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 A B S T R A C T

This paper presents modified augmented Lagrangian block preconditioners for the mixed-dimen-
sional coupling of three-dimensional solid bodies with embedded one-dimensional torsion-free 
Kirchhoff–Love beams using Lagrange multipliers for constraint enforcement. The finite el-
ement discretization of this mixed formulation leads to an indefinite saddle-point system. 
An augmented Lagrangian formulation is employed to regularize the linear system while 
maintaining exact enforcement of the coupling constraints. Starting from the corresponding 
ideal augmented Lagrangian block preconditioner, more practical block-triangular variants are 
derived in which the solid, beam, and Schur complement blocks can be treated independently. 
In addition, different variants of Schur complement approximations are introduced. Numerical 
experiments investigate the dependence on model parameters and mesh refinement, as well 
as weak and strong scalability for short-fiber composite representative volume elements. For 
the tested parameter regime, a suitable choice of the Schur complement approximation yields 
favorable results, indicating the suitability of the proposed approach for large-scale simulations 
of mixed-dimensional models in solid and structural mechanics, as illustrated by an engineering 
example involving a composite sandwich plate.

. Introduction

In both nature and technical systems, fibers embedded into solids improve the functional properties of the coupled system, for 
xample by serving as reinforcements to improve load-bearing capacities under tensile loading. Examples can be found in many 
ields: In human biology, collagen fibers serve as the ubiquitous load-bearing and reinforcing element on the nanometer scale and, 
hus, form an important structural basis in both healthy and diseased tissue, for example in arterial walls [1] or for the design 
f scaffolds in regenerative medicine [2]. In civil engineering, fiber-reinforced concrete, i.e., concrete with randomly dispersed 
hort steel fibers, comes with many advantages such as improved structural strength (especially in the tensile regime), crack width 
eduction, improved abrasion- and impact-resistance, and even post-cracking tensile strength, cf. [3–5] among others. To analyze 
nd design such systems, numerical modeling and simulation nowadays plays a key role. Naturally, accurate but efficient models 
re required to obtain useful and predictive simulation capabilities.
Different modeling approaches are available for the embedding of slender fibers into solid continua (see Fig.  1): On the one 

and, homogenization techniques incorporate all fiber information into the bulk constitutive law, usually leading to anisotropic 
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Fig. 1. Spectrum of modeling techniques for fibers embedded into three-dimensional solids [6].

formulations with preferential directions along the fiber orientation [7]. On the other hand, both the embedding solid as well as the 
fibers can be modeled as distinct 3D solid bodies with coupling conditions along the surfaces of the fibers. While this fully resolved 
approach delivers the highest modeling accuracy, its computational effort renders it infeasible for practical application scenarios with 
many fibers. As a remedy, mixed-dimensional modeling techniques exploit the slenderness of the embedded fibers to represent them 
by reduced-dimensional structural models such as trusses or beams, which are then embedded into three-dimensional solid bodies. 
A first Gauss-point-to-segment approach using spring-like ‘‘junction elements’’ has been outlined in [8]. A hybrid approach, where 
fibers are modeled as fully resolved three-dimensional (3D) continua embedded into the solid via the extended finite element method 
in the zone of interest and are represented by simple truss elements elsewhere, has been proposed in [9]. A variationally consistent 
overlapping domain decomposition approach for mixed-dimensional beam-solid coupling has been described in [10]. Recently, we 
have proposed a mixed-dimensional approach to fiber-solid coupling using a mortar-type method for the constraint discretization 
combined with a penalty regularization for the solution process [6,11,12]. In addition, we have developed an approximate block 
factorization preconditioner to tackle the specific challenges of the penalty regularization [13]. Furthermore, mixed-dimensional 
coupling is successfully used for fibers immersed in fluid domains [14–16].

Constraint enforcement based on penalty regularization, as used in our prior work [6,12,13], results in reduced system sizes, 
a straightforward and robust nonlinear solution procedure, and ease of implementation as well as are readily applicable for 
many engineering systems. However, their resulting formulation comes with several well-known drawbacks including variational 
inconsistency, ill-conditioning of the linear system due to the penalty parameter, and inexact constraint enforcement. In contrast, the 
direct use of a Lagrange multiplier field gives rise to a linear system of equations exhibiting saddle-point structure [6, Equation 38]. 
Yet, it enables exact constraint enforcement as well as alleviates the user from choosing a penalty parameter, that potentially harms 
the conditioning and solvability of the arising linear system of equations. Still, the saddle-point structure of the discretized linear 
system poses a challenge, as preconditioners need to be tailored to the system properties in order to yield an effective iterative 
solution process. For indefinite linear systems arising in computational physics, a variety of factorization-based preconditioning 
strategies is available [17]. An extensive summary and classification of preconditioning strategies for saddle-point systems can be 
found in [18].

So far, most of the research is concerned with the efficient preconditioning of problems related to fluid mechanics, where the 
discretization of the Navier–Stokes equation with finite elements results in a saddle-point system [19–22]. In solid mechanics, the 
need for saddle-point block preconditioners arises when additional constraints in the form of Lagrange multipliers are added to the 
system as in contact mechanics [23–25] or fracture mechanics [26] for example. Furthermore, the coupling of domains with different 
dimensionality has been realized with Lagrange multipliers. The resulting mixed-dimensional formulation is also of saddle-point 
structure and, thus, needs special treatment [27–29]. Another popular class of preconditioners for saddle-point systems is based 
on augmented Lagrangian methods [18]. Recently, such methods have been successfully applied to fictitious domain formulations 
and the associated interface problems [30,31]. Except for a diagonal preconditioner based on the augmented Lagrangian being 
outlined in [32,33], their application to mixed-dimensional formulations remains mostly unexplored so far. Furthermore, existing 
work on specialized preconditioners for mixed-dimensional modeling is limited to transport phenomena in the one-dimensional (1D) 
domain. To this end, scalable block preconditioners for mixed-dimensional beam-solid coupling problems governed by vector-valued 
elasticity formulations and using Lagrange multipliers for constraint enforcement remain largely unexplored.

In this contribution, we develop modified augmented Lagrangian block preconditioners for mixed-dimensional beam-solid 
coupling problems with Lagrange multiplier constraint enforcement. The resulting finite element discretization gives rise to 
an indefinite saddle-point system whose efficient solution requires suitable Schur complement approximations and is further 
complicated by the presence of a singular beam sub-problem. The singular beam sub-problem arises because the considered fully 
embedded beams are a pure Neumann problem, only the coupling to the surrounding solid constrains the beam rigid body modes. 
Our main idea is to reformulate the original Lagrange multiplier system in an augmented Lagrangian framework. This reformulation 
is motivated not only by the preconditioner construction, but also by the pure Neumann character of the beam sub-problem, which 
gets regularized by the augmented term. Starting from the corresponding ideal augmented Lagrangian block preconditioner, we 
derive practical block-triangular preconditioners that permit independent treatment of the solid, beam, and Schur complement 
blocks. In this context, we investigate several Schur complement approximations, including variants based on sparse approximate 
inverses, spectral equivalence properties of the augmentation term, and separate augmentation parameters for the solid and beam 
contributions. Further, we analyze the influence of physical, geometric, discretization, and solver parameters on the resulting 
2 
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Fig. 2. Geometrical setup and the corresponding notation showing the three-dimensional solid domain 𝛺, its boundary 𝜕𝛺 and the one-
dimensional beam centerline 𝛬 with its boundary 𝜕𝛬.

methods and investigate the convergence behavior under mesh-refinement as well as weak and strong scalability on parallel 
computing clusters. Finally, we use the proposed approach for large-scale mixed-dimensional simulations in solid and structural 
mechanics.

The remainder of this manuscript is structured as follows. Section 2 presents the relevant equations describing the coupling 
approach and introduces the finite element discretization used for the mixed-dimensional beam-solid problem, which leads to a 
block system with saddle-point structure. Section 3 discusses important features of the arising block system, the relevant modeling 
parameters, and positions the modeling scheme compared to existing approaches and the current state of literature. Section 4 
introduces block preconditioners tailored to the linear system, discusses different variants and Schur complement approximations for 
practical computations and compares the preconditioning approach to existing methods in literature. Section 5 provides numerical 
experiments to validate and show the findings related to the proposed preconditioner. The results include insights into the choice 
of governing hyper-parameters, modeling parameter influence, strong and weak scaling behavior as well as the applicability to real 
world problems. Section 6 summarizes our findings and hints at possible future research directions.

