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Abstract. This study explores the possibility of transferring the established frame-
work for drag characterisation in incompressible flow regime to that of the compressible
flow regime, using the Hama roughness function ∆U+ [1] and the equivalent sand grain
roughness ks [2]. Experiments are conducted for turbulent boundary layers (TBLs) devel-
oping over two types of sandpaper rough walls (P60- and P24-grit) across a Mach number
range of 0.3 ≥ M ≥ 2.9 to span the incompressible and compressible flow regime. Results
suggest that the momentum deficit ∆U+ is relatively independent of transformations to
account for compressibility effects, while there seems to be a proportional shift from
the ∆U+ vs. log(ks) incompressible relation with increasing M even in the fully rough
regime. Thus, to be able to utilise the ∆U+–ks relation in incompressible flow regime,
two empirical scaling factors are introduced. The first is a new roughness lengthscale
k∗ = k/ν+∞, where ν+∞ = ν∞/νw is the freestream-to-wall kinematic viscosity ratio, while
the second is a correction factor Fc, a function of freestream-to-wall temperature ratio
T∞/Tw, here utilised for the roughness function,

√
1/Fc∆U+.

1 Introduction
In incompressible wall-bounded turbulent flows, drag penalty due to surface roughness is characterised
by a log-law deficit from that of a smooth surface, corresponding to the Hama roughness function ∆U+

[1],

U+ =
1

κ
log (y + d)+ +B −∆U+ (1)

where κ is the von Kármán constant, U+ = U/Uτ is the viscous-scaled mean streamwise velocity, Uτ

is the friction velocity, y+ = yUτ/ν is the viscous-scaled wall-normal coordinates, d is the zero-plane
displacement, ν is the kinematic viscosity, and B is the log-law intercept. This study uses a constant
κ = 0.39 and the log-law intercept B = 4.3, similar to those of [3, 4]. In the “fully rough” regime, ∆U+

is solely a function of the equivalent sand-grain roughness ks [2],

∆U+ =
1

κ
log k+s +B −BFR (2)

where k+s = ksUτ/ν and BFR = 8.5 is the fully rough intercept. The current framework for drag
characterisation of incompressible, rough-wall turbulent boundary layers (TBLs) is well-established: ∆U+

https://creativecommons.org/licenses/by/4.0/
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Reference Abbreviation fI gI
[5] ‘VD’ 1 ρ+

0.5

[6] ‘BR’ µ+−1
(

ρ+

µ+

)0.5
y
yI

[7] ‘TL’ d
dy

(
yρ+0.5

µ+

)
µ+ d

dy

(
yρ+0.5

µ+

)
[8] ‘VO’ ρ+0.5

µ+1.5

(
ρ+

µ+

)0.5

Table 1: Various transformation functions fI and gI related to equation (3), ρ+ ≡ ρ/ρw and µ+ ≡ µ/µw

are the density and dynamic viscosity profiles as a function of wall-normal coordinates, relative to the
density and dynamic viscosity at the wall.

is obtained from flow measurements or simulations, and for a fully rough flow, ks can be obtained directly
from ∆U+.

In the compressible flow regime, rough-wall TBLs comprise of phenomena related to high-speed flight
vehicles, where the roughness (including steps and gaps) is likely to be induced during operations due to
thermal expansion, ablation, dust impact, water and ice droplets. Here, the mean velocity profile U and
wall-normal coordinate y of the TBL must be “stretched” to account for the compressibility effect. The
generic form [8, 9] of U and y transformations to their incompressible equivalents, UI and yI , respectively,
can be written as

yI =

∫ ŷ

0

fI(ŷ) dŷ and UI =

∫ Û

0

gI(Û) dÛ (3)

where the functions fI and gI for different transformations are shown in table 1. These functions account
for either density or viscosity variations across the boundary layer normalised by their values at the
wall, here denoted by ρ+ = ρ/ρw and µ+ = µ/µw (subscript ‘w’ denotes the value at the wall). The
classical and the most well-known transformation, the Van Driest transformation (here abbreviated to
‘VD’) [5], for example, accounts for density variation from the derivation of the mean velocity gradient
in the log-layer. Meanwhile, newer transformations have since attempted to improve the accuracy of the
transformations: for specific wall conditions [7], or by utilising data-driven approach [8]. In addition to
the VD transformation, 3 newer transformations are chosen for this study and listed in table 1: Brun, et
al. (‘BR’) [6], Trettel & Larsson (‘TL’) [7], and Volpiani, et al. (‘VO’) [8].

