interior-point framework.

Concerning the Nesterov-Todd decomposition, the definitions of the residual terms fol-
low those introduced in Equation (1.81). From the fourth block of equations (the comple-
mentarity conditions), —7, s is derived from,

VMER = sopu—ov+s-6,(s—0,), (1.104)

where the additional term s - 65(s — ;) does not alter the form of the Nesterov—Todd decom-
position; it only results in a redefinition of W and 7, .

1.6 Regularization interpretation

This section interprets the used regularization techniques through their impact on problem
convexity and their influence on the merit function, gradients, and Hessian structure. As
introduced in § 1.4.1, an optimization problem can be regularized using various techniques
to enhance stability, convergence, and numerical robustness. Regularizations transform the
original problem into a more tractable form while preserving its solution and providing con-
vergence guarantees. In this research, we investigate proximal, augmented Lagrangian, and
primal-dual augmented Lagrangian methods.

The analysis is based on the proximal augmented Lagrangian and primal-dual Gill-Robinson
terms in equation (1.62).

/{ Definition 1.6.1 ] [Diagonal shift and Positivity]\
L

et M € R™" be a symmetric matrix positive semi-definite with M > 0. For any
scalar 6 > 0, the shifted matrix

M;s := M + 61, (1.105)

is positive definite, i.e.
X" Msx>0 VYx#0, (1.106)

and hence invertible. We denote this property as

Ms > 0. (1.107))

-

Definition 1.6.1 establishes a simple regularization principle. By adding a small multi-
ple on the diagonal of any symmetric positive semi-definite matrix M, it becomes strictly
positive definite. This diagonal shift ensures numerical stability and always guarantees the
invertibility of otherwise singular or ill-conditioned systems. In terms of optimization, the
constrained problem becomes strictly convex while keeping the same solution.
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Proof 1.6.1 [Diagonal shift and Positivity
Let M € R™", M > 0, we have x" Mx > 0 for all x € R". Then, for any x # 0,

x"Msx = x" Mx + §||x||> = §||x||> > 0, (1.108)

and M is positive definite. O

1.6.1 The Euclidean proximal operator

In the merit function (1.62), the proximal regularization is expressed as an Euclidean norm
term. This term acts as a damping mechanism centered at the current iterate x, preventing the
next iterate x;; from moving too far away (update 6;+; = x¢). The regularization penalizes
deviations from the estimator 8, and can be seen as a local quadratic approximation that
convexifies the objective function.

Let f : R" —» IR U {400} be a continuous, smooth, and convex function. The operator
prox, f(Gx) = %‘ll@x - xllﬁ, see definition 1.6.2. The operator shifts x in the direction of the
minimum of f, with the amount of movement controlled by the parameter ¢, while keeping
it near 6. A full derivation, interpretation, and theoretical discussion can be found in [101].

([ Definition 1.6.2 ] [Proximal operator]\
L

et f: IR" - IR U{+o0} be a convex function. The proximal operator of f at a point
0, € R" with parameter §, > 0 is defined as

. Ox
prox; ;(x) := arg min {f(x) + ?le— lelg}. (1.109)

This operator returns the point that best balances minimizing f and remaining close
to the reference point 6, in the Euclidean sense.

- _/

As stated in definition 1.6.3, x™ is a fixed point of the proximal operator if and only if it is
a minimizer of f. Therefore, the solution x* can be interpreted both as a proximal fixed point
and as the solution of the optimization problem.

Definition 1.6.3 ] [Proximal fixed-point operator
A point X € R" is called a proximal fixed point if

% = proxs ¢(%). (1.110)

Theorem 1.6.1 links a proximal fixed point to the arg min, f(x).

Theorem 1.6.1 | [Proximal fixed-point and minimizer of f(x)

A proximal fixed point,
% = proxs ¢(%), (1.111)

coincide with the minimizers of f, ¥ = x*.
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Proof 1.6.2

[Proximal fixed-point and minimizer of f(x)

The formal proof of Theorem 1.6.1 can be found in [101, 120].

The Moreau envelope Mjs ¢, see definition 1.6.4, acts not only as a smoothing operator
for nonsmooth functions but also as a curvature regularizer for smooth cost functions. It
produces a surrogate objective whose gradient is globally Lipschitz continuous with constant
§., regardless of the conditioning of V2 f. The gradient of the Moreau envelope VM;, £(x) is
Lipschitz continuous [101]. Indeed, for any x, x" € R",

IVMs,f(x) = VMs (X))l = IVf(x) = V(&) +6x(x = 6;) = 6:(x" = 0:)ll2
= IVf(x) = VL(x")ll2 + 6llx = X'l (1.112)
< Gullx = X2

so that L = ¢, is the Lipschitz constant of VM; ¢ by definition. As a result, the neighbor-
hood of 6, is better conditioned, and as 6, — 0, the regularization decreasingly convexifies
the problem until reaching the original QP problem, see [89] for a formal proof.

In other words, even for non-strictly convex QPs, where the gradients may vanish in cer-
tain regions, the Lipschitz continuity of the gradient of the Moreau—Yosida envelope ensures
that descent directions remain well-scaled, effectively providing a momentum-like effect that
guides the iterates steadily toward the solution.

/[ Definition 1.6.4 ] [Moreau—Yosida regularization]\
The Moreau—Yosida regularization (Moreau envelope) of f is defined as

Ox
M, f(x) := inf {f(X) + 5llx—9x||§}. (1.113)

The function Mjs, ¢ is a smooth, regularized approximation of f it is finite-valued and

continuously differentiable on IR”, even when f is not. The sets of minimizers of f

and M;, ¢ coincide, so minimizing Mjs  is equivalent to minimizing f while yielding
\a smooth optimization landscape. j

Modified residuals:  when deriving the merit function with the proximal Euclidean reg-
ularization, the gradient in the x-direction can be expressed, for example using an uncon-
strained optimization problem with a proximal regularization term, as

V(£ + 210~ ) = Vuf () + 1= ). (1.114)

The proximal regularization not only stabilizes the residual of f(x) but also ensures a
globally Lipschitz gradient, improving both the numerical conditioning and the convergence
behavior of Newton or quasi-Newton updates.
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Modified Hessian matrix: thus, after deriving the gradient of the regularized merit func-
tion or Lagrangian, the corresponding Hessian can be computed, and in the x-direction be-
comes

vi (f(X) + %"IIHX - xll%) = V2f(x) + 6,0, > 0. (1.115)

If the original Hessian V2 f(x) is positive semidefinite and possibly singular, the diago-
nal shift term 6,1, guarantees that the modified Hessian is positive definite (in the symmetric
case before the transformation, see def (1.79)), see Definition 1.6.1. This ensures that the
regularized Newton system is always solvable and well-conditioned. As a result, even orig-
inally non-strictly convex problems can be handled robustly, and Newton or quasi-Newton
steps remain well-defined, enabling stable innerloop iterates in primal-dual algorithms.

1.6.2 The primal-dual Gill-Robinson Augmented Lagrangian

The Gill-Robinson primal-dual augmented Lagrangian [53] extends the classical augmented
Lagrangian approach by incorporating both primal and dual regularization terms. This for-
mulation simultaneously stabilizes the Newton system and enforces feasibility, providing a
well-conditioned framework for solving convex quadratic programs, even in the presence of
rank-deficient or linearly dependent constraints. The classical augmented Lagrangian and
Gill-Robinson regularization can be expressed as an additive operator in the form

1 1
Pabgo,(x,A) = 2—(5A||Ax—b||§ + EnAx—b ~6,(1—-6))I13,

1 1 (1.116)
PG.ag,5,(% s, p0) = =—lGx—d + sIf + =—IGx—d + 5= 8, (1 — 6,15
20, 20,
We call the augmented Lagrangian operators Pspg,5, = P, and equivalently,

PGae,5, = Pu The operators are additive on the merit function level, and we introduce
P = P, + P,. The gradient of the operators P,, P,, with respect to x, A, u reads

1 1
VP + VP, = —AT(Ax—b) + —G"(Gx—d + s)
51 5,
1 1
+ AT (Ax=b=062(2-6,)) + =G (Gx=d + 5 =6, (n=64)). (1.117)
4 H
V,lP,l—i—V,lP# = —(Ax—b—é,l(/l—éu))

VP + VP, =—(Gx—d+s—6,(u—6,)).

In the direction x, the gradient of the operators in (1.116) establishes a regularized cou-
pling between the primal and dual variables. Viewed as penalty operators, PA and Pu enforce
feasibility of Ax = b and Gx —d + s = 0. Unlike classical augmented Lagrangian quadratic
penalty methods, this formulation incorporates dual variables through the correction terms
A =0, and u — 6,. The gradients of the operators vanish only when both the constraint vi-
olations and the dual variable corrections approach zero, ensuring satisfaction of the KKT
optimality conditions. The weighting terms 6% and é regulate the strength of the primal-dual
enforcement and directly influence the local curvature of the constrained problem.
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When derivating the gradients, the Hessian of the primal-dual operator (1.116) can be
written

ZATA+ 2G"G -AT -GT

yl u

V2P(x, A, 1) = -A o, 0 |, (1.118)
-G 0 6,0,

On the full diagonal, the regularization terms introduce a positive shift, ensuring positive-
definiteness (see 1.6.1). This effect is analogous to the convexification induced by the proxi-
mal operator on the cost function, but here it acts on the feasible set . For the variable x, the
term, %ATA + %GTG is positive semi-definite and acts as a regularized primal curvature,
enforcing local convexity along the feasible directions defined by the constraints. When some
equality or inequality constraints are linearly dependent, the matrices A and G lose full rank,
leading to potential singularities in the Newton system. The inclusion of the regularization
terms 6,,6, > 0, in the second and third block lines, effectively breaks these linear depen-
dencies, restoring invertibility. For sufficiently small values of 6, and ¢,,, this modification
preserves the original optimal solution while ensuring a stable and well-conditioned Newton
update.

The presence of the off-diagonal blocks —A, -G, —A", -G couples the primal and dual
variables and prevents singularities in the Newton system. Using the Schur complement with
D = diag(6,1, (5ﬂlp) > 0, the block matrix in (1.118) is positive semidefinite because its

Schur complement is

1 1
S=—ATA+—-G'G>=0. (1.119)
5 Sy

Equivalently, its determinant factors as

FATA+ 2GG -AT —GT | |

A H

det -A Sy O :(64)’"-(6ﬂ)”-det(6—ATA+6—GTG). (1.120)
-G 0 6., 1 #

The regularization adds some monotonicity to the optimization problem. As the Newton
scheme converges and d,, 6, — 0, both the constraint violations and the associated regular-
ization terms vanish. Conversely, as ﬁ increases, the constraints are enforced more strictly.

Ap

This leads to larger augmented penalty 'Weights but smaller residuals |Ax — b| and |Gx —d + s,
thereby driving the iterates closer to feasibility.

1.7 Safe-guards, corrections and decompositions

In practical implementations of primal-dual interior-point methods, theoretical convergence
guarantees may be challenged by numerical errors, ill-conditioning, or proximity to the log-
barrier. Safeguards and correction mechanisms are introduced to enhance robustness in these
situations. These techniques, including central path corrections, fraction-to-the-boundary
rules, centering barriers, boundary control, and early-termination amortization, ensure ro-
bustness and reliability where theory and numerical practice sometimes collide. Importantly,
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they are designed to be activated if needed, as unnecessary application can slow down the
process.

1.7.1 Central path correction

Formulation:  The central path is defined as the trajectory of primal-dual iterates (x(o),
s(o), A(o), (o)) satisfying the perturbed KKT system with barrier parameter o= > 0.
The idea behind this process is to update the estimators 6y, 6,,6, of the primal-dual IPM
to maintain proximity to the central path neighborhood. This approach is less aggressive
than directly modifying the variables x, 4, u, s, yet the estimators, by defining a damping
neighborhood, guide the solution trajectory along the central path. Using the stable Newton-
KKT system (1.81), we define the slack-dual operator F as

F(s,p, As, Au) := diag(s)Au + diag(u)As + sou—ovl,. (1.121)

The last block of the Newton system can then be compactly written as

F(s,u,As,Au) —sou+ov =0, (1.122)

which represents the deviation from the central path. The central path itself is obtained
by solving

F(5,1,0,0) = sou—ovl, =0, (1.123)

so that the slack and dual variables evolve along a strictly positive trajectory satisfying
s > 0, u > 0. The central path guarantees convergence to the optimal KKT solution as
o — 0, while the Newton step updates (Ax, A4, As, Au) enforce complementarity. Staying
close to the central path ensures that the iterates maintain a balance between feasibility and
complementarity, which provides the best convergence behavior in primal-dual interior-point
methods. Deviations from the central path can lead to slower convergence, numerical insta-
bility, or stepping outside the feasible region, motivating the use of central path correction as
a safeguard to guide iterates back toward the central trajectory when necessary.

The correction can be formulated as [128]85,

Q+6, AT GT 0 Oox 0
A =6, 0 o [laa] o
G 0 =6, I, ||lou|” "|o| (1.124)
0 0  diag(s) diag(u)]las 1

leading to the corrections,
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o — o+ (V=) aa,
Oy — 0 + (V=) o, (1.125)
0f — o+ (v =) o,

under assumptions v > v¥*! and the distance to the central path s o u is large enough.

Algorithm: The central path correction is applied after updating the estimators whenever
the new solutions deviate too far from the central path,

Algorithm 5 QProxIP, central path correction safeguard.

1: Init
2: while Outerloop do
3:  while Innerloop do
Solve (1.81)
Linesearch
end while
Update the estimators: Gy
Update the weights: dqg+1
Update the barrier parameter: vy
10:  Compute centrality measure: d. = ||s o u — vgr11|2
11:  Compute threshold: T = 19 + 71 V41
12:  if d. > 7 then

D A A

13: Solve (1.124) and apply (1.125)
14:  end if
15: end while

16: Return the optimal primal-dual solution (x*, s*, 1*, u*),

with 79 = 107, 7; = 10.0. As shown in Algorithm 5, after each update of the estimators
(6n), weights (6g) and the barrier parameter v, the algorithm measures the distance of the
current iterate from the central path using the quantity d. = |s o u — v1|,. If this distance ex-
ceeds an affine threshold T = 7 4 71V, a correction is applied by solving the system (1.124)
and updating the estimators according to (1.125). This correction incurs the computational
cost of solving a KKT system; however, the symbolic and numerical factorizations are re-
tained, so only the system solve using the existing factorization is required. The centrality
measure and the Mehrotra-style corrector-predictor was used in a proximal QP primal-dual
IPM in [114].

1.7.2 Fraction to the boundary

Formulation: In Interior Point framework, the fraction-to-the-boundary rule ensures that
the next iterate remains strictly feasible with respect to the inequality constraints s > 0 and
u > 0. Given a search direction (As, Au) from the Newton step, the maximal step sizes @™**

and ;™" that maintain strict positivity are
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¥max = min | max{e € [0,1] | s + @As > 0}, max{e € [0,1] | u + @Au > 0}]. (1.126)

The fraction-to-the-boundary rule then chooses the step size as a fraction 7 € (0, 1) of
the maximum o = Ta™?®*, with

7 = max(Tmin, 1 — V), Qmax = min =t | As;<0,;i= 1,...,p), (1.127)
Si

where the minimum is taken only over the components of As that would decrease s;,
i.e., those with As; < 0, to ensure that the updated slack variables remain strictly positive.
Typically, 7 is chosen between 0.9 and 0.999 to prevent the iterates from getting too close to
the boundary, being numerically destabilizing. This approach ensures that the iterates remain
in the interior of the feasible set while allowing the Newton method to make meaningful
progress along the search direction. The fraction to the boundary method was introduced
first in [126].

Algorithm:  Algorithm 6 describes the integration of the a fraction-to-the-boundary rule
in the innerloop. The rule is enforced to determine the maximal step size amax that keeps the
slacks s and duals u strictly positive. The maximal step « is then used as the starting point of
the linesearch backtracking.

Algorithm 6 Central path correction.

1: while Innerloop do

2: Solve (x], s, 47, 1), KKT.A = —R (1.81)

3 Fraction to the boundary: find @y,

4:  Linesearch: find (x,i slf(/liﬂ,’() such that HVM?R(xI{, si/li,ui)” < g and si >0
5. Update: [x, A, u, s| < [x, A, i, s] + a[Ax, Ad, Au, As|

6: end while

1.7.3 Centering the barrier

To guide the balance between centering and progress in a Mehrotra-style predictor-corrector

[96], [103] interior-point method, we compute a centering parameter o based on the predicted

complementarity gap. The current average complementarity is given by g = %.
After the linesearch, the predicted average complementarity becomes
s+als)T (u+ alu
Hayg = ( )p( ) (1.128)
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To measure the relative change in complementarity, we define the ratio

.
n = (s + aAs) (,u—f—a/A,u)' (1129)

sTu

The centering parameter o is then computed by applying the cubic transformation,

o = (min(1.0,max (0.1, 7))’ (1.130)

This cubic transformation ensures that o remains small when the linesearch update al-
ready predicts strong progress and approaches 1 when additional centering is required. The
resulting o is subsequently used to define the right-hand side of the corrector system in the
predictor-corrector iteration, see [103].

1.7.4 Boundary control

In interior-point methods, the slack variables s must remain strictly positive to ensure the log-
arithmic barrier terms well-definiteness. During early iterations, however, some components
of s may approach zero, potentially causing numerical instability or breakdown of the method
[103]. To prevent this, we monitor the smallest component of the slack vector s,,;, = min; s;
and if it falls below a critical threshold s,,;;, < ele“Tr(l)y, where ¢ is the early termination. All
slack variables are slightly shifted to avoid division by zero or logarithmic singularities,

s — s+ 10‘101,,. A candidate barrier parameter vyy is then estimated from the current

. . . . . p. '
The barrier parameter is updated conservatively as v = min (5 - v, vyy) , ensuring that v is
not increased too aggressively even in cases of near-infeasibility, and the new value is stored
in the problem state vy « v. This heuristic safeguards the interior-point method from in-
stability when iterates approach the boundary of the feasible set prematurely, while gently
restoring a higher barrier to guide iterates back toward the central path.

slack s and the inequality feasibility violation, r = d — Gx, ry = max(r,0), vy =

1.7.5 Early termination amortization

To improve the robustness of early termination in our solver, we introduce an amortization

factor based on the relative residual mismatch ¢ = mel";(;r:’rld) + 1, where (rp, ) > (0,0).
The early termination tolerance is applied by & « ¢/g¢, effectively damping the scheduled
early termination. When the primal and dual residuals are balanced (r;, ~ r4), ¢ ~ 1 and ter-
mination proceeds as fast as planned; when they are unbalanced, ¢ > 1 and the method slows
down slightly, allowing additional iterations to reduce the larger residual. This mechanism
dampens the expected early termination speed when either the primal or dual residual lags

behind, ensuring the solver continues iterating until both residuals are adequately reduced.
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Ficure 1.3: ¢(rp, rd) mapping.
1.7.6 Symbolic and numerical factorization

At each Newton step of the primal-dual interior-point method, the linearized KKT system
must be assembled and solved. We distinguish between two algebraic formulations: the
full 4 x 4 block system, suitable for LU factorization, and the Nesterov-Todd reduced 3 x 3
symmetric system, suitable for LDLT factorizations.

Full system (LU): The Newton step in the full space of variables (Ax, A4, Au, As) is given
by (1.81). This system explicitly includes the diagonal slack and dual matrices diag(s),
diag(u) in the last block row.

Reduced system (LDLT): Eliminating As from (1.81) yields the symmetric Nesterov—
Todd reduced system (1.95) in variables (Ax, A, Au). Here the scaling matrix W = S M~!
appears in the dual block, and the residual is modified to account for the elimination.

Inner-loop updates: During inner iterations, the coefficient blocks O, A, and G remain
constant as well as the full structure; the symbolic factorization needs to be computed only
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once. Only the diagonal matrices diag(s) and diag(u) (and consequently W in the Nesterov—
Todd decomposition) require updates at each inner-loop iteration, triggering the correspond-
ing numerical factorization.

1.8 Convergence analysis

1.8.1 Outerloop - Proximal Point Algorithm

We recall Problem (1.3.2) formulation, and strictly enforce the slack variable positivity via
the indicator function, see Definition 1.8.1. In the following development, we will relate this
formulation to the logarithmic penalty method used in the IPM.

Definition 1.8.1 ] [Indicator function
0 if s >0,
IND(s) = .
+oo otherwise.
Definition 1.8.2 | Normal Cone
{0} if s >0,
NCys0(s) =4 (-00,0] ifs=0,
0 if s <O.

The first derivative of the indicator function is a normal cone vector defined on s > 0
having a free length, see Definition 1.8.2. This term ensures that any candidate solution
s that violates the inequality s > 0 is automatically excluded from the feasible region of

the Lagrangian. Figure 1.4 presents the indicator function IND(s) for s > 0 and its first
derivative, the normal cone NCj(s) for s positive.

- IND(s), for s = 0 and NCs o(s)

1.5
1.0 +oo

IND(s)

0.51

0.0

|
|
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|}
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|
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1
1
1
1
1
1
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1
1
I
T

1
1
1
1
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Ficure 1.4: Indicator and Normal cone function for s > 0.

The indicator function is a theoretical tool but is used in order to study the interior-point
framework without the inconvenience of a barrier penalty.
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Let us consider the outer loop from Algorithm 4. It follows an inexact proximal point
scheme [109], so that global and local convergence of the outer iterations can be established
following the results in [§9]. By construction, the regularization parameters are positive, non-
increasing, and bounded away from zero. Furthermore, by the early-termination criterion &,
the sequence of tolerances is summable, i.e.,

(o)

Desen y K= lfOK < +oo, see (1.74) (1.131)
k=0 k=0 €

The goal of this convergence analysis is to rewrite the outerloop process as a Proximal
Point Algorithm (PPA), with z = [x, A, 4, s] as, PPA = T(z) + X(z-6;) 3 0.

From optimization Problem QP-s we formulate a Lagrangian having all the previously
emphasized regularization, where the quadratic cost is denoted as f(x),

Lepa(x, 4,1, 5) = f(x) + 6, (Ax=b) + 6, (Gx—d + )

1 1
—[Ax=bB|Z + —||Ax = b —6(21— 0|3
+26AI| x I|2+261|I x 1(A=0)ll5

1 1
+ —IIGx—d+ sl + =—IIGx—d + s — 5, (1 — 6,3 (1.132)
26, 20,
S
2 : 2
+ Exllgx —xll; + jllﬁx —sll;
+ IND(s)

where the indicator function enforces the linear inequality constraints exactly, as intro-
duced in Definition 1.8.1, together with its subdifferential being the slack-variable normal
cone NCss¢ defined in Definition 1.8.2 (see Figure 1.4). Using this formulation, the KKT
conditions can be expressed as follows

[ 1 1 -
[0xLppa] Ox+c +’?T9/1 + SAT (Ax - b)1+ EAT(AX —b—-6,(1-6,))
+G"0, + EGT(Gx— d+s)+ ZGT(Gx—d +5=38,(1—6,))
+8,(x = 6y) + 05(s - 65)

020, Lppa| = ~(Ax=b=5,(1-))) ’
0uLppa —(Gx—d+s—-6,(u—6,))
ﬂs.EPPA_ | NCszO(S) +M

where 05 a subdifferential operator being consistent with the use of the normal cone.
Using the A,u substitutions (1.66), (1.68) we can write,

0xLppa Ox+c+A"A+Gu X — 6y
91 Lppa —(Ax—-b) A—0,

= 2 , 1.133
0, Lppa -(Gx-d+s) + u— 0y ( )
as-LPPA NCSZO(S) +u § — 0
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with X = diag(6y, 64,6, 6) and according to Luques [89], as the optimization problem
can be written as a PPA the outerloop converges. It can be noted, that without the slack
variable proximal regularization, the problem cannot be cast in the PPA form with all its
variables, and convergence of the outer loop would no longer be guaranteed in this form.

In practice, the indicator function IND(s) is relaxed by a smooth log-barrier relaxation,
ov(s), with ¢(s) = =37 In(s;),  Ve(s) = s,
where s~! denotes the elementwise inverse of s. The parameter v > 0 determines the
barrier strength, while o € (0, 1] is a centering factor. This substitution maintains feasibility
(s > 0) while introducing a smooth approximation of the non-smooth IND(s).

When IND(s) is replaced by ové¢(s), the outerloop algorithm no longer represents an
exact PPA of the form 0 € T(z) + X(z —6;). Instead, the process can be viewed as an
inexact Proximal Point Algorithm (iPPA), where the deviation acts as a structured approxi-
mation error controlled by the barrier parameter v, with >, v < oo, see [117]. Asv — 0,
the barrier term approaches the indicator function, and the scheme tends to the exact PPA
form. The work by Solodov and Svaiter [117] provides a convergence framework when the
iterates satisfy 0 € T(z*T!) + Z(*! - 25) + €k, with ek denoting a residual error that is
either summable or bounded relatively to It — Z¥||. Under suitable control of v and o,
the log-barrier formulation can thus be interpreted as an inexact PPA, ensuring asymptotic
convergence of the outerloop.

1.8.2 Innerloop - a regularized Newton method

Consider the innerloop of a primal-dual Algorithm (4), where a merit function ¢(z) is mini-
mized along a search direction A. We assume the following,

/l Assumptions 1.8.1 ] [Innerloop convergence]\
(a) The linear system (1.81) is always solvable.

(b) The search direction A exists and is unique.

(c) There exists a unique optimal step size @* > 0 along A that minimizes ¢(z +
alz) [24].

\ (d) The merit function ¢ is continuously differentiable and strictly convex. /

Under these assumptions, we can prove convergence of the inner loop using an Armijo
backtracking linesearch.

In the upcoming study, the merit function ¢(Z) = MgR (x, S, 1, A5 0,04, 0y, 93) and 7 =
[x, 4,1, s] . The merit function is strictly convex due to the proximal and augmented La-
grangian regularization. The associated Newton scheme is always solvable due to its KKT
matrix properties, see (1.81), leading to a unique A descent direction.

By strict convexity and differentiability of ¢, the directional derivative along Ax exists
and is unique
(Vg - A) < 0, see Proof (1.5.1), (1.134)
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thus, A is a descent direction unless z = z* is already the unique minimizer.

The Armijo condition requires a step size a satisfying,

¢(zx + adz) < ¢(zi) +caVe(z) Az, 0<c<1, (1.135)

and there exists a sequence of non-zero step sizes (ax;) jen satisfying the Armijo condi-
tion (1.32) at each iteration. This ensures a decrease in ¢ along the Newton direction unless
V¢ (z;) = 0, see Proof 1.4.1.

Since ¢ is strictly convex, the function & — ¢(xx + @Az;) is strictly convex. By assump-
tion 1.8.1[c], there exists a unique a* > 0 minimizing ¢ along Ax;, and the Armijo condition
is satisfied for some o < o*.

Each iteration produces

G(ziv1) = d(zk + ardxi) < ¢(z) + carVe(zi) " Az < d(2), (1.136)

so the sequence {¢(xx)} is strictly decreasing.

Being strictly convex, ¢ has a unique minimizer z* and ¢* = ¢(z*), which bounds the
sequence from below. Hence,

P(zk) = ¢, Vo(z) =0, z—7". (1.137)

Under the aforementioned assumptions, the innerloop using a regularized Newton method
with Armijo backtracking converges globally to the unique minimizer of ¢ of the defined sub-
QP(6g, 65), providing a numerically robust framework for the primal-dual algorithm.

1.9 Modularity and object oriented programming

Modular architecture:  This section outlines the solver’s design, emphasizing how mod-
ularity is achieved through object-oriented programming principles. Each major compo-
nent—such as the KKT solver, linesearch strategy, and termination criterion—is encapsulated
within its own class. Components implement common interfaces or inherit from abstract base
classes, enabling seamless interchangeability without modifying other parts of the solver.

To further enhance modularity, the solver employs a factory pattern. This allows users
to select among different strategies, for example, a dense or sparse KKT solver, at runtime
without the need for recompilation.

The architecture promotes code reuse and simplifies future development. Developers
can introduce a new solver backend or implement a custom stopping condition by extending
the relevant base class and registering the new component through the factory. This design
ensures the solver remains highly adaptable, maintainable, and extensible.