2. Modeling approach of the mixed-dimensional beam-solid problem

We now introduce the governing equations and discretization used to model the coupling of a three-dimensional solid body 
with one-dimensional fibers. First, we introduce each physical field individually before combining them to form the overall coupled 
problem. An illustration of the geometrical setting is given in Fig.  2 showing the solid domain 𝛺, its boundary 𝜕𝛺 and the beam 
centerline 𝛬 with its boundary 𝜕𝛬. As the main focus of this publication is the construction of robust and efficient preconditioning 
techniques, we mainly give a brief overview of the mechanical theory. The interested reader is referred to [6] for more details.

Before dealing with equations, we introduce some notation that is used throughout the remainder of this manuscript: All 
quantities denoted with (⋅) are associated with the solid continuum, while quantities with superscript (⋅) are related to beam 
contributions. In addition, let  be a bounded domain in R𝑑 with 𝑑 = 1, 2, 3. Then, 𝐻𝑠() for 𝑠 ∈ N0 are the classical Sobolev 
spaces. As we solely treat vector-valued unknowns with 𝑑 components, we also introduce the corresponding product Sobolev spaces 
[𝐻𝑠()]𝑑 . To distinguish continuous quantities from their discrete counterparts, we use the subscript (⋅)ℎ to denote the latter. In 
addition, 𝛿 indicates virtual, but kinematically admissible quantities in line with the concept of virtual work. Tensors of second 
order and higher are denoted in bold font.

2.1. Pure solid problem

The solid domain 𝛺 ⊂ R3 is governed by the equations of quasi-static nonlinear elasticity, stated in the material configuration 
as

Div 𝐏 + 𝑏̂ = 0 in 𝛺,

𝑢 = 𝑢𝐷 on 𝛤𝐷, (1)
𝐏 ⋅ 𝑛 = 𝑡 on 𝛤𝑁 ,

where 𝛤𝐷 and 𝛤𝑁  denote the Dirichlet and Neumann parts of the boundary 𝜕𝛺 = 𝛤𝐷 ∪𝛤𝑁  with 𝛤𝐷 ∩𝛤𝑁 = ∅, respectively. Hereby, 𝐏
represents the first Piola–Kirchhoff stress tensor, while 𝑢 defines the displacement, 𝑏̂ the body forces acting on the solid continuum, 
𝑡 the tractions at the Neumann boundary and 𝑛 the outward-pointing normal vector in the material configuration. We choose 
V (𝛺) ∶= [𝐻1(𝛺)]3 as the underlying Sobolev space for test and basis functions. Further, we transform (1) into the variational 
formulation:

Find the displacement vector 𝑢 = (𝑢𝑥 , 𝑢

𝑦 , 𝑢


𝑧 ) ∈ V

𝐷(𝛺) ∶= {𝑢 ∈ V (𝛺) ∣ trace𝛤𝐷 𝑢 = 𝑢𝐷} such that 

𝛿W = 0 ∀ 𝛿𝑢 ∈ V (𝛺) ∶= {𝛿𝑢 ∈ V (𝛺) ∣ trace 𝛿𝑢 = 0}. (2)
0 𝛤𝐷

3 



M. Firmbach et al. Computer Methods in Applied Mechanics and Engineering 463 (2027) 119425 
Therein, we define the overall virtual work 𝛿W as difference between the variation of the potential energy 𝛱 of the solid and 
the respective virtual work of the external load reading

𝛿W = 𝛿𝛱
int − 𝛿W

ext = ∫𝛺
𝐒 ∶ 𝛿𝐄 d𝑉 − ∫𝛺

𝑏̂ ⋅ 𝛿𝑢 d𝑉 − ∫𝛤𝑁
𝑡 ⋅ 𝛿𝑢 d𝐴,

with 𝐒 ∶= 𝐅−1 ⋅ 𝐏 and 𝐄 representing the second Piola–Kirchhoff stress tensor and the Green–Lagrange strain tensor, respectively. 
Here, 𝐅 describes the deformation gradient. In addition, we define strain tensor 𝐄 and stress tensor 𝐒 as

𝐄 ∶= 1
2
(𝐅T ⋅ 𝐅 − 𝐈) and 𝐒 = 𝜕𝛹

𝜕𝐄
,

with strain energy density 𝛹 . For a St.-Venant–Kirchhoff material, 𝛹 follows as

𝛹 ∶= 𝐸𝜈
2(1 + 𝜈)(1 − 2𝜈)

(trace 𝐄)2 + 𝐸

2(1 + 𝜈)
𝐄 ∶ 𝐄,

where 𝐸 represents the solid Young’s modulus and 𝜈 the Poisson’s ratio of the solid body. Without loss of generality, we restrict 
ourselves to a St.-Venant–Kirchhoff material model in the scope of this publication. By discretizing (2) with continuous linear 
Lagrangean finite elements, we obtain a linear system to be solved stated as

𝐾𝑢ℎ = 𝑓 ,

with stiffness matrix 𝐾 ∈ R𝑛DOF×𝑛

DOF , load vector 𝑓 ∈ R𝑛DOF  and 𝑢ℎ ∈ R𝑛DOF  being the vector of the discrete displacement degrees 

of freedom.

2.2. Pure beam problem

We consider torsion-free beams based on the Kirchhoff–Love formulation [34,35], assuming vanishing shear deformations and no 
torsion contribution to the internal elastic energy, which results in a purely displacement-based formulation. These assumptions are 
valid for fibers with high slenderness ratios, a double symmetric cross-section and a straight centerline in the reference configuration. 
The resulting formulation represents a simplification, as rotational degrees of freedom are not considered explicitly. This modeling 
choice is made in view of the primary focus of the present work, namely the investigation of the proposed block preconditioning 
strategy rather than the treatment of advanced beam kinematics. At the same time, the concepts developed in this work are not 
restricted to the present setting and could, in principle, also be extended to more general geometrically exact beam formulations 
that account for torsion and shear effects, like the Simo–Reissner beam theory [36,37]. We employ beams with a constant circular 
cross-section along the beam centerline 𝛬. For a more detailed introduction on geometrically exact beam formulations, we refer 
to [38,39]. We define V(𝛬) ∶= [𝐻2(𝛬)]3 and consider the following variational formulation:

Find 𝑢 = (𝑢𝑥 , 𝑢

𝑦 , 𝑢


𝑧 ) ∈ V

𝐷(𝛬) ∶= {𝑢 ∈ V(𝛬) ∣ trace𝜕𝛬𝐷
𝑢 = 𝑢𝐷} such that

𝛿W = 0 ∀ 𝛿𝑢 ∈ V
0 (𝛬) ∶= {𝛿𝑢 ∈ V(𝛬) ∣ trace𝜕𝛬𝐷

𝛿𝑢 = 0}.

The global contribution of the beams to the overall virtual work is again given as the difference of the variation of the potential 
energy and the variation of the external work

𝛿W = 𝛿𝛱
int − 𝛿W

ext with 𝛱
int =

1
2 ∫𝛬

𝐸𝐴𝜀2 + 𝐸𝐼𝜅2 d𝑠,

where 𝐸 denotes the Young’s modulus, 𝐴 the cross-section area, 𝐼 the second moment of area, 𝜀 the axial tension and 𝜅 the scalar 
curvature of the beams, respectively. Due to the representation of the curvature 𝜅 by the Frenet–Serret vector, which solely depends 
on the beam centerline, the finite element discretization of the beam requires a 𝐶1 continuous interpolation of the centerline along 𝛬. 
Therefore, we consider continuous finite elements based on cubic Hermite polynomials for the discretization [38], resulting in

𝐾𝑢ℎ = 𝑓.

Hereby, 𝐾 ∈ R𝑛DOF×𝑛

DOF  represents the stiffness matrix, 𝑓 ∈ R𝑛DOF  the load vector and 𝑢ℎ ∈ R𝑛DOF  the discretized beam 

displacement vector.