For compressible, rough-wall TBLs, the current framework for drag characterisation is as follows: first,
U and y are transformed into their incompressible equivalents, UI and yI . Then, the Hama roughness
function is calculated from the stretched profile UI , here denoted as ∆U+

I . Finally, in the case of fully

rough flow, ks for a particular roughness is derived directly from its ∆U+
I . This approach is evident

in previous studies conducted on various types of roughnesses: ‘sandpaper’ [10, 11, 12], ‘traverse bars’
[13, 12, 14], ‘sine waves’ [15, 16], ‘cubes’ [12, 17, 9, 18], ‘egg-carton’ [16, 19], ‘mesh’ [14], and ‘diamonds’
[17, 20]. The majority of these studies were conducted in the supersonic regime, with some [14, 18, 19]
extended towards the hypersonic regime.

Compared to the amount of data available for drag characterisation in the incompressible flow regime,
there is much less data available in the compressible regime. Especially for experimental studies, ks of
a certain roughness was typically derived from a single Mach number M and Reynolds number Re
measurement. Therefore, in this study, we investigate the possibility of transferring the established
framework for rough-wall drag in incompressible flows to the compressible flow regime, i.e. by knowing
the roughness parameter of a surface (such as ks) for the incompressible flow case, can the behavior of the
logarithmic region for the M > 1 cases be predicted? Measurement campaign is conducted for various
sandpaper-type roughnesses in a range of M spanning subsonic, transonic, and supersonic flow regimes,
and completed with an independent variation of Re at a constant M . The approach will be tested for
various velocity transformations shown in table 1 to account for the compressibility effect.

2 Experimental set-up
2.1 Facility and test cases
Measurements are conducted for the TBLs developing over a 750 mm × 300 mm (58δ0 × 22δ0, length ×
width) base flat plate installed inside the trisonic wind tunnel (TWM) at the University of the Bundeswehr
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M M∞ P0 T0 T∞/Tw U∞ δ Reτ Cf Symbol
[−] [−] [bar] [K] [−] [m/s] [mm] [−] [×10−3] VD BR TL VO

Smooth Wall (SW)

0.3 0.28 1.50 293 0.99 93.82 13.92 4355 2.53

0.8 0.80 1.49 286 0.90 255.45 22.29 13361 2.11

2.0 1.90 2.50 287 0.61 492.62 8.15 4140 1.73

2.0 1.90 4.49 285 0.61 491.16 7.85 6933 1.60

2.9 2.89 4.50 289 0.40 602.71 7.81 2233 1.50
Rough Wall (P60)

0.3 0.29 1.50 296 0.99 97.66 16.57 7427 4.95

0.8 0.82 1.50 289 0.89 261.93 24.44 22391 4.97

2.0 1.95 2.49 284 0.60 496.40 11.61 10446 5.82

2.0 1.91 4.49 286 0.61 492.10 11.92 20271 5.99

2.9 2.84 4.49 291 0.41 601.55 10.75 7812 8.93
Rough Wall (P24)

0.3 0.28 1.50 295 0.99 97.02 18.83 9830 6.74

0.8 0.80 1.49 287 0.90 255.33 24.17 27025 7.42

2.0 1.99 2.49 279 0.59 497.41 14.90 15594 8.11

2.0 1.94 4.49 286 0.60 496.18 15.05 30292 8.89

2.9 2.77 4.49 292 0.42 596.43 12.92 11167 10.82

Table 2: List of test cases at a range of nominal test section Mach number M (the actual freestream
Mach number M∞ is obtained from PIV measurements). The freestream-to-wall temperature ratio is
defined by T∞/Tw, while δ is the 99% boundary-layer thickness measured at the stations marked by A
and B in figure 1(a). The freestream Reynolds number Reτ ≡ δUτ/νw and the skin friction coefficient

Cf ≡ 2(ρw/ρ∞)(Uτ/U∞)2 estimated from the profiles stretched by van Driest transformation [5].
Symbols mark various transformations shown in table 1, with lighter to darker colour schemes mark the

lowest to highest Mach number test cases.

