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Abstract
Continued fraction expansions provide awell-establishedbridge between algebraic properties
of numbers and combinatorics on words. In this article, we investigate the algebraicity of p-
adic numbers whose continued fractions arise from certain classes of words which generalize
the classical automatic, periodic and palindromic words. Our main result shows that, under
mild conditions on the p-adic continued fraction expansion, such numbers are either algebraic
of degree at most 2 or transcendental. This result provides an analogue of results of Bugeaud
and Adamczewski–Bugeaud in the real setting and extends previous works that were limited
to specific choices of p-adic floor functions and less general classes of words.
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Mathematics Subject Classification 11D88 · 11J70 · 11J81 · 68R15

1 Introduction

Continued fractions can be viewed as a way to map numbers in a given set to words, i.e.
possibly infinite sequences of elements from a specified alphabet A.

There are several ways to construct continued fraction algorithms depending on the con-
text. In this article, we will focus on the case where the numbers belong to a field K , which
is either R or Qp , and where the alphabet A is a subset of either Z or Z[1/p]. We denote by
N the set of strictly positive integers.
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Most classical constructions are based on the choice of a function, called floor function,
s : K → K , which determines the choice of the alphabet A = Im(s).

In the archimedean case, we have K = R, A ⊂ Z and s is the classical floor function.
However, in the p-adic setting where K = Qp and A ⊂ Z[1/p], there are infinitely many
possible choices for the floor function s and they all share analogous properties to the classical
one (see Sect. 3.1).

In all cases, given a floor function s and α ∈ K , the corresponding word a0a1a2 . . . is
obtained via the algorithm:

γ0 = α, an = s(γn), γn+1 = 1

γn − an
if γn �= an, (1)

which stops when γn = an . The an’s are called the partial quotients of α. From these, one
can define the two important sequences of continuants (An)n≥−1 and (Bn)n≥−1, given by
the following recurrences:

A−1 = 1, A0 = a0, An = an An−1 + An−2,

B−1 = 0, B0 = 1, Bn = an Bn−1 + Bn−2.
(2)

The quotient An/Bn is called the n-th convergent of the continued fraction expansion (with
respect to s) of α. Indeed, it is a classical result that the sequence (An/Bn)n converges
p-adically to α [18, Theorem 2].

If a number α corresponds, via a continued fraction algorithm with floor function s, to the
word a0a1a2 . . ., we write

α = [a0, a1, a2, . . .]s .
When K = R and s is the classical floor function, we simply write α = [a0, a1, a2, . . .].

Continued fractions share several features with the more common base-b representations
of numbers [16]: they can be computed algorithmically, they are well-suited for (some)
arithmetic operations, and, surprisingly, they carry over some properties from the realm of
word-combinatoric to the realm of numbers. In this articlewewill investigate the latter feature
in the case of p-adic continued fractions.

Before doing so, let us briefly consider the classical archimedean case, from which our
approach is inspired. It iswell known [10,Ch.4] that archimedean continued fractions provide
a bijection between real numbers in [0, 1) and words on N (excluding finite words ending
with 1). Not only does this bijection restrict to a bijection between rationals and finite words,
but, as already shown by Lagrange, it also restricts to a bijection between algebraic numbers
of degree 2 and eventually periodic words. This motivated the following:

Question 1.1 Are there families of special words that correspond to families of algebraic
numbers of degree > 2?

Notably, the answer to this question is expected to be negative. The reasoning behind this
expectation can be seen as a sort of statement in unlikely intersections: any set of words
exhibiting some form of structure constitutes a small subset within the set of all words.
Consequently, words from such a set arise from the continued fraction expansion of a small
subset of the real numbers. Such a small set is unlikely to intersect the set of algebraic
numbers, which is itself small, unless the words we took were very special i.e. finite or
periodic.

Historically, two families of special words have mainly been considered as natural gener-
alizations of periodic words: words on finite subsets of N and words containing increasingly
large repeated or mirrored prefixes. Although these are the primary candidates for being new
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If a machine did it, it is probably transcendental Page 3 of 34 2

special families with algebraic continued fractions, all available partial results suggest they
fall short of this goal, revealing instead a substantial gap between periodic words and any
form of generalization.

Indeed, the former family, i.e.words on afinite alphabet,was already studied byBorel,who
proved that it is in bijection with a measure-zero set of real numbers. As mentioned in [38,
§4], it seems that Khintchine was the first to ask whether this set contains any algebraic
number of degree > 2. While this question remains open in general, in the meantime several
specific cases have been studied and suggest that the answer should be negative. Such known
partial results include families of quasi-periodic words [26, Ch.VII; 13], and some words
of linear complexity i.e. words containing only O(n) distinct subwords of length n, such as
Thue–Morse words [2, 31] or Sturmian words [7, 30].

In a series of later works [1, 4–6, 19] the authors considered generalisations of quasi-
periodic and quasi-palindromic words, namely the ♠ words and ♣ words.

Before giving their definitions, we fix some notation: for a finite word ω, we denote its
length by |ω| and we denote by ω̃ the word obtained by reversing the order of the letters of
ω. According to [19, beginning of Sections 3 and 5], we have the following:

Definition 1.2 Let c > 0 be a real number. A word ω has property ♠ (respectively prop-
erty ♣) with constant c if it is not ultimately periodic and if there exists three sequences
(Un)n, (Vn)n, (Wn)n of finite words such that:

(i) for every n ≥ 1, WnUnVnUn (respectively, WnUnVn˜Un) is a prefix of ω;
(ii) for every n ≥ 1, max(|Vn |/|Un |, |Wn |/|Un |) ≤ c;
(iii) the sequence (|Un |)n is increasing.
Notably,♠words include all linear complexitywords [19, Theorem.1 1]. In particular, thanks
to a theorem by Cobham [20], they include all automatic words, which are words on a finite
alphabet that can be generated by a finite state machine. However, both classes of ♠ words
and ♣ words include also words on infinite alphabets (see Appendix A for more details and
examples).

In [1, 5, 6] the authors showed that, if ω = a1a2 . . . has property ♠ or ♣, and assuming
the extra condition that the limit superior of the sequence (|Wn |/|Un |)n is small enough,
then the real number [0, a1, a2, . . .] is transcendental. This was generalised by Bugeaud [19,
Theorem 1.3] to all ♠ and ♣ words as it follows:

Theorem 1.3 (Bugeaud) Let α = [0, a1, a2, . . .], with ai ∈ Z>0, and let An/Bn be the nth
convergent of its continued fraction expansion. Suppose that the word a1a2a3 . . . satisfies
condition ♠ or ♣, and that there exist a real C > 1 such that |Bn | ≤ Cn. Then, α is either
quadratic or transcendental.

In this article, we consider the analogue of Theorem 1.3 in the p-adic setting, where p is
any odd prime. A first naive attempt could be to simply replace N with Z[1/p] and R with
Qp . However, this translation is far from straightforward for various reasons.

A structural key difficulty in the p-adic case lies in the absence of a canonical floor
function s : Qp → Q. As we already noticed, there are infinitely many possible choices for
s, and each leads to a distinct construction of p-adic continued fractions. In the last decades,
many constructions of p-adic floor functions have been proposed, such as the classical ones
by Ruban [34] and Browkin [18]. However, none of them gives approximants as good as
in the real case and all of them lack complete analogues of fundamental results from the
real setting, such as Lagrange’s theorem. More precisely, it is either not true or unknown, in
general, that all rational numbers arise from finite words (except for very specific choices of
s), nor that all algebraic numbers of degree 2 arise from periodic words.
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These differences make Question 1.1 even more challenging in this p-adic setting. The
only known results in this context provide negative answers to Question 1.1 only for very
specific choices of floor functions and very special sets of words (see for instance [23, 29]).

In this article, we provide, under some mild conditions, a negative answer to Question 1.1
for ♠ words and ♣ words for any floor function, generalising most of the previous known
results. More precisely, our main result is the following p-adic version of Theorem 1.3:

Theorem 1.4 Let p be an odd prime, let α ∈ Qp and let s be a p-adic floor function. Suppose
that α = [0, a1, a2, . . .]s and let An/Bn be the n-th convergent of this continued fraction
expansion. Suppose that the word a1a2a3 . . . satisfies either condition ♠ or condition ♣ with
constant c > 0 and that for every n ≥ 1:

(i) the sequences (|An |1/n∞ )n, (|Bn |1/n∞ )n, (|Bn |1/np )n are bounded;
(ii) |an |p ≥ pk where k is an explicit constant depending on p, c and the bound for the

sequence
(

max
(

|An |1/n∞ , |Bn |1/n∞
))

n
.

Then, α is either rational, quadratic, or transcendental.

Amore precise version of Theorem 1.4 with explicit constants can be found in Sect. 4 (more
precisely, see Theorem 4.1 for ♠ words and Theorem 4.3 for ♣ words). As a first corollary,
we have the following result (proved in Sect. 4.2.1) concerning the classical Ruban’s and
Browkin’s continued fractions (see Sect. 3.2.1 for more details):

Corollary 1.5 Let p be an odd prime and let s be a p-adic floor function. Let α =
[0, a1, a2, . . .]s and suppose that the sequence (|Bn |1/np )n is bounded, where Bn is defined in
(2). Moreover, suppose that one of the following holds:

(a) the word a1a2a3 . . . starts with arbitrarily long repetitions and either

• s is Ruban’s floor function, α is irrational and |an |p ≥ p4 for every n, or
• s is Browkin’s floor function and |an |p ≥ p3 for every n.

(b) the word a1a2a3 . . . starts with arbitrarily long palindromes and either

• s is Ruban’s floor function, α is irrational and |an |p ≥ p2 for every n, or
• s is Browkin’s floor function.

Then, α is either quadratic or transcendental.

In another direction, we also have the following corollary (proved in Sect. 4.2.2) on
continued fractions arising from automatic sequences:

Corollary 1.6 Let n,m be non zero distinct integers. Let ω = a1a2 . . . be an automatic word
on the alphabetA = { np , m

p } where p is an odd prime. Then, for every p large enough, there
is a p-adic floor function s such that A ⊂ Im(s) and the number [0, a1, a2, . . .]s is either
rational, quadratic or transcendental.