Figure 1.5 shows the architecture of the object oriented program. The main routine is
composed of 3 sequential blocks, the construct of the KKT scheme, the linesearch and the
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!
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Eigen C++

Ficure 1.5: Modular architecture and flowchart.

termination. These 3 blocks are customizable in terms of regularization, safeguards and are
easy to get in for machine learning tools using object instances for each configuration. An
automatical preconditioning method can be activated, and the core structure is made using
the Eigen package, having methods for dense and sparse matrices. The results presented in
the next section were made using the sparse version.

The solver is designed in programming language C++ for efficiency reasons and flexi-
bility of development. Using CMake for modern build and package management, the system
can be easily installed and compiled across platforms. The main solver class maintains refer-
ences to user-selected modules, including different linesearch conditions, KKT schemes and
termination conditions. This architecture minimizes coupling, allowing components, such as
other and new backtracking methods or filters to be replaced without modifying the solver
core. Class composition is implemented via smart-pointers, ensuring computational effi-
ciency and good memory management. A lightweight Python library with a C++ wrapper
further enables integration with other software platforms, facilitating scripting and experi-
mentation.

Linear algebra:  The solver is integrated with multiple open-source and academic linear
algebra packages. For the LU decomposition of non-symmetric KKT matrices, users can
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choose between the UMFPACK package for optimized performance, SuperLU for a simple
Eigen-based solution without additional dependencies, or MUMPS when CPU parallelization
is required. For the LDLT decomposition, employed in the Nesterov-Todd scaling scheme
(see §(1.93)), the most competitive option is the MA97 solver, which is available free of
charge only for academic use. To this end, we provide a competitive Eigen-based implemen-
tation of MA97 for sparse matrices that minimizes unnecessary data copies—constituting,
as no equivalent implementation currently exists within the Eigen ecosystem. The Eigen
library also includes an integrated LDLT-Cholesky routine, while the CHOLMOD linear al-
gebra solver was also integrated. However, CHOLMOD can only be applied when the KKT
matrix, and not merely Q, is guaranteed to be positive definite.

1.10 Results

In all presented results, the standard QProxIP solver is depicted in red for clarity and consis-
tency when compared against other solvers and parameter configurations.

1.10.1 Monitoring and metrics

To evaluate the presented results, it is necessary to define appropriate metrics and monitoring
criteria. These metrics provide a consistent basis for comparing solver performance, tracking
convergence behavior, and assessing numerical stability across different problem instances
and parameter configurations.

Profiles:  For P the set of problems and S the set of solvers, let 7, , denote the (wall-clock)
runtime required by solver s € § to solve instance p € P (for a given tolerance € > 0).
We will monitor the computational performance of different solver settings and graphically
summarize our results by means of two profiles. When solver s € § fails to solve p € P, we
set f5 ), = oo.

Definition 1.10.1 ] Data Profile

A data profile is the graph of the cumulative distribution function f;: [0, 00) — [0, 1]
of the runtime, namely f(7) := W
As such, each data profile reports the fraction of problems f(#) that can be solved by

s with a computational budget ¢, and therefore it is independent of the other solvers.

, where |P| denotes the cardinality of set P.

Definition 1.10.2 ] [Performance Profile
A performance profile is the graph of the cumulative distribution function of the per-
formance ratio r; ), = ﬁ:tw As such, it displays the fraction of problems solved
within a time factor comparéd to the fastest solver of each problem. Therefore, the
performance profile of a solver also depends on the performance of all other solvers

ins.
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1.10.2 Maros-Mészaros test-set

Throughout the results, the QProxIP solver is consistently represented in red when compared
to other solvers and configurations. The benchmark problems, detailed in the Annex, are
ordered according to their storage size (in bits per problem). For example, the subset denoted
as MM100 refers to the reference test set comprising 100 representative problems and MM139
is the full test set.

1.10.2.1 Test set characteristics

The Maros—Mészdros test set is a widely used benchmark collection of convex quadratic
programming (QP) and linear programming (LP) problems. It was originally designed to
evaluate the robustness, efficiency, and numerical stability of optimization solvers across a
broad spectrum of problem characteristics. The diversity of the test set makes it a standard
reference in the evaluation of both academic and industrial QP solvers.

The collection comprises 139 problem instances of varying sizes and structures. The
number of variables and constraints ranges from a few hundred up to several tens of thou-
sands. The constraint matrices are typically sparse, with a low density of nonzero elements,
which poses challenges for storage efficiency and matrix factorization. Many problems are
also ill-conditioned, and some include nearly singular or degenerate constraint structures.
In several instances, the Hessian matrix is only positive semidefinite or close to singular,
which tests the numerical robustness of solvers under challenging conditions. These proper-
ties make the Maros—Mészdros test set particularly suitable for assessing solver performance
beyond average behavior, including worst-case convergence, sensitivity to conditioning, and
scalability. Solvers that are able to successfully handle all or nearly all instances in this
benchmark, under tight tolerances (e.g., 107°), are generally considered to exhibit a high
level of robustness and numerical reliability.

1.10.2.2 Proximal and Augmented Lagrangian weight geometric decrease influence

Depending on the dynamics of the parameter o, the convergence speed of the solver varies,
as illustrated in the performance profile. Nevertheless, the solver remains robust even when
the augmented Lagrangian proximal weights are not decreased. Since parameter tuning can
be a tedious task for the user, it is desirable that the solver demonstrate robustness across a
wide range of regularization settings.

In the following studies, the solver is configured with the regularization and safeguard
settings summarized in Table 1.1. All options listed in the table are enabled or applied as
indicated, ensuring a consistent solver setup across the experiments in this subsection.

ID ALM x-prox s-prox CPC NML-LS Ruiz Amort. Bound. Ctrl
All  yes yes no yes yes yes yes yes

TasLE 1.1: Applied regularization and safeguards.
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ap influence:  In the first experiment, all proximal weights share the same initial value
0o = 1, while we vary their geometric decrease coefficient @g. The solver settings used
in this study are summarized in Table 1.2. The corresponding results are presented in the
performance profile shown in Figure 1.6.

u 6x 5,1 (5# s, a@s, (l(sﬂ
QProxIP 1 1 1 1002 1072 1072 0.15 02 02
QProxIP 0.10 1 1 1 1007 1002 100”7 01 0.1 0.1
QProxIP 0.25 1 1 1 1007 1002 100 025 025 025
1 1
0" 0~

ID Ox 02 0

QProxIP 0.50 1072 10027 1007 05 05 05
QProxIP le-9 1 9 1007 102 10017 1 1 1

9 1070 1

TaBLE 1.2: Augmented Lagrangian and proximal weights applied and their
geometric decrease, see Figure 1.6.

The performance profile compares five QProxIP solver configurations as shown in Ta-
ble 1.2.

The default setting and constant augmented Lagrangian and proximal weight 65 = 10~
settings demonstrate superior performance, solving approximately between 60% and 80% of
problems twice as fast as the solver with other settings. The intermediate settings, 0.1 and
0.25, achieve comparable robustness but are slower. In contrast, the 0.5 setting significantly
underperforms in terms of robustness and solving time at convergence. The results indicate
that, although the convergence speed varies depending on the dynamics of the parameter «,
the solver remains robust: even under slower or suboptimal settings, it successfully solves all
or more than 90% of the problems.
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Ficure 1.6: Performance profile of QProxIP depending on g - MM 100 sub-
testset.

0p influence: In a second experiment, we modify the scaling of the initial augmented La-
grangian and proximal weights 5, decreasing at a geometric scale ag = 0.25, further il-
lustrating that the solver maintains stable performance over a wide range of regularization
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settings, thereby reducing the need for extensive manual tuning. The settings presented in
Figure 1.7 are presented in Table 1.3.

ID 5x (5,1 (5# 6_x a a as, as, a(;#
QProxIP 1 1 1 1072 1002 1002 015 02 02
QProxIP 1e0 1 1 1 1072 1072 1072 025 0.25 0.25

QProxIP le-1 0.1 0.1 0.1 1072 1072 1072 0.25 025 0.25
QProxIP le-2 0.01 0.01 0.01 1072 102 1072 025 025 0.25
QProxIP le-3 0.001 0.001 0.001 1072 1072 107> 025 0.25 0.25

TaBLE 1.3: Augmented Lagrangian and proximal weights applied and their
geometric decrease

The performance profile compares five solver configurations with initial penalty param-
eters 8g0. The setting 659 = 1072 achieves the best performance, solving about 65% of
problems at the fastest time. The default, 1073 settings show intermediate performance, solv-
ing 50-60% of problems optimally and 95-97% within a factor of 10. In contrast, the 107!
and 10V settings underperform, solving fewer problems optimally and requiring significantly
more time, indicating that larger initial penalty values slow convergence. Overall, § = 1072
provides the best balance for general use.
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Figure 1.7: Performance profile of QProxIP depending on dg9 - MM100
sub-testset

The results show that, over a wide range of solver settings and various combinations
of safeguards, the QProxIP solver remains robust across the Maros—Mészaros 100 (MM 100)
test set. From the perspective of the user, this robustness has important implications: it allows
the tuning process to be carried out coarsely without compromising reliability, and it ensures
that the solver performs consistently across different problem instances. At the same time,
achieving optimal performance requires careful consideration of specific metrics; strategies
for effectively leveraging these metrics will be discussed in detail in Chapter 2.
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ID ALM x-prox s-prox CPC NML-LS Ruiz Amort. Bound. Ctrl
QProxIP  yes yes yes yes yes no yes yes

TasLE 1.4: Applied regularization and safeguards
1.10.2.3 S-prox regularization influence

Figure 1.8 compares the performance of QProxIP with and without the s-prox regularization
on the MMJ50 test set without Ruiz equilibration (preconditioning). Table 1.4 summarizes
the regularization techniques and safeguard mechanisms implemented in QProxIP.

For smaller problems solved within 10~! seconds, the s-prox regularization yields compa-
rable or slightly improved results. However, a noticeable loss of robustness appears for larger
problems, which may stem from insufficient parameter tuning of the s-prox framework.

Data Profile
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Time budget [s]

Ficure 1.8: Data profile of QProxIP with and without the s-prox regulariza-
tion for MMS50 without Ruiz equilibration (preconditioning).

1.10.2.4 Benchmarking reference solvers

To assess the performance of QProxIP, we compare it against several widely used quadratic
programming solvers representing distinct algorithmic paradigms.

PIQP is a modern primal-dual interior-point solver designed specifically for quadratic
programs. It employs a Mehrotra predictor-corrector strategy to achieve high numerical ro-
bustness and efficiency, particularly for high termination tolerance, see [114]. The OSQP
solver implements the alternating direction method of multipliers (ADMM) for convex quadratic
programs. It is well suited for large, sparse problems, offering predictable performance and
simple warm-start capabilities, though it may require more iterations to reach high-accuracy
solutions, see [119]. SCS (Splitting Conic Solver) is a first-order operator-splitting method
for solving large-scale conic problems, including QPs expressed in conic form. It sacrifices
high-accuracy optimality for scalability and robustness, making it a reliable baseline for very
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large or ill-conditioned problems, [97]. ProxQP is a proximal-based quadratic program-
ming solver leveraging iterative refinement and proximal regularization. It provides robust
convergence behavior and predictable numerical performance, particularly suitable for em-
bedded or control-oriented applications, [11]. Gurobi is a state-of-the-art commercial opti-
mization solver implementing advanced barrier, simplex, and mixed-integer algorithms. It
is known for its exceptional performance, extensive presolving, and highly optimized paral-
lelization, providing reference-level accuracy and speed. Mosek is another leading commer-
cial solver that focuses on large-scale convex optimization with no fixed limits on the number
of variables and constraints, using a highly efficient primal-dual interior-point method. It pro-
vides strong numerical stability, high-precision solutions, and robust handling of conic and
quadratic problems.

The solver QProxIP have the following hyperparameters:

Parameter  Value Eq. ref. see

€ 1076 (1.49)
Ke 0.5 (1.74)
@, 0.98 (1.74)
£ 1072 (1.75)
Ky 0.2 (1.52)
6, 1.5 (1.52)
Smin 10712 (1.73)
50 1 (1.73)
84,0 10 (1.73)
5.0 10 (1.73)

Nev 0.75 (1.72)
max-outer-it 25 -
max-inner-it 100 -

TasLe 1.5: Fixed parameters for the QProxIP solver.

And have the following regularization and safeguards,

ID ALM x-prox s-prox CPC NML-LS Ruiz Amort. Bound. Ctrl
QProxIP yes yes no yes yes yes yes yes

TaBLE 1.6: Augmented Lagrangian and proximal weights applied and their
geometric decrease.

The author would like to emphasize that the same solver configuration is used for all prob-
lem instances and all benchmarked solvers are initialized at the point x = 0. No problem-
specific adaptation or tuning is performed based on characteristics such as size or structure,
ensuring that the integrity of the performance profiles is fully preserved.

Figure 1.9 illustrates the benchmarking results, which show the data profile for the full
MM139 Maros-Mészdros test set against previously listed solvers. The optimization toler-
ances are set to & = 1078 and g, = 1072 for all solvers to ensure a fair and consistent
comparison. The full results table for QProxIP is provided in the appendix. For the other
solvers, benchmarks were generated using the PIQP benchmark routine [114] and run locally
on the same machine, but these results are omitted from the appendix for the sake of brevity.

QProxIP ranks among the most robust QP-solvers, successfully converging on 137 out
of 139 problems within the time limit of 1000 seconds. Among the remaining two cases, one
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Data Profile
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Ficure 1.9: Maros—Mészdros data profile, benchmarking of reference QP-
solvers on the full test-set MM 139.

problem converges but at a slower rate, while the other exhibits stagnation beyond a tolerance
of 1073,

For problems solved within the millisecond range, the solver is less competitive compared
to the fastest state-of-the-art methods but remains within the same order of magnitude as most
established solvers.

Beyond 10 milliseconds, first-order methods such as OSQP and SCS begin to struggle
due to the stringent optimization tolerances, as does PROX-QP, which is primarily designed
for real-time robotic control.

For larger-scale problems requiring computation times on the order of seconds (typically
involving around 10° — 10 constraints and variables) QProxIP becomes highly competitive,
achieving performance comparable to QPALM. Finally, for the most challenging instances,
QProxIP remains within one order of magnitude of the fastest solver, PIQP.

All problems are included in the plot, however, EXDATA, BOYD1, and BOYD2 could not be
loaded using Eigen and are therefore marked as failed.

All results are provided in the annexes (see Appendix II).

1.10.3 Performance Variability in Computational Benchmarks

Benchmarking provides useful metrics to gauge the performance level of a solver across dif-
ferent settings, but it should not be interpreted as a universal truth. As demonstrated, solver
performance can vary significantly depending on benchmarking configuration, system envi-
ronment, and concurrent computational load. Therefore, results should always be reported
and interpreted in the context of the specific experimental conditions.
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Ficure 1.10: Performance profile of QProxIP depending on the power sup-
ply (left) and CPU overload (right).

Measured computational performance is inherently variable, influenced by both hardware
and software factors. Background processes, operating system scheduling, and transient sys-
tem states introduce minor inconsistencies even when identical problems are executed repeat-
edly. Cache utilization, memory access patterns, and thread scheduling can also contribute to
measurable deviations in runtime. Power management features affect performance, with low-
power or laptop modes typically yielding slower runtimes than high-performance settings.

System load has a significant impact on reproducibility. Background services, browser
activity, or system updates consume CPU cycles and memory bandwidth, while large-scale
problems may suffer from limited RAM bandwidth. The software environment introduces
additional variability: differences in compiler optimization levels, numerical libraries (e.g.,
BLAS or LAPACK), or thread management can meaningfully shift results. Even small
changes, such as using -02 instead of -03 arguments when compiling.

Figures 1.10 illustrate these effects. The figure on the left shows the performance profile
of QProxIP under different power supply conditions (battery vs plugged), while the figure
on the right shows the effect of CPU overload, where an additional program uses 12 threads
to repeatedly invert random matrices, simulating high computational load.

Lo Data Profiles — MM50 x 100
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Ficure 1.11: Maros—Mészaros data profile on the test-set MM50, solved 100
times in a row.

Figure 1.11 shows the data profiles of QProxIP evaluated over 100 independent batches
of the MM50 sub-test-set. Each blue curve corresponds to one batch. Overall, the profiles
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exhibit a consistent trend across batches, suggesting stable solver performance over differ-
ent test sets. All batches achieve full success within roughly 107! to 10° seconds, while
the spread at smaller time scales (107~1072 s) reveals variability in the convergence speed
for simpler instances. The overlapping blue curves indicate low dispersion, confirming that
the solver maintains reliable computational efficiency and robustness across diverse problem
realizations. However, two batches stand out from the mass: one performing significantly
better and one considerably worse, with runtime differences of approximately one order of
magnitude compared to the majority. This deviation likely reflects variability in execution
time due to uncontrolled background system activity during the experiments, despite no user
interaction and the wireless network being disabled throughout the runs.

1.11 Applications and Study Case

1.11.1 Vehicle Routing Problem, a continuous-based optimal transport ap-
proach

We consider a resource allocation problem in which a set of mobile agents (e.g., drones,
ground vehicles, robots) stationed at multiple bases must be assigned to a number of target
locations. The assignment is subject to spatial exclusion zones, which impose penalties based
on the geometric intersection of each path with circular obstacles. This problem is formulated
as a structured Quadratic Program (QP) with linear equality constraints representing supply
and demand and a diagonal cost matrix incorporating distance and obstacle penalties. Let
there be n;, bases and r;, targets, indexed by i € {1,...,n,} and j € {1,...,n,}. Define binary
assignment variables x;; € {0, 1} to indicate whether base i is assigned to target j. Each target
must be covered by exactly one base, while each base may serve multiple targets.

The subsequent quadratic program is formulated as,

. I+
min EX Qx

xeRN
st AgpplyX = L, (1.138)
AdemanaX = 1,
x € [0, 1]".

Having a decision variable vector is formulated as,

T
XI[)C“ X12 ... Xlp, X21 ... xnbn,] EIRN. (1.139)

Let D € R™*™ denote the Euclidean distance matrix between bases and targets, and
C € R™*™ denote the matrix of obstacle-induced penalties. The total cost per base-target
path is Q;; = D;; + AC;j, where A > 0 weights the collision penalty.

Each base provides one unit of supply, and the corresponding supply constraint is defined
as follows,

n

in.,- =1, i=1,...,n (1.140)
=1
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Equivalently, AsupplyX = Bsuppry With Agupply € RV |

1, ifk=(i—1)n,+ jfor some j,

N o 1.141
( supply)l,k {0’ otherwise. ( |

Each target must be served by agents and the demand constraint is expressed as,

np

injzl, i=1,....n,

i=1

;b (1.142)
Z a; = np.
i=1
Equivalently, AgemandX = bdemand, With Ademand € antXN,
Ademand = [alln, aZInt e a'NInt] s (1.143)

where the weights a; represents a priority factor for each target. The sum of all a’s is
normalized by one.

Each exclusion zone is modeled as a circle with center z; € IR? and radius r;. For the line
segment from base i to target j, denoted by [p;, ¢;], the collision penalty is

nz
Cij = Z Length([l?i, q;] N B(z, Fk)), (1.144)
=1

where B(z, ri) is the disk corresponding to the k-th exclusion zone. Intersection lengths are
computed analytically from the quadratic form of the line-circle intersection.

Table 1.7 presents the problem settings, and figure 1.12 shows in on a map as well as the
optimization results. The studied case shows 3 bases and 2targets with 3 avoidances zones
in between them. Target 1 is prioritized over target 2 and a; + @y = np.

TasLE 1.7: Vehicle Routing parameters.

Parameter Value

A 1
np 3
n; 2
n, 3
(03} 1.75
ay 1.25

Figure 1.12 presents the solution of the aforementioned use case, and each base deploys
all its available agents, as indicated by the sum of each row in Figure 1.12. The demand
constraint is satisfied since 1.23 + 1.77 = 3, and the prioritization accuracy is within 1%
(with 1.75 and 1.25 proposed by the user). The optimization converged with a termination
tolerance of 1073,
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target 1 target 2

Base 1 |0.43597352 0.56502647 1.00099999
Base 2 |0.66080872 0.34019127 1.00099999
Base 3 |0.13890239 0.8620976 1.00099999

1.23 1.77) 2

Ficure 1.12: Routing with 3 bases, 2 targets and 3 obstacles
1.11.2 Stability inside a Tokamak

We consider a minimal two-dimensional dynamical system described by the state vector
x = [x1,x2]T € R%. The system’s evolution is governed by energy minimization, where at
each discrete time step ¢, the state evolves toward a configuration that minimizes the system’s
quadratic energy subject to physical constraints.

The potential energy perturbation around equilibrium is defined as,

1 1 1
AE(x) = 5xTQx = 5kx% + Exg +d x1x2, (1.145)

where the Hessian matrix Q captures the system’s energetic structure:

k d]. (1.146)

Q:[dl

Here, k € IR represents the self-energy coeflicient of the first state variable, while d € IR
quantifies the coupling strength between the two states. The second state variable is assigned
unit self-energy without loss of generality. For a simplified plasma mode analysis,x;, x, de-
note the amplitudes of two modes (e.g. the kick and ballooning modes in tokamak plasmas).
The parameter k characterizes the magnetic field energy and mode coupling, serving as a
measure of the stability margin relative to critical thresholds.
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The stability of the system is determined by the definiteness properties of the Hessian
Q. We analyze this through the eigenvalue decomposition. The eigenvalues of Q satisfy the
characteristic equation,

det(Q—A) = > = (k+1)A+ (k—d*) =0, (1.147)

yielding:

+ 2 _ _ 2 + —_1)2 2
/li:(k—kl)_\/(k—;l) Alk—d?) _ (k+1)= (2k 1) +4d‘ (1.148)

The system exhibits distinct dynamical regimes:

e Stable Configuration (k > d?): Both eigenvalues are positive, 4. > 0, rendering Q
positive definite. The energy functional possesses a unique global minimum, and the
system converges to an equilibrium state under perturbations. The basin of attraction
is the entire feasible domain.

e Unstable Configuration (k < d”): At least one eigenvalue is negative, typically 1_ < 0
for k < 0. The energy functional exhibits a saddle point structure, and perturbations
grow exponentially along the unstable eigenmode direction. No bounded attractor ex-
ists.

e Critical Configuration (k = d?): The system resides at the stability boundary, with
A- = 0. This represents a degenerate case with neutral stability along one direction.

For the specific configurations examined:

Stable: k=12.0,d=0.1 = A4 =2.005, A = 0.995, (1.149)
Unstable: k= -10,d=0.1 = A4 =1.005, A- = —1.005. (1.150)

In the tokamak context, the stable configuration (k > 0) corresponds to operation above
critical stability thresholds, when the safety factors are above the kick instability limit or
operating below the ballooning mode S-limit—where magnetic field energy provides natural
confinement and perturbations decay through resistive dissipation [133]. Conversely, the
unstable configuration (k < 0) represents conditions where destabilizing pressure gradients or
current-driven effects exceed stabilizing magnetic forces, analogous to exceeding operational
limits where modes like kink instabilities or tearing modes grow exponentially, leading to
rapid loss of plasma confinement [133].

At each time step t, the free-system evolves to it’s minimal energy configuration, formu-
lated as a quadratic program,

XH—I

=argmin1x"Qx st I>x>u, (1.151)
X
where /, u imposes physical bounds such as amplitude saturation and material limits.
The system evolves in time according to the recursion:

X =™ 4+ (1-a)x", (1.152)
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where %*! is the solution to the QP problem and @ = 0.7 is a relaxation parameter that
ensures numerical stability. To assess the tokamak stability, we introduce a perturbation at

time fpere = 30s as,
X e xlen 4§, § = [2.0,1.0]". (1.153)

Stable systems exhibit exponential decay: |x" — x*|| ~ ¢ with y > 0, where x* is
the equilibrium and the energy perturbation AE converges to zero. Unstable systems show
exponential growth: |[x || ~ ¢”* with y > 0 along unstable directions and the energy diverges,
i.e. |AE| diverges.

The stability is quantified using the energy growth rate y. Post-perturbation [fper, 7] ¥ is

1 4 _ InE(T)=InE(tpen)
defined as y = 7~ 4 InE(1) » ~—

decay of perturbation energy. The system is classified as stable for y < —0.05 and unstable
for y > 0.05.

and characterizes the net amplification or

TaBLE 1.8: Tokamak Stability Parameters.

Parameter Value
kstable 2
kunstable -1.0
dstable 0.1
dunstable 0.1
Perturbation amplitude 2

[ -2.6
u 2.6
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Ficure 1.13: Stable tokamak configuration - Energy, States and Phase Por-
trait
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Ficure 1.14: Unstable tokamak configuration - Energy, States and Phase
Portrait

Figures 1.13,1.14, present the stable and unstable systems response to a perturbation
in terms of energy and states. In the stable configuration the energy is positive over 7.
Small disturbances increase the system’s energy, and restoring forces act to return it toward
equilibrium. Thus, AE = 0 reflects stability, where perturbations decay over time instead of
growing. The phase portrait (x;,x,) exhibits a stable spiral converging to the origin.

In the unstable configuration the perturbation energy growth indicates that the equilib-
rium is not a minimum but a saddle point of the potential energy landscape. The perturbation
energy grows until states approach the constraint boundaries / > x > u. When the energy
grows until the states reach the constraint boundaries, the system may either saturate if well
controlled or exceed these limits, leading to a loss of plasma confinement.

1.11.3 Portfolio Allocation optimization

In the presented investment framework, asset allocations are determined using a static Opti-
mal Control (OC) approach, as the future market dynamic is not known. At the beginning of
each year, 100 currency units (USD or Euro) or assets are bought, and the allocation weights
are obtained by solving a quadratic programming (QP) problem that jointly considers the
trade-off between expected portfolio returns and associated risk. The optimization is based
on statistical estimates of expected returns and the covariance matrix of asset returns, com-
puted over a rolling historical window. The presented problem does not allow the sell of some
assets and is presented as a risk mitigation tool to help human decision making. Theoretical
aspects of optimal control problems are not introduce here, as the portfolio study serves only
in the current chapter to illustrate QP-problems applications.
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From the estimation window of T past trading years, we compute over n assets:

u=Er[r] eR" (annualized mean returns), (1.154)

Y. = Covy(r) e R™" (annualized covariance matrix), (1.155)

where r denotes the vector of daily returns.

At the beginning of year k, we seek portfolio weights w € IR”, where w; is the fraction of
wealth invested in asset i. The QP-problem can be written as,

: 1 . T
- 1.1
min - Sw ow+c'w, (1.156)
st. 1Tw=1, (1.157)
[<w<u, (1.158)
where,
0 =&, (1.159)
c = —Au. (1.160)

Here A > 0 is a risk-aversion parameter. The quadratic term w'™Xw measures portfolio
variance (risk), while the linear term —Au " w rewards expected returns. The constraints en-
sure the portfolio is fully invested (eq: (1.157)), while the budget is not spent on too many
or too few assets (eq: (1.158)). The covariance captures the degree to which asset returns
move together and thus quantifies the diversification potential within the portfolio. A lower
covariance between assets implies greater diversification benefits, allowing the model to al-
locate weights that minimize overall portfolio variance for a given level of expected return.
The diagonal entries of the covariance matrix represent each asset’s individual variance (its
own risk), while the off-diagonal terms capture pairwise covariances indicating how assets
co-move. Larger diagonal values correspond to higher individual volatility, whereas smaller
or negative off-diagonal values reflect assets that diversify each other more effectively.

At each decision period k, the controller framework updates portfolio allocations by es-
timating the expected returns yy and covariance matrix X from the most recent 7 years of
data, solving the quadratic program to obtain the optimal weights w;, allocating the annual
contribution C proportionally to these weights, and holding the resulting portfolio until the
next rebalancing date. The covariance matrix X, summarizes the joint risk structure of the
assets during the estimation window. The controller policy adapts the weights each year,
reflecting updated risk-return characteristics. By construction, )", w;;l. =1, Wlt,i > 0,
ensuring the portfolio is normalized and feasible.