Figure 1: (a) The smooth flat plate with 8 inserts for the rough walls installations. The extent and
position of the PIV (Particle Image Velocimetry) FOV (field-of-view) are shown. Label ‘A’ marks the
streamwise location of the velocity profiles used in the analysis for smooth wall (SW) and P24-grit
rough wall cases, while ‘B’ marks the location for P60-grit rough cases. Coloured contours of the

deviation of sandpaper surface height from its mean, h′, shown for 10 mm × 10 mm coupons of (b)
P60- and (c) P24-grit sandpapers.
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Param. Unit Formula P60 P24

k mm 6
√
h′2 0.595 1.695

ka mm |h′| 0.077 0.226
kp mm max(h′)−min(h′) 0.804 2.023

krms mm
√

h′2 0.099 0.283

ksk – h′3/h3
rms 1.261 1.841

kku – h′4/h4
rms 10.375 9.708

ESx –
∣∣dh′

dx

∣∣ 0.541 0.659

Table 3: Key surface parameters from the scanned
P60- and P24-grit sandpapers, h′ is the surface
deviation from its mean height, h′ = h− h.

Figure 2: Temperature profile T/Tw as a function
of wall-normal coordinates y/δ. Colours correspond

to the test cases listed in table 2. Data are
downsampled for clarity.

Munich, shown in figure 1(a). Here, δ0 is the reference 99% smooth-wall boundary-layer thickness at a
nominal test section Mach number M = 0.3. The base plate is equipped with 8 removable inserts, shown
in figure 1(a), allowing multiple changes of test surfaces without removing the base plate from the test
section.

Test surfaces comprise of a smooth wall (‘SW’) and two rough walls constructed from P60-and P24-
grit sandpaper sheets, presented in the test matrix in table 2. Samples of P60- and P24-grit sandpapers
are scanned prior to the measurement campaign using an Alicona optical profilometer. Surface topologies
of these sandpapers are shown in figure 1(b, c), while the key surface parameters in table 3. The test
surfaces are subjected to a range of M (0.3 ≤ M ≤ 2.9) and friction Reynolds numbers (4355 ≤ Reτ =
δUτ/νw ≤ 30292), where δ is the 99% boundary-layer thickness for each test case at the measurement
location, and νw is the kinematic viscosity of air at the wall. At a constant M = 2, Reτ sweep is achieved
by varying the tunnel’s stagnation pressure P0 from 2.5 to 4.5 bar (table 2). For analyses in this study,
profiles are extracted at x = 29δ0 from the leading edge of the plate for SW and P24 test cases (station
‘A’ in figure 1a). Due to a wall reflection issue in the PIV images, the profiles of P60 test cases are
extracted from station ‘B’, 10 mm downstream of A (figure 1a).

Non-time-resolved planar 2D2C particle image velocimetry (PIV) measurements are conducted on
the streamwise–wall-normal (x–y) plane, as shown in figure 1(a). The 7.8δ0 × 2.3δ0 (x–y) field-of-view
(FOV) is stitched from two 5.5 MP LaVision Imager sCMOS cameras. As many as 400 image pairs
are acquired for each test case shown in table 2, with t+ = ∆tU2

τ /νw = 2.8 and the boundary-layer
turnover rate of TsU∞/δ0 = 723 for the reference test case (SW at M = 0.3), where ∆t is the acquisition
interval between a pair of PIV images and Ts is the sampling interval between two subsequent PIV image
pairs. PIV cross-correlation is performed using an in-house PIV package developed at the University of
Southampton [21], with the final spatial resolution of ∆x+ = ∆y+ = 134 for the reference test case.