Our proof strategy for Theorem 1.4 is an adaptation of that of Bugeaud [19, Theorem
1.3]. There, the main tool used is Schmidt’s subspace theorem, which is a generalization of
fundamental results by Liouville, Thue, and Roth, on the approximation of algebraic numbers
by means of sequences of rational numbers (we refer to [14, Ch.6–7] for an overview). The
basic idea is that, if a number is approximated too well by infinitely many rational numbers,
then it must be transcendental. This already gives an intuition, in the real case, of why words
containing arbitrarily large repeated prefixes fail to yield an algebraic number, given that
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infinitely many of its convergents are good approximations of some periodic words (i.e.
algebraic numbers of degree 2). In our non-archimedean world, this general philosophy still
applies, but one needs some extra work and a p-adic version of the subspace theorem proved
by Schlikewei [36, 37] (see Sect. 5 for details).

More specifically, the main idea underlying the proof of Theorem 1.4 is to leverage the
♠ (resp. ♣) structure of α to approximate it by a sequence of quadratic (resp. rational)
numbers αn having a periodic (resp. palindromic) continued fraction expansion of the form
[WnUnVn]s (resp. [WnUnVn˜Un]s). Then α and αn have the same |Wn | + 2|Un | + |Vn |-th
convergent, so that the quality of approximation is very good relatively to the arithmetic
complexity (more precisely, the Weil height, cf. Definition 5.1) of αn which only depends on
the |Wn |+|Un |+|Vn|-th continuants. Thus, assuming α algebraic, one can construct suitable
linear forms and a sequence of vectors depending on αn that make the p-adic Subspace
Theorem (Theorem 5.2) applicable. Then one gets a linear relation between some continuant
of the continued fraction for α. Finally, a brute force approach case by case, allows to
transform it into a linear relation between 1, α, α2.

The structure of our article is as follows. In Sect. 2, we recall a result of Bugeaud linking
word complexity and condition ♠. In Sect. 4, we present explicit versions of Theorem 1.4
(namely, Theorem 4.1 for ♠ words and Theorem 4.3 for ♣ words) along with applications,
including proofs of Corollary 1.5 and Corollary 1.6. Section 5 provides a statement of the
p-adic Subspace Theorem, a key ingredient in our proofs. In Sect. 6 we prove Theorem 4.1
and in Sect. 7 we prove Theorem 4.3. Finally, in Appendix A, we examine ♠ and ♣ words in
detail, exploring their connections with well-known classes of words, such as those arising
from automatic and Sturmian sequences, and providing concrete examples.

2 Some results on word complexity

The goal of this short section is to recall a result of Bugeaud [19] relating word complexity
and condition ♠.

Recall that a word ω is a (possibly infinite) string of symbols from a non-empty set A,
called alphabet. For a finite word ω, we recall that we denote its length by |ω| and we denote
by ω̃ the word obtained by reversing the order of the letters of ω. We also denote by ω the
infinite purely periodic word of period ω.

The complexity function of a word ω = a1a2a3 . . . is the function pω : N → N defined as

pω(n) = #{a�+1 . . . a�+n | � ≥ 0},
that is, pω(n) is the number of distinct blocks of length n appearing in the writing of ω.

For example, the periodic word ω = 011 has pω(1) = 2, pω(n) = 3 for all n ≥ 2. More
generally, a classical result in [27, Thm.7.3] shows that either ω is ultimately periodic, in
which case the function pω is bounded, or pω(n) ≥ n + 1 for all n ≥ 1.

In view of this result and linking to our study of continued fraction, we have that, if the
alphabet is N, the word complexity of an infinite word ω = a1a2a3 . . . gives information on
the nature of the real number α = [0, a1, a2, . . .].

Indeed, if pω(n) ≤ n for some n ≥ 1, then ω is ultimately periodic, hence, by Lagrange
theorem, α is algebraic of degree 2. On the other hand, Bugeaud [19, Theorem 1.1] proves
that if ω is not ultimately periodic and α is algebraic, then pω(n) cannot grow too slowly i.e.
one must have

lim
n→∞

pω(n)

n
= ∞. (3)
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A first step in his proof is to show that low complexity words satisfy condition ♠. More
precisely (see [19, Proof of Theorem 1.1]):

Theorem 2.1 Let (ai )i≥1 be a sequence of strictly positive integers which is not ultimately
periodic and consider the word ω = a1a2a3 . . .. Suppose that there exists an infinite set
N ⊂ N and a positive real C > 0 such that pω(n) ≤ nC for all n ∈ N . Then ω satisfies
condition ♠ with constant c = 3C + 1.

To the best of the authors’ knowledge, there is no direct analogue of Theorem 2.1 for words
satisfying condition ♣. In particular, it remains unclear whether this set contains specific
complexity classes.

3 Toolbox for the p-adic case

In this section we recall some basic properties of the p-adic continued fraction algorithms
that will be used later. In what follows, we will fix a prime p > 2 and we will denote by
| · |p and | · |∞ the p-adic and the Euclidean norm respectively and by vp the usual p-adic
valuation.

3.1 p-adic floor functions

There are several ways to construct continued fraction algorithms over Qp , and several
authors as Mahler [25], Schneider [35], Ruban [34] and Browkin [17, 18] proposed different
algorithms in the attempt of achieving the samepropertieswhichhold in the real case.All these
constructions are based on the choice of a so called p-adic floor function s : Qp → Z[1/p].
We give the precise definition (which can also be found in [18, Section 1]).

Definition 3.1 A p-adic floor function is any function s : Qp → Z[1/p] such that

(i) |α − s(α)|p < 1 for every α ∈ Qp;
(ii) s(0) = 0;
(iii) if |α − β|p < 1, then s(α) = s(β).

Given α ∈ Qp and a floor function s, the continued fraction expansion [a0, a1, . . .]s of α

is obtained via the algorithm:

⎧

⎪

⎨

⎪

⎩

γ0 = α,

an = s(γn),

γn+1 = 1
γn−an

if γn − an �= 0.

and it stops if γn = an . Notice that, by definition, |ai |p > 1 for every i ≥ 1.
It is proved in [18, Section 2, Theorem 2] that, for any choice of s, the map sending α

to the partial quotients of its continued fraction expansion is a bijection between Qp and
the (possibly infinite) sequences a0, a1, a2, . . . with ai ∈ Im(s) and |ai |p > 1 for i ≥ 1.
Since a0 = 0 if and only if |α|p < 1 (this follows directly from Definition 3.1), such map
restricts to a bijection between pZp and the (possibly infinite) sequences 0, a1, a2, . . . with
ai ∈ Im(s) and |ai |p > 1 for i ≥ 1.
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3.2 Some useful estimates on the continuants

Given a floor function s and a continued fraction

[a0, a1, a2, . . .]s
we define, analogously to the real case, the classic sequences (An)n≥−1, (Bn)n≥−1 of
continuants given by the recurrences (2). We have

An

Bn
= [a0, . . . , an]s . (4)

Notice that An, Bn only depend on a0, . . . , an .
Using matrices, we can write

An =
(

an 1
1 0

)

, Bn =
(

An An−1

Bn Bn−1

)

,

for n ∈ N. Moreover, if we define

B−1 =
(

1 0
0 1

)

,

we have
Bn = Bn−1An = A0A1 . . .An . (5)

This easily implies by induction the useful relation

AnBn−1 − Bn An−1 = (−1)n+1 for every n ≥ 0. (6)

Moreover, for every k ≥ 1 we have

α = [a0, . . . , ak−1, γ ]s = γ Ak−1 + Ak−2

γ Bk−1 + Bk−2
. (7)

We will also use the following properties.

Lemma 3.2 Let s be a p-adic floor function, α = [0, a1, a2, . . .]s and let (An)n, (Bn)n be
the sequences of continuants of α. Then:

(i) for every n ≥ 2, |An |p = ∏n
i=2 |ai |p, |Bn |p = ∏n

i=1 |ai |p.
(ii) for every n ≥ 0, |An |p < |An+1|p, |Bn |p < |Bn+1|p, |An |p ≤ |Bn |p.
Suppose moreover that there exists a real number M > 0 such that, for every i , |ai |∞ ≤ M.
Then

max(|An |∞, |Bn |∞) ≤ (M + 1)n . (8)

Proof Notice that

|A0|p = 0, |A1|p = 1, |A2|p = |a2|p, |A3|p = max(|a3|p|a2|p, 1) = |a3|p|a2|p
and

|B0|p = 1, |B1|p = |a1|p, |B2|p = |a1|p|a2|p, |B3|p = |a1|p|a2|p|a3|p.
Notice that, as |ai |p > 1, one can show by induction that, for every n ≥ 2, |An−2|p <

|an An−1|p and similarly |Bn−2|p < |an Bn−1|p . This, togetherwith the ultrametric inequality,
proves (i), which easily implies (ii). Finally, (8) also easily follows by induction. ��
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2 Page 8 of 34 L. Capuano et al.

The proof of the following useful lemma is obtained combining [18, Theorem 1] and [18,
Theorem 2]:

Lemma 3.3 Let s be a p-adic floor function, α = [a0, a1, a2, . . .]s and let (An)n, (Bn)n be
the sequences of continuants of α. Then for n ≥ 0

|Bnα − An |p =
n+1
∏

j=1

1

|a j |p = 1

|Bn+1|p ≤ 1

pn+1 .

In particular
∣

∣

∣

∣

α − An

Bn

∣

∣

∣

∣

p
= 1

|BnBn+1|p
≤ 1

|Bn |2p
. (9)

Notice that, by (ii) of Lemma 3.2, for every n ≥ 0, |Bn |p < |Bn+1|p , we have that the
sequence |α − An

Bn
|p → 0 as n tends to ∞; then, An

Bn
converges p-adically to α.

The last lemma shows that, if the nth convergents of α and β are the same, then the two
numbers are p-adically close. We have then the following result.

Lemma 3.4 Let s be a p-adic floor function, α = [a0, a1, . . . , an, an+1 . . .]s . Suppose that
β = [a0, a1, . . . , an, bn+1, . . .]s . Then α and β have the same first n + 1 continuants
A0, . . . , An, B0, . . . , Bn and

|α − β|p <
1

|Bn |2p
.

Proof By (4) and (9) we have
∣

∣

∣

∣

α − An

Bn

∣

∣

∣

∣

p
<

1

|Bn |2p
and

∣

∣

∣

∣

β − An

Bn

∣

∣

∣

∣

p
<

1

|Bn |2p
.