Results: Figure 1.15 illustrates the evolution of the portfolio (see Table 1.10) value under
optimal controlled and equal-weighted strategies over the period 2020-2025. The portfo-
lio exhibits a characteristic stepwise growth pattern corresponding to the yearly investment
schedule. Each January, a new contribution is invested, leading to discrete upward shifts
in the cumulative capital curve. Between 2020 and 2023, both strategies evolved similarly.
However, the controlled allocation systematically achieves higher portfolio values, reflect-
ing its adaptive optimization based on updated covariance estimates and expected returns.
From 2023 onward, more pronounced divergences appear. Notably, the peaks observed in
late 2023 and mid-2024 coincide with strong price variation in the ASML’s stock, which
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TaBLE 1.9: Portfolio optimization parameters

Parameter Value
T 10 years
I begin 2010
Tend 2020
Tpred iction 2020-2026
tprediction 1 year

u 0.4

! 0.0

7 2

3 2

Portfolio Value Over Time (2020-2025)

1000 A
—— MPC Yearly Invest

Equal-weighted Yearly Invest
------- Cumulative Invested Cash

800

600 1

400 +

Portfolio Value (£)

200

2023 2024 2025 2026
Date

Ficure 1.15: Portfolio evolution (01/01/2020-01/10/2025), controlled vs.
equally weighted.

represents a substantial portion of the MPC portfolio during those years. This concentration
arises from ASML’s high expected return and relatively low correlation with other industrial
and defense-oriented assets.

TasLE 1.10: Constituent companies of the European portfolio.

Company Ticker (Yahoo Finance)
ASML Holding N.V. ASML.AS

Shell plc SHEL.L

ArcelorMittal S.A. MT.AS

Deutsche Lufthansa AG LHA.DE

International Airlines Group IAG.L

Nokia Oyj NOKIA.HE

Siemens AG SIE.DE

Mercedes-Benz Group AG  MBG.DE

The performance ratio between the two strategies is shown in Figure 1.16. The curve
remains almost always above 1 throughout the period 2020-2025, indicating a consistent
outperformance of the optimizer strategy relative to the equal-weighted benchmark, reaching
only once a minimal ratio of 0.971.

The actions and the repartition of the portfolio are presented in Figure 1.17. From 2020
onward, ASML maintains a dominant share—typically between 25% and 45%, reflecting its
strong historical performance and low covariance and favorable profit profile relative to the
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MPC vs. Equal-weighted Portfolio
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Ficure 1.16: Ratio controlled portfolio vs. equally weighted portfolio.

other assets. In contrast, other assets such as ArcelorMittal (MT.AS), Lufthansa (LHA.DE),
and International Airlines Group (IAG.L) receive significantly lower allocations, consistent
with their higher volatility and weaker expected returns. Industrial assets such as Siemens
(SIE.DE) and Mercedes-Benz Group (MBG.DE) appear recurrently as stabilizing compo-
nents, particularly in later years (2023-2025), when market conditions increased their rela-
tive attractiveness due to moderate covariance and steady returns. The accompanying cir-
cular charts summarize the cumulative portfolio composition up to each year. Overall, the
optimizer framework dynamically reallocates capital in response to shifting return and co-
variance structures, yet the optimization consistently emphasizes technology and industrial
leaders, capturing market momentum while exposing the portfolio to idiosyncratic risk from
dominant positions.

Figure 1.18 illustrates the historical evolution of selected asset prices from 2010 to 2025.
The period from 2010 to 2020 corresponds to the data used for estimating the covariance
matrices, while the subsequent interval, highlighted in green, represents the algorithm’s oper-
ation phase, including one-year-ahead predictions and a rolling covariance matrix re-update.

Figure 1.19 presents covariance matrices estimated over rolling previous ten-year win-
dows. First, ArcelorMittal (MT.AS) and International Airlines Group (IAG.L) consis-
tently exhibit the highest intra-sector covariance values, reflecting their exposure to macroe-
conomic factors and price fluctuations. In contrast, ASML Holding N.V. (ASML.AS) shows
low covariance with most other assets, particularly industrials such as Siemens (SIE.DE) and
Mercedes-Benz Group (MBG.DE). This low correlation explains its repeated overweight-
ing in the asset allocations, as the optimizer leverages ASML'’s strong historical returns com-
bined with its diversification potential.

82



@ ASMLAS @ SHELL MT.AS ® LHADE © IAGL @ NOKIAHE SIE.DE MBG.DE
Year 2020 Year 2021
1.0 - 1.0 -
= MPC Portfolio Portfolio
0.8 Equal 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 - T .—l — T T 0.0 T T
(2}

< v © N2 v & N2 & v © & v NG & <
hal N\ sl Q o R Q Q N\ \a Q o X Q Q
\, & ¥ W K » & S o & & w K = & &
& @ £ @'\ " ® & B AN eo*b @ ®
Year 2022 Year 2023
Portfolio

1.0 - 1.0
Portfolio
0.8 0.8
0.6 0.6
0.4 ‘» 0.4
0.2 0.2
0.0 0.0
& &
O o°

° v o < v < o N ) < v < % <
¥ A Al O o R ¥ A ¥ Q < X QO Q
) & & W & S R W & &Y w K S < S
e & = N2 @- S & & & A K eo«- S &
Year 2024 Year 2025
1.0 - 1.0 -
Portfolio Portfolio
0.8 0.8
0.6 0.6
0.4 0.4 ‘»
0.2 0.2
0.0 ' —— " ' 0.0 — | BN wm " '
° ~ o < v <« % « o v ) < v < % <
¥ A \s Q X Q Q ¥ A Al Q (e} R Q Q
NP & ¥ N v © o 4 X & ¥ ¥ N <°‘ o
v"@ 2 W K2 ‘\d@ 2 & ‘;ﬁ‘ 2 A K éo% S &

Ficure 1.17: Actions and assets repartition.
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Ficure 1.18: Asset price evolution from 2010 to 2025. The shaded area
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Figure 1.19: Covariance matrices per year with the rolling data window:

T = 10 past years.
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1.11.4 Quadrocopter Path-Following Optimal Control

In this study, the quadrocopter is modeled as a point mass with no orientation dynamics,
under the assumption that attitude control is handled by an innerloop stabilizing low-level
controller. Consequently, only the translational motion is considered in optimal control for-
mulation. The vehicle dynamics are described by the position and velocity of the center of
mass, while the control inputs correspond to the commanded accelerations along the three
spatial axes. The state vector is defined as x; = [px, Dys Pz Vs vy,vZ]T e RS, comprising
position and velocity components, while the control vector is wx = [ay, ay, a;]T € R, repre-
senting acceleration inputs. The quadrotor is modeled as a double integrator along each axis,
such that

pi=vi, Vi=a;, Ii€{xy,7}. (1.161)

In compact form, the continuous-time dynamics can be written as

o]
Dy
o |Pzl _|O3x3 I3

X(1) = Vx _[03><3 03><3]Xt

+ [OM] ul(t). (1.162)
‘."y
LV ]

Applying Euler discretization with a sampling period At yields the discrete-time dynamics

Xp+1 = Axy + Buy, (1.163)
where,
(1 0 0 Ar 0 O] [0 0 O]
01 0 0 At O 0O 0 O
001 0 0 At 0O 0 O
A= 000 1 0 oy B= At 0 0 (1.164)
000 0O 1 O 0 Ar O
0 0 0 0 0 1] 0 0 At

The finite-horizon optimal control problem is formulated by minimizing the quadratic

cost function
N-1

minJ = Z (x] Oxi + ] Rug) + x3,Qxw, (1.165)
e k=0

where Q > 0 and R > 0 are the state and control diagonal weighting matrices, and Q¢ is the

terminal cost matrix. By concatenating all state and control variables into a single decision

vector

7= [xg X[ xyouyoouf e u;_l]T, and the cost (1.165) can be written in
compact quadratic form:
1
J= EZTHZ, (1.166)

where H is a block-diagonal matrix composed of the stage and terminal weights,

H =bloc(Q,...,0fR,...,R). (1.167)
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The parameters of the controller and the quadrocopter system are presented in table 1.11.

TaBLE 1.11: OCP parameters and physical bounds.

Parameter Value
Prediction horizon T 45s
Sampling time At 0.01s
Sampling points N 450
Velocity limit viyax 5.0 m/s
Acceleration limit ayax 5.0 m/s?
Control input limit upy,x 0.25 m/s?
State weight matrix Q diag(1.0)%%®
Control weight matrix R diag(0.01)>3

ref

Reference trajectory x;

25t + 2.0 sin(27xzx )
X = 251 + 2.0 cos(27t) |s

10 sin(27t;) (1 — 1)
=+, k=0,...,N-1.
Cubic Spline interpolated

The results in Figures 1.20 and 1.21 demonstrate that the controller effectively tracks
the smooth nonlinear reference trajectory while satisfying the imposed physical limits. The
3D trajectory plot shows the trajectory solution closely follows the desired oscillating path,
with minimal deviation at sharp curvature regions. The velocity and acceleration profiles
remain well within their respective bounds vip,x = 5.0 m/s and apax = 5 m/s?, indicating
that the control effort is appropriately regulated. The control input signals exhibit smooth
variations with amplitudes below the specified saturation limit #p,x = 0.25 m/s2, confirming
stable actuation behavior. The position tracking plots reveal that all three spatial components
converge to the reference endpoints with small transient errors, particularly around turning
points where the reference curvature changes. Finally, the constraint magnitude plot verifies
that the controller maintains dynamic feasibility throughout the prediction horizon, ensuring
consistent compliance with velocity, acceleration, and control constraints as long as there is
a reference to track. Overall, the OCP formulation provides accurate and dynamically con-
sistent trajectory tracking performance for the simplified quadrocopter model. The quadratic
program (QP) requires approximately 0.005 s of computation time per iteration to plan the
20 s reference trajectory at an optimization termination tolerance of 1073, demonstrating real-
time feasibility of the proposed control scheme inside a predictive controller.
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3D Trajectory Position vs Reference
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Ficure 1.20: Visualization of the quadrocopter trajectory and position track-

ing. The subplots show (left to right): 3D trajectory with waypoints, and

position versus waypoints over time, highlighting how the quadrocopter fol-
lows the planned path.
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Ficure 1.21: Visualization of velocity, control inputs, and constraint magni-
tudes over time. The subplots show (left to right): velocities, control inputs,
and constraints magnitudes.

1.12 Chapter conclusion

This chapter presented a comprehensive overview of continuous constrained QP optimiza-
tion problems using Interior Point Methods (IPM). We discussed classical approaches, also
including proximal methods, augmented Lagrangian techniques, and quadratic primal-dual
penalty Gill-Robinson terms, emphasizing how the convergence of the outer and innerloop
can be formally described. By introducing a stabilized Newton scheme formulation (1.81),
we ensured it remains robust to numerical errors and efficiently solvable by state-of-the-art
linear solvers. The stable formulation employs a scaling of the gradients (s) and we provided
a formal proof that the transformed directions minimize a regularized merit function. Be-
yond the mathematical perspective, we provided interpretations of regularization effects on
the optimization process and the behavior of candidate solution trajectories.

A novel s-proximal regularization was introduced on the slack variables and relaxed in-
equality constraints. The Euclidean s—proximal term effectively limits excessive slack steps
while maintaining positivity, and an analytical formula for estimating 6 serves as a proximal
anchor, enabling the study of the IPM outer loop as an inexact proximal point algorithm.
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Additional safeguards, including central path corrections where estimators 8y are adjusted,
ensure that solution trajectories remain close to the IPM central path. This framework was
implemented in the solver QProxIP, with careful analysis of data profiles and 6-dynamics,
highlighting their influence on computational speed and robustness.

The proposed approach was successfully validated on the Maros—Mészaros test set, achiev-
ing performance comparable to the best academic and commercial solvers in terms of robust-
ness and computational efficiency. Performance variability was also observed depending
on factors such as CPU core allocation, temperature, and other uncontrolled hardware and
system conditions. This highlights that benchmarking is important for understanding solver
performance at scale, but results cannot be interpreted as universal truth, particularly for
complex solvers with intricate heuristics and tuned for specific test sets. Multiple toy prob-
lems were also presented, demonstrating applicability across different fields, from finance to
control. The results illustrate the effectiveness of the proposed theoretical developments and
methodological innovations, providing a solid foundation for the construction and solution
of more complex nonlinear, non-convex optimal control problems in Part 2, where real-time
control is the primary goal.
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Chapter 2

Learning to Enhance a QP-solver: A
Reinforcement Learning Approach

2.1 Introduction

The convergence behavior of quadratic programming (QP) solvers is often highly sensitive to
the choice of algorithmic hyperparameters, particularly those related to regularization. The
performance and robustness of a solver can vary significantly across problem instances, as
shown in §1.10.3 making manual tuning both problem-dependent and computationally bur-
densome. Developing methods capable of autonomously adapting these parameters through
lightweight learning-based mechanisms can provide a substantial advantage in engineering
and control applications, where robustness and speed are critical.

Although convergence guarantees can be established under minimal requirements on the
problem data and algorithmic parameters, there are often numerous hyperparameters that
must be tuned to speed up convergence, and few clues on how to adjust them. Furthermore,
in proximally regularized methods, the stepsize parameters not only affect the convergence
rate but they also impact on the stability of linear algebra operations; cf. [29, §4].

Some theoretical works seek optimal values for the stepsize parameters, but they rely
on solving auxiliary problems that are harder than the original QP itself [56, 60]. Another
offline tuning approach is that of OPAL [7], which takes an algorithm as input and returns a
recommendation on parameter values that maximize some user-defined performance metric.
Alternatively, online heuristics introduce “feedback™ by monitoring progress and adapting
the parameters along the optimization process; see [20, §2], [119, §5.2], [68, §5.3] for some
common instances.

Remark 2.1.1 | RL-QProxIP

Our goal is twofold and not to demonstrate state-of-the-art performance: (i) to keep
numerical noise and imperfections unfiltered in order to stress the solver, and (ii) to
provide a clean baseline that isolates and clarifies the effect of reinforcement learning
on performance.

After the seminal work [85] on “learning to optimize” for automated algorithm design,
several researchers approached acceleration, warm-starting and hyperparameter tuning as
machine learning tasks. A modern view on this computational approach is presented in the
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tutorial [5] on “amortized optimization” methods, which use learning to predict the solutions
to problems by exploiting the shared structure between similar problem instances.

~
Environment
QP data (QP solver)

Q7C7A’b7G7d ﬁ
Parametens 5 || Stbproblem
»| formulation

Subproblem
Parameters v, € SR
minimization

Variables
T, A,
L J
reward r = ... ‘

Agent (RL prompter)
st )

action «

state o = ...

Ficure 2.1: A QP solver is combined with a reinforcement learning (RL)
agent that evaluates a policy to adapt the internal parameters of the QP solver.
Based on its observation of the state of the environment, the RL action aims
at improving the solver’s performance. The RL policy is parameterized by
a small artificial neural network, the state o- summarizes the internal state of
the QP solver (at the beginning of each inner loop), the action « affects the
parameters 6 of the solver, and the reward R promotes faster convergence to
a solution of the QP. Illustration inspired by [70, Fig. 1].

Despite the flexibility of learning-based methodologies, considerable attention was de-
voted to accelerating first-order optimization methods, driven by their scalability and appli-
cations in machine learning. Exemplarily, the architecture proposed in [111] consists of a
neural network mapping from the QP problem data to warm-starts, learned across families of
QPs. Dedicated to proximal methods for image processing, the tuning-free approach of [127]
formulates the online hyperparameter selection as a sequential decision-making problem and
implements a policy network for automated parameter search. Closer to our focus here is
RLQP [70], which couples the OSQP solver with a reinforcement learning (RL) agent: by
learning a policy to adapt the internal parameters of the ADMM algorithm, RLQP can out-
perform OSQP (with its fine-tuned heuristic update rules) on a variety of problems.

In contrast, the combination of learning techniques and second-order, or Newton-type,
methods remains relatively unexplored. We investigate the coupling of a regularized IP solver
for QPs with a policy for online hyperparameter tuning, parametrized with a simple neural
network and learned by RL. Compared to the single-loop structure of OSQP, the architecture
arising from an IP scheme can be represented with two nested loops, where each inner loop
corresponds to the approximate solution of a subproblem (by executing some iterations of
Newton method); see Figure 2.1. While ubiquitous in second-order methods and with well
established convergence theory, the two-loop structure does not fit the RL framework devel-
oped for RLQP, because of endogenous parameter sequences controlling the solution process
(and affecting the MDP formalization). We aim to fill this gap by exploring a machine learn-
ing framework suitable for accelerating the tuning and solution process of QP solvers beyond
first-order methods.

We formulate a RL framework to learn a policy for effective and reliable hyperparameter
tuning, with the QP solver retaining provable convergence guarantees. The definitions of
state, action and reward are intended (i) to yield a policy that is invariant to problem size,
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scaling and permutations, and (ii) to expose other internal parameters that drive the solver’s
convergence.

Experimental results on random and benchmark QPs demonstrate that the learned policy
performs well on previously unseen problem sizes, scales and classes, where tedious hand-
tuning is usually needed. Moreover, these capabilities emerge after a lightweight training of
a relatively small neural network, running on a standard laptop, compared to the prohibitive
training for RLQP.

Convex quadratic programming is introduced in chapter 1 with a stabilized IP numerical
scheme and a discussion on the challenges and opportunities of hyperparameter tuning. An
overview of reinforcement learning is given in Section 2.3, with the tools needed to properly
interact with the QP solver. Training procedures and numerical results for three evaluation
settings are then presented in Section 2.4. We conclude with some final remarks in Sec-
tion 2.5.

2.2 Hyperparameters in QP problems

The behavior and performance of Algorithm 7 depend on the sequences of hyperparameters
{65}, {vi) and {&g). As depicted in Figure 2.1, we deliberately consider the barrier parameter v
and inner tolerance € as endogenous hyperparameters; their values are selected by evaluating
common heuristic rules. Conversely, the regularization parameters ¢ will be subject to the
action of the external RL agent and updated according to its policy.

The evolution of the barrier and inner tolerances follows the adaptive schemes introduced
in § 1.5.2. Both parameters decrease according to problem-dependent update rules combining
linear and superlinear decay, with lower bounds proportional to the prescribed accuracy e.
The initial inner tolerance is selected adaptively from the magnitude of the initial primal—dual
residual, scaled by a damping factor.

While parameters v and & should become sufficiently small, there is no clear way to
choose the weights ¢; in fact, convergence is guaranteed even if they are kept constant. This
motivated us to experiment with machine learning techniques to discover a policy for updat-
o sk
ng 6~.

Our approach is to define the update rule as
Ook+1 = mMax{Omin, ¥odokt  forO € {x, A, u}, 2.1

starting from some 80 = (5 %.0>01,05 6#,0) € ]R3+ e where the small threshold é,,;, > O safe-
guards the numerical linear algebra for (1.81) and the decrease factors agy € (0,1) are

outputs of the RL policy; see Figure 2.1. To fix ideas, the RL action takes the form

Ay k
of = au| = a(rp (K, A 1), ra (K, 48 1), v &) (2.2)
o

where the mapping « is learned by training a neural network ;. The choice of defining this
mapping with residuals as inputs, as opposed to primal-dual decision variables (x, A, ), is
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intended to make the mapping invariant to the problem dimensions (n,m, p); subsequently
we will make it also scale-invariant.

Algorithm 4 is modified into Algorithm 7 where the policy 7, is called for the hyperpa-
rameter tunning, with the differences highlighted in blue for clarity,

Algorithm 7 Regularized primal-dual Interior-Point Method for Convex QPs - hyperparam-
eter tuning.

1: Initialize variables zo = [x3, 59, 20, u5] 7, estimators (61).40.x, ), proximal and augmented
Lagrangian weight (61,.x, ) and barrier parameter v(.

2: while Outer-termination (k): r, < € and ry < e do

3. while Inner-termination (j): IIVMGR(xk, sk, /lj )l < & < edo

4: Solve the primal KKT system for (x’ s /lj ) KKT -A = -R(1.71).

5: Perform linesearch to find (x/, s/, A/ yk) such that [VMSR (x/, s/, 4/, u! )|l < e and
> 0.

6: Update the primal and dual variables: z] e zi + aAz.

7. end while

8 Update estimators: 85! « (x, A%, k)

9:  Update 6: 65! « n;.
10: end while.

Compared to Algorithm 4, the evolution of the weights 65 in Step 9 is governed by
the policy mz, whereas in Algorithm 4 the weights are decreased only when the constraint
violation exceeds a predefined threshold, as in Step 9.

We conclude this overview on the modified-QP solver by remarking that common safe-
guards and tricks for numerical stability were intentionally left out. Therefore, features such
as boundary control [103], centrality correction [114], presolving and Ruiz-based precondi-
tioning [119], nonmonotone linesearch [63, 84], infinity pruning for the inequality constraints
[119], and adaptive early-termination strategies are deactivated for all numerical tests.

2.3 Learning-enhanced methods

In the following, we aim at finding a good strategy to choose the parameters during the opti-
mization. So far, the choice of these parameters is up to the operators, and thus, the optimiza-
tion highly depends on their experiences. Reinforcement learning [122] makes it possible
to automate this choice and avoid manual hyperparameter tuning. Therefore, reinforcement
learning approaches benefit from their ability to train a policy by interacting with the envi-
ronment in a trial-and-error manner. In recent years, the use of machine learning methods
in order to improve optimization strategies has increased. For example, neural networks are
used to warm-start either QPs [111] or Fixed-Point Optimization Algorithms [112].

In [70] the authors apply a Twin-Delayed Deep Deterministic Policy Gradient approach
to adapt step size parameters for solving QP problems. But instead of improving the Al-
ternating Direction Method of Multiplier (ADMM) approach, we focus on the regularized
interior point approach, which was discussed earlier. Thus, the goal is to automate the choice
of parameters agy for O € {x, A, i} in iteration k. Thereby, the choice should be made with
respect to the primal and dual residuals, the barrier parameter and the inner tolerance as in
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(2.2). Figure 2.1 shows the embedding of the RL policy into the optimizer which is sum-
marized in Algorithm 4. In an inner loop, the primal-dual augmented Lagrangian function
M(s(x, s, A, 13 0, v) is minimized for fixed ¥, barrier parameter v, and weights 6o until a tol-
erance g is reached. Once this has been achieved, in an outer loop 6k, v and & are updated
for the next iteration of the inner loop. In addition, the hyperparameters o x are adapted by
factors agx, which are determined by the RL policy. Thus, the RL policy acts at Step 8 in
Algorithm 4, where ¥ is updated. This procedure is repeated until the primal and dual resid-
uals are small enough. During training, the policy to be learned is improved step by step by
interacting with the described framework, which in RL context is also called environment,
while trying to solve randomly selected QPs.

2.3.1 States and reward

We continue with the mathematical background, which is needed for Reinforcement Learn-
ing. RL is based on the Markov decision process (MDP) [40], which is represented by the
quadruple (S, A, P, R). The state space S comprises all possible configurations of the envi-
ronment, while the action space A represents all actions which allow the policy to influence
the environment. The probability transition # describes the probability of reaching a state
under the condition that the previous state and action are given. Finally, the reward function
R : XS — R rates the state transition and enables to compare and improve solutions.
While the state and action space as well as the reward function need to be defined by the
operator, the probability transition does not need to be given explicitly. It is compensated
by the interaction of the policy with the environment. In the following, we will define this
framework for our present task.

States:  Since we are convinced that the choice of factors any for O € {x, 4, 4} depends
mainly on the primal and dual residuals of the QPs, we decide to make them part of the state
definition. Moreover, since the residuals (r, and rq) can span several orders of magnitude
during the solution process, causing scaling issues while training the policy networks, we
encode the environment state with residuals in logarithmic scale:

—log (ap(x, ALu) + 10‘9)
—log (o’d(x, Au)+ 10_9)
—log (V + 10‘17)
—log (8 + 10‘9)

o(x, L, u,v, €)= (2.3)

where the normalized residuals o, and o4, defined in terms of the primal and dual residuals
rp and rq (see (1.43) and (1.45)), are given by

rp(x, A, p)
oo (x, A, p) = P (2.42)
(A1) max{||Allco, [1blleos |Gllco, lld]l o}
’A"
oot A ) = ral 4 i) (2.4b)

max{[|Qlleo, [19lloos llAlleo, 1G1leo }

are intended to make the state definition scale-invariant.
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Remark: The inclusion of the barrier parameter v and tolerance & into the state vector
guarantees the Markov property of our framework. Note that at this point our choice of the
state vector differs from the one chosen in [70], which did not have any additional parameters
that need to be updated for an inner loop. In our case, omitting them would have made it
necessary to introduce a partially observable MDP [73]. However, the preliminary numerical
tests reported in Section 2.4 indicate that the RL training remains manageable and efficient
in practice. Nevertheless, an extension to partially observed MDPs associated with a change
of RL formulation seems of interest for an even leaner training procedure, but it comes with
challenges and is left for future research.

Action:  The action of our task is the choice of a4 in each iteration step & for O € {x, 4, u}.
Since aq is the factor that is used to sequentially decrease the regularization parameter o,
according to (2.1), it must be strictly positive and smaller than or equal to one.

Reward:  Finally, we define the reward function. We remember that our goal was to
accelerate the interior point approach. To achieve this, we define a reward function, which
consists of three parts

R(o,0") =Ri(0,0") + Ra(0,0") + R3(0,0")  foro,o0’ €8, (2.5)

where each term depends on the scaled residuals o7p(x, A, 1), 0a(x, A, 1) and the inner-loop
iteration count N required to meet the early-termination tolerance.

The first component, R, penalizes imbalance between primal and dual residuals. As
shown in Figure 2.1 and Algorithm 7, the method combines inner- and outer-loop updates.
To validate early termination at tolerance &, both residuals must be simultaneously small,
which enforces a tube along the axis r, = rq. The tube behavior is shown in Figure 2.7. We
define

Ri(o,0”) = - tanh(| log(c + 107) = log(cy + 107°))| .cg). (2.6)

The definition of ¢, and other constants that appear in the reward are listed in Table. 2.4.

The second component, R, rewards large reductions in the residuals between consecutive
outer loops, thereby promoting consistent improvement in feasibility and optimality before
updating the proximal and augmented Lagrangian parameter og. It is given as

Ry (o, 0’) = tanh (( 1og(0'p + 10_9) - log(o{, + 10_9)) . cp)
+ tanh (( log(a + 107°) — log(c + 107°)) - c,,). @.7)
The third component, R3, provides a performance bonus scaled by the iteration budget

Cperf» incentivizing rapid convergence within a limited number of steps. For the inner-loop
iteration count N € IN, ¢, the third component reads

Ri(o,0) = l—exp( N ) (2.8)

Cperf

Note that the terms R; and R, are smoothed by hyperbolic tangent functions, bounding them
in [—cq, ¢] and [—c,, ¢p], respectively. The parameter ¢, determines the maximum nega-
tive value attainable by Rs.

94



Neural network:  After we have defined the MDP, all that remains is to define the policy in
order to have an RL framework. Our parameterized policy 7, is represented by a feedforward
neural network, whose weights and biases form the parameters . We determined the size of
the network by a grid search and decided on a net with two hidden layers with 25 neurons
in each layer. The size of the input layer (four) and output layer (three) are given by the
dimension of the state and action space. For each layer, the hyperbolic tangent is used as the
activation function.

Based on these definitions, RL aims to maximize the objective with respect to the weights
and biases of the neural network:

min [E
4

iViR(O'iaU'i—i-l)]

i=0

with discount factor y € (0,1) and o; € S for i € IN. Note that the expected value, which
appears in the objective function, is defined over all trajectories (o-o, g, 01,1, ... ) for q; €
A.