2.3. Coupled beam-solid system

In a final step, we consider the coupled system between the solid and the beam field. For the mixed-dimensional coupling of the 
3D solid domain 𝛺 and the 1D beam domain 𝛬, we introduce a Lagrange multiplier field 𝜆 = (𝜆𝑥, 𝜆𝑦, 𝜆𝑧) to enforce 

𝑔 ∶= 𝑢 − 𝑢 = 0 on 𝛬, (3)

with the vector-valued gap function. We note that (3) is of Dirichlet type. The constraints given in (3) are referred to as positional 
coupling, since they enforce the position of the beam cross-section centroid to be coupled to the underlying solid. We remark 
that due to the torsion-free Kirchhoff–Love beam formulation a pure coupling of positions is sufficient. Considering more complex 
geometrically exact beam theories makes the coupling of rotational degrees of freedom necessary, as e.g. presented in [40], yet we 
4 
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do not consider this approach in the scope of this publication. Due to the introduction of the Lagrange multiplier field, the extended 
overall virtual work of the constraint mixed-dimensional problem is defined as

𝛿W = 𝛿W + 𝛿W + 𝛿𝛱𝜆 = 0,

with the addition of the variation of the Lagrange multiplier potential 𝛿𝛱𝜆. The Lagrange multiplier potential 𝛱𝜆 and its 
variation 𝛿𝛱𝜆 are given as

𝛱𝜆 = ∫𝛬
𝜆 𝑔 d𝑠 and 𝛿𝛱𝜆 = ∫𝛬

𝛿𝜆 𝑔 d𝑠 + ∫𝛬
𝜆 𝛿𝑔 d𝑠.

We define the product space for our displacement and Lagrange multiplier solution as V (𝛺) × V(𝛬) × Q(𝛬) where Q(𝛬)
denotes the Lagrange multiplier space. Thus, the final variational formulation of the coupled problem reads: Find 𝑢 = (𝑢 , 𝑢, 𝜆) ∈
V
𝐷(𝛺) × V

𝐷(𝛬) × Q(𝛬) such that 

𝛿W = 0 ∀ 𝛿𝑢 ∈ V
0 (𝛺), ∀ 𝛿𝑢 ∈ V

0 (𝛬), ∀ 𝛿𝜆 ∈ Q(𝛬). (4)

For the spatial discretization of (4), we consider a mortar-type approach for the discretization of the Lagrange multiplier field. As 
the continuous Lagrange multiplier field is defined along the beam centerline, the interpolation is defined along the one-dimensional 
beam elements. In the nomenclature of classical contact mechanics, the beam would be considered the source side, and the solid 
the target side [6,41]. After discretization with continuous finite elements, we obtain the linear system of equations of the coupled 
problem

𝑢ℎ = 𝑓, with  ∶=
⎛

⎜

⎜

⎝

𝐾 −𝑀T

𝐾 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

and 𝑓 ∶=
⎛

⎜

⎜

⎝

𝑓

𝑓

𝑔

⎞

⎟

⎟

⎠

, (5)

with the discrete solution vector 𝑢ℎ sought in the corresponding product of solid, beam, and Lagrange multiplier finite element spaces 
and solved for in every iteration of the nonlinear Newton-type solver. By construction, we consider a non-conforming discretization 
arising from non-matching (and even mixed-dimensional) meshes across subdomain interfaces 𝛺 ∩ 𝛬. This gives rise to the off-
diagonal coupling operators 𝑀 ∈ R𝑛𝜆DOF×𝑛


DOF  and 𝐷 ∈ R𝑛𝜆DOF×𝑛


DOF . Again, the interested reader is referred to our previous work [6] 

for detailed derivations. In the absence of explicit Dirichlet boundary conditions on the embedded beams, the respective displacement 
unknowns are constrained only through the Lagrange multiplier field. Consequently, the discrete beam operator itself is singular, 
as it inherits the rigid-body nullspace of the corresponding pure Neumann beam problem. Nevertheless, the positional coupling 
eliminates this nullspace within the coupled system, so the singularity of the isolated beam operator does not compromise the 
well-posedness of the coupled formulation.

3. Analysis of the coupled problem

Finding a solution of the block system given in (5) in a fast and efficient manner for increasing problem sizes is only feasible 
with an iterative linear solver. These methods usually converge slowly without a properly constructed preconditioner  . The aim 
of this publication is to find an appropriate block preconditioner specifically tailored to the underlying physical problem. For the 
sake of completeness, the preconditioned system reads

−1𝑢ℎ = −1𝑓.

In the scope of this publication, we consider block triangular preconditioners of the generic form 

 ∶=
⎛

⎜

⎜

⎝

𝐾

𝐾

−𝑀 𝐷 𝑆

⎞

⎟

⎟

⎠

(6)

with the Schur complement 𝑆 ∶= −𝑀(𝐾 )−1𝑀T −𝐷(𝐾)−1𝐷T. In the following, we see that this naive preconditioning approach is 
not feasible for the range of applications we consider. Nevertheless we propose to use (6) as a starting point for more sophisticated 
versions of  later on. Before constructing these block preconditioners though, we analyze the linear system given in (5) first. We 
consider the influence of the relevant modeling parameters and highlight important features of the block matrix structure. In a next 
step, we compare the introduced Lagrange multiplier coupling approach to methods relying on a penalty-based regularization to 
enforce the coupling constraints. In a last step, we discuss the solvability of the beam sub-problem.

Before starting the analysis of the linear system, we introduce the scaling matrix 𝑊 ∈ R𝑛𝜆DOF×𝑛
𝜆
DOF  as it will be used throughout 

the remainder of this manuscript. We postpone the discussion on how to choose 𝑊  to later. For now, we state that 𝑊  is derived 
from the findings given in [6] being represented by a diagonal matrix of mass-matrix-type at the coupling interface 𝛬.

3.1. Influence of modeling parameters and modeling assumptions

The mixed-dimensional coupling between a solid continuum and fibers is dominated by a few modeling parameters, which highly 
influence the conditioning of the linear system given in (5). Those parameters can be related to the material models, the geometry, 
and the discretization of the coupled problem. We shortly want to introduce these parameters and discuss their importance for 
5 
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Table 1
Overview of the relevant modeling parameters with their notations and units.
 Notation Parameter Unit  
 𝐸 Young’s modulus of the solid domain N∕m2 
 ℎ Solid element size m  
 𝑉  Volume of the solid domain m3  
 𝐸 Young’s modulus of the beam domain N∕m2 
 ℎ Beam element length m  
 𝑅 Beam cross-section radius m  
 𝑉  Volume of the beam domain m3  
  = 𝑉 ∕𝑉  Beam-to-solid volume ratio –  
  = 𝐸∕𝐸 Beam-to-solid stiffness ratio –  
  = ℎ∕ℎ Beam-to-solid element size ratio –  

our range of applications. We note that our choice regarding the discretization and geometric relations is based on the original 
mixed-dimensional model [6], in particular the assumption of ℎ ≥ 2𝑅, i.e., that the solid mesh size ℎ needs to be larger than 
the beam cross-section dimensions. Up until that point, the mixed-dimensional model is valid and produces similar results to a fully 
resolved coupling (i.e., coupling on the beam surface). If ℎ becomes smaller than the beam radius 𝑅 and violates the modeling 
assumptions of [6], the mixed-dimensional approach reproduces a singular solution artificially introduced by the 1D-3D modeling 
assumptions, which is unphysical. Thus, such cases are not considered in this publication.

We further note that the mathematical analysis of the well-posedness of the continuous 1D-3D coupling entails additional 
difficulties that are not addressed in the present work. In particular, for the standard solid space [𝐻1(𝛺)]3, the trace of the solid 
displacement on the 1D beam centerline 𝛬 is not well defined. Conversely, a Lagrange multiplier distributed along 𝛬 acts as a line 
load on the three-dimensional continuum and does not belong to the dual of the natural solid energy space. A rigorous treatment 
of the continuous 1D-3D problem therefore requires, for instance, weighted Sobolev spaces or suitably defined fractional/operator-
based norms, see [42,43] and related analyses in [27,44,45]. For the cases considered in this work, the mortar-type discretization 
and mass-type scaling introduced in Section 2.3 are discrete devices that mask the underlying continuous ill-posedness problem. This 
mathematical limitation is consistent with the modeling restriction ℎ ≥ 2𝑅 introduced in [6] based on mechanical considerations. 
The present formulation is intended for a regime in which the beam cross-section remains unresolved by the solid discretization, 
rather than as an approximation of the singular continuous 1D-3D problem under arbitrary mesh refinement.