By adding and subtracting An
Bn

and applying the ultrametric inequality we obtain the
conclusion. ��

3.2.1 Estimates for Ruban’s and Browkin’s floor functions

The two main definitions of p-adic continued fraction algorithms are due to Ruban [34] and
Browkin [18]: in these cases the p-adic floor functions are given by

s(α) =
0

∑

n=k

xn p
n ∈ Q where α =

+∞
∑

n=k

xn p
n ∈ Qp,

where k ≤ 0 is an integer, the xn are representatives modulo p in the interval [0, p − 1]
for Ruban’s and in the interval [−(p − 1)/2, (p − 1)/2] for Browkin’s definition. Notice
that, for these two floor functions, the partial quotients are bounded in absolute value by
a constant M , which is p in Ruban’s case and p/2 in Browkin’s. By (8), this implies that
max(|An |∞, |Bn |∞) ≤ (M + 1)n .

3.3 Periodic and palindromic continued fractions

The following result is well known (see e.g. [33, Th. III.1, p. 40; 32, Remark 6.1]). Since
it is widely used in our proofs, we reproduce here the proof for clarity in our case where
a0 = 0. We recall that, given a finite word ω, we denote by ω the infinite purely periodic
word obtained repeating ω.
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Lemma 3.5 Let s be a p-adic floor function and let

α = [0, a1, . . . , aw, aw+1, . . . , a�]s .
Let (An)n≥−1, (Bn)n≥−1 be the sequences of continuants of α. Then α is a root of the
polynomial

P(X) = aX2 − bX + c (10)

where

a = Bw−1B� − BwB�−1

b = Bw−1A� − BwA�−1 + Aw−1B� − AwB�−1

c = Aw−1A� − AwA�−1.

(11)

Proof Let β = [aw+1, . . . , a�]s . Then

α = Awβ + Aw−1

Bwβ + Bw−1

but also

α = A�β + A�−1

B�β + B�−1
.

Therefore α is a fixed point of the linear fractional transformation defined by the matrix

(

A� A�−1

B� B�−1

)(

Aw Aw−1

Bw Bw−1

)−1

= ±
(

A�Bw−1 − A�−1Bw −A�Aw−1 + A�−1Aw

B�Bw−1 − B�−1Bw −B�Aw−1 + B�−1Aw

)

.

The claim follows from (11). ��

The following result establishes a relation between the continuants of a continued fraction
and its palindrome.

Lemma 3.6 Let s be a p-adic floor function, let α = [a0, a1, . . . , an]s and let (An)n, (Bn)n
be the sequences of continuants of α. If |a0|p > 1, then

Bn

Bn−1
= [an, . . . , a0]s .

If a0 = 0, we have
Bn−1

Bn
= [0, an, . . . , a1]s .

Proof This can be easily checked by induction using the definition of Bn from (2). ��

4 Ourmain results and some applications

In this section we give an explicit version of our main result Theorem 1.4.We state separately
the part dealing with property ♠ (see Theorem 4.1) and the part dealing with property ♣ (see
Theorem 4.3).
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2 Page 10 of 34 L. Capuano et al.

4.1 An explicit version of Theorem 1.4

Theorem 4.1 Let p be an odd prime and let s be a p-adic floor function. Let α =
[0, a1, a2, . . .]s , and let An, Bn be its n-th continuants.

Suppose that the word a1a2a3 . . . satisfies condition♠ with constant c and that there exist
reals C∞,Cp > 1 such that, for every n ≥ 1:

(i) max(|An |∞, |Bn |∞) ≤ Cn∞;
(ii) |Bn |p ≤ Cn

p;

(iii) |an |p ≥ pk where k =
⌊

max
(

3 logC∞
log p , 2(3c + 1) logC∞

log p

)⌋

+ 1.

Then α is either rational, quadratic, or transcendental.

Remark 4.2 Unlike the archimedean case, it can actually occur that α is rational in our
statement.

For example, let s be the floor function defined by Ruban (see Sect. 3.2.1). Then, as
remarked in [22, §3], one has

−p =
[

0,
p − 1

p
+ (p − 1)

]

s

.

So, the associated word satisfies condition ♠ with constant c = 0 and the conditions of
Theorem 4.1 are satisfied (with C∞ = 2, Cp = p and k = 1).

Theorem 4.3 Let p be an odd prime. Let s be a p-adic floor function. Letα = [0, a1, a2, . . .]s ,
and let An, Bn be its n-th continuants.

Suppose that the word a1a2a3 . . . satisfies condition♣ with constant c and that there exist
reals C∞,Cp > 1 such that, for every n ≥ 1:

(i) max(|An |∞, |Bn |∞) ≤ Cn∞;
(ii) |Bn |p ≤ Cn

p;

(iii) for every n, |an |p ≥ pk where

k =

⎧

⎪

⎨

⎪

⎩

⌊

logC∞
log p

⌋

+ 1 if c = 0,
⌊

(4 + 6c) logC∞
log p

⌋

+ 1 if c �= 0.

Then α is either rational, quadratic, or transcendental.

Remark 4.4 Notice that:

• For both Theorems 4.1 and 4.3, condition (ii) implies the same bound also on |An |p , since
|An |p ≤ |Bn |p byLemma3.2.However, this does not generally hold for theArchimedean
absolute value, so we need to impose both bounds in condition (i).

• Moreover, if there exists T > 0 such that |ai |∞ ≤ T for every i , as it happens in most
definitions of p-adic continued fractions, condition (i) from Theorems 4.1 and 4.3 always
holds true. Indeed, by Lemma 3.2, one can take C∞ = T + 1.

4.2 Some corollaries of our results

4.2.1 Ruban’s and Browkin’s floor functions: proof of Corollary 1.5

Since the word a1a2a3 . . . starts with arbitrarily long repetitions (resp. palindromes), it sat-
isfies condition ♠ (resp. ♣) with c = 0. It is then enough to check that the hypotheses of
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Theorem 4.1 (resp. Theorem 4.3) are satisfied. Note that infinite continued fraction expan-
sions are always irrational in Browkin’s case [18, Thm.3], so the irrationality of α needs to
be assumed only in Ruban’s case.

As observed in Sect. 3.2.1, hypothesis (i) of Theorem 4.1 (resp. Theorem 4.3) is automat-
ically satisfied by setting C∞ = p+ 1 when s is Ruban’s floor function, and C∞ = p/2+ 1
when s is Browkin’s floor function, applying Lemma 3.2. Hypothesis (ii) of Theorem 4.1
(resp. Theorem 4.3) holds by assumption. Finally, hypothesis (iii) of Theorem 4.1 (resp.
Theorem 4.3) can be easily checked, case by case, by setting c = 0 and using the respective
values of C∞. This concludes the proof of Corollary 1.5.

4.2.2 Words on a finite alphabet

For words on a finite alphabet, hypotheses (i) and (ii) of Theorems 4.1 and 4.3 are always
fulfilled. Therefore, our results can be specialized as follows.

Corollary 4.5 Let p be an odd prime. Let s be a p-adic floor function, and α =
[0, a1, a2, . . .]s . Suppose that the word ω = a1a2a3 . . . consists of letters from a finite
alphabet and set T = max(|an |∞)n. Moreover, suppose that ω satisfies one of the following:

(1) condition ♠ with constant c and

(T + 1)max(3,6c+2) < p, (12)

(2) condition ♣ with constant c and
{

T < p − 1 if c = 0,

(T + 1)4+6c < p otherwise.
(13)

Then α is either rational, quadratic, or transcendental.

Proof It is enough to check that the conditions (i), (ii), and (iii) in Theorem 4.1 (resp. The-
orem 4.3) are satisfied. By Remark 4.4, (i) is satisfied taking C∞ = T + 1. From part (i) of
Lemma 3.2, one sees that (ii) holds for Cp = max(|ai |p)i . Finally, (12) (resp. (13)) implies
that k = 1 in (iii), which is then automatically satisfied since ai ∈ Im(s) \ {0}. ��

The following result specializes Corollary 4.5 to low complexity words.

Corollary 4.6 Let p be an odd prime. Let a, b ∈ Z[1/p] such that:
(i) |a − b|p ≥ 1;
(ii) min

(|a|p, |b|p
) ≥ p.

Then, there exists a p-adic floor function s such that {a, b} ⊂ Im(s).
Let s be such a floor function. Suppose moreover that ω = a1a2a3 . . . is a word on the

alphabet {a, b} whose complexity function satisfies pω(n) ≤ nC for all n ≥ 1 where C ≥ 0
is a real number such that:

(iii) (max (|a|∞, |b|∞) + 1)18C+8 < p.

Then [0, a1, a2, . . .]s is either rational, quadratic, or transcendental.
Proof Notice that, in general, the constructionof a p-adicfloor function s amounts to choosing
a representative in Z[1/p] from any coset of Qp modulo pZp . Then the image of s on the
given class is the chosen element. Conditions (i) and (ii) ensure that the cosets a + pZp and
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b+ pZp are distinct and non zero. Hence one can choose any floor function s mapping such
cosets to a and b respectively (notice that there are infinitely many possible choices).

We fix such an s. If ω is ultimately periodic, then, by classical results on p-adic continued
fractions (see Lemma 3.5), the number [0, a1, a2, . . .]s is either rational or quadratic. Oth-
erwise, by Theorem 2.1, ω satisfies condition ♠ with constant c = 3C + 1. Therefore the
hypotheses of Corollary 4.5—in particular (1), which in this case is equivalent to (iii)—are
satisfied, and the conclusion follows immediately. ��

Finally, Corollary 1.6 is a special case of the above result.

Proof of Corollary 1.6 For p large enough, n,m, n − m are coprime to p. This is equivalent
to saying that n/p and m/p satisfy hypotheses (i) and (ii) of Corollary 4.6. Since also (iii)
must be satisfied up to taking a larger p, the conclusion follows directly from Corollary 4.6.

��

Remark 4.7 Notice that condition (iii) of Corollary 4.6 can be made explicit, or even
improved, for some families of words (see Sect. A.3 of Appendix. A).