2.3.2 Training procedures

Based on the MDP, which was defined in the previous subsection, we run the RL approach.
We chose Proximal Policy Optimization (PPO) [113], red robust and stable and is capable
of handling continuous action spaces. It is an actor-critic RL approach, which means that
the policy 7, and the value function Vo with parameters ® are trained simultaneously. Note
that in our case, both the policy and the value function share the majority of the neural net-
work, which was described before. Typically, PPO uses an approximation of the advantages
function Ay in iteration k € IN, which has the form:

Ay = Z(Vﬂ)i (R(ok4is Okrit1) + YV (Tkriv1) = Vo (okti)) -
=0

For the parameter, which is used for the general advantage estimation Ay, it holds A € [0,1].
Now, the parameters of the policy can be updated. For the update, a gradient ascent of the
following objective function for 7 € [0.1,0.3] is computed:

La(¢) = B min(iwﬂfik,cﬁp M,I—T,l-f—‘r A|.
mo (aglory) 7o (aloy)

It is based on the idea that the quotient of the new policy 7, and the previous policy nold
becomes larger in the case of a positive advantage value and smaller otherwise. Further-
more, the objective function is clipped if the policy update becomes too intense, leading to a
more robust training. After the policy update, the approximation of the value function Vg is
updated by a gradient descent of the loss function:

Ly(®) = %]Ek (Vo () - R(ow 1) — Vo (0:1))°)

Our technical implementation is based on the RL library RL1ib [86, 129]. The choice of
hyperparameters for the described PPO approach can be seen in Table 2.1.

As metric to monitor the training, we observe the policy loss, the value function loss and
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0,5-107%
(500K, 3-107%)

(1M, 1074
-5
E% ?0_150) . (0,5-107%
Learning rate schedule ’ 6 Entropy coeff. schedule (1M, 3-107%)
(4M, 5-107°) -4
(SM. 10°6) (2M, 107%)
(7M, 5-1077)
(OM, 1077)
(20M, 107%)
Batch size 4096 0% 0.99 (default)
A 1.0 (default) € 0.2 (default)
Gradient clip 25 KL coeft. 0.05
KL target 0.01 Network layers [25, 25] (tanh)
Num. CPUs (local worker) 20 Num. CPUs per worker 1
System configuration Kubuntu 22.04.5 LTS

Intel Core 19-12950HX

TasLE 2.1: PPO hyperparameters used in training.

the entropy in each episode. The loss value trends show the training behavior of the policy
and the value function. The entropy is monitored, since it represents the exploration and
uncertainty of the policy during the training.

For the training and numerical experiments reported in this work, the solver is configured
as summarized in Table 2.2. The superlinear barrier decrease is governed by «, = 0.2 and
6, = 1.5, as in Ipopt [126]. The tolerance € for the termination conditions (1.42) is set to
107%. The early-termination decay rate is initialized at k, = 0.5 and progressively damped
at each outer iteration by a factor @, = 0.98. An additional initialization parameter is set to
¢ =0.01.

€ Ke g & Ky 0, max-outer-it
10° 05 098 102 02 1.5 25
Omin~ Ox0 O0y0 0z0 @min @max Max-inner-it
10712 10 10 0.05 095 25

TaBLE 2.2: Default solver setup.

2.3.3 Training problem set

Random QP problems are generated to train the Reinforcement Learning loop illustrated in
Figure 2.1. Each problem of the form of Problem (1.3.2) is defined by matrices Q,A,G
and vectors ¢, b, d, with properties such as convexity, sparsity, LICQ (Linear Independence
Constraint Qualification), and conditioning carefully controlled to produce meaningful and
diverse problem batches. The considered problem class includes non-strict convexity of the
objective, constraint linear dependencies, and ill-conditioning. These issues can lead to sin-
gular or poorly conditioned KKT systems, causing Newton-type solvers to struggle or con-
verge slowly without appropriate regularization.
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Non strict convexity:  Matrix Q encodes the convexity and conditioning of the problem
and is constructed as Q = WTW, where W is a random matrix that always has rank defi-
ciency. The sparsity of Q is determined by the sparsity of W. Specifically, the number of
nonzeros in Q depends on how the nonzero rows and columns of W interact. The density
of Wis %;W) € (0,1). For each batch of problems, an average number of nonzero entries
per row, NNz, for W is sampled from a bounded uniform distribution, see Table 2.3. Note
that the density of Q is always greater than the one of W and may vary depending on the
structure of W. This approach introduces variability in sparsity patterns across the batch,
covering a wide range of problem constructions. With Q = W’ W, due to the rank deficiency
of W € R h < n, the Q € R™" matrices of the batches are always symmetric positive
semi-definite, and not positive definite, resulting in non-strictly convex QPs.The used rank
deficiency of W is set to n/2.

Constraints linear dependencies:  Numerical challenges arise for Newton-type solvers
when dealing with equality and inequality constraints that are linearly dependent, because of
singular linear systems. In practice, we generate m equality and p inequality constraints and
then a fraction of constraints, 5 and g is duplicated and thus linearly dependent, increasing
the total number of constraints to 37’” and 37”. These linear dependencies make the KKT matrix
singular and, when solving (1.81) the linear system solver struggles due to an ill-posed linear
system at each iteration. The augmented Lagrangian formulation using ¢,, ¢, breaks this
linear dependency and regularizes the problem.

Ill-conditioning control: QP problems can become numerically challenging when Q is
ill-conditioned, as this directly affects the conditioning of the KKT matrix (1.81) and the
accuracy of the linear solver in each Newton step. When the condition number of the linear
systems (1.81) is high, small numerical errors are amplified during LU or Cholesky factoriza-
tion, making the Newton directions inaccurate and slowing down convergence, or breaking it
altogether.

In our training set, the condition number of the Q matrices is explicitly controlled. Since
Q = WTW, we have Apax (Q) = 02, (W) and Apin 1 (Q) = o-rznin’Jr(W), with o pax (W)
and o in,+ (W) the largest and the smallest positive singular values of W. Consequently, the

effective condition number of Q can be expressed as

Tmax 2 (W)) )2 . 2.9)

O min,+ (W

ke(Q) :(

Overall, to control «.(Q), a target condition number KtQarget ~ U108 (1015, 1020) for O is
drawn. Afterwards, we manipulate the singular values of W by scaling its columns up to the
drawn /<tQaIget according to a geometric sequence, see Definition 2.3.1.

Particularly, the scaling is applied to each column W. ; as

Jj=1

n—1

1
WI, [ s
Ktarget ’
V*o

W.j

Vi=1,....,h, h<n, (2.10)

97



thereby imposing an approximate singular value decay on Q and controlling its ill-conditioning
to the desired level.

([ Definition 2.3.1 | [ Geometric grid]\
Leta,b € R,o with a > b, and let n € IN. A geometric space of n positive values
from a to b is a sequence (s j)?:l C R such that

j-1
b\n1
s :a-(—) , j=1,...,n
a

Each term is spaced geometrically so that the ratio between consecutive elements is
constant on the logarithmic scale.

- J

Initial guess control: It is essential that the training dataset covers a broad range of the
state space to ensure that Algorithm 7 encounters diverse scenarios during convergence. Cov-
erage can be improved by strategically selecting initial points while keeping generation costs
low. If initial points are consistently chosen near feasibility and stationarity, the residuals
(rprimal, Fdual) Will exhibit limited variation, biasing the training distribution toward nearly
optimal states. To avoid this, candidate initial solutions (x, y, z) are selected such that the ini-
tial residuals satisfy r;irfne t., zlalfaglet ~ U"2(1072,10%) and are found by solving a least-squares
problem. The variable x is randomly generated, and the vectors b and d are constructed to
enforce the primal residual as
_ target _ target

b=Ax+ 7 orim and d=Gx+ T orim +¢, (2.11)
where ¢ is a random positive value ensuring the inequality direction. Then, with fixed x, the
unregularized dual residual r;arget can be obtained by solving the least-squares problem

. 2 .
argmin ||Qx +q+ATA+ G - ;{frgm||2 subjectto >0 (2.12)
A

from which the multipliers A and y are computed. In practice, solving the constrained prob-
lem (2.12) is computationally expensive for large-scale dataset generation. Therefore, the
unconstrained counterpart is solved and the inequality multipliers u are then projected onto
the nonnegative orthant.

The training and validation datasets are summarized in Table 2.3, which reports the
ranges and distributions of the problem dimensions, the controlled effective condition num-
ber of O, and the sparsity pattern per row of the matrix W. These settings are used to generate
random QPs for both training and validations.

n

Setup n m U25)

Training  U(20,30) p nU(2,5)
Validation (20, 30) nnzgow (W) | U(2,5)

Scale 10x (200, 300) k.(Q) Uu'°e(10",10%)

TasLE 2.3: Setup to build random QPs for training and validation sets.

Figure 2.2 presents the actual problem sizes and sparsity statistics for the generated
datasets, including the number of variables, constraints, and the distribution of nonzeros per
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row in the constraint matrices. For reference, the figure also includes a comparison with the
problem sizes and sparsity patterns from the Maros-Mészaros benchmark set. The training
random problems exhibit a broad range of nonzero values in Q and [ATG "], which are further
scaled by a factor of 100x in the scale 10x validation set. In terms of sparsity, these generated
problems maintain a consistent patterns across the dataset. In contrast, the Maros-Mészdros
benchmark test set displays a wider diversity in both the number of nonzeros and the sparsity
patterns, making it challenging to solve as a batch using a single solver configuration.

The targeted versus actual residuals for the generated problems are illustrated in Fig-
ure 2.3, highlighting the effectiveness of the initial candidate generation procedure in achiev-
ing the desired residual ranges. While the primal and dual residuals exhibit larger errors in
the range [1072,1] (i.e., closest to the solution), the control performs well for larger resid-
ual values. The objective of the method is not high precision, but rather to ensure a diverse
coverage of initial residuals at low computational cost.

The targeted effective condition number (x,(Q) ~ U e(10'3,10%°) — orange) versus the
actual effective condition number (blue) for the generated training problems is illustrated
in Figure 2.4. The effective condition numbers are generated up to 108—10%°, instead of the
targeted 10'5-10%° having most of the values between 10'6-10%°. This range is sufficient and
provides greater diversity for training. Rather than aiming for high precision, the method is
designed to efficiently produce a broad, nearly log-uniform distribution of effective condition
numbers.

e Training =Scale 10x = Maros-Mészaros

105 SR LA B AL B B A L B B AL B AL 100 AR AL N B AL TR T \wa}
o 10MF 5 ol {10} , !
s t .y K o : z
=Ll by 3 = § e 4
s 1000 : 18 10 n : 3
Q L o - =}
Z ol 2 1 B i :
g 1 107tE E
ol vl vl vl el T AR TTH B R R AT R A W R RUTT R R N RTH BT
10° 10t 102 10® 10* 108 1075 107* 10=* 1072 10! 10°
Nonzeros of ) Density of @

FiGure 2.2: Distribution of problem size (in terms of number of nonzero en-

tries) and density for randomized training, validation, and scale 10X prob-

lems (sample of 103 instances) and for Maros-Mészaros problems (100
smallest instances).

2.4 Numerical investigations

We report the outcomes of the training process and corresponding validation, followed by an
evaluation on larger randomly generated problems to assess scalability. Finally, we bench-
mark the approach on the Maros-Mészéros test set to examine its zero-shot generalization
on challenging real-world problem instances. The analysis is based on performance and data
profiles, consistently comparing the RL-enhanced solver with the typical fixed-a strategy.
The robustness and acceleration of the different methods will be discussed in the analysis.
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FiGure 2.3: Distributions of problem initial residuals (sample of 103 in-
stances). Primal-dual values for different problem classes (left panel). Target
vs actual values generated for the training procedure (right panel).

Note that updated numerical results, obtained after the completion of this work, are available
in [17].

2.4.1 Training results

The reward parameters are presented in Table 2.4 from stage 1 to 6, respectively displayed
with different colors in Figure 2.5. The first training stage have only R; and R; and the goal
here is to create a sane structure for the neural network and a smooth mapping o (x, 4, u, v, &) —
a. The second stage incorporate all rewards term and introduce first the performance term,
acting on the number of inner-loops which represent most of the solving time. The first and
second reward term are required to ensure convergence of the primal—dual solver by pro-
moting sufficiently large outer-loop steps, preventing premature vanishing of 65, and main-
taining similarity between primal and dual residuals. Relying only on the performance term
R3 would bias the training toward easier problems in average, where rapid decrease is suf-
ficient and highly rewarded, while neglecting harder instances that demand a nontrivial dy
dynamics. In the final stages 3—6, only the performance term is retained, albeit at the risk of
destabilizing the previously trained and structured neural network. The value of ¢, s is set
to 23 as a fast-tuning to bound R3 around [0, —2] with a maximum allowed number of inner
iteration of 25 and a maximum number of outer iteration set at 25; see Table 2.2 for the com-
plete solver setup used for the training and validation set. The performance differences of
the method after training stages 1, 2, 3 and 6 are shown in Figure 2.8. Stages 3, 4, and 6 use
the same reward formulation and are each run for 2 million steps. Although these last three
stages are identical, they are reported separately in the results to reflect how the experiments
were conducted.

Training stage ¢, ¢, Cperf
1 1 1 0
2 1 1 23
3-6 0o o0 23

TasLE 2.4: Reward weights during the multistage training procedure.
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Ficure 2.4: Distribution of the effective condition number «, (sample of 103
instances). Values for a log-uniform distribution spanning 10'3 to 10%° (or-
ange) when applied to random problem generation (blue).

The training progress can be observed in Fig. 2.5. In these figures, the different training
phases (see Table 2.4) are indicated by different colors. In Fig. 2.5a it can be observed how
the loss of the critic evolves.

Especially in the first three phases, a significant reduction of the loss can be noticed. This
indicates that the approximation of the value function improves. In the last three phases, the
PPO algorithm fine-tunes this approximation. The reason for the jumps of the loss function
between phases lies in the change of the reward function, which is typical for curriculum
learning. In addition to the loss function, Fig. 2.5b shows the policy loss, which is an indicator
of the improvement of the policy. The mostly negative values show that the policy improves,
since advantageous actions, which means that they have a positive advantageous function
approximation, are reinforced, and disadvantageous actions are weakened. Furthermore, we
plot the entropy during training in Fig. 2.5¢c. Entropy can be used to determine how uncertain
or exploratory the training is. We see that the entropy increases in the first and second phases,
which is a typical behavior, since exploration is needed at the beginning of the training.
Afterwards, the entropy decreases and converges to a certain level. Although this behavior
is common for RL algorithms in general, it is noticeable that the final level of the entropy
is relatively high. This means that the final policy is relatively uncertain and is not close to
a deterministic policy. The investigation of whether an enhanced state space or even longer
training phases can make the policy more certain is left for future works. In any case, the
plots indicate a successful training, and the influence of the RL policy on the QP solver is
discussed in the remainder of this manuscript.

2.4.2 Validation

After the multi-staged training, the performance of the method is evaluated on a batch of
4096 problems having the same properties as the problems used for the training, (see Ta-
ble 2.3). In Figure 2.6, the performance and data profiles of the RL-enhanced solver are
compared against different solver configurations with fixed ag values, which were obtained
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Ficure 2.5: Evolution of relevant metrics during the multistage training pro-
cedure..
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Ficure 2.6: Validation set: Data (left) and performance (right) profiles com-
paring RL and solver configurations with fixed @y = 0.15, @, and a,.

by extensive hand-tuning to achieve best performance. The fixed values of ay correspond
to combinations of the values {0.1,0.15,0.2}. For these fixed settings, the robustness differ-
ence is about 10%, a significant margin for QPs, where state-of-the-art methods are already
highly optimized and studied. The RL-enhanced solver is shown with its total runtime (red
solid curve) and excluding the neural network inference time (red dashed line). Since the
training problems are very small (see Table 2.3), the inference time of up to 0.1 seconds is
non-negligible. The data profile (left panel) illustrates solving times ranging from 1073 to 0.5
seconds, highlighting the diversity of problem complexity in the batch. In terms of perfor-
mance, considering solving time only (dashed red line), the RL approach identifies sequences
of apy, k € {0, 1, ..., max-outer-it} (and correspondingly 60), enabling the solver to achieve
the fastest solving times on approximately 25% of the test problems. In terms of robustness,
the RL-enhanced method lies in the upper range of the tested solvers.

In Figure 2.7, the mapping (T(x, A u,v, g) — ag is shown for fixed values v = 1072
and & = 1072, The mappings are scaled by —log;,(-), and can be read from the bottom-left
corner to the upper-right corner, with a termination tolerance of € = 107°. The actions ag
span the interval [0.05,0.95], ensuring a consistent decrease; see (2.1). This mapping still
represents an early phase of the optimization process, and is typically observed after 4-5
outer iterations with good convergence (see k, and 6, in Table 2.2). Consequently, noise is
present for larger primal and dual residuals, since little to no data is available in these regions
with the used early termination and the barrier parameter schedule. For the proximal weight
0, decrease (left), very small values are obtained in the quadrant where the primal residual
is smaller than the dual residual, while high values are observed in the opposite case. A
smooth transition appears across the diagonal rpim = rqua. Within this region (“tube”) where
primal and dual residuals are of similar magnitude, the values of @y fall within [0.2, 0.5],
which corresponds to the typical range used for fixed a@-decrease schemes and serves as a
useful benchmark for validating the RL-enhanced solver. For the equality-constraint weight
0, (center), a simple pattern emerges, with a, taking minimal values almost everywhere.
This reflects the comparatively lower complexity of handling equality constraints relative
to inequality constraints. For the inequality-constraint weight ¢, (right), a more intricate
pattern is observed. The gradient forms a valley along the tube, where the values change
more gradually than in the case of the proximal weight. Additionally, the symmetry along
the “tube” of the a, mapping is reduced but still discernible.
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FIGURE 2.7: Mappings a, (left), @, (middle) and a,, (right): learned policy
nz evaluated with fixed v = 102 and & = 1072

2.4.3 Multistage learning and in-training validation

In Figure 2.8, the learned policies at training stages 1, 2, 3 and 6 performances are compared
on the validation set (see Table 2.4). Between the first (black) and second (grey) stages, a
substantial acceleration of the solving process is observed: the policy obtained after stage
2 consistently achieves faster solving times across all problems compared to stage 1. This
improvement results from the introduction of the performance term in the reward, building
on the stable neural network structure established during the first stage. On stage 3, where
only the performance term is retained, the policy yields a further reduction in solving time
but at the cost of approximately a 3% decrease in robustness. Continued training up to stage
6 produces the best results, with the final policy achieving both the fastest solving times and
the highest robustness among the tested configurations.
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Figure 2.8: In-training validation: policy performance along the multistage
process. Data (left) and performance (right) profiles comparing the influence
of different RL policy.

2.4.4 Problem dimensions scaling

When evaluating the RL-policy on the validation set, the observed improvements over fixed
ag strategies remain modest. This is largely due to the relatively small size of the valida-
tion problems, which, although ill-conditioned, non-strictly convex, and subject to redundant
constraints, still exhibit limited complexity. However, the choice of random problem sizes
during training (see Figure 2.2 for a comparison of problem properties) was primarily mo-
tivated by the need to keep the computational training cost low enough to complete on a
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personal computer within a single day; see the system configuration in Table 2.1. A question
then arises: how does the policy 7z, trained at low cost, perform on larger problem instances?

Figure 2.9 presents the results for a batch of problems whose dimensions and sparsity
are scaled by a factor of 10 relative to the validation set. As in the previous performance and
data profiles, the solid red curve corresponds to the RL-enhanced solver, while the dashed red
curve excludes the neural-network inference time. With larger problems, the inference over-
head becomes negligible for the vast majority of cases (up to a performance ratio of 1.1). On
these scaled problems, the RL-enhanced method solves most convergent instances faster than
the standard geometric strategies across all tested ag-decrease schemes. Notably, its perfor-
mance ratio reaches 2* for 80% of the problems (and 98% of those solved), underscoring the
method’s ability to generalize and provide substantial gains on larger-scale instances.
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FiGure 2.9: Scale 10x set: Data (left) and performance (right) profiles com-
paring RL and solver configurations with fixed @y = 0.15, a, and «,.

2.4.5 Effective condition Number of the KKT matrix

Condition Number Evolution (RL vs No-RL)

® RL QProxIP
1024 m QProxIP

107 o
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Ficure 2.10: Evolution of the effective condition number of the KKT matrix
across iterations for RL-QProxIP (blue) and standard QProxIP (red) strate-
gies.

Figure 2.10 illustrates that the reinforcement learning (RL)-enhanced strategy effectively
mitigates the growth of the effective condition number of the KKT matrix throughout the iter-
ations in most cases. The random problem instances are sampled from the same distribution
as those used during training. Although the first iteration occasionally exhibits higher con-
dition numbers due to initial aggressive weight updates of the RL strategy, the subsequent
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evolution remains markedly better conditioned. Overall, the RL-based enhancement leads
to condition numbers that are most often better, or at least equivalent, to those of the stan-
dard approach, underscoring its stabilizing effect in limiting the numerical ill-conditioning
typically observed otherwise.

2.4.6 Maros-Mészaros test-set

In the following, two variants of the QProxIP solver are considered to evaluate the impact of
reinforcement learning (RL) acceleration. The first, referred to as ablated QProxIP~ solver,
where all additional safeguards are removed to isolate the pure effect of RL acceleration
within a simplified setting. The second corresponds to the standard QProxIP solver, pre-
sented in the previous chapter, which includes the full set of safeguards and algorithmic
protections to ensure robust convergence.

ID ALM x-prox s-prox CPC NML-LS Ruiz Amort. Bound. Ctrl
RL-QProxIP~  yes yes no no no no no no
RL-QProxIP yes yes no yes yes yes yes yes

TaBLE 2.5: Applied regularization and safe-guards applied in the subsection.

Table 2.5 summarizes the differences between RL—QProxIP~ and RL-QProxIP, includ-
ing no central-path correction, no non-monotonous linesearch, no Ruiz precodnitioning and
no Boundary control for RL—-QProxIP~.

2.4.6.1 Ablated RL-QProxIP~ Solver (without Safeguards)

Training was carried out on randomly generated problem instances, but an important question
is how well the method generalizes to established benchmarks. To this end, we evaluate
on the Maros—Mészdros test set [90], a widely used benchmark collection of challenging
quadratic programs. This suite contains many large-scale and ill-conditioned problems and
is considered a standard for assessing the robustness and efficiency of convex QP solvers.
For evaluation, we consider the problem in a zero-shot generalization setting and focus on
the 100 smallest instances (out of 138), where problem size is determined by folder size.
A comparison of these instances with the randomly generated problems used for training is
shown in Figure 2.2. As before, the Maros—Mészdros set is used in its raw form, meaning that
inequality constraints with “infinite” bounds (represented as values of 10%° in OSQP [119])
are retained in the problem data, see Problem 1.3.2. To accommodate the increased difficulty
of these benchmarks, both the maximum number of inner and outer iterations are increased
to 50.

The corresponding performance and data profiles are reported in Figure 2.11. The RL-
enhanced solver is compared against fixed choices a, 1, = 0.1, a1, = 0.2, and a1, =
0.5, both with and without accounting for neural-network inference time. The RL-enhanced
solver demonstrates improvements in robustness of approximately 2%, 4%, and 7% relative
to the fixed-a curves. As previously observed in the scale 10x experiments, the RL-enhanced
solver achieves speed-ups for problems requiring at least one second of solving time. When
excluding inference time, its performance on the data profile matches the best fixed-a values
for smaller problems solved in under 0.1 seconds. Although the Maros—M¢észaros problems
are not part of the training set, the RL solver identifies meaningful actions. Depending on the
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problem and solver configuration, finding an effective set of fixed ay values can be tedious,
and both robustness and solution speed are highly sensitive to this choice. The test set is
particularly diverse, with some problems solved in milliseconds and others requiring up to
30 seconds, making it challenging to select a single fixed @y that performs well across the
entire set. In contrast, the RL-enhanced method exhibits versatility, maintaining consistently
high performance across the benchmark.

oy = ay =a, =0.1 y =y = a, =0.2 oy = ay =a; =05
—RL --- RL w/o inference time
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Ficure 2.11: Maros—Mészaros set, MM100: Data (left) and performance

(right) profiles comparing RL and solver configurations with fixed o, =

@, = ay. Despite the lightweight training on random problems, the learned

RL policy performs well on the previously unseen class of Maros—Mészéros
instances.

Depending on the problem’s conditioning and the choice of initial candidate, it may be
beneficial for the user to tune the early-termination scaling factor £. This parameter deter-
mines the starting point for a fixed geometric decrease of &, and should be chosen consistently
with the geometric decay rate o to achieve the best performance.

Numerical results illustrating this effect are presented in Figure 2.12, where the RL-
enhanced solver is evaluated for & € {1073, 1073, 107} along with the default value & = 1072
for which the policy was trained. Even under a poorly chosen solver setup, the RL-enhanced
solver adapts to maintain performance comparable to that obtained under a well-configured
setup. Furthermore, all RL curves remain more robust than the fixed oy strategies, even
when the latter are used with the best solver configuration (£ = 1072). This versatility makes
the solver more robust and easier to use, as it can automatically adapt to a wide range of
problem instances. Examples include problems with large variations such as financial port-
folio optimization, model predictive control under high perturbations and sudden noise and
changes, large-scale power system optimization, trajectory planning for robotics in dynamic
environments, and parameter estimation in ill-conditioned or highly constrained systems.

2.5 Chapter conclusion and outlook

We presented a method based on reinforcement learning (RL) to speed up and harden the
convergence of a (regularized Newton-based) solver for convex quadratic programming. We
used RL to learn a policy aimed at adapting the solver’s hyperparameters to reduce the num-
ber of iterations needed to obtain a solution. For the RL training, we generated a framework
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Figure 2.12: Maros—Mészdros set: Data (left) and performance (right) pro-

files comparing the influence of the RL policy on solver configurations with

different values for &, The results with the default solver setup (¢ = 1072)

and with fixed @, = @, = @ are provided for comparison. The learned RL

policy adapts well to different solver tuning, yielding consistent performance
gains.

to design small random QPs, which serves as good training problems. Then the parameter-
ized RL policy, which is constructed as an artificial neural network, is trained on these QPs.
In experiments, the results suggest that a single policy can improve convergence rates for a
broad class of problems. In particular, we would like to emphasize the fact that the policy
can successfully be used for problems with different sizes, scales and structures. Compared
to previous approaches, like RLQP [70, §6], our lightweight training achieves similar vali-
dation performance with a fraction of time and memory (13 hours on a laptop vs. days on a
high-end computer). Only for QPs that converge after few iterations, and thus require no hy-
perparameters adaptation, having a good neural policy is unnecessary at best. In these cases,
the inference time it takes to evaluate the RL policy may reduce the performance benefit of
faster convergence.

Despite these promising results, some questions remain for future works. For example,
we will investigate whether additional RL policy options can further accelerate the conver-
gence rate. Thereby, one aspect of investigation could be to measure the influence of the
barrier parameter v and the tolerance & on the policy or the effect of including additional
states, like the regularization parameter .

Furthermore, we will investigate the policy performance to other QP problem classes,
such as large-scale sparse problems arising in power systems, optimal control problems
showing particular three-banded structures or financial optimization with highly volatile mar-
ket data. Moreover, for even more adaptive RL approaches, the policy could continue learn-
ing and improving during solver deployment. Lastly, it would also be valuable to benchmark
the method against other state-of-the-art solvers, by extending with RL the in-house solver
capable of solving the entire Maros—M¢&szaros test set.
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Chapter 3

Nonlinear Programming: Sequential
Quadratic Programming (SQP)

3.1 Introduction

Sequential Quadratic Programming (SQP) is a powerful framework for solving constrained
nonlinear nonconvex optimization problems. By iteratively solving QP subproblems that
locally approximate the nonlinear program, SQP methods exhibit fast local convergence and
a well-established theoretical foundation, [47, 96].

Beyond their success in general nonlinear programming, SQP methods play a central role
in optimal control and have been widely integrated into Model Predictive Control (MPC)
frameworks [64, 106]. The SQP problem formulation matches the structure of optimal con-
trol problems, which include dynamic system as equality constraints and stage-wise costs,
making SQP methods well suited for control implementation.

Early practical implementations include the real-time and large-scale variants proposed
in [12], which address computational efficiency and robustness. Subsequent developments
have focused on ensuring global convergence and numerical stability, often through the in-
corporation of globalization strategies such as filter methods, merit functions, or trust-region
mechanisms [47, 54].