2.2 Temperature profiles
As temperature profiles of the developing TBLs and the wall temperatures are not measured in the
experiments, these quantities are inferred from the velocity profiles instead. Based on similar studies
(compressible, rough-wall TBLs) conducted in similar test facilities (intermittent, blow-down wind tunnels
[10, 12, 17]), zero-pressure gradient, Pr ̸= 1 TBL development over an adiabatic wall is assumed (Pr is the
Prandtl number). Using this assumption, the wall temperature Tw is equal to the recovery temperature
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Tr and the temperature-velocity profile has a quadratic relation [22, 23] given by,

Tw = Tr = T∞

(
1 + r

γ − 1

2
M2

∞

)
(4)

T

T∞
= 1 + r

γ − 1

2
M2

∞

[
1−

(
U

U∞

)2
]

(5)

where the recovery factor r = Pr1/3 [24]. Figure 2 shows the temperature profiles T/Tw as a function of
the wall locations y/δ for all test cases. Here, the temperature profile is estimated from the velocity profile
from PIV measurements via equation 5, resulting in a decrease in the static temperature towards the
edge of the boundary layer as M increases. In the subsonic (M = 0.3) cases, the freestream temperature
is 1% lower than the wall temperature T∞/Tw = 0.99. This further decreases by 10% in the transonic
cases (T∞/Tw = 0.9), and in the supersonic cases (M = 2 and 2.9), T∞/Tw = 0.6 and 0.4, respectively.

To obtain the transformed velocity and wall-normal coordinate UI and yI in table 1, the density and
viscosity profiles relative to the wall, ρ+ = ρ/ρw and µ+ = µ/µw, are derived from the temperature
profile T/Tw using the boundary layer relation ∂P/∂y = 0 and Sutherland’s formula,

ρ+ =
ρ

ρw
=

(
T

Tw

)−1

and µ+ =
µ

µw
=

(
T

Tw

)1.5 (
Tw + S

T + S

)
(6)

where S = 110.4 K.

2.3 Wall shear stress estimation
Similar to the temperature profiles and wall temperatures, the wall shear stress (WSS) is not directly
measured in the experiment. For all test cases (SW, P60, and P24), modified Clauser method [25] is
employed. For SW test cases, the method searches for a series of variables (Uτ , ε), where ε is a small wall
correction in the O(0.1 mm), to minimise the r.m.s. (root mean square) error of

Ψsmooth = U+
I −

[
1

κ
log

(
(y + ε)IUτ

νw

)
+B

]
(7)

in the log region 30 ≤ (y + ε)+I ≤ 0.15ReτI , where ReτI = δIUτ/νw.

For P60 and P24 cases, there are two additional variables: the zero plane displacement d and ∆U+
I

(equation 1). Similar to the approach by [3, 4] for sandpaper roughness, as well as [9] for cube roughness,
d is kept constant at d = −k/2, where k is physical roughness height determined through surface scanning
(see table 3). For this study, we utilise the sandpaper grain reflection on the PIV images to determine the
wall location and its downward shift by k/2. The final series of variables is (Uτ , ε,∆U+

I ) that minimise
the r.m.s. error of

Ψrough = U+
I −

[
1

κ
log

(
(y − k/2 + ε)IUτ

νw

)
+B −∆U+

I

]
(8)

within the inertial range 3
√

ReτI ≤ (y − k/2 + ε)+I ≤ 0.15ReτI [3, 4]. To minimise the uncertainty, ε is
only fitted for profiles stretched by the Van Driest (‘VD’) transformation [5], where y = yI (see table 1).
This wall correction εV D is then applied to the profiles before stretching them with other transformations
listed in table 1, and the wall location is not corrected further in the Clauser fitting.

3 Results and discussion
The equivalent sand grain roughness ks is determined from the fitted ∆U+

I (see §2.3) for the incompressible

cases at M = 0.3. For P60 and P24 roughness at this Mach number, ∆U+
I > 8 and thus these cases are

within the fully rough regime. The incompressible ks is derived directly from equation 2, yielding ks =
0.531 and 1.742 mm for P60 and P24 roughness, respectively. Throughout this study, ‘ks’ refers to these
values, obtained from the incompressible cases at M = 0.3.