We use [46–48] as guidelines to match the modeling parameters for practical application cases. An overview of all relevant 
parameters is given in Table  1. We first discuss the parameter related to the material, which is given by the stiffness ratio  ∶= 𝐸∕𝐸

of the Young’s modulus of the beam and the solid, respectively. We assume 𝐸 > 𝐸 , which can be interpreted as the beams acting 
as a reinforcement of the solid continuum. Usually, the ratio varies between  ≈ 2 for metal-based composites and can go up to 
 > 1000 for niche applications. We mostly consider  ∈ [10, 1000], as one would find for example in steel-reinforced concrete, 
short fiber polymer matrix applications or in carbon reinforced composites. Increasing values of the stiffness ratio result in a scaling 
mismatch and therefore result in a worse conditioning of (5), thus complicating the solvability with an iterative linear solver.

The second group of parameters is related to geometric and discretization-based quantities given by the beam cross-section 
radius 𝑅, the characteristic beam element length ℎ and the beam-to-solid volume ratio  ∶= 𝑉 ∕𝑉  . In order not to violate the 
geometrically exact beam finite element formulation, we assume beam slenderness ratios 𝜉 ∶= ℎ∕(2𝑅) ≫ 1. A decreasing beam 
cross-section radius results in an increasing condition number of the beam sub-matrix in (5). In addition, we assume the solid mesh 
size ℎ to be greater or equal the diameter of the beam element ℎ ≥ (2𝑅) and expect the solid mesh size to be smaller than the 
characteristic beam element length ℎ ≤ ℎ [6]. We denote the ratio between characteristic beam element length and solid mesh 
size by  ∶= ℎ∕ℎ . In engineering applications, the amount of beams inside a solid is usually defined by the beam-to-solid volume 
ratio  , which is indirectly related to the geometric quantities introduced before. We consider the beam-to-solid volume ratio to be 
at maximum  ≈ 10%. We argue that higher values can be modeled more efficiently by a homogenization of the material properties, 
without explicitly modeling the beams. We consider application cases like they would appear for steel-reinforced concrete, which 
usually feature  ≈ 1% − 3%. The beam-to-solid volume ratio for short fiber polymer matrix composites can be  ≈ 10% − 30%. 
High ratios of  potentially increase the bandwidth of the coupling matrices 𝐷 and 𝑀 and therefore also of the Schur complement, 
leaving preconditioning and solving of (5) an even more difficult task.

3.2. Influence of block matrix structure and sub-solves

By enforcing the positional Dirichlet coupling (3) by a Lagrange multiplier field, the resulting linear operator has saddle-point 
structure with a zero (3, 3)-block on the main diagonal. Due to the saddle-point structure, the overall block system is indefinite. 
Both the solid and beam stiffness matrices are stemming from finite element discretizations of elliptic operators and feature positive 
definiteness and are in addition also symmetric. As we use a non-symmetric preconditioner of block triangular structure (as given in 
(6)), we consider a generalized minimal residual method (GMRES) [49] as linear solver for the remainder of this manuscript. Further, 
the saddle-point structure of the block matrix restricts the type of preconditioners to be applied. Due to the zero block on the main 
block diagonal, black-box methods like block Jacobi or block Gauss–Seidel are not applicable, further emphasizing the use of Schur 
6 
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complement based approximate block factorization preconditioners. As the solid problem is of elliptic nature, standard algebraic 
multigrid (AMG) [50,51] methods present themselves as favorable option for preconditioning the respective matrix sub-block. For 
our application case of several short and independent fibers, we consider only interactions between the fibers and the surrounding 
solid continuum, but not between the fibers. This results in the matrix 𝐾 featuring a block-diagonal sparsity pattern. The size 
of each diagonal block depends on the amount of beam elements used to discretize a fiber. Therefore, direct methods and the 
corresponding factorization are still efficient to a certain degree even for systems with many fibers. While multigrid methods would 
in general work too, their application comes with challenges that are still topic of current research, as highlighted in [13, Remark 
4.1]. As we employ different discretizations on the solid, beam and Lagrange multiplier field, and therefore have non-matching 
interfaces, the coupling matrices 𝑀 and 𝐷 have block structure, but feature no other special sparsity pattern, for example such as 
being diagonal like in [27]. As the coupling matrices 𝑀 and 𝐷 potentially have a large bandwidth, the Schur complement itself 
might also feature many non-zero entries. Still, the system size is usually small, which again makes direct methods feasible.

3.3. Comparison to a penalty-based formulation

Another popular approach in computational mechanics to ease the solvability of (5) is the application of a penalty regularization. 
Hereby, the positional coupling (3) is enforced using the relation 

𝜆 = 𝜖𝑊 −1𝑔 (7)

with penalty parameter 𝜖 ∈ R+, resulting in a purely displacement-based formulation 

𝑢ℎ = 𝑓, with  =
(

𝐾 + 𝜖𝑀T𝑊 −1𝑀 −𝜖𝑀T𝑊 −1𝐷
−𝜖𝐷T𝑊 −1𝑀 𝐾 + 𝜖𝐷T𝑊 −1𝐷

)

and 𝑓 =
(

𝑓 − 𝜖𝑀T𝑊 −1𝑔
𝑓 + 𝜖𝐷T𝑊 −1𝑔

)

. (8)

Undeniably, one advantage of the penalty-based formulation is the reduced system size due to eliminating the Lagrange multiplier 
field as an independent unknown through the penalty regularization (7). Yet, we argue that there are also several disadvantages 
in using (8), which are mainly related to preconditioning and efficient solvability. The regularization introduces a severe ill-
conditioning arising from the penalty parameter 𝜖 as well as destroys block-diagonal dominance of  in (8) as discussed in our 
prior work [13]. To enforce the constraints (3) properly, the penalty parameter should be chosen 𝜖 ≈ 𝐸 [6], which in return 
results in a high condition number of the system matrix. Therefore, preconditioners specifically tailored to the problem formulation 
are necessary. One common approach is the use of block factorization based preconditioners. The appearing approximated Schur 
complement in such methods usually results in a sparse matrix with comparably high bandwidth due to the introduction of the 
penalty terms. Therefore, iteratively solving and preconditioning (8) is difficult and computationally demanding, especially leaving 
traditional smoothing-based methods as they usually appear in multigrid methods inefficient. While progress has been made recently 
related to preconditioning of the penalty-regularized system based on multilevel algorithms [52], its application to (8) is not 
trivial as the coupling is enforced on two fundamentally different partial differential equations (PDE). On the other hand, block 
preconditioning approaches as given in [13] come with a high computational cost.

3.4. Pure Neumann problem related to 𝐾

As we consider fibers completely embedded into the solid body, usually no explicit Dirichlet conditions are imposed onto the 
one-dimensional beam domain. When looking at the entire block system, the rigid body modes of the fibers are fully constrained 
by the Lagrange multiplier field that enforces the positional coupling to the solid domain. Hence, the overall system is uniquely 
solvable. Things change however, when considering the individual sub-blocks as done inside the block preconditioner and thus the 
linear solver (given in (6)). Therein, the sub-block related to the beam contribution 𝐾 is singular after discretization due to the 
missing Dirichlet conditions on the beam centerline 𝛬 and its boundary 𝜕𝛬. Therefore, the sub-block is not uniquely solvable as 
solutions are only determined up to the rigid body modes.

Different approaches to solve pure Neumann problems are presented in literature with the so-called null space playing a crucial 
role. For three-dimensional elasticity problems, the null space is defined by the space of rigid body modes consisting of three 
translations and three rotations. In our case, the Neumann problem is defined on the domain governed by the equations of a 
torsion-free Kirchhoff–Love beam formulation. Due to the fact, that the considered beams cannot represent torsion deformation, 
the null space is defined by only five components, which fully describe the space of rigid body modes.

The null space can be used to enforce additional constraints by Lagrange multipliers, which make the system uniquely 
solvable [53,54]. However, this requires to solve yet another saddle-point system. Another approach considers a projection operator 
to remove the null space from the solution of the linear system [53,54]. In addition, one can apply a rank-𝑚 correction with 𝑚 being 
the number of independent null space components to shift the critical eigenvalues to make the linear operator invertible. However, 
the resulting projection matrix is usually dense and therefore difficult to treat [55]. While deflation techniques related to iterative 
linear solvers can avoid the explicit construction of the projected matrix, their implementation is invasive, making the use of already 
available software libraries inconvenient [56].