More recently, hybrid schemes combining SQP with interior-point techniques have been
studied to leverage the advantages of both approaches—particularly the ability of interior-
point methods (IPMs) to handle inequality constraints efficiently and maintain feasibility [4,
13, 98]. Despite their promising convergence properties, such IP-SQP algorithms still face
challenges related to warm starting, especially when adapting the barrier parameter between
successive solves. Yet, an effective heuristic for adjusting the barrier parameter between
SQP-iterations remains unknown, often causing instability or slow progress between itera-
tions.

At each iteration, SQP methods locally approximate the nonlinear programming (NLP)
problem by a quadratic programming (QP) subproblem, whose solution provides a search
direction for both primal and dual variables. Formally, we consider the general nonlinear
program:
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/[ Problem 3.1.1 | NLP

minimize f(x)

subjectto  h(x) =0, (NLP)
where

f:R" - IR objective function,

h:R"—> R™ equality constraints,

g:R" - R? inequality constraints.

N J

We assume throughout that f, &, g are twice continuously differentiable.

The feasible set is:
F ={xeR"|h(x) =0, g(x) <0}. 3.1

3.2 Lagrange Newton method

We begin by considering a nonlinear optimization problem with equality constraints only,

Problem 3.2.1 | NLP-EQ

minimize f(x)
reRe (3.2)
subjectto  h;(x) =0, i=1,...,m.

A point (x*,2*) € R" x R™ is called a Karush-Kuhn-Tucker (KKT) point of Prob-
lem (3.2.1) if it satisfies

V,.L(x",2") =0€R", (3.3)
hi(x*) =0, i=1,...,m, (3.4)

where
L(x,2) = f(x) + 2 h(x) (3.5)

denotes the Lagrangian function and VL its gradient with respect to the primal variable x.

Conditions (3.3)—(3.4) form a nonlinear system of equations in the variables (x, 1). Defin-
ing the mapping

F:R"xR"™ — R"™, F(x,A) = Ve L(x, ) , (3.6)
h(x)
the KKT conditions can be written compactly as
F(x*,1") =0. (3.7)
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The Lagrange-Newton method applies Newton’s method to the nonlinear system (3.7) to
determine a null-space F.

Given a current iterate (x*), 1)), the Newton step (Ax®), AA(¥)) is obtained by solving

V2 £(x®), 20)  vu(x*E)T) (AxK)
Vh(x®)) 0 AW

v, L(x®), 2®
:_( }féx(k) )). (3.8)

Equation (3.8) corresponds to the optimality system of an equality-constrained quadratic
program arising. This interpretation directly links the Lagrange—Newton method to equality-
constrained quadratic programming and allows for a straightforward extension to inequality
constraints.

3.3 Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) can be interpreted as an extension of the La-
grange—Newton method to optimization problems with both equality and inequality con-
straints. SQP methods have been extensively studied in the literature, see [49, 96]. We there-
fore consider Problem (3.1.1) as an extension of Problem (3.2.1) and write the Lagrangian

Lp(x, L p) = f(x) +ATh(x) +p"g(x). 3.9)

We construct the local approximation of the Problem (3.1.1) at iteration k by a Quadratic
Problem (QP), see [12]. At each SQP iteration a local QP subproblem is defined and solved,
see the SQP algorithm overview (8).

Algorithm 8 Sequential Quadratic Programming (SQP): Overview.

1: Initialize x°, multipliers (1%, u°), set k = 0
2: while not converged do

3 Solve the quadratic subproblem at k

4:  Apply the search directions A

5 ke—k+1

6: end while

7: Return (xK+1, A5+1 h+1)

The Lagrangian of Problem (3.1.1) around the current iterate x ) s expanded to second
order as

L(X(k) n Ax,/l(k),/l(k)) z.ﬂ(x(k),/l(k),ﬂ(k)) + VX.L(X(k),/l(k)aﬂ(k))TAx (3.10)

where only the primal variables are expanded and which serves as the quadratic model of
the local subproblem objective. To ensure consistency with the current iterate, the nonlinear
constraints are replaced by their first-order linearizations:
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h(x®) 4+ Ax) ~ h(x%)) + AW Ax, AR = T ()T,
g(x® 4+ Ax) ~ g(x®) + GWAx, GH = vg(x)T.

The resulting Sequential Quadratic Programming (SQP) subproblem can thus be written
as in Problem (3.11).

/[ Problem 3.3.1 | SQP-QP |

minimize %AxTQ(k) Ax +cMTAx

AxeR”
0. (.11)

subjectto AW Ax + h(x(k)) =
GPAx+g(xW) <0

Kwhere 0k =v2 £(x® A0 4*) and ¢®) = v, £(xH)) y

This QP provides a search direction Ax® toward a new iterate kD = x(b) 4 Ax(),
The SQP iterations correspond to updates of the nonlinear problem, while the QP iterations
correspond to the solution process of this QP subproblem. For consistency purposes with
chapter 1, this QP can equivalently be written in a compact form as

Problem 3.3.2 ] [SQP-QP - reformulation

minimize 1x"Qx+c'x
reRe (SQP-QP)

subjectto [ <Ax <u.

Theorem 3.3.1 provides a fundamental local characterization of SQP subproblems in a
neighborhood of a KKT point,see [96][Thm 18.1]. It states that, under standard regular-
ity assumptions (LICQ, strict complementarity, and second-order sufficient conditions) the
quadratic programming subproblem associated with SQP admits a local solution whose ac-
tive set coincides with that of the original nonlinear program. This property is essential for
the local convergence theory of SQP methods, as it ensures that, sufficiently close to the so-
lution, the SQP subproblem accurately reflects the local structure of the NLP and enables fast
local convergence.
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([ Theorem 3.3.1 ] [Local Solution of SQP Subproblems]\
Suppose that x* is a local solution of a NLP at which the KKT conditions are satisfied
for some multiplier 1*, u*. Assume that the following conditions hold at (x*, 1*, u*):

o the Linear Independence Constraint Qualification (LICQ),
e the strict complementarity condition,
e and the second-order sufficient conditions.

Then, if (x(k),/l(k),y(k)) is sufficiently close to (x*,A*,u*), there exists a local so-
Iution of the QP subproblem whose active set coincides with the active set of the
original NLP at x*, see [96], Thm 18.1. For a detailed discussion of the QP optimality
Kconditions, see § 1.3.6. )

Algorithm 9 Sequential Quadratic Programming (SQP).

1: Initialize primal variables X0, multipliers (/10, ;10), and set tolerances € > 0
2: fork=0,1,2,...do
3:  Evaluate derivatives at x*: ¢* := Vf(xk), AF .= VA(xF)T, G* == Vg ()T

4:  Globalization: Form BFGS Update, see [47]

5. Solve the QP subproblem (SQP-QP) to obtain (Ax*, AX¥, Auk)

6:  Select step size o* € (0, 1] (filter method or linesearch)

7. Update iterates: x*T1 « xk + oFAxK, A1 K 4 okAXX, (1 — max|{0, p* +
o* Ak

8 if |V, L}, A 51| < £ and constraints satisfied within tolerance then

9: Return (xF 1, AFH1 AT

10:  end if

11: end for

Algorithm 9 presents the Sequential Quadratic Programming (SQP) method for solv-
ing smooth nonlinear nonconvex constrained optimization problems, see [47] for the formal
methods and implementations. The procedure begins with an initialization of the primal
variables x°, the Lagrange multipliers (1%, u°), and a user-defined termination tolerance &.
At each iteration, the algorithm evaluates the gradient of the objective function, denoted by
c* = Vf(x*), and the Jacobians of the equality and inequality constraints, A¥ = VAa(x*)T
and G = Vg(x*)T, respectively. These derivatives provide the local linear approximation of
the constraint set around the current iterate.

Next, instead of computing the exact Hessian of the Lagrangian, a BFGS update is used
to construct a positive definite approximation B* ~ V2 _£(x*, A%, uk), see [43]; which cap-
tures the local curvature information of the problem [47]. Using BFGS is more robust in
practice, because it guarantees a positive definite approximation even when the true Hes-
sian is singular or nearly singular, preventing numerical instabilities in the QP subproblem.
However, the BFGS globalization is only suitable for non-sparse matrices. With these quanti-
ties, a quadratic programming (QP) subproblem is formulated that approximates the original
nonlinear problem near x*. Solving this QP provides the search directions (Ax*, AA¥, Aub),
which approximate a Newton step for the Karush—Kuhn-Tucker (KKT) system. If the Hes-
sian is negative definite or singular, globalization methods can be applied like the BFGS
update [43, 96].

A step size a* € (0, 1] is then chosen, typically using a linesearch or a filter strategy, to
guarantee sufficient progress toward optimality while maintaining feasibility. The iterates are
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subsequently updated according to x¥*1 = xk + oFAxk, T = AF + o*AX¥, and AT =
max{0, uF 4+ o*Au} to ensure nonnegativity of the inequality multipliers. This process is
repeated until the norm of the Lagrangian gradient is below the tolerance & and the constraints
are satisfied within acceptable limits. Upon convergence, the algorithm returns the triplet
(KL AL k1) which approximates a KKT point of the original problem.

Remark 3.3.1 ] [L-l norm regularization
In practice the Lagrangian (3.9) is regularized using an L-1 norm of the form

Le L+ g ()M + llg(x) 1) -

3.4 Implementation

In practice, Sequential Quadratic Programming (SQP) methods differ primarily in how they
approximate second-order information, treat inequality constraints, and ensure global con-
vergence. The Hessian of the Lagrangian, ok = V)ZCXL(x(k),/l(k),u(k)), may be obtained
from exact second derivatives or approximated using quasi-Newton updates such as BFGS
[12, 51, 54, 96]. These updates provide a positive-definite approximation to the true cur-
vature, thereby maintaining local superlinear convergence while avoiding the computational
expense of forming exact Hessians.

Different strategies exist for managing inequality constraints. Traditional active-set meth-
ods explicitly estimate the active set of constraints at each iteration, whereas interior-point
SQP variants maintain feasibility by introducing slack variables and barrier term, see chapter
1.

3.5 Numerical results

Only a limited set of unconstrained and constrained nonconvex nonlinear problems is con-
sidered, serving as illustrative examples to give an overview of the SQP method used with a
stabilized IPM-based QP solver.

Unconstrained NLP: Rosenbrock function: The function is defined as
F(x1,x2) = 100(x2 — x3)? + (1 - x1)%, (3.12)

where x = [x1, x2]T € IR%. The global minimum is located at x* = (1, 1), where f(x*) = 0.

Despite its simple formulation, the Rosenbrock function presents a significant challenge
for many optimization methods. Its narrow, curved valley makes the gradient smalls, which
can cause slow convergence for gradient-based algorithms. The landscape is characterized
by a flat region near the minimum and steep walls along the sides of the valley, leading to
ill-conditioning and strong nonlinearity in the optimization trajectory.
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Figure 3.2(left) illustrates the three-dimensional shape of the function, showing the char-
acteristic curved valley and local minima. The gradient field shown in Figure 3.2(right) high-
lights the xi, xo nonlinearity, demonstrating optimization oscillation in SQP method before
converging to the global optimum.

Rosenbrock function minimization Rosenbrock function minimization
k) [
44 \ b/
_ 6
&5 21
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Ficure 3.1: Visualization of the Rosenbrock function. Left: 3D surface il-
lustrating the curved valley and local minima. Right: Contour plot on the
(x1, x2) plane with the gradient field.

Unconstrained NLP: weighted quadratic-quartic sum function: This test problem is an
unconstrained nonlinear programming (NLP) problem in 100 variables. The objective func-
tion is designed to combine a simple quadratic term with a nonlinear quartic term that couples
all variables, introducing anisotropy and mild nonconvexity along a dominant direction. It
serves as a benchmark to evaluate the performance of gradient-based and high-dimensional
optimization algorithms, particularly in situations where certain directions in the search space
contribute more strongly to the objective.

100 | Lo 2 | Lo 4

min x) =107 X+ = ixj| +|= ix;

xeR100 /() [Z‘ ! 2; ' 2; ' (3.13)
st xeR!%
The function can be expressed more compactly as
100 1 Lo
-6 2, .2, 4 .

f(x) =10 (;xi +v1+v1), v = 5;””’ (3.14)
where x = [x1,...,x100]T € R'%. The global minimum is located at x* = 0, where f(x*) =

0.

The first term, ), xl.z, is a standard L2-norm squared penalty that encourages all variables
to remain small, forming a spherical bowl in 100-dimensional space. The second and third
terms depend on the weighted sum vy, which gives higher-index variables more influence.
The quadratic term v% introduces additional curvature along this direction, while the quartic
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term v‘l‘ creates a nonlinear ridge that increases steeply for large values of v. This combina-

tion makes the optimization landscape anisotropic: some directions are more sensitive than
others, and the problem becomes nonconvex along the v; direction.

Although the problem is high-dimensional, it can be understood intuitively in a low-
dimensional analogy as a “bowl with a ridge”: the quadratic term forms a smooth basin,
while the weighted quartic term creates a steep, elongated feature along a specific linear
combination of variables. Such structures test optimization algorithms’ ability to handle
smooth but coupled and anisotropic landscapes efficiently.

f(vi) Minimization Phase Space
i
4] (]
10 250 - i 35
]
107 4 : L 30
200 ,
10°- S
I
—_ i c
5 10724 b 190 i L20 2
o < , o
o 100 I L
_ b 15
1074+ |
]
I
10-6 1 e (V1) 50 4 1 10
—e— Trajectory '
@ start : 5
10°1 W End 1 o »
T T T T T T T T 0
—-400 -300 —-200 —-100 0 —-100 —-50 0
Vi Vi

FiGure 3.2: Weighted quadratic-quartic sum function. Left: f(v{) minimi-
sation process. Right: Phase space vi — Avy.

Constrained NLP: degenerate saddle problem: The nonlinear optimization problem is
defined as
min f(x17x2) — x% — x%’
X1,X2
st g(x,x) =x3+x3 <1, (3.15)

-10<x £10,-10 < xp < 10.

where x = [x1, x2]T € R2.

The SQP algorithm converges to a point on the boundary of the unit circle x% + x% =1,
as illustrated in Figure 3.3. The left panel shows the 2D projection with the feasible region
and trajectory approaching the boundary, while the right panel displays the 3D surface of
the objective function, highlighting the curved valley and the location of the constrained
minimum. At the converged point, x; ~ 0 and x, ~ %1, the objective function f (xl, xz) =
x% - x% attains a local minimum f,;, = —1. The trajectory starts outside the feasible region
and progressively satisfies the nonlinear constraint while minimizing the objective.

3.6 Chapter conclusion

In this chapter, we provided a brief overview of the theory and implementation of nonlinear
programming (NLP) methods and illustrated their application by solving both unconstrained
and constrained problems. These examples highlighted key concepts and typical solution
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Ficure 3.3: Visualization of constrained saddle point problem. Left: Con-
tour plot on the (x1,x;) plane with the gradient field. Right: 3D surface
illustrating the curved valley and local minima.

behavior, serving as a foundation for the construction and solution of more complex NLP
problems. The insights gained here will guide the development of nonlinear, nonconvex

optimal control problems in Part 2, where the focus will be on real-world application and
real-time control implementation.
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Conclusion Part 1

This work provided a comprehensive overview of a competitive QP solver framework. In
Chapter 1, we presented Interior Point Methods (IPM) for quadratic programming, includ-
ing regularization, such as Proximal methods, classical augmented Lagrangian techniques,
and primal-dual Gill-Robinson penalties. We introduced a stabilized Newton formulation
(1.81), employing gradient scaling and formal proof that the transformed directions mini-
mize a regularized merit function. Theoretical interpretations of regularization effects were
provided, offering insight into the behavior of candidate solution trajectories. Chapter 3
complemented this discussion with an overview of nonlinear programming (NLP) methods,
illustrated through unconstrained and constrained problems, laying the foundation for con-
structing more complex, nonconvex optimal control problems in Part 2, with a focus on
real-time control applications.

On the methodological side in the first chapter, we introduced a novel s-proximal reg-
ularization to control slack variables and relax inequalities, with an analytical estimator 6
serving as a proximal anchor. Central-path corrections and additional safeguards were imple-
mented to maintain solution trajectories near the IPM central path. Chapter 2 extended these
methods by incorporating reinforcement learning (RL) to adapt solver hyperparameters, ac-
celerating convergence for convex QPs. The RL policy, trained on randomly generated small
QPs and implemented as a lightweight neural network, is capable of accelerating the process
of solving problems with varying sizes, scales, and structures.

The proposed frameworks and algorithms were validated through extensive experiments.
In Chapter 1, QProxIP successfully solved the Maros—Mészaros test set with robustness and
computational efficiency comparable to the best academic and commercial solvers. Perfor-
mance variability was observed due to factors such as CPU core assignment, temperature,
and other uncontrolled system conditions, underscoring the importance of large-scale bench-
marking while highlighting that results cannot be universally generalized for solvers with
complex heuristics. RL-enhanced QP solvers further demonstrated improved convergence
rates across the Maros—Mészdros test-set using an ablated QProxIP solver without any safe-
guards and preconditioning. Together, these results establish a foundation for tackling the
nonlinear, nonconvex optimal control problems explored in Part II.
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Part 11

Model Predictive Control and
Applications to Path-Planning and
Mission Management
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Chapter 1

Optimal Control

1.1 Introduction

Optimal control theory provides a systematic framework for determining how a dynamical
system should be influenced over time to achieve a desired goal while minimizing a pre-
scribed performance criterion. The objective may reflect different aspects of system behav-
ior, such as minimizing energy consumption, maximizing efficiency, or achieving a specific
terminal state. In this sense, optimal control links the design of decision-making policies
to the mathematical description of a system’s evolution, allowing one to determine the best
possible control input that balances performance and effort.

At its core, an optimal control problem couples optimization with the underlying differ-
ential equations that describe the system dynamics. The control inputs influence how the
system evolves, and the optimization seeks those inputs that yield the most desirable behav-
ior according to the chosen objective. Because most real-world systems are continuous in
time, their dynamics are governed by ordinary or partial differential equations, which must
be respected exactly or approximately during optimization.

Solving an optimal control problem numerically requires discretizing time into a finite
grid and approximating the system dynamics through numerical integration. The continuous-
time formulation is thereby transformed into a finite-dimensional optimization problem, often
referred to as a nonlinear program. The grid resolution introduces a fundamental trade-
off: finer discretization improves the accuracy of the solution but increases computational
cost, while coarser grids reduce complexity at the expense of precision. Efficient algorithms
therefore balance these competing aspects, ensuring reliable convergence within practical
computation times.

The framework of optimal control has found widespread application across a diverse
range of domains. In automotive systems, it underpins model predictive control for energy-
efficient driving and autonomous vehicle motion planning. In aerospace engineering, opti-
mal control governs trajectory optimization, guidance, and attitude control of aircraft and
spacecraft. In the field of energy management, it enables optimal scheduling of distributed
resources and battery systems to balance supply and demand. Even in finance, similar prin-
ciples guide portfolio optimization and risk-sensitive decision-making over time. Across all
these domains, the unifying goal remains the same: to determine optimal decisions that re-
spect the dynamics of the system while achieving the most efficient or desirable performance
possible.
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A general continuous-time optimal control problem (OCP) is often formulated in the
Bolza form:

Ig’iun J(x,u) = E.(x(T)) + Lo (x(1),u(r)) dt,

subjectto  x(7) = fo(x,u), x(0) =%,
x(r)eX, u(t)eU, Vrel0,T],

S,

(1.1)

where the state vector x(¢) € IR" and control vector u(z) € IR™ are bounded by a set
of differential equationsf : R” x R” x [0,7] — IR" describing the system dynamic over a
defined time 7 € [0, T]. The cost function presents two terms, €. (x(#),u(z)) the running cost
over 7 € [0,T], and E.(x(T)) the terminal cost evaluated at 7 = T. The initial state at x(0) is
denoted as X.

The control can be made in open-loop, where the control function u(t) is determined
only based on the initial condition and does not adapt to disturbances or the real system,
or in closed-loop (feedback), where the control is given by a function u(r) = «(x(7),1),
which depends on the current state vector x(7). Real-life problems require feedback loops as
real-systems are never perfect and are often not fully described by the differential equations.

Optimal control problem (1.1) is written as a continuous system but needs to be dis-
cretized to be numerically solved. A standard discrete-time OCP is written as,

N-1
min J = Eg(xn) + | Ca(x ), (1.2)

Xpe Uk =
subjectto  xxy+1 = fd(xk, uk), Xo = X, (1.3)
xx€X, ueUd, VvVk=0,...,N-1. (1.4)

The discretized ODEs are obtained using numerical integration methods (e.g., implicit
Euler, explicit Euler, Runge-Kutta etc.). The discretization schemes are explicit and implicit.
For example, for the forward Euler scheme, the next state is computed directly from the
current state and control input,

Xk+1 = Xk + hfc(xk, Mk), (1.5

where £ is the time step. Explicit methods are simple and computationally efficient but can
suffer from stability issues, especially for stiff systems or large time steps.

In contrast, implicit schemes, such as the backward Euler scheme, involve solving an
equation where the next state appears on both sides

X1 = Xk + hfe (Xpr, k). (1.6)

Implicit methods are more stable, particularly for nonlinear dynamics, but they require solv-
ing a set of equations at each time step, which increases computational complexity.
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1.2 Model Predictive Controller

Although the Model Predictive Control problem solved at each time-iteration is mathemat-
ically similar to optimal control problem (1.2), it should fundamentally be interpreted as a
feedback controller. The fixed prediction horizon is, in general, not long enough to reach the
goal state in a single optimization step, and therefore multiple iterations are required until
convergence of the closed-loop system. Using MPCs, the optimal control problem is re-
peatedly solved online using the current measured or estimated state as the initial condition,
either on a real system or on a simulator. Only the first control action of the optimized input
sequence is applied to the system, while the remaining predicted states and control inputs are
shifted and reused as a warm start for the next optimization problem. This receding-horizon
strategy embeds the optimal control problem into a closed-loop feedback structure, enabling
the controller to react to disturbances, model mismatch, and changes in the environment.

Figure 1.1 illustrates the basic structure of the MPC feedback. The optimizer computes
a predicted state vector x* and control vector input u based on the system model with a user-
defined time horizon and time-grid. The first control input is applied to the simulator or real-
world process, which output a real system state vector X. For each control iteration, changes
in the environment or external parameters are updated prior to trajectory optimization and
fed back to the optimizer.

¥, u

| Model H Optimizer :
4[_ Simulator/Process

Mission I x

update

Figure 1.1: Basic structure of the Model Predictive Controller feedback loop.

At each time iteration k = 0, ..., N — 1, an OCP problem of the form (1.2) is solved using
the current state X as initial state condition. The problem is defined over a fixed prediction
horizon T having N time grid points. The solution of the MPC problem is the couple states-
controls defined as, {x},...,xy}, {5, uj, ..., uy_,}, with each x; 1, u;,i € [0, N — 1] being a
vector. At the next time step, the horizon shifts forward in time, the new state is measured
or estimated, and the optimization is repeated. This procedure is known as the receding
horizon or rolling window approach. By continuously updating the control input based on
the latest state information, MPC provides closed-loop performance, inherently incorporating
feedback.

In Figure 1.2 a MPC-scheme is presented. Its model is not representative of any existing
system, but it serves as an example to picture the state-control couple as well as predictions
using a rolling fixed horizon. In orange a random control u is plotted in the range [0, 1] and
in blue the state x; reacting to u; with some delays. In red the controller prediction is plotted.

To reduce computational effort and improve convergence speed, MPC solvers often em-
ploy warm starting, where the state and controls from the previous time step are used as ini-
tializations points for the current step. This exploits the similarity of successive optimization
problems, especially when the ODEs are smooth and the controller work at a high-enough
frequency. In the next subsection two types of MPC are presented: the linear MPC (LMPC)
and nonlinear MPC (NMPC).
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MPC Scheme - State and Control with fixed rolling horizon
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Ficure 1.2: MPC scheme - State-Control couple with a predictions using a
fixed rolling horizon.

The LMPC case: In the special case of linear or linearized dynamics, the optimal control
problem reduces to a quadratic program (QP) or a linear program (LP), see sections 1,2. Let
us consider the discrete-time linear system,

Xp+1 = Axg + Buy, (L.7)
and the cost function:
N-1
J= Z (x] Oxi + uf Rug) + x3,Q pxn, h (1.8)
k=0

where O > 0, R > 0, and Qf > 0 are weight matrices.

The corresponding QP can be formulated as,

N-1
min Z (x{ Oxx + uj Rug) + x5, Qpxy (1.9)
X0seees XN SUQ oo N1 =
subjectto  xgy1 = Axg +Bug, k=0,...,N-1, (1.10)
X0 =&, (1.11)
xre€X, ueU, Vke [0,1,...,N]. (1.12)

This convex QP can be efficiently solved using interior-point or active-set methods, see
section 1, and it forms the basis of linear MPC algorithms used in industrial control.

The NMPC case: When the system dynamics f, (x(¢), u(z)) and/or cost function . (x(z), u(z))
are nonlinear, the OCP becomes a nonlinear program (NLP), see section 3. The resulting
problem may also be nonconvex. The general NMPC optimal control problem at each MPC
iteration is expressed in Bolza form, as given in (1.1). Solving these problems in real-time
presents a computational challenge. Despite this, NMPC has become increasingly used due

to advances in numerical solvers and hardware. Theoretical foundations and algorithms are
thoroughly discussed in [64] and [106].

This thesis focuses on a special class of NMPC problems where a quadratic cost (on the
states and controls) is multiplied by a bounded sum of Gaussian distributions. The equality
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constraints may be nonlinear depending on the used dynamical system, but the inequality
constraints are linear.

min fo Y (x(6)) - (32(0)TQx(1) + Lu(e) Ru(r)) dr

+y(x(T)) - 1x(T)"Px(T), (1.13)

with the state-dependent weight function y(x(#)) defined as,

y(x(6) = 1+ ) avexp (=3 (x(e) = ) T (x(1) = i) (1.14)
i=1

with y; fixed V¢ € [0, T].

According to Formulation (1.1) we denote:

C(x(t),u(t)) = $x(¢)TOx(¢) + Ju(t)"Ru(t), the stage cost, (1.15)
1x(T)"Px(T), the terminal cost. (1.16)

1.3 Architecture and engineering

The path-planner is implemented as a modular mission manager, with the optimal control
solver integrated into a framework that provides interfaces for communication with simu-
lators and forecasting results over a local network using the Robot Operating System mid-
dleware (ROS2). As illustrated in Figure 1.3, the modular path-planner first constructs the
optimal control problem for each time step, then integrates it in time using the in-house
OCPIDDAE tool, see [46], and finally solves it as an NLP problem using an inhouse SQP
routine (see §3.11). The solver operates at a user-defined frequency, depending on the system
to be controlled and the available computational resources. A parallel thread is employed to
forecast simulator data at high frequency across the local network via ROS2. Simulator data
is accessed through the MAVLink protocol when using PX4 (Pixhawk autopilot) or via the
proprietary Crazyflie protocol for Crazyflie platforms.
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Figure 1.3: Modular path-planner framework.

1.4 Chapter conclusion

This chapter provides an overview of optimal control problem (OCP) formulations and a
symbolic framework for model predictive control, where both linear (LMPC) and nonlin-
ear (NMPC) variants are introduced. The presented OCP framework lays the foundation
for subsequent chapters, particularly Chapters 3 and 4, which focus on real-life scenarios and
practical implementations. The chapter introduces architectural and engineering aspects rele-
vant for implementing predictive controllers in practical systems with multiple operators in a
network, simulators, and possibly hardware. This design foundation is used for the following
results presented in this document.
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Chapter 2

Aerial and Ground Vehicle
Path-Planning and Path-Tracking

2.1 Introduction

This chapter presents a Nonlinear Model Predictive Control (NMPC) approach for real-
time path-planning and collision avoidance for aerial and ground vehicles (UAV,UGV). The
method is applicable to quadrocopters, fixed-wing aircraft, and UGVs. At each discrete time
iteration, a Nonlinear Programming (NLP) problem is solved using an in-house Sequential
Quadratic Programming (SQP) solver for path-planning, while a Quadratic Programming
(QP) problem is solved for path-tracking. The proposed NMPC framework enables optimal
trajectory computation towards user-defined targets while dynamically avoiding obstacles in
the environment. Collision avoidance is implemented using potential field methods, allowing
vehicles to maintain safe distances from static circular obstacles.