5 A key tool: the p-adic subspace theorem

The proof of ourmain results requires a slightlymore general version of the subspace theorem
than the one by Schmidt used in [19], in order to include p-adic places.We recall the classical
definition of Weil height (see for instance [14, §1.5.6]). For our purposes, we restrict our
attention to the case of an affine point in Z[1/p]N .
Definition 5.1 Let z be a vector (z1, z2, . . . , zN ) ∈ Z[1/p]N . The (multiplicative)Weil height
of z is

H(z) = max(1,max
i

(|zi |∞)) · max(1,max
i

(|zi |p)).

We now state the generalisation of Schmidt’s subspace theorem, due to Schlickewei [36, 37],
which can be obtained, for instance, as easy consequence of [15, Theorem 2.3’]. We refer to
[15] for a comprehensive overview on the subject.

Theorem 5.2 Let N ≥ 1 be an integer, let S be the set containing the archimedean and the
p-adic place of Q. For each v ∈ S, let {L1,v, . . . , LN ,v} be a set of linearly independent
linear forms in the variables X1, . . . , XN with algebraic coefficients in Qv . Let (zn)n≥1 be a
sequence of vectors in Z[1/p]N and set zn = (zn,1, zn,2, . . . , zn,N ). Assume that there exist
strictly positive reals C1,C2, A, B with A < 1 ≤ B and an increasing sequence of positive
integers (un)n≥1 such that

∏

v∈S

N
∏

i=1

|Li,v(zn)|v ≤ C1 · Aun

H(zn) ≤ C2 · Bun .

Then there exist x1, . . . , xN ∈ Z, not all zero, and an infinite subset N ⊆ N such that, for
every j ∈ N , one has

x1z j,1 + x2z j,2 + · · · + xN z j,N = 0.
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Proof Up to normalizing the coefficients of the linear forms and increasing the constant B,
we can assume that

∏

v∈S

N
∏

i=1

|Li,v(zn)|v ≤ Aun and H(zn) ≤ Bun .

Let ε > 0 be such that A < 1/Bε . Then,

∏

v∈S

N
∏

i=1

|Li,v(zn)|v ≤ Aun <
1

Bunε
≤ 1

H(zn)ε
.

Then the result follows from [15, Theorem 2.3’], by noticing that H(zn) is larger or equal
than the height of zn as defined in [15, p.5, formula (3)]. ��

In what follows, given two real sequences (tn)n≥1 and (sn)n≥1, we will use the notation
tn � sn to indicate that there exists a positive constantC such that tn ≤ Csn for every n ∈ N.

6 Proof of Theorem 4.1

Our proof strategy closely follows the one of [19, Thm.3.1].
Before proving the result we fix some notation. By hypothesis the sequence (an)n≥1

satisfies condition ♠ with constant c. Hence, there exist three sequences of finite words
(Wn)n, (Un)n, (Vn)n satisfying conditions (i), (ii) and (iii) of Definition 1.2.

Setting wn = |Wn |, un = |Un |, and vn = |Vn |, we have that, for every n ≥ 0, un+1 ≥ un
and

max(vn/un, wn/un) ≤ c. (14)

We let also
�n = wn + un + vn .

We assume by contradiction that α is algebraic of degree at least 3 over Q.

6.1 A preliminary lemma

The proof of Theorem 4.1 is based on several applications of the p-adic Subspace Theorem
(see Theorem 5.2), the first one of which is used to prove the following lemma.

Lemma 6.1 Let An and Bn be as in Theorem 4.1 and �n, wn as above. Then, there exist a
non zero quadruple (x1, x2, x3, x4) ∈ Z

4 and an infinite set N1 ⊆ N such that

x1(Bwn−1B�n − Bwn B�n−1) + x2(Bwn−1A�n − Bwn A�n−1)+
+ x3(Awn−1B�n − Awn B�n−1) + x4(Awn−1A�n − Awn A�n−1) = 0

(15)

for any n ∈ N1.

Proof To simplify the notation, we set

zn = (zn,1, zn,2, zn,3, zn,4),
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where

zn,1 = Bwn−1B�n − Bwn B�n−1

zn,2 = Bwn−1A�n − Bwn A�n−1

zn,3 = Awn−1B�n − Awn B�n−1

zn,4 = Awn−1A�n − Awn A�n−1.

(16)

We nowwant to apply the Subspace Theorem 5.2 to the sequence (zn)n with carefully chosen
linear forms.

To this aim, for 1 ≤ i ≤ 4 we choose the linear forms

Li,∞(X1, X2, X3, X4) = Xi

and

L1,p(X1, X2, X3, X4) = α2X1 − α(X2 + X3) + X4,

L2,p(X1, X2, X3, X4) = αX1 − X2,

L3,p(X1, X2, X3, X4) = αX1 − X3,

L4,p(X1, X2, X3, X4) = X1.

We now want to estimate the quantities |Li,∞(zn)|∞ and |Li,p(zn)|p .
To this purpose, we set αn = [WnUnVn]s . By Lemma 3.5, αn is a root of the following

polynomial of degree 2

Pn(X) = zn,1X
2 − (zn,2 + zn,3)X + zn,4.

Moreover, by (9),
∣

∣

∣

∣

α − An

Bn

∣

∣

∣

∣

p
= 1

|BnBn+1|p
and

∣

∣

∣

∣

αn − A�n+un

B�n+un

∣

∣

∣

∣

p
= 1

∣

∣B�n+un B�n+un+1
∣

∣

p

.

Thus,

|α − αn |p ≤ 1

|B�n+un B�n+un+1|p . (17)

Notice that, by Lemma 3.2 and the fact that |a1|p > 1, for every m ≥ 2, we have

|Am |p =
m
∏

i=2

|ai |p < |Am+1|p, |Bm |p =
m
∏

i=1

|ai |p < |Bm+1|p, |Am |p < |Bm |p.

Moreover, for every n ≥ 1, we have

max
1≤ j≤4

|zn, j |p ≤ |Bwn B�n |p. (18)

By (9) and Lemma 3.2 (ii), we have

|L2,p(zn)|p = |(Bwn−1B�n − Bwn B�n−1)α − (Bwn−1A�n − Bwn A�n−1)|p
≤ max

(|Bwn−1|p|B�nα − A�n |p, |Bwn |p|B�n−1α − A�n−1|p
)

≤ |Bwn |p|B�n |−1
p

(19)
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and

|L3,p(zn)|p = |(Bwn−1B�n − Bwn B�n−1)α − (Awn−1B�n − Awn B�n−1)|p
≤ max

(|B�n |p|Bwn−1α − Awn−1|p, |B�n−1|p|Bwnα − Awn |p
)

≤ |B�n |p|Bwn |−1
p .

(20)

Also, by (17), (18), (19) and (20), we have

|L1,p(zn)|p =|Pn(α)|p = |Pn(α) − Pn(αn)|p = |zn,1(α
2 − α2

n) − (zn,2 + zn,3)(α − αn)|p
=|(α − αn)|p · |(zn,1α − zn,2) + (zn,1αn − zn,3)|p =
=|(α − αn)|p · |L2,p(zn) + L3,p(zn) + zn,1(αn − α)|p
≤|α − αn |p max

(

|Bwn |p|B�n |−1
p , |Bwn |−1

p |B�n |p, |Bwn |p|B�n |p|α − αn |p
)

≤|Bwn |−1
p |B�n |p|B�n+un |−2

p .

(21)

Moreover, by (18), we have

|L4,p(zn)|p = |zn,1|p ≤ |Bwn B�n |p. (22)

By the above formulas (19), (20), (21), (22), we have that

4
∏

j=1

|L j,p(zn)|p ≤ |B�n |2p|B�n+un |−2
p .

Since, by the Assumption (iii) of Theorem 4.1,

|B�n+un |p = |B�n |p
�n+un
∏

i=�n+1

|ai |p ≥ |B�n |p · pkun ,

and, by (i),
max
1≤ j≤4

|zn, j |∞ ≤ 2C2wn+un+vn∞ ≤ 2C (3c+1)un∞ , (23)

we find
4
∏

j=1

|L j,p(zn)|p
4
∏

j=1

|zn, j |∞ ≤ 16

(

C4(3c+1)∞
p2k

)un

. (24)

Using (18), (23), and assumption (ii) of Theorem 4.1, we also have

H(zn) ≤ 2C (3c+1)un∞ |Bwn |p|B�n |p ≤ 2 · ((C∞Cp)
3c+1)un . (25)

Then, by Theorem 5.2, the conclusion follows provided that the quantity C4(3c+1)∞
p2k

in (24) is
< 1, and this is in fact the case by hypothesis (iii) of Theorem 4.1. ��

6.2 Splitting the proof in two cases

We are now ready to prove Theorem 4.1. By Lemma 6.1, we may consider only the indices
in the subset N1 so that (15) is satisfied.

Here the proof is split in two cases, depending on whether the sequence (wn)n∈N1 has a
constant subsequence or not.
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In the first case, using the continuants of α, Lemma 6.1 and the Subspace theorem, we con-
struct an irrational number β such that both (1, α, β) and (1, α, 1/β) are linearly dependent
over Z. Combining these linear relations, we obtain a contradiction.

In the second case, using Lemma 6.1 and suitable auxiliary words, we show that α is a root
of a certain polynomial of degree at most 2, which must therefore be trivial. The vanishing
of its coefficients gives relations among the continuants of α and these, together with the
Subspace theorem, allow to conclude.

Case (1): (wn)n∈N1 has a constant subsequence

Let w be such that wn = w for infinitely many n ∈ N1. By extracting an infinite subset of
N1 and replacing α by

[0, aw+1, aw+2, . . .]s,
we may without loss of generality assume that wn = 0 and hence �n = un + vn for every
n ∈ N1. Let now

β = lim
n→∞
n∈N1

B�n−1

B�n

.

We claim that:

(a) β is irrational;
(b) there is a non zero triple of integers (y1, y2, y3) such that

y1 + y2β + y3α = 0; (26)

(c) there is a non zero triple of integers (z1, z2, z3) such that

z1
β

+ z2 + z3α = 0. (27)

Assuming these claims, from (26) and (27) we obtain

(z3α + z2)(y3α + y1) = y2z1.

Since from (a) α and β are both irrational, we get from (26) and (27) that y3z3 �= 0. This
shows that α is an algebraic number of degree at most two, which is a contradiction with our
assumption that α is algebraic of degree at least 3. This concludes the proof in this case.