In the scope of this publication, we do not further explore null space related approaches, but try to reformulate the linear system 
(5) itself to avoid the pure Neumann problem in the first place, as is shown in Section 4.
7 
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4. Block preconditioning of the mixed-dimensional problem

We now discuss the novelty and main idea of this publication: the construction of modified augmented Lagrangian block 
preconditioners for the mixed-dimensional beam-solid coupled problem. As our naive preconditioning approach (6) is not directly 
applicable to the coupled problem and based on the general findings discussed in Section 3, we propose to reformulate (5) into its 
augmented formulation [57–59] reading 

𝑢ℎ = 𝑓, with  =
⎛

⎜

⎜

⎝

𝐾 + 𝜖𝑀T𝑊 −1𝑀 −𝜖𝑀T𝑊 −1𝐷 −𝑀T

−𝜖𝐷T𝑊 −1𝑀 𝐾 + 𝜖𝐷T𝑊 −1𝐷 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

and 𝑓 =
⎛

⎜

⎜

⎝

𝑓 − 𝜖𝑀T𝑊 −1𝑔
𝑓 + 𝜖𝐷T𝑊 −1𝑔

𝑔

⎞

⎟

⎟

⎠

. (9)

The linear system given in (9) can be seen as a combination of the pure Lagrange multiplier approach (5) and the method based on 
a penalty regularization (8). The augmented Lagrangian formulation combines the advantages of both approaches by keeping the 
saddle-point structure of the original system and therefore solving exactly for the constraints, but also adding a penalty contribution 
to stabilize the solution process [60]. The system given in (9) is therefore less sensitive to changes in parameters and better 
conditioned than the original one. In addition, the Schur complement is modified, which is discussed further in Section 4.2. We 
opt to use the augmented Lagrangian formulation not only in the preconditioner itself, but already assemble the full system during 
the nonlinear solution process, as the relevant terms are already available there. This also avoids the complexity of handling two 
system matrices, namely (5) and (9), at the same time for the nonlinear iteration, the preconditioner and the respective linear solver.

Considering the model parameters described in Section 3.1, their influence on the augmented system (9) does not change in 
comparison to the pure Lagrange multiplier formulation. Similar to the penalty regularization, we introduce one additional parameter 
to steer the constraint enforcement, given as the penalty parameter 𝜖 ∈ R+. However, one important difference is the choice of 𝜖: 
While for the penalty-regularized system 𝜖 ≈ 𝐸 should hold true, with the augmented formulation we have greater freedom in 
choosing the penalty parameter to our needs, without having an explicit restriction. As we end up with the original system for 
𝜖 = 0 and still solve for the original solution, 𝜖 can usually be chosen much smaller than 𝐸. This in turn allows us to control the 
ill-conditioning of the related matrix sub-blocks. We later see in Section 4.1, that 𝜖 plays an important role in the construction of 
the block preconditioner.

Following the discussion of Section 3.4, the addition of the penalty contribution can be seen as indirect enforcement of the 
coupling conditions. Matrix 𝐷 encodes the coupling constraints between the beam and the Lagrange multiplier field and is injective 
on the rigid-body subspace of the embedded Kirchhoff–Love beams. In particular, it eliminates all five rigid-body modes of the beam, 
and thus null(𝐾) ∩ null(𝐷) = {0}. This heals the problematic nature of the pure Neumann problem on the beam sub-block even for 
small values of the penalty parameter. This, therefore, results in an invertible augmented beam matrix sub-block, thus making direct 
methods applicable as outlined in Section 3.2. Further, considering the augmentation of the solid matrix still yields a symmetric 
and positive definite operator, which underlines the applicability of AMG.

The introduction of additional terms increases the density of the stiffness matrix, but the bandwidth can be controlled quite well 
due to the choice of 𝑊  being a diagonal matrix [31,44]. In addition, coupling matrices directly acting on the solid and beam domain 
are added to the off-diagonal blocks, where before plain zero blocks appeared, changing the overall matrix structure and increasing 
its density. If the beam sub-matrix is block diagonal and the respective sub-blocks are comparably small, as it is the case for many, 
but short embedded fibers, the addition of penalty contributions is negligible, as the matrix bandwidth will not grow outside of the 
block diagonal sparsity pattern. All contributions related to the Lagrange multiplier field are not altered. The most influential part 
is on the solid stiffness 𝐾 increasing the bandwidth of the respective matrix block. The overall system matrix becomes denser, yet 
this increase in entries can be controlled quite well. An illustration of the sparsity patterns of the saddle-point system (5) and the 
augmented version (9) for an exemplary case is shown in Fig.  3, with the overall amount of non-zero entries increased by ≈50%.

For the sake of simplified notation, we consider terms with subscript (⋅)𝜖 to be related to the augmentation. Thus we can rewrite 
the augmented system (9) resulting in the compact notation 

𝜖𝑢ℎ = 𝑓𝜖 , with 𝜖 =
⎛

⎜

⎜

⎝

𝐾
𝜖 −𝐵T

𝜖 −𝑀T

−𝐵𝜖 𝐾
𝜖 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

and 𝑓𝜖 =
⎛

⎜

⎜

⎝

𝑓
𝜖

𝑓
𝜖
𝑔

⎞

⎟

⎟

⎠

, (10)

with the coupling matrix 𝐵𝜖 ∶= 𝜖𝐷T𝑊 −1𝑀 . We also denote that 𝜖 has the unit N∕m2, yet with a little abuse of notation, we omit 
the explicit mentioning of this property in most parts of the discussion.

4.1. Modified augmented Lagrangian block preconditioning

Based on the augmented linear system given in (10), we now construct a block preconditioner of the form given by  initially 
introduced in Section 3. An almost obvious preliminary choice is the use of an augmented Lagrangian preconditioner. To the 
authors’ knowledge, this type of preconditioner has mostly been applied to the Stokes and Oseen equations [19,22] as well as for 
fictitious domain problems [31], yet its application to problems from computational solid mechanics is mainly limited to contact 
mechanics [24].

In the following analysis, we assume that 𝐾 ∈ R𝑛DOF×𝑛

DOF  and 𝑊 ∈ R𝑛𝜆DOF×𝑛

𝜆
DOF  are symmetric positive definite. Furthermore, 

for 𝑀 ∈ R𝑛𝜆DOF×𝑛

DOF  and 𝐷 ∈ R𝑛𝜆DOF×𝑛


DOF , we assume rank(𝑀) = rank(𝐷) = 𝑛𝜆DOF. Thus, 𝑀 and 𝐷 have full row rank, whereas 

full column rank is not required. To obtain a transparent comparison between the ideal and modified augmented Lagrangian 
8 
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Fig. 3. Comparison of the sparsity patterns of the coupled problem and the augmented version, with the latter one showing an increase in the 
number of non-zeros by roughly 50%.

preconditioners, the following auxiliary analysis assumes that the rigid-body nullspace of 𝐾 ∈ R𝑛DOF×𝑛

DOF , has been removed, so 

that 𝐾 is also symmetric positive definite. This makes the respective inverse expressions and their asymptotic limits well defined 
and allows the changes in the preconditioned operator to be attributed specifically to the dropping of specific matrix sub-blocks, 
rather than to the singularity of the isolated beam sub-problem. In practice, the inverse of the singular matrix 𝐾 is never applied, 
as all beam sub-solves involve the augmented block 𝐾

𝜖 .