The mission tasks considered here involve reaching one or multiple designated targets
while navigating through a cluttered environment. Users can define or update target positions
in real time, and the NMPC planner computes trajectories that respect the vehicle dynamics
and collision constraints. For quadrocopters, a reduced-order model capturing translational
and rotational dynamics is used to ensure real-time performance, whereas for UGVs, a kine-
matic vehicle model with nonholonomic constraints is employed for trajectory tracking. A
reduced order point mass vehicle is used to model fixed-wings aircraft, permitting real-time
path-planning, see [69],[121]. The very well-known Dubin’s aircraft kinematic model is used
as fixed-wings UAV model.

In a representative scenario, a vehicle is assigned an initial position and multiple user-
defined targets. Obstacles in the environment are modeled using circular potential fields. The
NMPC planner generates trajectories that guide the vehicle toward the targets while avoiding
collisions, dynamically adjusting the path in response to changes in the environment. This
approach builds upon existing work in NMPC for collision avoidance [88, 94].

The chapter is organized as follows: first with fixed-wing UAV path-planning, covering
the optimal control formulation, cost function, vehicle kinematics, constraints, and evalua-
tion on randomized scenarios. Next, quadrocopter path-planning is presented, including the
corresponding optimal control problem, kinematics, constraints, and scenario evaluations.
Finally, ground vehicle path-tracking is discussed and introduced for a use case presented in
chapter 4.
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2.2 Coordinate systems

Coordinate systems are essential for modeling and controlling aerial and ground vehicles.
Transformations between different frames are needed in order to construct a modular frame-
work working with different simulators and real-world systems. This section introduces the
coordinate systems used in this research.

Body coordinate system: The body coordinate system is attached to the vehicle and
moves with it, with its origin located at the center of mass. The x; axis points forward
along the nose of the vehicle, the y;, axis points toward the right wing, and the z;, axis points
downward, perpendicular to the wing plane for a fixed-wing aircraft, forming a right-handed
coordinate system. This frame is convenient for expressing control inputs such as thrust and
angular velocities, as they naturally align with the vehicle’s orientation. Measurements from
onboard IMUs are expressed here in this frame.

Inertial coordinate system: The inertial coordinate system is a fixed, global reference
frame used to describe the absolute position and orientation of a vehicle. Two commonly
used local coordinate frames are the ENU (East—North—Up) and NED (North—East-Down)
systems, both defined with respect to the Earth’s surface. In the ENU convention, the x-axis
points East, the y-axis points North, and the z-axis points upward. The ENU frame is stan-
dard in many robotics and automotive) applications. The NED convention is traditional in
aerospace and aviation, commonly adopted in autopilot systems and flight controllers. Both
ENU and NED are right-handed coordinate systems. Transformations between these coor-
dinate frames require rotation matrices that depend on the vehicle’s orientation, expressed
through Euler and Cardan angles or quaternions in order to avoid singularities in the system.

The combined rotation matrix for a ENU coordinate system is given by

Renu (¥, ¢,v) = R.(v) Ri(¢) R, (¥), (2.1)
with
cos ¢ cosy cos ¢ siny —sing
Renu (¥, ¢,y) = | sinysingcosy —cosysiny sinygsingsiny + cosycosy sinycose|.

cosysingcosy +sinysiny cosysingsiny —sinygcosy cosiycos o
(2.2)

This matrix transforms any vector from the body frame to the inertial frame as

Vinertial = RENU(¥, @, ) Vbody- (2.3)

To transform in the opposite direction (from the inertial frame to the body frame), the
transpose of the rotation matrix is used:
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Vbody = R{ZNU('?&’ @, 7) Vinertial - (2.4)

2.3 Fixed-wing path-planning

Fixed-wing aircraft exhibit dynamic behavior that is inherently stable under steady aerody-
namic conditions when sufficient thrust is maintained. In trimmed flight condition, even in
the absence of control inputs, the vehicle naturally converges to a flight state at equilibrium,
though not necessarily to a zero state, as the equilibrium depends on the prevailing wind
conditions and the corresponding velocity vector. This passive stability distinguishes fixed-
wing platforms from underactuated (card(u) < DOF,u = {controls}) aerial systems such
as some multirotors, which are unstable without continuous feedback control. Despite this
inherent stability, path-planning and path-tracking for fixed-wing vehicles remain challeng-
ing. Aggressive maneuvers require large curvature and rapid deceleration, which may violate
the lift—drag equilibrium or exceed the available control bounds. Consequently, optimal con-
trol formulations for fixed-wing systems must account for both mechanical feasibility and
actuation limits to ensure realizable, stable trajectories.

2.3.1 Optimal control problem definition

The aim, as presented in [48], [38], [64], [106], is to construct a feedback control law yu :
IN x X — U for the constrained control system in discrete time:

xi-H — f(xi,ui)
Ye XcRY, i=0,1,2,..,
We UCR", i=0,1,2,..,

2 = x

(2.5)

x' denotes the state vector at discrete time i

u' denotes the control vector at discrete time i

The path is described in discrete time by the couple states-controls x', u' at time #; = ih
with the sampling time # > 0. Finding acceptable paths require to solve an optimal control
problem on some time horizon [k, k + Ny, like
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/[ Problem 2.3.1 ] [MPC path-planning]\

Nh
rgcliun (jdistance (xi(Nh)) + Zjenergy (xi(k), ”l(k))] : (2.6a)
’ k=1

N

[ (1 + M (k), (k)

I=1
at discrete time i, k = 1,...,Np, [ = 1,.., N,

subject to
i (k) = f(x'(k),u'(k)), (2.6b)
x'(0) = xi(= x"'(1)or 2), (2.6¢)
Umin < ui(k) < Upmaxs (2.6d)
Xonin < X' (k) < Xonax- (2.6e)

- J

Herein, the index k is a local time index at step i of the NMPC. Solutions are sets of
Ny + 1 states [x'(k), x'(k + 1),...,x'(k + N,)] and controls [u (k),u' (k + 1),...,u' (k + Ny)]
predictions, at discrete time i, with a rolling horizon Nj,. The index [ iterates the N, obstacles
detected or present in the scenario.

The expression to minimize at discrete time i includes the quadratic functions
T distance (X' (Ni)) and Tenergy (x'(k), u' (k)) multiplied by a product of N, multi-dimensional
Normal distributions N; (!, o) (2.6a) of mean 4} and standard variation o/, plus 1, which
models a potential field centered on each detected obstacle gravity center. Note that the
Normal potential fields NV, (,uf, 0'3') are zero anywhere far away from the obstacles’ vicinity.
Therefore an additive value of 1 is added to each Normal potential field.

The normal distribution in dimension » associated with obstacle [ at the NMPC discrete
time step i is defined as

n (xi(k)—pi Y
Ny (h) a§<k>)=cG;Vexp[—§ (u] ] @)

In this study, we restrict our attention to the cases n = 2 and n = 3, which are relevant for
the considered applications. For n = 2, the Gaussian potential defines a cylindrical obstacle
on the ground plane, corresponding to an obstacle that is invariant along the vertical direction.
For n = 3, the formulation yields a spherical obstacle, where the penalty increases as the
system state approaches the center of the obstacle, providing a smooth repulsive penalty.
The weight cs defines the amplitude of the penalty and must be tuned depending on the
application.

For a two-dimensional Gaussian penalty the normal distribution associated with obstacle
[ at NMPC time step i is given by
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For a three-dimensional position, the normal distribution associated with obstacle / at
NMPC time step i is given by

Ni(ui (k). oi(k)) = cc

(2.8)

i i _ 1
M@@mwncﬂm%@3
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,- + i | —
oy g 0y

The kinematic model of the aircraft is defined in (2.6b), coupled with the initial condition
at step i (2.6¢) or states given by a simulator X. Constraints (2.6¢) and (2.6d) bundle the states
x!(k) and controls u'(k) between constants.

Cost function:  The cost function minimized at discrete time step i is given in (2.6a)
and is composed of a single distance term, Jgistance (x'(Ny,) ), which penalizes the deviation
between the predicted vehicle position at the final prediction horizon ¢4y, and the desired
target position x{arget. It is defined as

jdistance(xi<Nh)) = “xi(Nh) - xiarget”;/ s (2.10)

where W is a positive definite weighting matrix defining the relative importance of each
position component in the optimization.

The second term of the cost function Jepergy is an energy term, constructed like:

Tenergy (' (k) = cou' (k) Qu' (k) , @2.11)

with O a symmetric and positive semi-definite matrix of size m X m.

Fixed-wing UAV kinematics: The optimal control Problem 2.3.1 incorporates the kine-
matic behavior of the UAV in (2.6b). This study uses a generic Dubin aircraft kinematic
model, as described in [102], [14], [3], composed of seven states and three controls:

x=[6,2,0, 7.4, 0| u = [a,wp 0" . (2.12)
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The seven states are composed by the UAV’s position x, y, z [m], orientation (roll, pitch,
yaw angles ) 6,7y, [rad] and the rudder angle ¢. The three controls are composed of the
UAV acceleration a, the rudder change rate wy and the pitch change rate w,. The rudder
angle change rate wy controls the UAV’s rudder position over time. The pitch rate change
wy controls aileron movements over time. The rolling behavior is controlled by the back
elevator’s movement over time. The kinematic system is defined as,

X [v-cos(y) - cos(¢)]
5| |v-costy) -sin(w)

Z —v - sin(y)

v a

y|=| v-tan(¢)/L |. (2.13)
¢ Wy

Y Wy

(b¢ Uy

Lwyl L Uy

In a purely kinematic fixed-wing differential system the roll angle can be expressed as
linearly dependent to the time derivative of the yaw angle [16] as:

0=3-1. (2.14)

Assumption 2.3.1 )

[Roll angle of fixed-wings aircraft

A fixed-wings aircraft having a straight trajectory has a zero roll angle. However,
while doing curves, the roll angle becomes non-null. The roll angle may be modeled
as linearly dependent on the heading angle velocity.

Note that the parameter § is deduced depending on the aircraft capacities. The scenarios
are considered as a square having sides of less than ten kilometers. Therefore, scenario areas
don’t consider the curvature of the earth. The East North Up (ENU) coordinate system is
used.

States and controls box constraints:  In order to be physically meaningful, a solution path
states-controls needs to respect box constraints. Box constraints are introduced in Problem
2.3.1: (2.6e),(2.6d) and the bounds are directly dependent on the UAV mechanical properties.
As we consider a fixed-wing UAV flying at low velocity without strong accelerations, the
bounds on x(k) and u'(k) are constants.

2.3.2 Evaluation on randomized scenarios

To evaluate the performance of the obstacle-aware NMPC, we conducted a series of simu-
lations with randomly generated initial conditions and obstacle configurations. Each simu-
lation instance consisted of an initial state xo sampled from a predefined distribution over
the feasible state space, a fixed goal position x, representing the target, and a set of obstacles
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characterized by their positions (o, 0y) and radii, randomly placed around the target position
while avoiding infeasible initial states. For each initial state, the NMPC controller was based
on Python with SciPy’s optimization routines. This implementation focuses on validating the
problem formulation with a simple, easy-to-implement solver rather than achieving real-time
performance. Importantly, it provides a clear indication that this formulation of the problem
is solvable, allowing us to confirm feasibility and correctness before investing significant ef-
fort into developing a more sophisticated, time-intensive tailored method. The next chapters
will present engineering application we achieve real-time performance and efficiency.

Trajectories were labeled as successful if the goal was reached without collisions and
failed otherwise. This approach allows for flexible offline analysis, including plotting of
trajectories, evaluation of cost function evolution, and assessment of control inputs across a
wide variety of scenarios. By iterating over multiple randomized initial states, we are able to
statistically quantify the robustness and performance of the proposed NMPC scheme under
diverse environment configurations.

3D Dubins Aircraft Trajectories X-y Top View Altitude Profile
8
% Goal 207 — Successful (199) —— Goal Altitude
N --- Failed (1) [ 6
15103) * N
= 10 3 4
105 2
59 =
0 q>) > 0 © 2
5 ¢
_58 2 0
20~ -10 o
x —2
-20 -4
-20 0 20 0 50 100
X Time Step

Ficure 2.1: Evaluation of a fixed-wing path-planning optimal control prob-
lem on randomized scenarios.

Figure 2.1 illustrates a set of randomized collision-avoidance scenarios with varying ini-
tial positions and yaw angles, while maintaining a constant initial velocity. Out of 200 simu-
lated trajectories, only one resulted in failure, where the UAV was unable to reach its target
without collision. As shown in the right panel, the MPC controller increased altitude but
failed to recover a feasible trajectory back to the target.

The turning radii of the fixed-wings aircraft are given by

Ryaw = M, Rpitch = L’ (215)
|ug| lutg

which, for level flight (¢ = 0), reduces to Ryaw,min = v/ Uy max. Both radii scale linearly with

constant velocity and inversely with the angular rate limits. The dynamical model represents

a small, agile RC aircraft with low turning radii, using parameters v = 1 m/s, u, max =

1.0 rad/s, and ug max = 0.5 rad/s.

2.4 Quadrocopter path-planning

Quadrocopters are inherently underactuated aerial systems, possessing six degrees of free-
dom (three translational and three rotational) but only four independent control inputs gen-
erated by the propellers. This coupling between attitude and translational motion means that
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horizontal movement can only be achieved through tilting, which reorients the total thrust
vector.

Unlike fixed-wing aircraft, quadrocopters can hover, take off, and land vertically, mak-
ing them highly versatile for complex environments. However, their nonlinear and coupled
dynamics pose challenges for trajectory optimal control, particularly when aggressive ma-
neuvers or tight obstacle constraints are involved. The optimal control formulation used here
ensures dynamically feasible trajectories that respect actuator limits while maintaining sta-
bility during flight.

2.4.1 Optimal control problem definition

For path-planning, the problem structure is identical for both quadrocopters and fixed-wing
aircraft, as formulated in Problem 2.3.1. The cost function retains its shortest-path formula-
tion, where obstacle avoidance is incorporated through a Gaussian relaxation term.

Quadrocopter UAV kinematics: The quadrocopter kinematic model describes the non-
linear coupling between translational and rotational dynamics of an underactuated aerial ve-
hicle. The state vector is defined in (2.16) and includes the position coordinates x, y, z, linear
velocities vy, vy, v;, the total thrust N, the Euler angles v, ¢,y representing roll, pitch, and
yaw, and their corresponding angular velocities wy, wg, wy.

X = [-xay>Z’v)mv}’yvz’N’l//7¢’y’w¢’w¢7wy] (216)

The full kinematic system is expressed in (2.17). The translational motion depends on
the projection of the total thrust N onto the inertial axes, introducing nonlinearities in the
dynamics. The vertical component additionally includes the gravitational term g.

The control inputs uy, uy, ug, and u, act as generalized accelerations on the thrust and
angular rates, respectively. This formulation allows the computation of smooth trajectories
by controlling accelerations rather than direct position or velocity commands, ensuring dy-
namically feasible paths suitable for real-time NMPC implementations.

X Vx
y Vy
b4 v,
Ve %N (sing cosy cosy + siny siny)
. l . . s
x—|%|= mN(smgpcoswsmy siny cosy) 2.17)
v, ~Ncosgcosy—g
N un
a)',p Uy,
w'¢ Lt¢
[yl | Uy
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Remark 2.4.1 ] [Low-level control
When interfaced with a PX4 simulator (see flowchart 1.3), the MPC provides a ve-
locity vector to the PID-based low-level controller, which tracks it at a high update
rate. The MPC itself controls the acceleration level using the nonlinear kinematic
model, ensuring a smooth evolution of the velocity vector delivered to the low-level
controller.

States and control constraints:  As formulated in Problem 2.3.1, bounds are imposed
on all states and control inputs, reflecting the physical limitations of the quadrocopter. A
detailed analysis of these constraints, including typical numerical values and their influence
on trajectory feasibility, is provided in Chapter 4.

2.4.2 Evaluation on randomized scenarios

The performance of the NMPC path-planning controller for the quadrocopter was evaluated
across 25 randomized scenarios, as illustrated in Figures 2.2-2.4.

Quadcopter Trajectories
3D Trajectories x-y Top View Altitude Profile

% Goal 20| — Successful (25) —— Goal Altitude
---- Failed (0) |
* Goal

10

-20 -10 0 10 20 0 10 20 30
X Time Step

Ficure 2.2: Evaluation of a quadrocopter path-planning optimal control
problem on randomized scenarios.

Figure 2.3 provides an overview of the scenario setup and the success of the controller in
reaching the target while avoiding randomly placed spherical obstacles. The resulting trajec-
tories of the quadrocopter are shown in Figure 2.4, demonstrating smooth and dynamically
feasible paths from the initial positions to the target. Figure 2.4 depicts the corresponding
velocity profiles, confirming that the controller maintains gradual acceleration and deceler-
ation, ensuring a controlled approach and stable hover at the target location. These results
highlight the effectiveness of the NMPC scheme in generating collision-free, smooth, and
physically realizable trajectories in diverse environments.

Figure 2.5 depicts the corresponding control inputs. The thrust control is generally
smooth but tends to exhibit bang-bang behavior near its limits. For the rotational acceler-
ations, rapid changes are common due to the agile dynamics of the quadrocopter, and these
variations can be moderated by tuning the corresponding energy terms in the objective func-
tion (2.11).
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Fiure 2.5: Control inputs: thrust (uy), roll rotational acceleration (uy), pitch
rotational acceleration (ug) and yaw rotational acceleration (uy).
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2.5 Ground vehicles path-tracking

Path-tracking for unmanned ground vehicles (UGVs) focuses on accurately following a pre-
defined reference trajectory rather than generating a new path from scratch. This is partic-
ularly relevant in applications where the environment is partially structured, such as roads
network and where precise adherence to a trajectory is critical for safety and operational ef-
ficiency. Unlike aerial vehicles, which must consider three-dimensional maneuverability and
obstacle avoidance, UGVs can operate in constrained, two-dimensional environments where
maintaining alignment with the reference path is a challenge, while the vertical dimension
primarily affects the vehicle’s dynamic stability.

2.5.1 Path-tracking optimal control

Accurate ground-vehicle path-tracking requires modeling the vehicle’s nonlinear kinematics.
However, for path-tracking tasks, linearizations around the reference trajectory are often pos-
sible, allowing the optimal control problem to be formulated using simplified linear models
where the OCP can be formulated as,

/[ Problem 2.5.1 | [ OCP(i, x}) - Path-Tracking UGV }\
N
n}’iun H= (x{ Oxx + u] Ruy) (2.18a)
k=0
subject to
x(k+1) = Ax' (k) + Bu' (k), (2.18b)
x'(0) = xf, (2.18c¢)
Upin < ui(k) < Umax, (2.18d)
Xmin < X (k) < Xonax- (2.18e)

- J

Here, the linear dynamic equations describe the vehicle’s motion in curvilinear coordi-
nates with respect to the reference path. The resulting linear time-varying (LTV) model can
then be discretized, allowing for a fast and reliable numerical solution suitable for real-time
implementation. Indeed, the tracking controller operates in a purely planar setting following
a reference curve vy, : [0, L] — IR3 of length L > 0. In Frenet coordinates [67], the system is
conveniently represented as,

) = et
F(t) = v-sin(y(r) = (1)),

y(1) = v-«(1), (2.19)
k(1) = u(1),

(1) = 5(t) -k, (s(2))

Herein,  denotes the time, and r(z) corresponds to the lateral deviation of the agent
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position (x(z),y(z))" from the reference curve y,. Moreover, (t) and «(z) are the agent’s
yaw angle and its curvature, respectively. Similarly, ,(7) and «.(z) denote the reference
curve’s yaw angle and its curvature, respectively. Note that the curvature of the reference
curve is given by «,(s()) = x,(¢) - y,(t) — y-(¢) - %-(¢) and its yaw angle by ¢, (s(z)) =

arctan (i:g;gg; )

The UGV is steered by controlling the time derivative of its curvature, implying (1) =
u(r). An observable state vector y(1) = [r(7),¥(t) — ¢, (¢)]T is introduced in order to lin-
earize the equations of motion (2.19). Indeed, for a given constant flight velocity v, the
approximations

s~v, i(t)=v(y(t) =y (1)) (2.20)

are acceptable under small deviations, i.e., y(z) ~ (0,0). Finally, we obtain the following
linear time-variant (LTV) system:

X(t)=A-X(t)+ B-u(t) +d(1), 2.21)
y(t) = C-X(1),
with,
[ (1)
X(r) = f((;) ;
[y, (1)
0 v 0 —v] 0
00 v 0O 0
A=lb oo ol B7li| 222
0 0 0 0) 0
0
1 00 0 0
C: 0 1 0 -1 ’ d(t): 0
v k(1)

This linear time-varying approximation provides a tractable representation of the non-
linear path-tracking dynamics, enabling an efficient formulation of the UGV path-following
problem as a quadratic program suitable for real-time control. This kinematic model was
extensively used in [18] for multi-UGYV collision avoidance, while maintaining a decoupled
linearized kinematic model for each agent.

2.5.2 Inter-agent collision avoidance

When multiple UGVs perform path-tracking in close proximity, the risk of inter-agent colli-
sions necessitates the development of dedicated safe-avoidance strategies. In the considered
setting, each agent is assigned an individual reference path to follow. Each curve uses a
spline approximation. We denote by (V) ’] the projection of any vector V related to agent i
projected on spline j. While working with multiple agents, inter-agent collisions may occur.
For each agent, any other one is viewed as a possible obstacle. Obstacles are modeled by
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Agent 2 e

Agent 1

Ficure 2.6: Two-agent collision avoidance set-up and projections.

imposing linear state constraints on the lateral deviation r(z,) at a discretized time step #,
such that 7(#,) > r(t,) > r(t,), where 7(#,) and r(z,) are the maximal and minimal lateral
deviation bounds, respectively. The inter-agent collision avoidance is linear in order to keep
the multi-agent problem in the QP form. The bounds of r(z,) may be deformed using an

elastic Gaussian mode as indicated in [25]:

rit) < ri(t) + D 85— ) 8 < Fi(t), (2.23)

Vi v j#i

where 65. and 5; have the form:

—(si—e(ty)—s") 2

R;(tn) -exp (Tj) if st < e(ty) - s’J
i _ . —(si+e(ty)—s")2 L .
8 (ta) = 0.9 Ri (1) ‘exp( (s Ef.fz) ) ) if 51 > 51+ e(tn), (2.24)

Ri.(tn) else.

Herein, s; indicates the arc length of agent i projected on spline j with 1 < i, j < N. The
exponent c; is a positive even integer whereas the coefficients cj; and ¢y, are some positive
constants. The term R’j defines a characteristic corridor width along spline i for a possible

avoidance of agent j. The term €(z,) denotes the length of the avoidance trajectory 6}(@,) and

IV (6)ll

is computed via €(t,) = c - using the relative flight velocity rate of agents i, j € N

and a multiplicator c.. Rj.(tn) is a shape function defined as Ri/.(tn) =cp- (1 + %) with all
angles lying between [0, 277]. As the kinematic model is equivalent to a point mass model, ¢,
is tuned depending on the characteristic size of the simulated agents.

A Frenet projection method and its operator Projg, is used to link the position of each
agent to all splines. The operator Projg. employs a Newfon method to determine a minimal
orthogonal distance (hereinafter referred to as dj.). Figure 2.6 visualizes the idea behind this
projection method for agent 1 (blue) and agent 2 (green) moving along the respective splines
S 1 and S 2.

For i, j € N, let the set M; = {(xlj ,y{ ),d; < ru} contain all positions of agent j in
a neighborhood of radius r,, around (x:,yi) The elastic mode becomes then active when
(x?,y{) e M;, but s{ > si

1
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Remark 2.5.1 ] [First comes first served

In a scenario where agent i would come earlier to contact than agent j, sil. would lie

behind s; In this case, a first-come first-served rule would apply.

2.5.3 Multi-UGYV path-tracking and collision avoidance

We consider a multi-UGV application, following the framework presented in [18], where a
dynamic scheduling problem is solved to assign both a starting time and a reference path
to each of the N agents. In this approach, M dynamic obstacles are handled during the
scheduling preprocessing stage. However, the resulting plan does not explicitly account for
inter-agent collision avoidance during execution. In table 2.1, all relevant parameters are
given. The first part of the numerical experiments were conducted on an Intel(R) Core i7
computer with a 3.60GHz-CPU and an 16GB-RAM.

The time horizon is 7; = 5[s] with 100 time points using a uniform grid. The frequency
of the LMPC is therefore equal to 20[Hz]. The length of all curves y’ ranges from 290[m] to
390[m]. The weight matrices Q(t) € R** and R(¢) € R presented in Problem (2.5.1) are
chosen as

h-100 0 0 0

0 h-10* 0 -h 4
0 0 o 0 o JR=[h-10* ]

0 ~h 0 h

The scenario considered by our coupled approach and some results are roughly summa-
rized in Figure 2.7. The plots visualize positions of all eight agents and their collision-free
trajectories at a snapshot time t with t = 5,25, 50, 100[s]. The obstacles shown as orange cir-
cles move periodically following circular trajectories. As it can be seen, the splines followed
by agents 1 and 5 cross. However, they are prevented from colliding with each other by the
coordinated LMPC. The collision avoidance effects are clearly shown in Figure 2.8. After
the collision avoidance phase, their trajectories converge to the respective reference paths. A
full video of the scenario may be found at https://youtu.be/RNDx6I0ezPs.

TaBLE 2.1: Parameters relevant for the path-tracking.

Parameter Value Parameter Value
N 8 v 0[]
M 6 T >

ty 5[s] Ny 100
h=g, 005 /o +3[m]
i 22.5[m| Ruax / Ryin £0.25[m
Umax / Umin £0.3 [iﬂi] Kmax / Kmin 0.3 [%1
cii1/ ez 50/50 e 4

Ce 11 ¢ 0.045
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FiGure 2.7: Trajectories of eight agents at # = 5.0 seconds, ¢ = 25.0 seconds,
t = 50.0 seconds and ¢ = 100.0 seconds.
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Ficure 2.8: Collision avoidance of two agents at t = 13.5 seconds, t = 14.5

seconds, r = 15.5 seconds and ¢ = 17.0 seconds.
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Ficure 2.11: Lateral deviation per iteration for each agent.

In Figure 2.9, the states () and ,(¢) are plotted for 7 ranging from 12.7[s| to 17.7[s].
Yaw angles of both agents 1 and 5 are characterized by a smooth evolution and oscillations
around the respective reference yaw angles because of u; (¢) and us(t), respectively, see Fig-
ure 2.10.

Figure 2.11 shows the lateral deviation r(7). Outside of the collision avoidance neigh-
borhood, the maximum deviation’s absolute amplitude is about 0.53[m] and occurs for agent
3. During collision avoidance, the maximum absolute deviation attained is equal to 3.09[m]
and 1.25[m] for agent 1 and 5, respectively.

For all time iterations of the discrete LMPC-OCP method, the required computational
time per agent was under the LMPC limit of 0.05[s] (i.e. 20[Hz)).
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2.6 Chapter conclusion

In this chapter, various path-planning and path-tracking methodologies have been presented
and analyzed for different classes of autonomous vehicles, including quadrocopters, fixed-
wing aircraft, and ground vehicles. Each system’s optimal control problem (OCP) was for-
mulated within a model predictive control (MPC) framework, enabling consistent handling
of dynamic constraints, control limits, and trajectory objectives. The approaches discussed
here provide a unified foundation for implementing advanced control strategies in practical,
real-world scenarios. In the following chapters, these formulations will serve as the basis for
multiple real-life applications, demonstrating their flexibility, scalability, and performance in
diverse operational environments.
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Chapter 3

Man-Unmanned Navigation
Assistance System

3.1 Introduction

Background and motivation: In this chapter, we present a pilot navigation method based
on nonlinear model predictive control. During real flights, the pilot has access to a digital
twin of the aircraft in a virtual environment displayed on a screen in the cockpit. The digital
twin relates the actual position, orientation and topography of the environment using a precise
GNSS system. The ground station communicates with the aircraft and, using a simple graph-
ical interface, can define a new waypoint destination and zones to avoid (dangerous areas on
the ground, closed airspace, etc.). The ground station can add or delete a new waypoint or
avoidance zone at any time. The NMPC repeatedly finds a new set of feasible controls and
states that form a fixed time horizon trajectory that the pilot can follow. Indeed, the NMPC
set of differential equations and constraints are tuned to obtain trajectories depending on the
aircraft’s speed range and agility using previous flight data. The pilot visualizes the actual
states of the aircraft (position, orientation, velocity) in first person projected in a virtual en-
vironment. The solution points are represented by a set of doors forming a tunnel-in-the-sky
in the virtual environment, see figure 3.2 in first-person view.