We nowprove the above claims. Let (x1, x2, x3, x4) ∈ Z
4 andN1 ⊆ N be as in Lemma6.1.

Recalling that B−1 = A0 = 0 and B0 = A−1 = 1, we deduce from (15) that

x1B�n−1 + x2A�n−1 − x3B�n − x4A�n = 0 (28)

for any n ∈ N1. Dividing (28) by B�n and letting n tend to infinity in N1 we get

β = x3 + x4α

x1 + x2α
. (29)

Observe that x1 + x2α �= 0, since otherwise α would be rational.

We now want to prove (a) and (b) (notice that (a) is not automatically guaranteed by (29)
since a priori one could have x3x2 − x4x1 = 0).

This is again obtained by an application of the Subspace Theorem 5.2 with N = 3 and
the linear forms, for 1 ≤ i ≤ 3

L ′
i,∞(X1, X2, X3) = Xi
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and

L ′
1,p(X1, X2, X3) = βX1 − X2, L ′

2,p(X1, X2, X3)

= αX1 − X3, L ′
3,p(X1, X2, X3) = X2,

evaluated at the points (B�n , B�n−1, A�n ).
Setting Qn = An

Bn
, we have, by (28),

B�n−1

B�n

= x3 + x4Q�n

x1 + x2Q�n−1
,

and therefore, by (29),
∣

∣

∣

∣

β − B�n−1

B�n

∣

∣

∣

∣

p
=

∣

∣

∣

∣

x1x4(α − Q�n ) − x2x3(α − Q�n−1) + x2x4α(Q�n−1 − Q�n )

(x1 + x2α)(x1 + x2Q�n−1)

∣

∣

∣

∣

p
.

We notice that, since Q�n−1 converges p-adically to α and x1+ x2α �= 0 since α is irrational,
we have that, for n sufficiently large, |x1 + x2Q�n |p = |x1 + x2α|p . Hence, for n ∈ N1, we
have

|B�nβ − B�n−1|p ≤ C ′

|B�n−1|p (30)

for some real C ′ > 0.
Furthermore, observe that, for any integer n ∈ N1, we have, by Lemma 3.3 and (30),

max
(|B�nα − A�n |p, |B�n−1α − A�n−1|p, |B�nβ − B�n−1|p

) � 1

|B�n−1|p . (31)

We obtain, by (31) and hypotheses (i) and (iii) of Theorem 4.1,

∏

1≤ j≤3

|L ′
j,p(B�n , B�n−1, A�n )|p|L ′

j,∞(B�n , B�n−1, A�n )|∞ � C3�n∞
|B�n−1|p �

(

C3∞
pk

)�n

(32)
and

H(B�n , B�n−1, A�n ) � (C∞Cp)
�n . (33)

Notice that, up to passing to a subset of N1, we might assume that �n is increasing. By the
definition of k in Theorem 4.1 we have C3∞/pk < 1 in (32). Therefore, by Theorem 5.2,
there exist a non zero integer triple (y1, y2, y3) and an infinite set of distinct positive integers
N2 ⊆ N1 such that

y1B�n + y2B�n−1 + y3A�n = 0 (34)

for any n ∈ N2. Dividing (34) by B�n and letting n tend to infinity alongN2, we get that (26)
holds, so that claim (b) is proven.

Equations (34) and (26) then prove claim (a): indeed, if β was rational, (26) would imply
y3 = 0 (recall that we are supposing α irrational). But then, by (34) we would have

B�n−1/B�n = −y1/y2,

for all n ∈ N2 and, for each such index, by Lemma 3.6 we would have

− y2
y1

= B�n−1

B�n

= [0, a�n , . . . , a1]s,
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contradicting the uniqueness of p-adic continued fraction expansion of −y2/y1 attached to
the floor function s.1

To prove (c), we also apply the Subspace Theorem 5.2 with N = 3 and the linear forms

L ′′
i,∞(X1, X2, X3) = Xi

for 1 ≤ i ≤ 3 and

L ′′
1,p(X1, X2, X3) = βX1 − X2, L ′′

2,p(X1, X2, X3) = αX2 − X3,

L ′′
3,p(X1, X2, X3) = X2.

Evaluating them on the triple (B�n , B�n−1, A�n−1) with n ∈ N2, we infer from (31) that

∏

1≤ j≤3

|L ′′
j,p(B�n , B�n−1, A�n−1)|p|L ′′

j,∞(B�n , B�n−1, A�n−1)|∞ �
(

C3∞
pk

)�n

.

As before, estimating H(B�n , B�n−1, A�n−1) as in (33), and using the definition of k in
Theorem 4.1, we can apply Theorem 5.2 and deduce that there exist a non zero integer triple
(z1, z2, z3) and an infinite subset N3 ⊆ N2 such that

z1B�n + z2B�n−1 + z3A�n−1 = 0 (35)

for any n ∈ N3. Dividing (35) by B�n−1 and letting n tend to infinity along N3, we get (27),
concluding the proof of this case.

Case (2): (wn)n∈N1 has no constant subsequences

As detailed in [19, page 1013], up to suitablymodifying the wordsUn andWn , we can assume
that the last letter of UnVn is different from that of Wn , that is awn �= a�n for any n ∈ N1.

We now set

Qn = Bwn−1B�n

Bwn B�n−1
(36)

and

Rm = α − Am

Bm
. (37)

Dividing (15) by Bwn B�n−1, we obtain

x1(Qn − 1) + x2(Qn(α − R�n ) − (α − R�n−1)) + x3(Qn(α − Rwn−1) − (α − Rwn ))+
+ x4(Qn(α − Rwn−1)(α − R�n ) − (α − Rwn )(α − R�n−1)) = 0.

Letting also
P(α) = x1 + (x2 + x3)α + x4α

2,

this yields

(Qn − 1)P(α) =x2QnR�n − x2R�n−1 + x3QnRwn−1 − x3Rwn − x4QnRwn−1R�n+
+ x4Rwn R�n−1 + αx4(QnRwn−1 + QnR�n − Rwn − R�n−1).

(38)

We want to prove
P(α) = 0. (39)

1 Notably, this is the first time in the proof where we use the fact that the word associated to α arises from a
given floor function.
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Suppose first that there exists ε > 0 and an infinite subsetM ⊂ N1 such that |Qn − 1|p ≥ ε

for all n ∈ M.
Suppose further that |Qn |p ≤ 1 for infinitely many n ∈ M. Then, for n tending to infinity

along the elements of this subset, the right-hand side of (38) tends to 0 (indeed, by (37),
Rm tends to 0 for m tending to infinity and Qm is bounded), which implies (39). If instead
|Qn |p > 1 for all but finitely many n ∈ M, dividing both sides of formula (38) by Qn and
letting n tend to infinity, we obtain, as in the previous case, that (39) holds.

Suppose now that
lim
n∈N1

|Qn − 1|p = 0.

Then, for n sufficiently large, we have |Qn |p = |1|p = 1.
Notice that, by Lemma 3.6, Qn is the quotient of the two continued fractions a�n =

[a�n , a�n−1, . . . , a1]s and awn = [awn , awn−1, . . . , a1]s , hence must have

|a�n |p = |a�n |p = |awn |p = |awn |p = pkn ,

for n sufficiently large, with kn > 0.
Let us now assume, by contradiction, that P(α) �= 0. Then, since |R�|p � 1/|B�B�+1|p

for � ≥ 1, from (38) we deduce

|Qn − 1|p � 1

|Bwn−1Bwn |p
,

which we can rephrase as
∣

∣

∣

∣

a�n

awn

− 1

∣

∣

∣

∣

p
� 1

|awn |p · ∏wn−1
i=1 |ai |2p

.

Now, multiplying both the numerator and denominator of the left-hand side by pkn and
noticing that |pknawn |p = 1 and |ai |p ≥ p for every i ≤ 1, we obtain, in particular, that

∣

∣

∣pkna�n − pknawn

∣

∣

∣

p
� 1

p2(wn−1)+kn
.

Therefore
∣

∣[a�n , a�n−1, . . . , a1]s − [awn , awn−1, . . . , a1]s
∣

∣

p � 1

p2(wn−1)
≤ 1

p
.

This implies that a�n ≡ awn mod p, so that a�n ≡ awn mod p. Therefore, by property (iii)
in the definition of floor function, they are equal, contradicting our initial assumption that
awn �= a�n .

Therefore (39) is true; since we are assuming that α is neither rational nor quadratic, we
must have x1 = x2 + x3 = x4 = 0. Then, equation (15) gives

Bwn−1 A�n − Bwn A�n−1 = Awn−1B�n − Awn B�n−1.

In particular, in (16) we have zn,2 = zn,3. We can thus refine the argument in Lemma 6.1.
Let αn = [Wn,UnVn]s . Then, by Lemma 3.5, αn is a root of the polynomial

Pn(X) = zn,1X
2 − 2zn,2X + zn,4.

Consider now the two sets of linearly independent linear forms

L ′′′
1,p(T1, T2, T3) = α2T1 − 2αT2 + T3,
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L ′′′
2,p(T1, T2, T3) = αT1 − T2,

L ′′′
3,p(T1, T2, T3) = T1,

L ′′′
1,∞(T1, T2, T3) = T1,

L ′′′
2,∞(T1, T2, T3) = T2,

L ′′′
3,∞(T1, T2, T3) = T3;

evaluating them on the triple z′
n = (zn,1, zn,2, zn,4) we find by (19), (21), (22), and (23) that

∏

1≤ j≤3

|L ′′′
j,p(z

′
n)|p

∏

1≤ j≤3

|L ′′′
j,∞(z′

n)|∞ � |Bwn |p|B�n |p|B�n+un |−2
p C3(�n+wn)∞

≤ C3(3c+1)un∞
∏�n+un

j=�n+1 |a j |2p

≤
(

C3(3c+1)∞
p2k

)un

.

Also, by (25) we have
H(zn) � (C∞Cp)

(3c+1)un .