Ideal augmented Lagrangian preconditioner. The ideal augmented Lagrangian preconditioner based on the augmented mixed-dimen-
sional beam-solid problem (10) reads 

𝜖 ∶=
⎛

⎜

⎜

⎝

𝐾
𝜖 −𝐵𝑇

𝜖
−𝐵𝜖 𝐾

𝜖
−𝑀 𝐷 𝑆𝜖

⎞

⎟

⎟

⎠

. (11)

Similar to [20], the term ‘‘ideal’’ refers to using all the augmented sub-blocks inside the preconditioner. The respective action of 
−1
𝜖  is given as 

−1
𝜖 ∶=

⎛

⎜

⎜

⎝

𝐼
𝐼

(𝑆𝜖)−1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑀 −𝐷 𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

(

𝐾
𝜖 −𝐵𝑇

𝜖
−𝐵𝜖 𝐾

𝜖

)−1

𝐼

⎞

⎟

⎟

⎟

⎠

. (12)

Hereby, 𝑆𝜖 is the augmented Schur complement

𝑆𝜖 ∶ = −
(

−𝑀 𝐷
)

(

𝐾
𝜖 −𝐵𝑇

𝜖
−𝐵𝜖 𝐾

𝜖

)−1 (−𝑀T

𝐷T

)

(13)

= −
(

−𝑀 𝐷
)

(

(

𝐾

𝐾

)

+ 𝜖
(

−𝑀T

𝐷T

)

𝑊 −1 (−𝑀 𝐷
)

)−1
(

−𝑀T

𝐷T

)

. (14)

By applying the Sherman–Morrison–Woodbury formula (e.g., [61, Theorem 3.2]), we can rewrite (14) into

𝑆−1
𝜖 = −

(

(

𝑀 −𝐷
)

(

𝐾

𝐾

)−1 (−𝑀T

𝐷T

)

)−1

− 𝜖𝑊 −1,

which in the end simplifies to the statement 

𝑆−1
𝜖 = 𝑆−1 − 𝜖𝑊 −1 = (−𝑀 (𝐾 )−1 𝑀T −𝐷 (𝐾)−1 𝐷T)−1 − 𝜖𝑊 −1. (15)

The resulting inverse of the augmented Schur complement is a simple combination of 𝑆 from the original system (5) and the 
contribution from the augmentation. Based on (15), we can argue that if 𝜖 → ∞ for a fixed mesh size ℎ, the augmentation term 
𝜖𝑊 −1 dominates 𝑆−1 and leads to a spectrally equivalent representation if the scaling matrix 𝑊  is properly chosen (e.g. [19, Remark 
𝜖

9 
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4.4] and [62]). This asymptotic observation concerns the exact augmented Schur complement only. Applying the ideal augmented 
Lagrangian preconditioner to our system matrix results in

−1
𝜖 𝜖 =

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑆−1
𝜖

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑀 −𝐷 𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

(

𝐾
𝜖 −𝐵𝑇

𝜖
−𝐵𝜖 𝐾

𝜖

)−1

𝐼

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐾
𝜖 −𝐵T

𝜖 −𝑀T

−𝐵𝜖 𝐾
𝜖 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐼 𝑄13
𝐼 𝑄23

𝑄33

⎞

⎟

⎟

⎠

,

with the individual matrix blocks 𝑄13, 𝑄23, and 𝑄33 given as
𝑄13 = (𝐾

𝜖 )
−1(−𝑀T + 𝐵T

𝜖 𝑄23),

𝑄23 = (𝐾
𝜖 − 𝐵𝜖(𝐾

𝜖 )
−1𝐵T

𝜖 )
−1(𝐷T − 𝐵𝜖(𝐾

𝜖 )
−1𝑀T),

𝑄33 = 𝐼.

With these statements, we analyze the asymptotic behavior of the matrix blocks 𝑄13, 𝑄23, and 𝑄33 given by the following limits
lim
𝜖→0

‖

‖

𝑄13
‖

‖

= ‖

‖

‖

−(𝐾 )−1𝑀T‖
‖

‖

, lim
𝜖→∞

‖

‖

𝑄13
‖

‖

= 0,

lim
𝜖→0

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

(𝐾)−1𝐷T‖
‖

‖

, lim
𝜖→∞

‖

‖

𝑄23
‖

‖

= 0,

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= 1, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= 1.

For the exact ideal augmented Lagrangian preconditioner and every penalty parameter 𝜖 > 0, the preconditioned operator is unit 
upper triangular, and therefore all its eigenvalues are equal to one. For 𝜖 → ∞, matrix blocks 𝑄13 and 𝑄23 vanish and, ultimately, 
the preconditioned operator tends towards identity, −1

𝜖 𝜖 ⟶ 𝐼 . Thus, while its spectrum is independent of the penalty parameter, 
the preconditioned operator itself approaches the identity as the penalty parameter increases.
Modified augmented Lagrangian preconditioner. As the augmented sub-blocks represent the penalty-based system discussed in 
Section 3.3 and its preconditioner is non-trivial, as outlined in [13], the application of (12) is not optimal in the context of 
computationally efficient augmented Lagrangian preconditioning for mixed-dimensional beam-solid problems. The core component 
of the respective preconditioner would be the same as the one proposed in [13], yet the goal of this publication is to construct a 
more efficient method. Therefore, we aim to remove block 𝐵T

𝜖  from 𝜖 to obtain a block triangular preconditioner resulting in a 
modified version of the ideal augmented Lagrangian preconditioner proposed in [20,63] and expanded in [64] stated as 

𝜖,mod ∶=
⎛

⎜

⎜

⎝

𝐾
𝜖

−𝐵𝜖 𝐾
𝜖

−𝑀 𝐷 𝑆𝜖

⎞

⎟

⎟

⎠

, (16)

with its action defined by 

−1
𝜖,mod ∶=

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑆−1
𝜖

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑀 −𝐷 𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
(𝐾

𝜖 )
−1𝐵𝜖 𝐼

𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

(𝐾
𝜖 )

−1

(𝐾
𝜖 )

−1

𝐼

⎞

⎟

⎟

⎠

. (17)

The action of the preconditioner defined by −1
𝜖,mod enables us to approximate the inverse of each main diagonal block individually, 

yet it violates the Schur complement assumption given above [20], due to the removal of block 𝐵T
𝜖 . Again, we consider the 

preconditioned operator, this time applying the modified augmented Lagrangian approach resulting in

−1
𝜖,mod𝜖 =

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑆−1
𝜖

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑀 −𝐷 𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
(𝐾

𝜖 )
−1𝐵𝜖 𝐼

𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

(𝐾
𝜖 )

−1

(𝐾
𝜖 )

−1

𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐾
𝜖 −𝐵T

𝜖 −𝑀T

−𝐵𝜖 𝐾
𝜖 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐼 𝑄12 𝑄13
𝑄22 𝑄23
𝑄32 𝑄33

⎞

⎟

⎟

⎠

.

The individual matrix blocks 𝑄𝑖𝑗 , 𝑖 ∈ {1, 2, 3}, 𝑗 ∈ {2, 3} of −1
𝜖,mod𝜖 are therefore given as

𝑄12 = −(𝐾
𝜖 )

−1𝐵T
𝜖 ,

𝑄13 = −(𝐾
𝜖 )

−1𝑀T,

𝑄22 = 𝐼 − (𝐾
𝜖 )

−1𝐵𝜖(𝐾
𝜖 )

−1𝐵T
𝜖 ,

𝑄23 = (𝐾
𝜖 )

−1(𝐷T − 𝐵𝜖(𝐾
𝜖 )

−1𝑀T),

𝑄32 = 𝑆−1
𝜖 (−𝑀(𝐾

𝜖 )
−1𝐵T

𝜖 +𝐷(𝐾
𝜖 )

−1𝐵𝜖(𝐾
𝜖 )

−1𝐵T
𝜖 ),

𝑄33 = 𝑆−1
𝜖 (−𝑀(𝐾

𝜖 )
−1𝑀T −𝐷(𝐾

𝜖 )
−1𝐷T +𝐷(𝐾

𝜖 )
−1𝐵𝜖(𝐾

𝜖 )
−1𝑀T).

The resulting asymptotic limits for changing 𝜖 based on the given factorization are stated as follows:
lim ‖𝑄 ‖ = 0, lim ‖𝑄 ‖ = ‖

‖−(𝐾 )−1𝑀T(𝑀(𝐾 )−1𝑀T)−1𝐷‖

‖ ,

𝜖→0 ‖ 12‖ 𝜖→∞ ‖ 12‖

‖ ‖

10 
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lim
𝜖→0

‖

‖

𝑄13
‖

‖

= ‖

‖

‖

−(𝐾 )−1𝑀T‖
‖

‖

, lim
𝜖→∞

‖

‖

𝑄13
‖

‖

= 0,

lim
𝜖→0

‖

‖

𝑄22
‖

‖

= 1, lim
𝜖→∞

‖

‖

𝑄22
‖

‖

= ‖

‖

‖

𝐼 − (𝐾)−1𝐷T(𝐷(𝐾)−1𝐷T)−1𝐷‖

‖

‖

,

lim
𝜖→0

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

(𝐾)−1𝐷T‖
‖

‖

, lim
𝜖→∞

‖

‖

𝑄23
‖

‖

= 0,

lim
𝜖→0

‖

‖

𝑄32
‖

‖

= 0, lim
𝜖→∞

‖

‖

𝑄32
‖

‖

= ‖

‖

‖

(𝐷(𝐾)−1𝐷T)−1𝐷‖

‖

‖

,

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= 1, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= 1.