In addition, depending on the conditions (wind, disturbances, external causes), the pilot
and the ground station can adjust agility coefficients during the flight based on the NMPC box
constraints limits, such as pitch and yaw acceleration. The NMPC method works in real-time
and is embedded in the aircraft, updating the route to be followed by the pilot, consider-
ing new areas to avoid or a new destination. The objective function of the optimal control
problem consists of a minimum distance term and a control effort sum of quadratic terms
(energy consumption, maximum angular acceleration, etc.). Gaussian potential fields are au-
tomatically constructed and relate the zones defined by the ground station to be avoided. The
potential field is multiplied by the quadratic objective function and ensures zone avoidance.
The ground station also defines an altitude to be maintained for the pilot, and the NMPC
automatically adjusts the tunnel-in-the-sky view when the aircraft needs to fly upwards or
downwards. The prototyping of both components (NMPC and Human-Pilot-Interface) and
their communication was developed and tested within a two-staged testbed environment.

The first step was to develop a simulation tool based on the flight simulator xplane and
the virtual environment Carmenta. Initial simulations were carried out directly with the
pilot, adapting the interface to feedback e.g. usability, delays, look-ahead-distances etc. For
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testing under demanding real-world flight conditions, an ultra-light aircraft was equipped
with two payload containers, see figures 3.1 and 3.3. The sensors, computers, and batteries
are carried within these containers, which are suspended under the wings. For inflight and
onboard computation of the trajectories, an Intel NUC [2] is connected to the ground station
and the pilot interface using the ROS2 middleware and a Silvus Technologies data link. The
architecture and communication technologies have already been presented in detail in [100].
The system has been successfully tested in real flights with different avoidance scenarios.
Scenarios where areas to avoid appear and change positions frequently, requiring agile, fast
and robust path-planning.

Pilot flight assistance is a full research topic, and many different technologies and ap-
proaches are developed and published. Tunnel-in-the-sky methods have been developed in-
side simulators for special maneuvers, see [115], [99], [65], [79] and to decrease the pilot
workload while increasing the situational awareness of the navigating crew [123]. According
to the authors best knowledge, none of the found methods include zone avoidance and is
NMPC based.

FiGurEe 3.1: Very light aircraft.

The MPC and optimal control methods build upon the notations, definitions, and equa-
tions established in the preceding chapters.

Contributions: The contribution of the article is the engineering and real flight testing
of the presented method in order to help pilots navigate in dense, dangerous, and crowded
airspace.

Outlines: The chapter first recalls the optimization problem, then presents the system de-
sign, highlighting the on-board computation, ground station, and digital twin. Two flight
realizations are discussed: one demonstrating zone avoidance and another testing a dense
scenario with multiple zones and an emergency avoidance. The chapter concludes with a
summary of the results.
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Ficure 3.2: Simulation Setup, Left: xplane simulator and pilot, Right: First
Person View of the Human-Machine Interface.

Ficure 3.3: Sensor-pod under the right wing.

3.2 Optimization problem statement

3.2.1 Optimal control problem definition

The optimal control problem is a zone-avoidance path-planning problem, as introduced pre-
viously with Problem 2.3.1. The trajectory is described in discrete time by the pair of states
and controls (X', u') at time #; = ih with sampling time /& > 0 and the dynamic of the aircraft
is modeled using an aircraft Dubin model as in (2.13). To find trajectories that satisfy the
constraints defined by the aircraft and are able to adapt to the air environment, an optimal
control problem can be solved on a given time horizon [k, k + Nj].

We recall Problem 2.3.1, which formulates the path-planning task as a nonlinear pro-
gram (NLP) minimizing the trajectory length while penalizing control effort and angular rate
changes. Quadratic terms are applied on the states and controls at the end of the horizon
and along the trajectory, with obstacle avoidance implemented via Gaussian potential fields
centered on zones-to-avoid, which decay to zero far from the obstacles.

As a reminder, the multi-dimensional normal distribution of a zone [ at an NMPC’s dis-
crete time step i is defined like:
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The coefficient ¢ is a scaling parameter, defining maximal value of the normal distribu-
tions. By modulating its value, the user can prioritize some zones over other ones. The more
c¢ increases, the more important becomes the avoidance in the overall objective function and
the more complicated the problem becomes.

The path-planning task is formulated as a shortest-path problem with a relaxed collision
avoidance term. The distance component of the objective function, 7 isiance, penalizes the
deviation between the aircraft’s predicted position at the end of the horizon, #;1y,, and the

user-defined target waypoint P;'arget,

jdistance(xi(Nh)) = HPi(Nh) - Piarget”%’

3.2)
PePcXCR,

where P denotes the position of the aircraft (east, north, up [m]), which is part of the state
vector X.

The energy term of the cost function J.ergy 1s an energy term applied to all discrete time
between i and i + N}, such that,

jenergy(Xi(k)’ui(k)) = Cqui(k)TQui(k)

. . . O 3.3
+ X (k) TWX (k) + ¢, X' (k)Y X' (k) G-

The matrices Q, W and Y are symmetric and positive semi-definite of size m X m, n X n
and n X n. The matrices Q, W and Y will be presented later in §3.4.1.

Kinematic model: = The optimal control in Problem 2.3.1 enforces the aircraft kinematics
through the equality constraints (2.6b), integrating the discrete dynamics over the horizon
[i,i + Np]. A generic Dubins aircraft model with nine states and three controls is used,
as introduced in (2.13). The states include the aircraft position (x, y, z), orientation angles
(6,7,¥), rudder angle ¢, and their respective rates (wg,w,). The controls correspond to
linear acceleration a, rudder angular acceleration uy, and pitch angular acceleration u,. The
system is defined in the East-North-Up (ENU) frame.

Box constraints : In order to be physically meaningful, a solution path states-controls
needs to respect box constraints. Box constraints are introduced in Problem 2.3.1: (2.6d),
(2.6e) and the bounds are directly dependent on the aircraft mechanical properties. As we
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consider a fixed-wing aircraft flying at low velocity without strong accelerations, the bounds
on X'(k) and u'(k) are constants.

Zone avoidance:  As formulated in Problem 2.3.1, the cost functions are multiplied by a
one plus a product of normal distribution being null everywhere outside the vicinty of some
circular zones at discrete time i, defined by the centers [xc}, ycj] = [1] . uf,y] . A scalar one
is added to the multiplied normal distribution in order to retain only the quadratic terms of
the cost functions when far enough away from zones to avoid. The zones to avoid are user-
defined by the ground station and are scaled according to context intelligence and pilot flight
information. In figure 3.4 the zone to avoid can be seen as the red cylinder and the target as
a thin blue one.

Ficure 3.4: Avoidance trajectory.

3.3 System design

Figure 3.5 shows two blocks, the inboard and the ground station computing and communica-
tion devices. Inboard, embedded in the payload pods (see figure 3.3) the NMPC computer is
connected to the First Person View (FPV) tunnel-in-the-sky display, the Inertial Navigation
System (INS), a solid-state drive (SSD), sensors for other experiments realized in parallel,
and a data-link. The inboard architecture was extensively presented in [100]. The ground
station consists of a command center directly connected to the inboard computational frame-
work. From the ground station, the mission can be managed by defining avoidance zones and
target zones and tuning the controller according to the pilots’ requirements.
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Ficure 3.5: Inboard and ground station hardware setup.

3.3.1 On-board INS

The pilot can follow the computed trajectories thanks to a realistic First Person View (FPV)
digital twin installed in the cockpit, see figure 3.2 and 3.6. The position and orientation of
the cockpit in the digital twin is derived from a high-precision (around the centimeter) and
high-frequency (100 Hz) Inertial Navigation System (INS). The INS is installed in the sensor
pod and is interfaced via the Robot Operation System 2 (ROS2) middleware. In figure 3.5
the inboard architecture and the ground station is presented. The INS is directly linked to
the NMPC giving a position and orientation feedback at each i time iteration. The smooth
rendering and high-frequency update of the digital twin are needed for the pilot to follow the
computed trajectories.

3.3.2 Ground station

The ground station can follow in real-time the trajectory calculated by the NMPC and fol-
lowed by the pilot. Using a user-friendly GUI (graphical user interface: here an interactive
map), it is possible to define targets for the pilot to reach and circular zones to avoid (see fig-
ure 3.6). The ground station can add as many avoidance zones of different radii as required.
By aggregating different circular zones, complex scenarios can be modeled using a simple
but robust GUIL. Moreover, using only circular zones, but with the possibility of using many
of them, inherently makes the problem easier to solve than with equivalent complex unique
zones to avoid.
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As shown in subsection 3.2.1, the dynamical system used is simplified for the sake of
computational speed and does not take into account aerodynamic effects such as deflection
angles and lift losses. However, the cost function presented in subsection 3.2.1 does include
energy terms such as the agility of the aircraft. With feedback from the pilot and depending on
the environmental conditions (wind, temperature, altitude, etc.), the ground station can tune
the aggressiveness of the trajectory in real-time by changing the coefficients of the matrices
Y and W.

Depending on the electromagnetic activity and obstacles in the vicinity of the data link
antenna, the connection may be lost. From the ground station, the NMPC receives just a new
target and possibly new zones-to-avoid. In the event of a loss of data link, the calculation
would continue unaffected and the new mission information would have to be retransmitted
from the ground station in order to avoid old messages perturbing the experiment in the
future.

3.3.3 Inflight mini-computer

The NMPC structure is carried by an Intel NUC Pro Mini of 12 generation [2] having a
15-1240P processor with 16GB of RAM and 12 cores.

3.4 Flight experiments

In this section two real flight experiments are presented. The first realization has a size of six
kilometers by six kilometers and has five zones to avoid. The second realization presents a
limit case where the zones to avoid are closer to each other and where a zone appears in front
of the aircraft with very little time for the pilot to react.

3.4.1 Scenario parameters

The table 4.2 contains the values of the aircraft model and the NMPC parameters. The
NMPC time horizon is fixed and set to 5 seconds. For the pilot, for example, at a speed of 50
[m.s~!] (180 [km.h~!]), the projected future trajectory will be 250 [m] long. On the 5 seconds
trajectory, 10 time grid points are computed, see target windows for the pilot in figures 3.4
and 3.6. The update frequency of the NMPC solution is 2 Hz and 0.5 seconds is the time to
fly from one window to the next at a constant speed.

Regarding the objective function, 7 4istance 1S minimized during the flight while moving
toward the target waypoint. The energy part of the objective function is scaled according to
its value, having a weight c, equal to 20 % of the distance part of the objective, thus about
16 % of the total cost function at the beginning of the optimization. After optimizing the
trajectory, these percentages can evolve. The coefficients [c4, ¢y, ¢y represent the weight
given to the energy associated with the terms [a, ug, uy], [¢,y], and [wy, wy], respectively.
The matrices O, W and Y are all diagonal and select the states and controls to weight as
shown in the equation (3.3). For the sake of simplicity, the size of the block matrices is given
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TaBLE 3.1: Computational and system parameters values.

Parameter Value Parameter Value
Horizon 5 [S] Ce 0.2 x jdistance
Nj, 10 [cq, Cyws cy] [0.5, 0.1, 0.5]
001 0 O
Q 0 10 B 8 [s7]
0O 01
[O4xa O O O 0
0 &1 0 0 O 0 0
W 0 0 0 0 O Y Ll
0 €j j[ d2><2
0 0 0 & O
| O 0O 0 0 Oy
500 [m] ,uf xcf, ycf, zcﬁ [m]
4.88 [m] ol R; [m]

for the diagonal terms. All other terms are written as O but are null submatrices, forming the
square matrices W and Y.

Matrix Q penalize the linear acceleration to 0.01 and weight the rudder and pitch angular
acceleration to 1.

As explained before, it is possible to tune the NMPC online during the flight, depending
on the conditions and the pilot sensation. The weights &,, and €;; with p = 1,2and j = 1,2
can be changed depending on the desired trajectory, with &, €j; € |0, 1]. The coefficient &,
is associated with the rudder angle and pitch angle values and the coefficient €;; is associated
with the pitch angle and rudder angle change rates. The more £, is high, the more the turn
and the avoidance will be expensive in terms of the objective function, and the more €;; is
high, the more the curves will be smooth, bringing less flexibility in dense areas. Finally, the
circular zones to avoid are set to R = 500 [m] and the aircraft length is set to 4.88 [m].

Table 4.3 presents the states and controls constraints. For the states, the velocity v ranges
between 40 and 60 [ms~!] and the coefficient § is equal to 8 [s!]. The coefficient 8 must be
adjusted according to the flight capacities of the selected aircraft, and previous flight statistics
have been used.

The rudder and pitch angles rate of change ¢, y are bounded between —0.9 [rad] and
0.9 [rad] multiplied by the agility factors &1, & for the angles of the rudder and the pitch,
respectively. The roll angle is computed using relation (2.14) and therefore depends on €.
The rudder and pitch angular velocities are bounded between —0.1 [rads™!] and 0.1 [rad s7!]
multiplied by the agility factors €)1, €11. In the flight experiments presented in the next section
&11 = &2 and €11 = ex. Their values may be changed online during the flight.
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TasLE 3.2: States and controls box constraints’ values.

Lower limit Variable Upper limit
40 [ms™!] v 60 [ms™!]
-5 [ms~?] a 10 [ms2]
—-0.9 - &1 [rad] é 0.9 - &1 [rad]
—0.9 - & [rad] v 0.9 - &, [rad]
—0.1- €1 [rads™!] Wy 0.1-¢ [rads™!]
—0.1- & [rads™!] wy 0.1- &y [rads™!]
T s 85

3.4.2 Realization 1: multiple zone avoidance

The flight experiment lasts 162 seconds and covers a distance of approximately six kilome-
ters. Five zones-to-avoid are present at a fixed position during all the experiments, named
Zi,...,Zs, as shown in figure 3.8. The plane trajectory is plotted in blue, and the predicted
states are plotted in orange. The target is plotted as a green disk. The blue-to-red isolines
plots the used potential field, see (3.1). The potential field has values between one (no iso-
lines) and 3.3 (red isolines). In the case of zones-to-avoid far from each others, the peaks of
the potential field are defined in the center of the circular zone to avoid. When two zones-to-
avoid are close (see Zy, Zs) the product of Ny (,ui, O'i) and Ns (,ug, (Tg) creates a noncircular
Gaussian distribution. It ensures the impossibility of flying through too narrow corridors.
The format of this plot is used throughout the article.

Ficure 3.6: Left: Digital twin of the very light aircraft, Right: Cockpit view
inflight.

It can be noted that in both flight experiments the optimization solver solved Problem
2.3.1 faster than the defined NMPC frequency (2 Hz according to table 4.2) for each time
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iteration despite the nonconvexity and nonlinearity of the constrained problem.

For the sake of clarity, all results are given in meters. The NMPC is also based on a local
East, North, Up (ENU) system but works with the INS and global data using the WGS84
model [1]. The agility parameters are set to &,,,€;; = 0.5 ¥p, j. The trajectory is smooth,
and the pilot manages to follow the planned trajectory exactly. In figure 3.7 the altitude of
the aircraft is plotted in blue above sea level (ASL). Each thinner line represents the altitude
evolution of the predicted points (green windows in figure 3.6) during the flight, light green
for the first, orange for the second, and so on. The total loss of altitude during the flight is
only 20 meters, while a constant altitude of 1260 meters was targeted. During avoidance
maneuvers, the aircraft has a loss of lift and loses altitude. This effect is minimized by the
pilot accelerating during turns.

Altitude Evolution, INS data and NMPC-predictions |m/trimble_bx92 fix/altitude

M/pose_array/poses[0]/position/z

Altitude [m] W/pose_array/poses[1]/position/z
: B/pose_array/poses[2]/position/z

M/pose_array/poses[3])/position/z

1290 1

W/pose_array/poses[4]/position/z
/pose_array/poses[5]/position/z
: B/pose_array/poses[6]/position/z
1270_% l/p0seAarray/poses[ﬂ/pos?(fon/z

: M/pose_array/poses[8]/position/z
M/pose_array/poses[9)/position/z

12501

ti:O Time [s]

FiGure 3.7: Altitude evolution, aircraft and predicted points.
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Ficure 3.8: Multiple zone avoidance, trajectory and predicted positions.

3.4.3 Realization 2: dense emergency maneuver

The second flight experiment presents a denser scenario of four kilometers by four kilome-
ters, with three zones to avoid initially and one added later in the scenario directly in front
of the aircraft. In figure 3.9 the trajectory is plotted at two different time stamps. On the top
subplot, the aircraft is between two avoidance zones Z; and Z,, flying towards the target way-
point. On the lower subplot a new avoidance zone Z, appears and the pilot has to change the
trajectory before reaching the target waypoint. The agility parameters are set to &, €;; = 1

Vp,J.

In figure 3.10 the avoidance zone Z, is highlighted. The aircraft position is plotted in
blue and the prediction point in orange. To emphasize the quality of the pilot following
the predicted trajectory, a gray line connects the orange prediction points. The avoidance
is smooth, even with strong turns. The pilot was able to follow the trajectory even with an
agility parameter scaled to the maximum. In fact, the blue curve and the orange trajectories
overlap for most of the experiment. At the very end of the experiment, the orange predicted
trajectories show some oscillations as a new waypoint was set further away. When new
waypoints are set, a jump in the objective function is to be expected, as the term Jgisiance
suddenly increases strongly. These artifacts are also visible on the figures 3.7 and 3.9 at the
beginning of the scenario.

A video displaying the successful flight-tests and the tunnel-in-the-sky method is avail-
able under the link:
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Ficure 3.9: Multiple zone avoidance in dense area, trajectory and predicted
points.

https://youtu.be/XQs£2£5p4ZY .

The video format emphasize the dynamic of the trajectories and the ability for pilots to
follow real-time computed paths, especially when new zones-to-avoid appear.

3.5 Chapter conclusion

In this chapter, we proposed a human-machine interface to help pilots navigate into dangerous
or congested areas by indicating trajectories to follow. Using the described NMPC system
architecture, the predicted routes were followed by the pilot with very little delay. Two
flight experiments were proposed and we demonstrated the robustness and adaptability of
the presented NMPC path-planner and digital twin immersive display. Thanks to an online
fine-tuning of the aircraft agility, the pilot was able to avoid several multiple zones even in a
small flight area.

The presented method with a pilot can be extended to the case of multi-agent systems
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Ficure 3.10: Multiple zone avoidance in dense area, zoom on zone Z4.

and manned-unmanned teaming or even unmanned-unmanned teaming, ensuring successful
missions and air traffic management, as presented in the next chapter. Finally, since the
aircraft is already equipped with sensors, detect and avoid experiences would be beneficial
towards more real applications.

157



158



Chapter 4

UAV-UGY Interactions: The Case of
Quadrocopter-UGYV Dynamical
Docking

4.1 Introduction

Background and motivation:  The aim of this research is Cooperative Rendezvous of
an Unmanned Aerial Vehicle (UAV) and an automated Unmanned Ground Vehicle (UGV)
equipped with a rooftop platform. The growing use of quadrocopters has changed the way
surveillance, rescue and military operations are conducted. Their inherent agility and multi-
engine design have opened up new flight paths and feasible missions. However, there are
several prerequisites for their efficient use, such as a trained pilot and to taking off in the
vicinity of the theater of operations due to its lack of endurance. The objective is to enable
high operational utility by deploying a quadrocopter from an automated UGV equipped with
a rooftop platform. Moreover, it is intended to largely avoid sensitive and expensive addi-
tional structures such as robotic gripper arms. As an aid for landing, only a landing surface
equipped with electromagnets on the roof of the UGV is provided.

Using MPC, on a fixed time horizon and at a fixed frequency, a solution trajectory and
its associated controls are recomputed and updated. The computed solution is a set of states
and controls defined on the chosen time horizon. The controls and states are related by a set
of differential equations that relate the dynamics of the agents. Constraints are applied to the
controls and states in order to obtain robust and reliable trajectories. The aim of our work is
to achieve moving docking maneuvers while decoupling the dynamics of both agents. Each
one shares its real-time data with the other one without knowing each other’s dynamics. This
has the advantage of being platform flexible and allows an operator to drive the UGV while
the quadrocopter acts in an automated way.
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FiGure 4.1: Trajectories UAV-UGYV - Unreal engine.

Contributions:  This work proposes a framework for cooperative aerial-ground dynamic
docking between a quadrotor UAV and a UGV equipped with a rooftop landing platform. A
hierarchical control architecture is developed, in which a Nonlinear Model Predictive Con-
troller (NMPC) handles the UAV’s path-planning, while a Linear MPC (LMPC) manages
trajectory tracking. The UAV and UGV coordinate their actions in real time using the ROS2
middleware, enabling decentralized operation without any physical coupling. To maintain
a lightweight and cost-effective design, the system avoids the use of complex mechanical
structures such as robotic grippers, relying instead on optimal control and velocity-based
actuation to achieve precise docking. The proposed approach is validated through hybrid
simulations, where the UGV operates on a real-world circuit while the UAV is simulated in
a high-fidelity physics environment. The results demonstrate accurate tracking performance,
robust constraint satisfaction, and the successful execution of dynamic landing maneuvers,
even under environmental perturbations.

State-of-the-art: Recent advancements in UAV guidance and control have enabled precise
interactions with dynamic platforms across diverse scenarios. Prochazka et al. [104] propose
a model predictive control (MPC) framework tailored for agile drone landings on fast-moving
boats, explicitly handling nonlinear ship motion dynamics. Keipour and Zarzhitsky [77]
adopt a visual servoing method, relying solely on onboard vision and GPS-free estimation
to achieve robust landing on ground vehicles. Gao and Yang [45] introduce a learning-based
adaptive tracking and perching strategy, where the quadrotor dynamically adjusts its trajec-
tory in real-time using perception cues. Borowczyk et al. [22] address high-speed landings by
combining state estimation and predictive control to compensate for relative motion between
UAV and the ground vehicle. Babu and Kumar [8] focus on landing accuracy, developing
a method that fuses inertial and visual inputs to enable stable touchdown on erratic mov-
ing targets. Cao et al. [27] leverage the YOLO object detection framework to visually track
and guide drones toward high-precision landings on moving platforms. Jong and Kim [72]
explore a unique “never-landing” strategy where the UAV autonomously soars in front of
moving obstacles, inspired by bird flight behavior. Zeng and Liu [132] employ reinforce-
ment learning to train a quadrotor to land on moving targets without explicit modeling, us-
ing simulation-based policies that generalize across speeds and directions. Hadiwardoyo et
al. [66] contribute a UAV mobility model that supports dynamic communication links be-
tween UAVs and cars, critical for vehicular coordination in mobile networks. Chen and
Xu [28] develop a hierarchical Proximal Policy Optimization (PPO) algorithm to manage
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multi-stage maneuvering tasks, such as approach, alignment, and landing. Together, these
works demonstrate the diversity of control strategies, from classical MPC to reinforcement
learning, and a wide spectrum of applications, including maritime logistics, urban tracking,
autonomous inspection, and communication relay.

TaBLE 4.1: UAV and platform velocities in selected studies.

Paper Platform Platform Speed UAYV Speed
[104], 2024 Boat ~1 m/s Matched
[77], 2021 Car ~4 m/s Matched
[22], 2016 Car ~15m/s Matched
Our Research, 2025 Car ~15m/s Matched

Outlines:  This last chapter is structured as follows. Section 4.2 presents the optimal con-
trol problems formulations and a stability analysis of the asynchronous MPCs. Section 4.3
describes the system architecture and communication methodology. Hybrid-simulation re-
sults of a docking maneuver are analyzed in Section 4.4. Finally, conclusions and future
directions are provided in Section 4.5.

4.2 Optimal control

4.2.1 UAV path-planning

Path-planning consists of computing a feasible and efficient trajectory that respects the sys-
tem dynamics and constraints, ensuring the quadrocopter can physically dock smoothly on
the UGV. While the baseline UAV navigation control follows the formulation of Problem
2.3.1, the docking maneuver requires a specialized control formulation, which is introduced
as follows:

/[ Problem 4.2.1 H OCP(i, x:).l]ll\,vmv*J — Path-planning UAV for UG V-docking }\

XksUk

N
min J = Z [(Uk —cy- nEGV*)Z + u,jRuk] (4.1a)
k=0

at discrete time step k = 0,...,N — 1.

Subject to:
et = f (e ur) (4.1b)
X = %, (4.1¢)
wed wel 4.1d)
Me = (%3, 2, Vi vy, v, (4.1e)
v = proj, (nYY . me) (4.1f)

- J

with the pseudo-state 7 a subset of the state vector x presented in (2.17). The maneuver
involves two asynchronous MPCs and a concept of Euclidean distance between their finite-
horizon trajectory is introduced. We compute the distance between each point on the NMPC
trajectory, solution of problem 4.2.1, and its corresponding time-aligned projection onto the
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finite-horizon trajectories of the LMPC, solution of problem (2.5.1). The projected points
on the LMPC trajectory corresponding to the NMPC points at time index k is denoted as
nSV* = proj, (n9SY,mi), where proj,(-,-) represents a projection operator that aligns the
NMPC trajectory point at time step k& with its temporally equivalent point on the LMPC
trajectory. Practically the projection is based on a B-spline routine. The constant ¢;, > 1
serves as an offset, so the UAV trajectory minimizes its relative velocity vector (with the
UAV) but comes fast enough to actually land. Box constraints are applied to controls and
states, see Table 4.3, and the second norm of the velocity vector is bounded. The dynamic
(2.17) is defined by the nonlinear set of equations presented in chapter 2, and discretized
using an explicit Euler scheme. The position [x, y, z] is expressed in the ENU (east, north, up)
coordinate system and is derived in order to get the velocities [vy, vy, v;] and their derivatives
(translational accelerations) hold the nonlinear behavior. The angles (and their derivatives)
[, ,y] (roll, pitch, yaw) are expressed in the Cardan referential. The thrust derivatives are
controlled as well as the rotational accelerations.

4.2.2 UGY path-tracking

The path-tracking controller ensures the UGV follows a desired reference trajectory as accu-
rately as possible while respecting system constraints and control efforts. It involves real-time
correction of deviations caused by disturbances and model mismatch.

Problem (2.5.1) is formulated as a quadratic program (QP) optimal control problem
(OCP), as introduced in Chapter 2. The objective function (2.18a) is strictly convex due
to the positive definiteness of the weighting matrices Q > 0 and R > 0, ensuring the exis-
tence and uniqueness of a global optimum, see [24, 96]. The dynamics (2.18b) are linear, and
the box constraints (2.18d) and (2.18e) define compact sets U ¢ R™ and X c IR", respec-
tively. This structure guarantees well-posedness of the finite-horizon problem and allows for
efficient online solutions using standard QP solvers.

Although both the reference path and UAV states are defined in 3D, the LMPC controller
operates in a 2D plane. The reference trajectory in the 2D plane y,(s) := (x.(s),y,(s))" is
parameterized by its arc length s € [0, L], as detailed in [18, 39].

4.2.3 Hierarchical controllers

LMPC stability: = The LMPC formulation (2.5.1) is a strictly convex quadratic program
(QP) having a global unique solution [96, 120]. Given a feasible control sequence uy, . . ., uy,
the corresponding state trajectory xo,...,xy is smooth due to the LTV system dynamics
and the continuous reference curve. Furthermore, a Lyapunov function can be defined as
the terminal cost at discrete time N and its stability can be proved using the solution of a
discrete-time algebraic Riccati equation, which guarantees asymptotic stability of the closed-
loop system under standard LMPC assumptions [91, 106]. The stabilizing terminal region
and feedback law ensure that the value function acts as a Lyapunov function, thus establishing
the recursive feasibility and stability of the LMPC.