Again using the definition of k in Theorem 4.1 and applying Theorem 5.2 we obtain that
there exists a non zero integer triple (t1, t2, t3) and an infinite set N4 ⊆ N1 such that

t1zn,1 + t2zn,2 + t3zn,4 = 0 (40)

for any n ∈ N4. We proceed exactly as above. Divide (40) by Bwn B�n−1 and set Qn as in
(36). Then, we get

t1(Qn − 1) + t2

(

Qn
A�n

B�n

− A�n−1

B�n−1

)

+ t3

(

Qn
Awn−1

Bwn−1

A�n

B�n

− Awn

Bwn

A�n−1

B�n−1

)

= 0,

for any n ∈ N4. By arguing as after (39) we derive that t1 + t2α + t3α2 = 0, a contradiction
since α is irrational and not quadratic. This concludes the proof of Theorem 4.1. ��

7 Proof of Theorem 4.3

Suppose by contradiction that α were algebraic of degree at least 3 over Q.
By hypothesis the sequence (an)n satisfies condition♣with constant c. Hence, there exist

three sequences of finite words (Wn)n, (Un)n, (Vn)n satisfying conditions (i), (ii) and (iii) of
Definition 1.2. Setting wn = |Wn |, un = |Un |, and vn = |Vn |, for every n ≥ 0,

max(vn/un, wn/un) ≤ c.

We let also
�n = wn + un + vn .

Here the proof splits into three cases.
The first case occurs when the set {n ≥ 1 | vn = wn = 0} is infinite: here, using the

fact that the words a1 . . . a2un are palindromic for infinitely many n, an application of the
Subspace Theorem 5.2 allows us to conclude.
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In the second case, we consider the situation where the set {n ≥ 1 | vn = wn = 0}
is finite, but the set {n ≥ 1 | wn = 0} is still infinite: in this case, on one hand we show
that the continued fraction expansion of α has ‘many’ partial quotients in common with
that of certain non palindromic words constructed using certain continuants of α. On the
other hand, an application of the Subspace theorem and the uniqueness of the continued
fraction expansion for a given floor function, imply that the words we considered are actually
palindromic, leading to a contradiction.

Finally, the third case occurs when {n ≥ 1 | wn = 0} is finite. Here, we use the words
Un , Vn and Wn together with the recurrence formulas defining the continuants to build two
sequences of numbers whose continued fraction expansions have ‘many’ partial quotients in
common with that of α. A first application of the Subspace theorem gives a relation between
some of these words and a second application of the Subspace theorem allows us to conclude.

Case (1): the set {n ≥ 1 | wn = vn = 0} is infinite

In this case (which occurs, in particular, when c = 0) we have that, up to passing to an infinite
subset of positive integers n, we may assume that �n = un and Un˜Un is a prefix of α for
every n. Since the word a1 . . . a2un = Un˜Un is palindromic, we have that the matrix

(

B2un B2un−1

A2un A2un−1

)

=
(

a1 1
1 0

)(

a2 1
1 0

)

· · ·
(

a2un 1
1 0

)

is symmetric, hence, for every n
A2un = B2un−1. (41)

Notice that by (9) we have
∣

∣

∣

∣

α − A2un

B2un

∣

∣

∣

∣

p
≤ 1

|B2un |2p
(42)

and also, by (41),
∣

∣

∣

∣

α − A2un−1

A2un

∣

∣

∣

∣

p
=

∣

∣

∣

∣

α − A2un−1

B2un−1

∣

∣

∣

∣

p
≤ 1

|B2un−1|2p
. (43)

Moreover
∣

∣

∣

∣

α2 − A2un−1

B2un

∣

∣

∣

∣

p
=

∣

∣

∣

∣

α2 − A2un−1

B2un−1

A2un

B2un

∣

∣

∣

∣

p

=
∣

∣

∣

∣

(

α + A2un−1

B2un−1

)(

α − A2un

B2un

)

+ α

(

A2un

B2un
− A2un−1

B2un−1

)∣

∣

∣

∣

p

≤ max

(

|α|p
∣

∣

∣

∣

α − A2un

B2un

∣

∣

∣

∣

p
,

|α|p
|B2un B2un−1|p

)

and since |α|p < 1, we finally obtain

∣

∣

∣

∣

α2 − A2un−1

B2un

∣

∣

∣

∣

p
< max

(

1

|B2un |2p
,

1

|B2un B2un−1|p

)

≤ 1

|B2un B2un−1|p . (44)

We apply Theorem 5.2 with N = 3 and the linear forms

L ′
1,p(X1, X2, X3) = X1α − X2,

123



2 Page 22 of 34 L. Capuano et al.

L ′
2,p(X1, X2, X3) = X1α

2 − X3,

L ′
3,p(X1, X2, X3) = X2α − X3,

and L ′
i,∞(X1, X2, X3) = Xi for every 1 ≤ i ≤ 3. Evaluating them at the points z′

n =
(B2un , A2un , A2un−1), by (42), (43) and (44) we get

3
∏

i=1

|L ′
i,p(z

′
n)|p|L ′

i,∞(z′
n)|∞ ≤ C6un∞

|B3
2un−1|p

�
(

C∞
pk

)6un
.

Moreover
H(z′

n) ≤ (C∞Cp)
2un .

As by the definition of k in Theorem 4.3 we have k >
logC∞
log p , Theorem 5.2 ensures there

exist x1, x2, x3 ∈ Z not all zero and an infinite subsequence of positive integers n such that

x1B2un + x2A2un + x3A2un−1 = 0 (45)

for all n. Dividing (45) by B2un we have

x1 + x2
A2un

B2un
+ x3

A2un−1

B2un−1

B2un−1

B2un
= 0.

Since by (41) A2un = B2un−1, letting n go to infinity, we get

x1 + x2α + x3α
2 = 0

contradicting the hypothesis that α is algebraic of degree at least 3.

Case (2): the set {n ≥ 1 | wn = vn = 0} is finite and the set {n ≥ 1 | wn = 0} is infinite

Without loss of generality we might assume that, up to passing to a subsequence, for all n,
vn �= 0, wn = 0 and that, by enlarging the words Un , the first and the last letters of the word
Vn are always different (if not, it means that we are in Case (1)). So, in particular, the word
UnVn˜Un is never palindromic.

Notice first that, by Lemma 3.6,

Bn−1

Bn
= [0, an, an−1, . . . , a1]s .

In particular
B�n+un−1

B�n+un
= [0,Un˜Vn ˜Un]s .

On the other hand
A�n+un

B�n+un
= [0,UnVn˜Un]s .

Thus the continued fraction expansions of the numbers α and B�n+un−1/B�n+un share the
first un terms, hence by Lemma 3.4 we have

∣

∣B�n+unα − B�n+un−1
∣

∣

p ≤ |B�n+un |p|Bun |−2
p . (46)

We now apply Theorem 5.2 with N = 4 and the linear forms

L1,p(X1, X2, X3, X4) = αX1 − X3,
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L2,p(X1, X2, X3, X4) = αX2 − X4,

L3,p(X1, X2, X3, X4) = αX1 − X2,

L4,p(X1, X2, X3, X4) = X2,

and
Li,∞(X1, X2, X3, X4) = Xi ,

for 1 ≤ i ≤ 4. Evaluating them at the points

zn = (B�n+un , B�n+un−1, A�n+un , A�n+un−1),

by hypothesis (i) of Theorem 4.3 and inequalities (9) and (46), we find that

∏

1≤i≤4

|Li,p(zn)|p|Li,∞(zn)|∞ ≤ C4(�n+un)∞
|Bun |2p

≤
(

C4(2+c)∞
p2k

)un

.

Notice now that
H(zn) ≤ (C∞Cp)

(2+c)un .

But then, since by the definition of k in Theorem 4.3

k > (4 + 2c)
logC∞
log p

,

Theorem5.2 ensures that there exist x1, x2, x3, x4 ∈ Znot all zero and an infinite subsequence
of positive integers n such that, for all n, we have

x1B�n+un + x2B�n+un−1 + x3A�n+un + x4A�n+un−1 = 0. (47)

Dividing by B�n+un we obtain

x1 + x2
B�n+un−1

B�n+un
+ x3

A�n+un

B�n+un
+ x4

A�n+un−1

B�n+un−1
· B�n+un−1

B�n+un
= 0. (48)

Recalling that by (46) we have

lim
n→∞

B�n+un−1

B�n+un
= α,

letting n tend to infinity in equation (48), we get

x1 + (x2 + x3)α + x4α
2 = 0.

Since α is not quadratic, we obtain x1 = x4 = 0 and x2 = −x3, hence, from (47) we have

A�n+un = B�n+un−1.

But then the matrix
(

B�n+un B�n+un−1

A�n+un A�n+un−1

)

=
(

a1 1
1 0

)(

a2 1
1 0

)

· · ·
(

a�n+un 1
1 0

)

is symmetric. Hence, by the uniqueness of the continued fraction expansion for a given floor
function, the word a1 . . . a�n+un = UnVn˜Un is palindromic, contradicting our assumption.
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Case (3): the set {n ≥ 1 | wn = 0} is finite

Let
A(t0, . . . , tm), B(t0, . . . , tm)

be the functions defined by the continuants recurrences (2), that is

A(t0) = t0, A(t0, t1) = t0t1 + 1, A(t0, . . . , ti ) = ti A(t0, . . . , ti−1) + A(t0, . . . , ti−2)

B(t0) = 1, B(t0, t1) = t1, B(t0, . . . , ti ) = ti B(t0, . . . , ti−1) + B(t0, . . . , ti−2).

For any positive n, let

Pn = A(0,Wn,Un, Vn, ˜Un, ˜Wn), Qn = B(0,Wn,Un, Vn, ˜Un, ˜Wn)

and
P ′
n = A(0,Wn,Un, Vn, ˜Un, ˜W ′

n) Q′
n = B(0,Wn,Un, Vn, ˜Un, ˜W ′

n)

where W ′
n denotes the word obtained by removing the first letter of Wn . We consider these

as functions of �n + un + wn , respectively �n + un + wn − 1, parameters.
Observe that

Pn
Qn

= [0,Wn,Un, Vn, ˜Un, ˜Wn]s
and

P ′
n

Q′
n

= [0,Wn,Un, Vn, ˜Un, ˜W ′
n]s .

Notice that the continued fraction expansions of both Pn/Qn and P ′
n/Q

′
n have the first �n+un

partial quotients in common with α. Therefore, by Sect. 3.2, we have
(

Qn Q′
n

Pn P ′
n

)

=
(

B�n+un B�n+un−1

A�n+un A�n+un−1

)(

Bwn Awn

Bwn−1 Awn−1

)

,

hence

Qn = B�n+un Bwn + B�n+un−1Bwn−1,

Q′
n = B�n+un Awn + B�n+un−1Awn−1,

Pn = A�n+un Bwn + A�n+un−1Bwn−1,

P ′
n = A�n+un Awn + A�n+un−1Awn−1.