In contrast to the ideal augmented Lagrangian preconditioner, choosing 𝜖 → 0 or 𝜖 → ∞ does not result in −1
𝜖 𝜖 → 𝐼 as individual 

terms grow or shrink. This is the direct consequence of dropping 𝐵T
𝜖 . Especially for 𝜖 → ∞, 𝑄32 does not vanish and 𝑄22 ≠ 𝐼 , 

thus destroying the unit upper triangular structure and modifying the eigenvalue spectrum. The competing limits suggest that an 
effective value of 𝜖 should lie between the two asymptotic regimes to obtain a favorable eigenvalue spectrum and −1

𝜖 𝜖 ≈ 𝐼 , but 
we remark, that the given analysis alone does not establish existence or uniqueness of an optimal value.
Individually scaled modified augmented Lagrangian preconditioner. In a final step, we introduce a block preconditioner based on the 
augmented Lagrangian formulation (9) applying the modified preconditioner (16), but with different scaling parameters for the solid 
and beam contributions. As the coupled system (5) is composed of two different PDEs, we follow the recently proposed approach 
from [30] and rewrite the augmented system (9) by introducing two independent penalty parameters 𝜖 and 𝜖 such that 

𝑢ℎ = 𝑓, with  =
⎛

⎜

⎜

⎝

𝐾 + 𝜖𝑀T𝑊 −1𝑀 −𝜖𝑀T𝑊 −1𝐷 −𝑀T

−𝜖𝐷T𝑊 −1𝑀 𝐾 + 𝜖𝐷T𝑊 −1𝐷 𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎠

and 𝑓 =
⎛

⎜

⎜

⎝

𝑓 − 𝜖𝑀T𝑊 −1𝑔
𝑓 + 𝜖𝐷T𝑊 −1𝑔

𝑔

⎞

⎟

⎟

⎠

(18)

and therefore 

𝜖 ,𝜖𝑢ℎ = 𝑓𝜖 ,𝜖 , with 𝜖 ,𝜖 =

⎛

⎜

⎜

⎜

⎝

𝐾
𝜖

−𝐵T
𝜖

−𝑀T

−𝐵𝜖 𝐾
𝜖

𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎟

⎠

and 𝑓𝜖 ,𝜖 =

⎛

⎜

⎜

⎜

⎝

𝑓
𝜖

𝑓
𝜖
𝑔

⎞

⎟

⎟

⎟

⎠

(19)

describes the independently row-scaled augmented system. Using the same modified augmented Lagrangian preconditioner as before 
applied to (19) yields 

𝜖 ,𝜖 ,mod ∶=

⎛

⎜

⎜

⎜

⎝

𝐾
𝜖

−𝐵𝜖 𝐾
𝜖

−𝑀 𝐷 𝑆𝜖 ,𝜖

⎞

⎟

⎟

⎟

⎠

. (20)

We next consider the application of the individually scaled modified augmented Lagrangian preconditioner to the linear operator 
given in (19) stated by

−1
𝜖 ,𝜖 ,mod𝜖 ,𝜖 =

⎛

⎜

⎜

⎜

⎝

𝐼
𝐼

𝑆−1
𝜖 ,𝜖

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
𝐼

𝑀 −𝐷 𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐼
(𝐾

𝜖
)−1𝐵𝜖 𝐼

𝐼

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

(𝐾
𝜖
)−1

(𝐾
𝜖
)−1

𝐼

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝐾
𝜖

−𝐵T
𝜖

−𝑀T

−𝐵𝜖 𝐾
𝜖

𝐷T

−𝑀 𝐷

⎞

⎟

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐼 𝑄12 𝑄13
𝑄22 𝑄23
𝑄32 𝑄33

⎞

⎟

⎟

⎠

,

with the individual blocks defined as
𝑄12 = −(𝐾

𝜖
)−1𝐵T

𝜖
,

𝑄13 = −(𝐾
𝜖
)−1𝑀T,

𝑄22 = 𝐼 − (𝐾
𝜖
)−1𝐵𝜖 (𝐾


𝜖
)−1𝐵T

𝜖
,

𝑄23 = (𝐾
𝜖
)−1(𝐷T − 𝐵𝜖 (𝐾


𝜖
)−1𝑀T),

𝑄32 = 𝑆−1
𝜖 ,𝜖

(−𝑀(𝐾
𝜖
)−1𝐵T

𝜖
+𝐷(𝐾

𝜖
)−1𝐵𝜖 (𝐾


𝜖
)−1𝐵T

𝜖
),

𝑄33 = 𝑆−1
𝜖 ,𝜖

(−𝑀(𝐾
𝜖
)−1𝑀T −𝐷(𝐾

𝜖
)−1𝐷T +𝐷(𝐾

𝜖
)−1𝐵𝜖 (𝐾


𝜖
)−1𝑀T).

The respective exact Schur complement is denoted by
𝑆𝜖 ,𝜖 ∶= −𝑊 (𝑊 + 𝜖𝑀(𝐾 )−1𝑀T + 𝜖𝐷(𝐾)−1𝐷T)−1(𝑀(𝐾 )−1𝑀T +𝐷(𝐾)−1𝐷T)

with its inverse
𝑆−1
𝜖 ,𝜖

∶= −(𝑀(𝐾 )−1𝑀T +𝐷(𝐾)−1𝐷T)−1(𝑊 + 𝜖𝑀(𝐾 )−1𝑀T + 𝜖𝐷(𝐾)−1𝐷T)𝑊 −1.

We now consider the asymptotic behavior of the matrix blocks under varying 𝜖 , but 𝜖 being fixed:
lim ‖𝑄12

‖ = 0, lim ‖𝑄12
‖ = ‖

‖−(𝐾 )−1𝑀T(𝑀(𝐾 )−1𝑀T)−1𝐷‖

‖ ,

𝜖→0 ‖ ‖ 𝜖→∞ ‖ ‖

‖ ‖

11 
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Fig. 4. Model problem consisting of a cantilever beam with one fully embedded fiber.

lim
𝜖→0

‖

‖

𝑄13
‖

‖

= ‖

‖

‖

−(𝐾 )−1𝑀T‖
‖

‖

, lim
𝜖→∞

‖

‖

𝑄13
‖

‖

= 0,

lim
𝜖→0

‖

‖

𝑄22
‖

‖

= 1, lim
𝜖→∞

‖

‖

𝑄22
‖

‖

= ‖

‖

‖

(𝐾
𝜖
)−1𝐾‖

‖

‖

,

lim
𝜖→0

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

(𝐾
𝜖
)−1(𝐷T − 𝐵𝜖 (𝐾

 )−1𝑀T)‖‖
‖

, lim
𝜖→∞

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

(𝐾
𝜖
)−1𝐷T‖

‖

‖

,

lim
𝜖→0

‖

‖

𝑄32
‖

‖

= 0, lim
𝜖→∞

‖

‖

𝑄32
‖

‖

= ∞,

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= 1, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= ∞.

For fixed 𝜖, choosing 𝜖 sufficiently small is favorable because the omitted block 𝐵T
𝜖

 vanishes as 𝜖 → 0. In contrast, the 
preconditioned operator is generically unbounded as 𝜖 → ∞, due to 𝑄32 and 𝑄33 growing. In a final step we investigate the 
cases for 𝜖 → 0 and variable 𝜖, which only affects 𝑄23:

lim
𝜖→0
𝜖→0

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

(𝐾)−1𝐷T‖
‖

‖

, lim
𝜖→0
𝜖→∞

‖

‖

𝑄23
‖

‖

= ‖

‖

‖

−(𝐾)−1𝐷T(𝐷(𝐾)−1𝐷T)−1𝑀(𝐾 )−1𝑀T‖
‖

‖

.

As the exact application of −1
𝜖,mod and −1

𝜖 ,𝜖 ,mod
 is not feasible in an actual computation, we use approximated versions. Following 

the discussion in Sections 3.2 and 4, we opt to use AMG on the solid domain and an LU-factorization on the beam and Lagrange 
multiplier field, respectively. The last missing component of the block preconditioners therefore consists of finding a suitable 
approximation 𝑆̂𝜖 to the exact augmented Schur complement 𝑆𝜖 and respectively 𝑆̂𝜖 ,𝜖  for 𝑆𝜖 ,𝜖 , as its exact computation is 
not feasible and would result in a dense matrix.