MPCs sychronization:  The coordination of the time-asynchronous MPCs (LMPC for
UAV and NMPC for UGV) is achieved by projecting the UGV’s predicted trajectory onto the
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UAV’s spatial reference domain. This is performed via a B-spline fitting procedure, which
yields a smooth and Lipschitz continuous mapping. The projection operator proj, (7YY, n:)
ensures consistent synchronization across time prediction points, and preserves continuity
and bounded derivatives [33].

NMPC stability: The UAV’s nonlinear MPC controller solves a nonlinear program (NLP)
at each sampling step, based on a nonlinear, non-convex dynamical model. The cost func-
tion is quadratic in states and controls, and a local quadratic Lyapunov candidate is con-
structed from this stage cost J. However, due to non-convexity, the NLP-solver only guar-
antees convergence to a local minimum. To ensure practical stability, it is shown that the
Lyapunov function V(x) satisfies V(x(z)) < 0 in a neighborhood of the optimal trajectory,
provided small enough discretization steps and well-tuned penalty weights. This implies that
the closed-loop system exhibits local asymptotic stability around the reference trajectory, as
supported by theoretical results in [36, 64] for nonlinear MPC under appropriate regularity
and feasibility assumptions.

4.3 Architecture

4.3.1 Communication structure between controllers

As stated, the UGV broadcast its position and orientation in real-time to the UAV as well
as its prediction points from the LMPC. From a set of points defining the middle-line of
a circuit, a B-spline is computed and serves as reference y,. The real-time position and
orientation of the UAV is measured using an Inertial Navigation System based on a Inertial
Measure Unit (INS — GNSS and IMU). The reference point the GNSS localization is in the
middle of the roof platform, with a vertical offset to the ground of hygy. It can be noted
that the docking is considered achieved if the vertical distance UAV-platform is less than
ten centimeters everywhere on the platform. The communication is based on the middleware
ROS2. The drone evolves in a simulated environment (JMavSim [9]) and the MPC-Simulator
communication is based on the MAVLink protocol, see [93]. The UAV is controlled, see
dynamical system (2.17), using second time derivative for smooth trajectories. However,
the velocity vector is given to the simulator as a command. The PX4, see [105], low-level
autopilot serves as a tracker. The velocity tracking results are presented in Figure 4.4. The
data structure and flux are presented in Figure 4.2.

4.3.2 SQP solver

An in-house Sequential Quadratic Programming (SQP) method [46] and multiple integration
schemes are used in order to solve Problem 4.2.1. The documentation is available at : https:
//www.unibw.de/ingmathe/research/software. An in-house Newton Semi-Smooth
method is used to solve Problem (2.5.1), see [39]. The Karush-Kuhn-Tucker (KKT) tolerance
[96] was set to 1073,
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Ficure 4.2: Architecture UAV-UGV.

4.4 Results

4.4.1 Scenario parameters

Table 4.2 lists the main parameters used for the MPC formulation and the system models of
both UAV and UAV.

TaBLE 4.2: MPC and system parameters values.

Parameter Value || Parameter Value
Horizon UAV | 3.5 [s] N UAV 10
Horizon UGV | 20 [s] N UGV 80

myAv 4kg hygv 1.98 [m]

€ 0.1m R

S O O =
S O =
=
—
(e)

Table 4.3 summarizes the box constraints imposed on the UAV states and control inputs.
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TasLE 4.3: UAV states and controls box constraints’ values.

Lower limit | Variable Upper limit
0 [ms™!] [Vl 15 [ms™]
-5 [ms~?] a 5 [ms™?]
—1.4 [rad] 1 1.4 [rad]
—1.4 [rad] ¢ 1.4 [rad]

~2.5 [rads7!] wy 2.5 [rads7!]

~2.5 [rads™!] Wy 2.5 [rads™!]

—1 [rads™!] wy 1 [rads™!]

0 [kgm/s™2] N 10+ g-myay [kgm/s™2

—1.75 [rad s 2] Uy 1.75 [rads™?]

~1.75 [rad s7?] Uy 1.75 [rad s 2]

—0.15 [rad s7?] u, 0.15 [rad s 2]
—3 [rads7!] uy 3 [rads7!]

4.4.2 Realization

Figure 4.3 presents the trajectories of the UAV and UGV during the docking maneuver over
a time window of fifty seconds within an area of a square kilometer. The top subplot shows
the 2D-plan [east, north] trajectories, where the UAV approaches the vicinity of the UGV
before minimizing their relative position and velocity, considering a C;, offset. The middle
subplot displays the altitude evolution of both vehicles. The UAV starts at an altitude of ten
meters, as the takeoff phase lies outside the scope of this work. The docking is interpreted
as a mission termination phase. During the initial seconds, the UAV’s altitude drops rapidly
due to high pitch and roll rates, which momentarily diminish the vertical thrust component
(see Figure 4.5). As the altitude is bounded but not penalized in the cost function of Problem
4.2.1 this behavior is expected. The bottom subplot provides a zoomed-in view of the final
docking phase, highlighting the initial MPC prediction points. Some UAV (blue) points are
missing due to data loss or logging limitations. Despite this, the UAV’s predicted trajectories
(in grey) closely follow the actual flight path, demonstrating the high accuracy of the MPC
strategy coupled with the PX4 autopilot in the JMavSim simulator.

The presented results are also available as a video in the Unreal Engine 5 virtual envi-
ronment:

https://youtu.be/RRul2HCWzMQ?si=pQ_ZhCIEkP6-KIWV ,

as shown in Figure 4.1.

Figure 4.4 compares the UAV velocity components between the MPC-predicted vy, . (k +
1) and the velocities executed by the PX4 autopilot in simulation. The profiles exhibit a high

165


https://youtu.be/RRu12HCWzMQ?si=pQ_ZhCIEkP6-KIWV

Docking Trajectory Altitude 410 Zoomed-in Trajectory

01 — vav 22.5 4 — UAV —e— UAV

—_ e ——
uGgv uGgv _4154 UGv

—100 4 —420
17.54

_ ~425

E 15.0 1
= —2001 =
E E -430- _
= =

12,54

Altitude [m:

-435

-
o
=)

—-300

-440 4
7.5
—445 A

—400 4 5.0 4

T T T T —450 T T
-400 -300 -200 -100 0 0 100 200 300 400 500 600 700 800 —430 —425 -420 -415 -410 -405 -400 -395 -390
x [m] Time [s] x [m]

Ficure 4.3: Trajectories UAV-UGV.
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Ficure 4.4: UAV Velocities: MPC vs. simulator.

level of compatibility throughout the maneuver, proving the followability of the predicted
trajectories by the autopilot, even during sharp transitions and dynamic phases of the trajec-
tory.

In Figure 4.5, the control inputs generated by the MPC are shown, specifically the angular
accelerations in yaw (uy), roll (u4), and pitch (u,), as well as the thrust acceleration (uy).
Although these control inputs are not directly applied to the UAV, since a velocity control
strategy is used, they govern the evolution of the velocity commands, resulting in the smooth
velocity profiles observed in Figure 4.4. The angular accelerations display sharp variations,
including bang-bang behavior during aggressive reorientation phases, yet they remain within
the predefined constraint bounds imposed by the optimal control problem. Of particular
interest is the thrust acceleration (uy), which, while generally centered around zero, exhibits
several clearly negative phases. These intervals correspond to a deliberate reduction in thrust
during descent, culminating in periods of zero thrust. While this behavior is consistent with
the solution of the optimal control problem, minimizing control effort while staying within
admissible bounds, it introduces a critical issue from a practical standpoint. In real-world
UAV operations, a zero-thrust descent leads to a loss of control.

Figure 4.6 shows a histogram of the computational time required to solve the NMPC
optimization problem at each control loop. The red vertical line indicates the nominal MPC
sampling period, defined as the prediction horizon divided by the number of discretization
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UAV Controls

8_
6-
2
3 ]
3 2
O-
2 1
0 10 20 30 40 50
Time [s]
Ficure 4.5: UAV controls.
Computational time distribution
Mean: 277.7ms | Violations: 30 (13.3%)
— T
s : -—-- Max allowed: 350ms
1
T 1
- 1
> 207 I
(G 1
< 1
Y154 1
o 1
] 1
- 10 A 1
1
1
| Il
|
0 : IR 1 1w Aem

250 300 350 400 450
Time (milliseconds)

Ficure 4.6: Distribution of the computational time required for solving the
MPC optimal control problem at each control loop of the quadrocopter.

points (see Table 4.2). Approximately 13% of the control iterations exceed this time limit,
which is non-negligible. However, the majority of these violations remain within 15% of the
nominal MPC period (350ms), and only a small number of iterations require up to 450ms.
Occasional overruns are not critical for system safety, as the PX4 low-level controller con-
tinues to track the previously issued velocity command. Nevertheless, such events should
be kept infrequent to avoid performance degradation. One possible mitigation strategy is to
enforce a hard time limit on the optimization and return the best available solution candidate
when the limit is reached, even if the termination criteria have not yet been satisfied.

Figure 4.7 illustrates the computational time required to solve the MPC problem over the
course of the simulation. The control loop violations are approximately uniformly distributed
over time. Moreover, no violations occur during the final 10 seconds of the simulation,
corresponding to the terminal docking phase, where the risk of collision is at the highest.
This indicates that the computational burden does not increase during the critical docking
maneuver for the presented scenario.
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Ficure 4.7: Computational time required at each control loop to solve the
path-planning problem for the quadrocopter.

4.5 Chapter conclusion

The asynchronous MPC-based docking maneuver achieves real-time smooth docking, while
both controllers are separated but communicate hierarchically using the ROS2 protocol. The
UAV NMPC control quality was shown to be effectively traceable by a common PX4 autopi-
lot using a velocity vector command. The pipeline runs in real-time, on a standard laptop for
UAV simulation coupled to a real autonomous UGV, as presented in the hybrid-simulation
results. Using the standard ROS2 and MAVLink protocols, this setup ensures both repro-
ducibility and easy deployment in real UAV platforms.
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Part II conclusion

This work has presented a comprehensive framework for model predictive control of au-
tonomous vehicles, spanning from theoretical foundations to practical implementations. Chap-
ter 1 introduced the optimal control problem (OCP) formulations and a symbolic MPC frame-
work, including both linear (LMPC) and nonlinear (NMPC) variants, together with consid-
erations on stability, architecture, and implementation in networked systems with simulators
and hardware-in-the-loop setups.

Chapter 2 extended this framework to various classes of autonomous vehicles, includ-
ing quadrocopters, fixed-wing aircraft, and ground vehicles. Path-planning and path-tracking
problems were formulated as MPC tasks, incorporating system dynamics, state and control
constraints, and trajectory objectives, providing a unified foundation for consistent and scal-
able control strategies in real-world environments.

In Chapter 3, a human-machine interface was developed to guide pilots in navigating
congested or hazardous areas, demonstrating the robustness and adaptability of the NMPC-
based path-planner. Real-time trajectory guidance, combined with fine-tuning of aircraft
agility, enabled successful avoidance of multiple dynamic zones and illustrated the potential
for manned-unmanned or multi-agent teaming scenarios.

Finally, Chapter 4 presented a hierarchical MPC approach for UAV-UGYV docking maneu-
vers. The asynchronous controllers communicate via ROS2 and MAVLink protocols, achiev-
ing real-time, smooth docking trajectories. The UAV NMPC controller effectively interfaced
with a standard PX4 autopilot, while the overall simulation and hybrid setup demonstrated
reproducibility, real-time performance, and practical deployment potential for autonomous
vehicle operations.

Together, these chapters establish a complete pipeline from theory to application, demon-
strating that the proposed MPC and OCP frameworks are flexible, scalable, and effective
across multiple autonomous platforms and operational scenarios.
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Conclusion

This dissertation demonstrates the development of robust and efficient quadratic program-
ming (QP) solvers and their application to autonomous vehicle control. The first part focused
on the design of a stabilized primal-dual interior-point method (IPM) enhanced with proxi-
mal and primal-dual augmented Lagrangian regularization and safeguarding strategies. These
contributions address degenerated QPs, ensure convergence, and reduce sensitivity to solver
initialization. Additionally, nonlinear programming (NLP) methods, including sequential
quadratic programming (SQP), were explored to solve constrained and unconstrained prob-
lems. Lightweight reinforcement learning techniques were also applied for hyperparameter
tuning, showing that solver performance can be significantly improved with minimal compu-
tational overhead. The combination of these solver advances provides a solid foundation for
handling complex optimal control problems in real-time applications.

Building on this theoretical foundation, the second part explored a range of real-world
applications involving quadrocopter, fixed-wing aircraft, and ground vehicles. Model pre-
dictive control (MPC) frameworks were consistently formulated for path planning and track-
ing, ensuring dynamic feasibility, obstacle avoidance, and smooth trajectory generation. The
hierarchical integration of multiple controllers enabled coordinated UAV-UGYV interactions,
including a real-time docking maneuver. Experiments with hybrid simulations and hardware-
in-the-loop validated both the performance and reproducibility of the proposed methods.
The human-machine interface demonstrated how predictive control can support operator
decision-making, enhancing safety and agility in congested or hazardous environments.

Overall, the dissertation demonstrates that advances in solver design directly enable high-
performance control in complex, multi-agent autonomous systems. By unifying theoretical
development with applied implementation, it establishes a framework that is both rigorous
and adaptable. While current results focus on single- and few-agent scenarios, the method-
ologies are extendable to larger fleets, multi-agent coordination, and real-time decision-
making under uncertainty. Future research may explore further integration with sensor-based
detection, stochastic disturbances, and human-in-the-loop supervision to expand operational
capabilities.

In summary, this work provides a comprehensive contribution from robust QP solver the-
ory to practical, real-time control of heterogeneous autonomous vehicles, highlighting both
scientific innovation and practical applicability in modern robotics and unmanned systems.
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Appendix - Maros—-Mészaros test-set
results table

TaBLE 4.4: Maros—Mészaros test-set results.

name status epsilon run_time iter | obj_val n m p nnz
TAME optimal | 6.9x107Y | 0.000486 9 0 2 1 2 15
HS21 optimal | 4.1x 107! | 0.001534 37 | 0.0400202 2 0 5 19
ZECEVIC2 optimal | 8.2x 107! | 0.000407 9 -4.125 2 0 6 24
QPTEST optimal | 1x107° 0.000399 9 437208 2 0 5 23
HS35MOD optimal | 3.4x10™° | 0.000852 20 | -8.75 3 1 3 23
HS35 optimal | 5.1x 107! | 0.000406 10 | -8.88889 3 0 4 23
HS51 optimal | 5.1x107° | 0.000776 25 | -6 5 3 0 26
HS52 optimal | 2.5x107 | 0.000393 12 | -0.673352 5 3 0 26
HS53 optimal | 1.5x10™° | 0.000605 10 | -1.90698 5 3 10 56
HS76 optimal | 64x107° | 0.000735 18 | -4.68145 4 0 7 43
$268 optimal | 2x107° 0.000725 15 | -14463 5 0 5 80
HS268 optimal | 2x 1070 0.000708 15 | -14463 5 0 5 80
GENHS28 optimal | 2.2x10™° | 0.000528 13 | 0927174 10 8 0 84
LOTSCHD optimal | 43x107'" | 0.002365 32 | 2398.42 12 7 12 163
HS118 optimal | 44x1071° | 0.003418 42 | 664.82 15 0 59 260
QAFIRO optimal | 94x107 | 0.010217 109 | -1.59069 32 8 51 327
CVXQP2_S | optimal | 1.2x10™° | 0.012523 16 | 8120.94 100 25 200 1445
CVXQPI_S | optimal | 3.6x10™ | 0.015939 20 | 11590.7 100 50 200 1618
CVXQP3_S | optimal | 5.5x1070 | 0.024335 37 | 119434 100 75 200 1791
QADLITTL | optimal | 43x10™° | 0.02917 66 | 480319 97 15 138 1350
QPCBLEND | optimal | 2.5x10™° | 0.015318 36 | -0.00784236 83 43 114 1388
QSCAGR7 optimal | 7.3x10712 | 0.063946 230 | 26865900 140 84 185 1563
QSHARE2B | optimal | 4.1x 10711 | 0.010655 65 11703.7 79 13 162 1890
QRECIPE optimal | 9.2x10™° | 0.03375 31 | -266.616 180 91 249 2404
QSC205 optimal | 8.8x107° | 0.033167 27 | -0.00581351 203 91 317 2139
DUALA4 optimal | 8.6x107° | 0.012263 16 | 0.746091 75 1 150 6124
DPKLOL1 optimal | 9.8x10™° | 0.059211 61 | 0.370096 133 77 0 3360
DUALI1 optimal | 1.4x107° | 0.015041 23 | 0.0350133 85 1 170 7712
QSHAREIB | optimal | 9.5x10™° | 0.397607 871 | 720078 225 89 253 3361
QPCBOEI2 optimal | 2.3x10710 | 0.074506 221 | 8171960 143 4 378 3485
DUALC2 optimal | 2.9x 107! | 0.005887 27 | 3551.31 7 1 242 3526
DUAL2 optimal | 1.2x1071 | 0.006652 19 | 0.0337339 96 1 192 9689
VALUES optimal | 9.3x10™2 | 0.005475 14 | -1.38829 202 1 404 9059
QBORE3D optimal | 7.2x10710 | 0.097782 218 | 3100.2 315 215 344 4484
DUALCI1 optimal | 9.3x10710 | 0.007726 39 | 6155.25 9 1 232 4220
PRIMALC2 | optimal | 1x107'2 0.007182 33 | -3551.31 231 0 236 4159
QSCORPIO | optimal | 9.1x 10710 | 0.017345 36 1880.51 358 280 466 4708
QBRANDY | optimal | 8x 107 0.059737 121 | 28375.1 249 166 303 5610
DUALCS5 optimal | 1.9x 107" | 0.003621 14 | 427.232 8 1 293 4838
DUAL3 optimal | 49x10™° | 0.007715 17 | 0.135762 111 1 222 12994
PRIMALC1 | optimal | 1.7x107'2 | 0.0103 40 | -6155.25 230 0 224 5024
QGROW7 optimal | 24x10710 | 0.486897 239 | -42798700 301 140 581 8062
QSCAGR25 | optimal | 4.2x 107! | 0.907618 1082 | 201738000 500 300 671 5779
QCAPRI optimal | 1.9x10™° | 1.0674 1114| 66793300 353 158 583 7244
GOULDQP2 | optimal | 7.7x10™° | 0.052949 49 | 0.000184276 699 349 1398 | 8032
QISRAEL optimal | 2.5x10710 | 0.11642 156 | 25347800 142 0 316 6592
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name status epsilon run_time iter | obj_val n m p nnz
PRIMALCS optimal 2.7x 10713 | 0.009835 18 -427.232 287 0 286 5721
QBEACONF | optimal 2% 1070 0.07791 85 164712 262 140 295 7989
QSCTAP1 optimal 49x107° 0.013623 13 0.000186835 480 120 660 5838
QBANDM optimal 6.7x107° 0.078547 57 16352.3 472 305 472 7213
GOULDQP3 | optimal 22x107° 0.055108 46 -29647.8 699 349 1398 8730
QE226 optimal 12x107° 0.070919 54 205.54 282 33 472 8301
QSCSD1 optimal 6.1x107° 0.043445 35 8.66667 760 77 760 9275
QSCFXM1 optimal 52x107° 0.437595 381 | 16882700 457 187 600 8690
DUALCS8 optimal 43%x107° 0.023147 32 18309.4 8 1 518 8663
QFORPLAN | optimal 2.8x107° 0.337152 240 | 7456630000 421 93 511 12129
CVXQP2_M | optimal 1.3x 10711 | 0.85688 21 820155 1000 | 250 2000 14716
QPCBOEI1 optimal 7.8%x107° 0.100532 88 11503900 384 9 971 10082
QGFRDXPN | optimal 45%x1078 4.47931 3000| 100791000000 1092 | 548 1418 10728
QPCSTAIR optimal 6.8x 10711 | 0.294724 207 | 6204390 467 291 532 9936
QSTAIR optimal 3.4x107° 3.31269 2044 | 7985450 467 291 532 11840
CVXQP1_M | optimal 7.1x 1071 | 2258 36 1087510 1000 | 500 2000 16464
QETAMACR | optimal 1.9x 107 1.89118 71 86760.4 688 354 869 16513
PRIMALCS optimal 9.6x 10713 | 0.02011 27 -18309.4 520 0 511 10357
QSTANDAT | optimal 1x107° 0.038436 41 6411.84 1075 176 1362 12365
QSCRSS optimal 1x10°8 0.235707 182 | 904.562 1169 384 1275 11706
QGROW15 optimal 73%x10710 | 1.24178 506 | -101694000 645 300 1245 16844
QSEBA optimal 2.8x107° 0.880118 491 | 81481800 1028 | 507 1550 15989
CVXQP3_M | optimal 1.1x107° 16.0836 90 1362830 1000 | 750 2000 18212
MOSARQP2 | optimal 1.4x107° 0.043645 31 -1597.48 900 0 1500 10150
PRIMAL1 optimal 9% 1070 0.009872 10 0.85455 325 0 86 12043
QSCSD6 optimal 7.2%x107° 0.118964 41 50.8082 1350 147 1350 16795
QSHIP04S optimal 49x107 0.067739 33 2424990 1458 354 1506 15022
QSCFXM2 optimal 6.3x107° 1.68477 780 | 27776200 914 374 1200 16796
LASER optimal | 5.7x 1073 | 0.066097 29 | 2409600 1002 | 0 2000 | 19460
QFFFFF80 optimal 1.3x107° 5.6809 1176| 873147 854 350 1028 19670
QGROW?22 optimal 1.2x107° 2.04462 679 | -149629000 946 440 1826 | 24942
PRIMAL2 optimal 2.7x107° 0.026979 10 0.00916266 649 0 97 16832
QSHIPO4L optimal 49x107° 0.101924 36 2420020 2118 354 2166 | 21622
QSCFXM3 optimal 8.8x107° 3.30084 1016| 30816400 1371 561 1800 | 24292
MOSARQP1 | optimal 3.7x107° 0.075125 23 -952.874 2500 | O 3200 17634
QSCTAP2 optimal 9.6 x 107° 0.048462 13 0.00027406 1880 | 470 2500 | 23310
QSIERRA failed 1.6 x 100 24.5736 3000| 23750500 2036 | 528 4751 30145
QSCSD8 optimal 7.6%x107° 0.145267 33 940.764 2750 | 397 2750 | 33305
YAO optimal 4.6x107° 0.086078 53 -75.8073 2002 | 2 2001 16011
AUG3DQP optimal 23x107° 0.880864 18 -661.463 3873 1000 | 3873 29584
QSHIPO08S optimal 29%107° 2.39056 32 2385730 2387 | 698 2467 | 46832
QPILOTNO optimal 9.9% 10710 | 51.8031 1006 | 4728590 2172 | 905 2582 | 37579
AUG3DCQP | optimal 1.8x 10710 | 0.737214 19 -976.692 3873 1000 | 3873 29584
AUG3DC optimal 7% 107° 0.109027 22 -1165.24 3873 1000 | O 17965
QSCTAP3 optimal 1.2x 10710 | 0.038779 16 0.0000252413 2480 | 620 3340 | 30870
CONT-050 optimal 7.5%x107° 1.2311 28 -4.56385 2597 | 2401 5194 | 44590
QSHELL optimal 9.9x 107 112.482 1004 | 1572640000000 | 1775 784 1644 | 83869
QSHIP12S optimal 1.6x 10710 | 0.890167 38 3056960 2763 1045 2869 | 61281
PRIMALA4 optimal 5.7x107° 0.028608 11 -0.719484 1489 | O 76 33629
STADAT2 optimal 72x107° 0.264966 71 -32.6267 2001 0 5999 35994
STADAT1 optimal 2.5%107° 0.196224 50 -28526900 2001 0 5999 35994
KSIP optimal 6.2x107° 0.034288 11 0.590361 20 0 1001 40817
PRIMAL3 optimal 54x107° 0.049551 10 0.0160099 745 0 112 43953
STCQP1 optimal 53x107 6.94977 17 155144 4097 | 2052 8194 102419
STCQP2 optimal 6.1x107° 8.76875 25 22327.3 4097 | 2052 | 8194 102419
QSHIPOSL optimal 9.5x 10710 | 10.3317 39 2376040 4283 698 4363 111564
Q25FV47 optimal 3.5x107 31.4227 165 | 13744400 1571 515 1876 146010
STADAT3 optimal 3.8x107° 0.695469 92 -35.7795 4001 0 11999 | 71994
HUESTIS optimal 55x 1071 | 1.91551 188 | 348245000000 10000 | 2 10000 | 80002
HUES-MOD | optimal 59x10712 | 1.36318 131 | 34824500 10000 | 2 10000 | 80002
QSHIP12L optimal 29x10710 | 18.2528 41 3018880 5427 1045 5533 175609
CVXQP2_L optimal 23x107° 155.355 35 81842500 10000 | 2500 | 20000 | 147466
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name status epsilon run_time iter | obj_val n m p nnz
CVXQP1_L optimal 3.1x1078 1002.55 127 | 108705000 10000 | 5000 | 20000 | 164964
POWELL20 failed 1.8x 103 26.9837 3000| 29157000000 10000 | O 10000 | 60000
CVXQP3_L failed 3.7 x 102 1023.73 53 18706100 10000 | 7500 | 20000 | 182462
CONT-101 optimal 1x 1071 415.725 436 | 0.195527 10197 | 10098 | 20394 | 180675
LISWET9 optimal 1.4x 1077 144.279 3000 -1121.33 10002 | O 10000 | 80002
LISWET10 optimal 1x1078 54.0601 2423 | -2484.57 10002 | O 10000 | 80002
LISWET12 optimal 1.1x 1077 143.917 3000 -1275 10002 | O 10000 | 80002
LISWET11 optimal 1x10°8 32.8516 722 | -2478.55 10002 | O 10000 | 80002
LISWETS8 optimal 23x1078 89.8799 3000| -1920.17 10002 | O 10000 | 80002
LISWET4 optimal 9.5x 107 0.59442 68 -714.516 10002 | O 10000 | 80002
LISWET3 optimal 6.4x107° 0.487589 56 -1000.26 10002 | O 10000 | 80002
LISWET2 optimal 8.1x107° 0.930057 57 -1666.99 10002 | O 10000 | 80002
LISWET7 optimal 3.7x1078 157.294 3000 -2291.05 10002 | O 10000 | 80002
LISWET1 optimal 9.9x 107 3.04173 100 | -2497.13 10002 | O 10000 | 80002
LISWETS optimal 8.4x107° 0.480122 56 -15976.2 10002 | O 10000 | 80002
LISWET6 optimal 9.3x107° 0.600388 55 -2162.22 10002 | O 10000 | 80002
CONT-100 optimal 1.6x 10710 | 243538 38 -4.6444 10197 | 9801 20394 | 179190
DTOC3 optimal 9.3x107° 1.3245 73 235.262 14999 | 10000 | O 94989
UBH1 optimal | 8x 10710 | 0.525039 21 | 1116 18009 | 12012 | 12006 | 162063
AUG2DQP optimal 3.1x107° 4.56839 33 6227110 20200 | 10000 | 20200 | 170800
AUG2DCQP | optimal 1.8x 10710 | 359775 24 6487020 20200 | 10000 | 20200 | 170800
AUG2D optimal 8.8x107° 2.83725 28 1.7 x 100 20200 | 10000 | O 110200
AUG2DC optimal 6.7x107° 3.65336 28 1.8 x 100 20200 | 10000 | O 110200
EXDATA failed - - - - 3000 | 6001 12000 | 2278500
CONT-201 optimal 8.7x107° 928.232 33 0.0720147 40397 | 40198 | 80794 | 721375
CONT-200 optimal 22x107 570.564 23 -4.72063 40397 | 39601 | 80794 | 718390
CONT-300 optimal 6.7x107° 3.65336 28 1.8 x 10° 90597 | 0 181194 204294
BOYD1 failed - - - - 93261 | 93279 | 186522 932029
BOYD2 failed - - - - 93263 | 279794] 559570 1449663
AUG3D optimal | 4x107° 0.823629 20 -782.432 3873 1000 | O 17965
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