(49)

Again, since α, Pn/Qn and P ′
n/Q

′
n share the same first �n + un partial quotients, from

Lemma 3.4 we have

|Qnα − Pn |p ≤
∣

∣

∣

∣

∣

Qn

B2
�n+un

∣

∣

∣

∣

∣

p

≤
∣

∣

∣

∣

∣

B�n+un Bwn

B2
�n+un

∣

∣

∣

∣

∣

p

=
∣

∣

∣

∣

Bwn

B�n+un

∣

∣

∣

∣

p
, (50)

|Q′
nα − P ′

n |p ≤
∣

∣

∣

∣

∣

B�n+un Awn

B2
�n+un

∣

∣

∣

∣

∣

p

=
∣

∣

∣

∣

Awn

B�n+un

∣

∣

∣

∣

p
≤

∣

∣

∣

∣

Bwn

B�n+un

∣

∣

∣

∣

p
. (51)

Notice also that, by Lemma 3.6,

Q′
n

Qn
= [0,Wn,Un,˜Vn, ˜Un, ˜Wn]s .
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It follows from Lemma 3.4 that

|Qnα − Q′
n |p <

∣

∣

∣

∣

∣

Qn

B2
wn+un

∣

∣

∣

∣

∣

p

≤
∣

∣

∣

∣

∣

B�n+un Bwn

B2
wn+un

∣

∣

∣

∣

∣

p

(52)

showing, in particular, that

lim
n→∞

Q′
n

Qn
= α.

Furthermore, by (49),
|Q′

n |p ≤ |B�n+un Awn |p. (53)

We now apply Theorem 5.2 with N = 4 and the linear forms

L ′′
1,p(X1, X2, X3, X4) =αX1 − X3,

L ′′
2,p(X1, X2, X3, X4) =αX2 − X4,

L ′′
3,p(X1, X2, X3, X4) =αX1 − X2,

L ′′
4,p(X1, X2, X3, X4) =X2,

and
L ′′
i,∞(X1, X2, X3, X4) = Xi

for 1 ≤ i ≤ 4. Evaluating such forms at the points

z′′
n = (Qn, Q

′
n, Pn, P

′
n)

it follows from (50),(51),(52) and (53) that

∏

1≤ j≤4

|L ′′
i,p(z

′′
n)|p ≤

∣

∣

∣

∣

∣

B4
wn

B2
wn+un

∣

∣

∣

∣

∣

p

.

Moreover, by (49), we have

max
(|Qn |∞, |Q′

n |∞, |Pn |∞, |P ′
n |∞

) ≤ 2C2�n−vn∞ � C (3c+2)un∞ (54)

and
max

(|Qn |p, |Q′
n |p, |Pn |p, |P ′

n |p
) � C (3c+2)un

p . (55)

Since

α2Qn − αQ′
n − αPn + P ′

n = α(Qnα − Pn) − (Q′
nα − P ′

n)

= αQn

(

α − Pn
Qn

)

− Q′
n

(

α − P ′
n

Q′
n

)

= (αQn − Q′
n)

(

α − Pn
Qn

)

+ Q′
n

(

P ′
n

Q′
n

− Pn
Qn

)

it follows from (49), (50), (51) and (52) that

|α2Qn − αQ′
n − αPn + P ′

n |p ≤ max

⎛

⎝

∣

∣

∣

∣

∣

Bwn

B2
wn+un B�n+un

∣

∣

∣

∣

∣

p

,

∣

∣

∣

∣

1

B�n+un Bwn

∣

∣

∣

∣

p

⎞

⎠

=
∣

∣

∣

∣

1

B�n+un Bwn

∣

∣

∣

∣

p
= 1

|Qn |p .

(56)

123



2 Page 26 of 34 L. Capuano et al.

We now also consider the linear form

L ′′
5,p(X1, X2, X3, X4) = α2X1 − αX2 − αX3 + X4.

From (51), (52), (53), and (56), we deduce that

5
∏

j=2

|L ′′
j,p(z

′′
n)|p ≤

∣

∣

∣

∣

∣

B2
wn

B2
wn+un

∣

∣

∣

∣

∣

p

≤ 1
∏wn+un

j=wn+1 |a j |2
≤ 1

p2kun
. (57)

From (49), (54), (55) and (57) we get

4
∏

j=1

|L ′′
j,∞(z′′

n)|∞
5
∏

j=2

|L ′′
j,p(z

′′
n)|p ≤ 24C4(2�n−vn)∞

p2kun
≤ 24

(

C4(3c+2)∞
p2k

)un

and
H(z′′

n) � (CpC∞)(3c+2)un .

Therefore, since by the definition of k in Theorem 4.3

k > (4 + 6c) · logC∞
log p

,

we conclude by Theorem 5.2 that there exist t1, t2, t3, t4 ∈ Z not all zero and an infinite
subsequence of positive integers n such that

t1Qn + t2Q
′
n + t3Pn + t4P

′
n = 0 (58)

for all n. Dividing by Qn and noting that

lim
n→∞

Q′
n

Qn
= lim

n→∞
Pn
Qn

= lim
n→∞

P ′
n

Q′
n

= α, (59)

by letting n go to infinity we obtain

t1 + (t2 + t3)α + t4α
2 = 0.

Since α is not quadratic by hypothesis, we get t1 = t4 = 0 and t2 = −t3, which, replaced in
(58), imply Q′

n = Pn for infinitely many n.
By (56), we then have, for infinitely many such n,

|α2Qn − αQ′
n − αPn + P ′

n |p = |α2Qn − 2αQ′
n + P ′

n |p � 1

|Qn |p .

We finally apply again Theorem 5.2 with N = 3 and the linear forms

L ′′′
1,p(X1, X2, X3) = α2X1 − 2αX2 + X3

L ′′′
2,p(X1, X2, X3) = αX2 − X3

L ′′′
3,p(X1, X2, X3) = X1

L ′′′
i,∞(X1, X2, X3) = Xi

for all 1 ≤ i ≤ 3. By evaluating them at the points

z′′′
n = (Qn, Pn, P

′
n)
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we find
3
∏

j=1

|L ′′′
j,∞(z′′′

n )|∞ · |L ′′′
j,p(z

′′′
n )|p ≤ 23C3(2�n−vn)∞

p2kun
≤ 23

(

C3(3c+2)∞
p2k

)un

and
H(z′′′

n ) � (CpC∞)(3c+2)un .

Therefore, since the definition of k in Theorem 4.3 implies

k >
3

2
(3c + 2)

logC∞
log p

and (54) holds, we conclude by Theorem 5.2 that there exist b1, b2, b3, b4 ∈ Z not all zero
and an infinite subsequence of positive integers n such that

b1Qn + b2Q
′
n + b3P

′
n = 0

for all n. Diving by Qn , using (59) and letting n go to infinity we obtain b1+b2α+b3α2 = 0,
contradicting the assumption that α is neither rational nor quadratic. ��

Appendix A Pokering words: the♠ and♣ conditions

In this appendixwe collect more results on♠ and♣words and their combinatorial properties.
In particular, we study how such words are related to other famous classes of words, such as
automatic and Sturmian words. Moreover, we show how Corollary 4.6 can be specialized to
these classes of words.

A.1 Link to automatic words

We briefly recall that, if k ≥ 2 is an integer, given a setA, a sequence (an)n≥1 with an ∈ A is
called k-automatic if, for every n, the term an can be computed by a finite state machine (or
automaton). This machine takes in input the k-ary digits of n, starting from an initial state.
Each digit of n corresponds to a state transition, and each state has an associated output. The
output of the final state reached after reading all digits of n determines the value of an . For
further details on automata theory, we refer to [11].

We can extend the notion of automaticity to words, by saying that a word w = a1a2 . . . is
k-automatic if and only if the sequence (an)n is so.

As a finite automaton has only finitely many possible states and so finitely many possible
outputs, anyword taking on infinitelymanydifferent values is clearly not automatic.However,
the finiteness of the values alone is not enough to ensure automaticity. An example of a word
on a finite alphabet which is not k-automatic for any k ≥ 2 is the Fibonacci word

ω = 01001010010010100101001010010100 · · ·
whose letters are given by the sequence (an)n≥1 where an = 2+�nϕ�−�(n+1)ϕ�where ϕ

is the golden ratio. The Fibonacci word and, more generally, Sturmian words (see Sect. A.2),
are not k-automatic [28, §1].

A result by Cobham [20] shows that, for any automatic word ω, there exists a constant
C > 0 such that pω(n) ≤ Cn for all n ≥ 1. This, together with Theorem 2.1 gives:

Proposition A.1 Every automatic word satisfies condition ♠.
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We now discuss some examples of automatic words.

Thue–Morse words

One of the most classical and simplest examples of a 2-automatic word is the Thue–Morse
word mentioned earlier. PutA = {a, b}. The Thue–Morse seqeunce on the alphabetA is the
sequence (an)n≥0 where an = a if the number of 1 in the binary writing of n is even and
an = b otherwise. It is produced by the following automaton which has 2 states, where the
arrows indicate the transition functions depending on the lecture of a binary digit of n.

a b

0
1

0

1

The corresponding Thue–Morse word is

w = abbabaabbaababbabaababba · · · .

We have the following:

Proposition A.2 Thue–Morse words satisfy:

(i) condition ♠ with constant c = 2;
(ii) condition ♣ with constant c = 0.

Proof Let w be a Thue–Morse word. Notice that, for each n, any initial block of ω of length
2n has the formUnVnUn with |Vn | = 2|Un | = 2n−1. This proves (i). As for (ii), as remarked
in [2], denoting by Un the word consisting of the first 2n letters of ω, then Un˜Un is a prefix
of ω for every n. Hence ω satisfies condition ♣ with |Wn | = |Vn | = 0. ��

Rudin–Shapiro words

Put A = {a, b}. The Rudin–Shapiro sequence on the alphabet A is the sequence (an)n≥0

defined as: for every n ≥ 1 in which case an = a if the number of occurrences (possibly
overlapping) of the block 11 in the base-2 expansion of n is even, or an = b otherwise.