Figure 3(a) shows the fitted ∆U+
I for all test cases in table 2 as a function of k+

s . Results show that

all cases are within the fully rough regime and ∆U+
I is relatively independent of the transformations to

account for the compressibility effect shown in table 1. There seems to be a proportional relation between
M and the log-law intercept, possibly related to the wave drag generated by protrusion of the roughness
elements. Here, the subsonic and transonic test cases (M = 0.3 and 0.8) follow the log relation (equation
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Figure 3: Hama roughness functions obtained from transformed profiles ∆U+
I as a function of: (a) the

equivalent sand grain roughness from M = 0.3 cases, k+
s = ksUτ/νw, (b) the roughness height

k+ = kUτ/νw, (c) k∗ = k/ν+∞, and k+∗ = kUτ/ν∞. (d) The transformed Hama roughnes function ∆U+
I

multiplied by
√

1/Fc. Lines correspond to the log relations for M < 1, 1/κ log k+
s +B −BFR ( ),

M = 2 ( ), and M = 2.9 ( ). Symbols correspond to various transformations listed in table 1,
while the colours correspond to the test cases listed in table 2.

2), while the intercept B−BFR seem to increase with M for the supersonic cases (M = 2 and 2.9). These
observations still hold if the physical roughness height k is utilised instead of ks, as shown in figure 3(b),
similar to a study in cube roughness by [9]. It should be noted, however, that direct wall shear stress
measurements are not conducted in this study, and the ∆U+

I in figure 3(a) is obtained from a log-law
fitting described in §2.3.

Observing figures 3(a, b), it is apparent that in order to utilise the incompressible flow framework
for drag estimation (equation 2), either ks (or k), i.e. the x-axis, or the ∆U+

I (y-axis) must be scaled
by a factor to account for the wave drag effect. In figure 3(c), a new roughness lengthscale, defined
by k∗ = k/ν+∞ = kνw/ν∞, is introduced. Using this empirical lengthscale, the ∆U+

I of all test cases
collapse to the log relation (equation 2). It should be noted that similar empirical lengthscales have been

suggested in previous studies: k∗ = k/ν+k for cube roughness [9] and k+∗ = k/νk
√
τw/ρk for traverse

bars and cubes [26], where subscript ‘k’ denotes flow properties at the tip of the cube. Present data for
sandpaper roughnesses, however, does not collapse to the log relation using these lengthscales.

Another possible correction factor is one developed for Cf = 2(ρw/ρ∞)(Uτ/U∞)2 in compressible SW
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TBLs. Derivation of the velocity profile transformed using VD [5] yields a correction factor Fc [27],

Fc =
Tw/T∞ − 1

arcsin2(α)
, where α =

Tw/T∞ − 1√
Tw/T∞(Tw/T∞ − 1)

(9)

that collapses the corrected skin friction FcCf to the Schlichting’s fit [28] for compressible SW TBLs. The

same correction factor is calculated for rough wall cases and appropriately scaled for ∆U+
I ,

√
1/Fc∆U+

I .

Figure 3(d) shows
√
1/Fc∆U+

I as a function of k+, with all test cases collapsing to the log relation
(equation 2). It should be noted that, similar to the k∗ lengthscale in figure 1(c), the scaling factor Fc

is of an empirical nature: it was derived based on the VD-transformed velocity profiles for smooth wall
TBLs, rather than various rough wall cases with multiple velocity transformations, as is the case in this
study.

4 Conclusion and future work
Experiments are conducted for TBLs developing over two types of sandpaper rough walls (P60- and P24-
grit), spanning both incompressible and compressible flow regime (0.3 ≤ M ≤ 2.9) with an independent
variation of Reτ at a constant M . Results suggest that the momentum deficit ∆U+

I is relatively inde-
pendent of transformations to account for compressibility effects and the log relation intercept B −BFR

(equation 2) in the compressible flow regime seems to be proportional to M . To be able to utilise the
log relation, two scaling factors are introduced. The first is a roughness lengthscale k∗ = k/ν+∞ and the

second is a correction factor for Cf , here utilised for the roughness function
√
1/Fc∆U+

I . It should be
noted that these correction factors are obtained empirically and they have not been validated for other
roughness data. Furthermore, we cannot rule out that these observations may be caused by a systematic
change in our experiment as the Mach number is changed. In the future, the derivation of the theo-
retical correction factor from the roughness function, accounting for the appropriate incompressible flow
analogies, as well as the validation of these scaling factors with other available roughness data should
follow.
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