The corresponding Rudin–Shapiro word is

ω = aaabaabaaaabbbabaaabaababbbaaabaaaabaa · · ·
and it is 2-automatic.

Proposition A.3 Rudin–Shapiro words satisfy condition ♠ with constant c = 25.

Proof It has been proved that pω(n) = 8(n− 1) for every n ≥ 8 (see [12] for a more general
result). Thus the result follows from Theorem 2.1 with C = 8. ��

Paperfolding words

Another classical example of 2-automatic word is the paperfolding word. Put A = {a, b}.
The paperfolding sequence on the alphabetA is the sequence (an)n defined as it follows: for
every n ≥ 1, write n = 2km where m is odd and set an = a if m ≡ 1 (mod 4) and an = b
otherwise. The corresponding paperfolding word is

w = aabaabbaaabbabbaaabaabbbaabbabbaaabaabbaa · · · .
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Proposition A.4 Paperfolding words satisfy condition ♠ with constant c = 13.

Proof By a result of Allouche (see [8]) pω(n) = 4n for all n ≥ 7. Hence, the result follows
by Theorem 2.1 with C = 4. ��

Remark A.5 To the authors’ knowledge, it is not known whether Rudin–Shapiro and paper-
folding words satisfy condition♣. However, if this is the case wemust have that the sequence
(Vn)n defining the♣ condition can contain only finitelymany emptywords. Indeed, as proved
in [9], the longest palindromes in aRudin–Shapiroword have length 14while they have length
13 in a paperfolding word.

A.2 Link to Sturmian words

A word ω is said to be Sturmian if pω(n) = n + 1 for all n ≥ 1. Equivalently (see for
instance [7, Section 4.2]) a word w = a0a1a2 . . . is Sturmian if and only if there exists a set
A = {a, b} such that the sequence (an)n≥0 satisfies, for some irrational α ∈ (0, 1) and some
real number β, one of the following properties

(i) for all n ≥ 1, an = a if �(n + 1)α + β� − �nα + β� = 0 and an = b otherwise;
(ii) for all n ≥ 1, an = a if �(n + 1)α + β� − �nα + β� = 0 and an = b otherwise.

A word is called characteristic Sturmian if it satisfies the above conditions with β = 0. A
classical example of characteristic Sturmian word is the Fibonacci word introduced above.

Proposition A.6 We have that:

(i) Sturmian words satisfy condition ♠ with constant c = 0;
(ii) Characteristic Sturmian words satisfy condition ♣ with constant c = 0.
(iii) Sturmian words satisfy condition ♣ with constant c = 2.

Proof Point (i) follows from the fact that any Sturmian word begins with arbitrarily long
squares, as proved in [7, Proposition 2].

Point (ii) follows from the fact that characteristic Sturmian words starts with arbitrarily
long palindromes (see for instance [21]).

Point (iii) requires some further work. Let α be a Sturmian word. Following [24, §1.3.4],
for each n ≥ 1, we define the factor graph of α as the directed graph Gn = Gn(α) whose
vertices are the distinct blocks of length n appearing in α (there are n + 1 distinct blocks in
the case of Sturmian words), and such that there is a directed edge from a block w1 . . . wn

to w′
1 . . . w′

n if and only if w2 . . . wn = w′
1 . . . w′

n−1 and w1 . . . wnw
′
n is a block of α of

length n + 1. Notably, α is completely described by some path on Gn(α), namely the one
starting on the vertex representing a1 . . . an , and such that the i-th step lands exactly the block
corresponding to ai+1 . . . an+i+1 for each i ∈ N.

By [24, p. 63], there exists a unique subword of length n, say w1 . . . wn , called the n-th
right special factor of α and denoted by Rn , such that both w1 . . . wna and w1 . . . wnb are
subwords of α. Similarly, there exists a unique subword of length n, sayw′

1 . . . w′
n , called the

n-th left special factor of α and denoted by Ln , such that both aw1 . . . wn and bw1 . . . wn are
subwords of α. In particular, for every n ≥ 1, Rn (resp. Ln) is the unique vertex of outdegree
(resp. indegree) 2 in the graph Gn .

Therefore, Gn is as in the following picture (see also [24, p. 82]).
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Ln

Rn

Moreover, one can check that Rn = ˜Ln .
To prove the ♣ property, we claim that one can consider the initial block of length 4n + 1
and set Un = Ln . Indeed, Ln is reached at least once within the first n steps of any path on
Gn . Next, to avoid overlapping, we still take n − 1 steps on Gn . Starting from the reached
vertex, Rn (which is ˜Ln) is reached within n + 1 steps. Thus a path of length 3n hits Ln and
˜Ln with no overlapping, which is equivalent to our claim. ��

A.3 Explicit estimates in Corollary 4.6 for some families of words

We now show how condition (iii) of Corollary 4.6 can bemade explicit, or even improved, for
some families of words introduced in Sects. A.1 and A.2 on the alphabet {a, b} ⊂ Z[1/p].

Suppose that (i) and (ii) hold, i.e. |a − b|p ≥ 1 and min(|a|p, |b|p) ≥ p. Then:

• If ω is a Rudin–Shapiro, (iii) gives

(max (|a|∞, |b|∞) + 1)152 < p

(taking C = 8 in Corollary 4.6, as computed in the proof of Proposition A.4).
• If ω is a paperfolding word, (iii) gives

(max (|a|∞, |b|∞) + 1)80 < p

(taking C = 4 in Corollary 4.6 as computed in the proof of Proposition A.3 and
Proposition A.4).

• If ω is Sturmian, (iii) can be improved as

(max (|a|∞, |b|∞) + 1)3 < p

. This is in fact equivalent to (12) from Corollary 4.5 with c = 0 (the latter constant being
deduced from Proposition A.6. (ii)).

• If ω is Thue–Morse or characteristic Sturmian, then one can also improve (iii) as

(max (|a|∞, |b|∞) + 1) < p.

This is in fact equivalent to (13) from Corollary 4.5 with c = 0 (the latter constant is
deduced, respectively, from Proposition A.2. (ii) and Proposition A.6 (ii)).

A.4 Some negative examples

As forwords that do not satisfy condition♠ or♣, an obvious example is given by those having
all distinct letters from an infinite alphabet. However, words containing only two letters might
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also fail to satisfy these conditions. An example is the word α obtained adjoining the words

wi = 0 · · · 0
︸ ︷︷ ︸

i times

1 · · · 1
︸ ︷︷ ︸

i times

.

Given any finite prefix β of α, let j be the largest index such that w j is contained in β. Then,
the longest repeated subword of β is w j−1. Equivalently, the largest possible choice for Uj

in β would have length 2( j − 1). However, even in this case

|Wj | =
j−2
∑

k=1

2k = ( j − 2)( j − 1),

so that the ratio |Wn |/|Un | tends to infinity. A similar argument shows that α also fails to
satisfy condition ♣.

The periodicword 101001000 is trivially♠ but not♣, as the longest palindrome it contains
is 0100010.

Finally, we construct a word that is ♣ but not ♠. Defining the finite words

βi = 0 1 · · · 1
︸ ︷︷ ︸

i times

,

we claim that

α = β1˜β1β2β3˜β3˜β2 . . . β2n . . . β2n+1−1β̃2n+1−1 . . . ˜β2n . . .

is the word we are looking for. Indeed, it is ♣ by setting Un = β2n . . . β2n+1−1 and Vn = ∅,
so that

|Un | =
2n+1
∑

i=2n+1

i = (2n + 1 + 2n+1)(2n+1 − 2n)

2
≥ 22n

and
|Wn | = (2 + 2n)(2n − 1) ≤ 22n+1,

proving that α is♣with constant 2. To conclude, suppose by contradiction that α were♠, and
let (Un)n, (Vn)n , and (Wn)n be as in Definition 1.2. From the structure of α one can easily
deduce that Un contains at most two zeroes. Let kn be the maximum number of consecutive
1-s in Un , so that |Un | ≤ 3kn + 2. Then |Wn | ≥ (2 + 2kn−2)(2kn−2 − 1) ≥ 22(kn−2). Since
(kn)n must be unbounded, also (|Wn |/|Un |)n is, contradicting part (ii) of Definition 1.2.

A.5 Somemore remarks on condition♠

Words satisfying ♠ condition are sometimes called stammering words (see [19, Paragraph
after Theorem 1.3]). Indeed, they are an analogue (and, to some extent, a generalisation)
of the stammering words defined in [3], which are words beginning with arbitrarily large
repetitions. Following [3], a word ω is called stammering if there exists a real number w > 1
and two sequences (Un)n, (Wn)n of finite words and such that conditions (ii) and (iii) hold
and condition (i) is replaced by requiring that, for every n ≥ 1, the word WnUw

n is a prefix
of ω (here Uw denotes the words obtained repeating �w� times the word U , followed by the
prefix of U of length �(w − �w�)|U |�. In particular, ♠ words having |Vn | = 0 for all n ≥ 1
are stammering words with w = 2. On the other hand, ♠ words are a generalisation of the
stammering ones for which w is an even integer. Indeed, if ω is stammering with w = 2w′
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Fig. 1 Families of special words

for some w′ ∈ N, then there are sequences Wn and U ′
n of finite words such that WnU ′2w

n is a
prefix of ω for every n, hence ω satisfies condition♠with Vn the empty word andUn = U ′w

n .

A.6 Somemore remarks on condition♣

As we have seen, there are only few examples and results on words satisfying condition ♣.
However, in [5] the authors proposed a general construction for the class of words sat-

isfying condition ♣ with constant c = 0 i.e. sequences beginning with arbitrarily large
palindromes.

Given an arbitrary sequence (Rn)n≥0 of nonempty finite words whose letters are positive
integers, they define a sequence of finite words (Tn)n≥0 by setting T0 = R0 and

Tn+1 = Tn Rn+1T̃n Rn+1,

for n ≥ 0. Thus, Tn+1 begins with Tn , and the sequence of finite words (Tn)n≥0 converges
to an infinite word ω such that, if Un = Tn Rn+1, then Un˜Un is a prefix of ω for every n ≥ 0
and |Un | tends to infinity with n. They also remark that such a construction actually gives
every sequence beginning with arbitrarily large palindromes.

We end this section with the following Fig. 1, which illustrates the relations between the
families of words we have considered so far.
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