4.2. Choice of the augmented schur complement

In the practical block preconditioners considered in the scope of this publication, the Schur complement is no longer applied 
exactly, but replaced by an inexpensive matrix whose approximation quality must be assessed separately. Therefore, we introduce 
a small model problem to be used for numerical studies in the scope of this section, which is shown in Fig.  4. The numerical setup 
consists of a cantilever beam with dimensions 5m × 1m × 1m with a single fiber embedded into the center of the solid continuum. 
Both fiber end-cross-sections are equally far away from the respective perpendicular solid surfaces. The single fiber is discretized 
with four beam elements with a cross-section radius of 𝑅 = 0.125m, beam element length ℎ = 1.0m and a Young’s modulus 
of 𝐸 = 50N∕m2. The solid continuum uses 𝐸 = 10N∕m2 and 𝜈 = 0.3 as material parameters. The solid discretization consists 
of 15 × 3 × 3 elements, respectively (see Fig.  4(b)). The displacements of the solid at the left side of the cantilever beam is fully 
constrained, while on the right side a surface load p is applied to the structure (see Fig.  4(a)) resulting in a bending deformation. 
The beam is constrained by the Lagrange multiplier field, attaching its displacement to the one from the surrounding solid.

In a first step, we briefly discuss a practical choice for 𝑊 , using the ideal augmented Lagrangian preconditioner, and present a 
numerical study that shows the influence of 𝜖 on the eigenvalues of the system matrix 𝜖 and the preconditioned operator −1

𝜖 𝜖 . 
Based on the asymptotic limit of (15), we consider 𝑆̂𝜖 = − 1

𝜖𝑊  as Schur complement approximation. Hereby we specifically choose 
𝑊 = 𝜅, which is defined for each Lagrange multiplier node 𝑗 as given in [6], yielding 

𝜅𝑗𝑗 ∶= ∫𝛬
𝜙𝑗 d𝑠 𝐼, (21)

with an identity matrix 𝐼 ∈ R3×3. Following up on the analysis presented in Section 4.1 and replacing 𝑆𝜖 by 𝑆̂𝜖 leaves 𝑄13 and 𝑄23
unchanged, whereas the multiplier block becomes

𝑄 = 𝑆̂−1𝑆 = −𝜖𝑊 −1(𝑆−1 − 𝜖𝑊 −1)−1 = (𝐼 − 1𝑆−1𝑊 )−1
33 𝜖 𝜖 𝜖

12 
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Fig. 5. Comparison of the eigenvalue spectrum of the system matrix 𝜖 (top) and the preconditioned operator −1
𝜖 𝜖 (bottom) using the ideal 

augmented Lagrangian preconditioner for the mixed-dimensional beam-solid model problem for different values of 𝜖. We note that the horizontal 
axes are scaled differently for visualization purposes.

resulting in

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= 0, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= 1.

Despite using a simple approximation for the Schur complement, we are able to recover the properties of the exact Schur complement 
in the asymptotic limit 𝜖 → ∞ such that −1

𝜖 𝜖 ⟶ 𝐼 . Fig.  5 shows the eigenvalue spectrum for different values of the penalty 
parameter for the system matrix 𝐴𝜖 in the top row and −1

𝜖 𝜖 in the bottom row. As expected, the maximum eigenvalues of 𝐴𝜖
increase and are not bounded with increasing values of 𝜖. In contrast, for −1

𝜖 𝜖 all eigenvalues cluster around one with 𝜖 → ∞, 
as 𝑆̂𝜖 is becoming spectrally closer to the true 𝑆𝜖 . With the observations made in [6,31] and our brief numerical investigation, we 
consider 𝑊 = 𝜅 to be a proper choice [65].

The choice of the penalty parameter 𝜖 (respectively 𝜖 and 𝜖) and the respective Schur complement approximation play a 
central role in the overall performance of the preconditioners 𝜖,mod and 𝜖 ,𝜖 ,mod. As stated in [63] and further investigated 
in [20], 𝜖 influences the modified augmented Lagrangian preconditioner differently as (11). The penalty parameter now has to be 
chosen carefully, usually not being located at the asymptotic limits 𝜖 → 0 and 𝜖 → ∞. Additionally, for 𝜖 ,𝜖 ,mod an appropriate 
choice of 𝜖 and 𝜖 is essential to obtain an efficient method [30]. In the following, we consider three types of Schur complement 
approximations, with variants I and II being related to 𝜖,mod and variant III to 𝜖 ,𝜖 ,mod.

Variant I. We consider the first case for the special case of short, independent beams inside the solid continuum, such that we choose 
𝜖 ≪ 𝐸, which is rather untypical for augmented Lagrangian preconditioners, yet not uncommon for the augmented Lagrangian 
formulation itself. One can see the augmentation as a pure stabilization in this case. Due to 𝜖 being small, we assume

𝐾
𝜖 ≈ 𝐾 , 𝐾

𝜖 ≈ 𝐾 , 𝐵𝜖 = 𝐵T
𝜖 ≈ 0 and thus 𝑆𝜖 ≈ 𝑆

to hold true. Therefore we assume the Schur complement to be given by

𝑆𝜖 = −𝑀 (𝐾
𝜖 )

−1 𝑀T −𝐷 (𝐾
𝜖 )

−1 𝐷T,

being very close to the original Schur complement with a small perturbation, while neglecting the additional coupling contributions 
given by 𝐵𝜖 and 𝐵T

𝜖 . With the augmented beam sub-matrix being described by a block-diagonal sparsity pattern, its inverse can 
be cheaply approximated by a sparse approximate inverse (SPAI) [66]. A common choice for the solid inverse is a SIMPLE-like 
approximation [25] or a block-diagonal variant [26], resulting in the respective approximated Schur complement given by 

𝑆̂𝜖 = −𝑀 diag(𝐾
𝜖 )

−1 𝑀T −𝐷 SPAI(𝐾
𝜖 ) 𝐷

T. (22)

Variant II. For the second case we seek to find a value for 𝜖 such that

𝑆̂ = −1𝑊
𝜖 𝜖
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Fig. 6. Comparison of the eigenvalue spectrum of preconditioned operator −1
𝜖,mod𝜖 with Schur complement variant I (top) and the preconditioned 

operator −1
𝜖,mod𝜖 with Schur complement variant II (bottom) for the mixed-dimensional beam-solid model problem for different values of 𝜖.

holds true. By setting 𝑊 = 𝜅 as highlighted before, the augmented Schur complement follows the approximation given by 

𝑆̂𝜖 = −1
𝜖
𝜅. (23)

For the modified augmented Lagrangian preconditioner with variant II, the multiplier block also satisfies

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= 0, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= 1.

Thus, as 𝜖 → 0, the limiting preconditioned operator becomes singular because 𝑄33 → 0. Although 𝑄33 → 𝐼 as 𝜖 → ∞, the full 
preconditioned operator does not approach the identity, as 𝑄12 and 𝑄32 approach nonzero limits. In fact, the limiting 𝑄22 has 
eigenvalues, which are not equal to one, hence, the overall eigenvalue spectrum does not cluster around one. To underline our 
statements, we conduct a small eigenvalue analysis similar to the one presented in Section 4.1 with the resulting eigenvalue spectra 
given in Fig.  6 for varying penalty parameter values. Considering Schur complement variant I in the top row, the eigenvalues of the 
preconditioned linear operator cluster around one and move towards zero for increasing penalty parameter values. As the influence 
of 𝐵𝜖 gets stronger with bigger 𝜖, the Schur complement approximation 𝑆̂𝜖 given in (22) moves away from the actual 𝑆𝜖 , which 
supports our assumption. For variant II, the eigenvalues are clustered around zero for small penalty parameter values. With an 
increasing 𝜖 the eigenvalue spectrum is bounded away from zero, yet does not cluster around one. Increasing the penalty parameter 
even further worsens the eigenvalue spectrum again, with eigenvalues moving back to zero. This underscores that the removal of 
𝐵𝑇
𝜖  violates the properties shown in the second row of Fig.  5. We expect that there exists an optimal value for 𝜖, such that the 

eigenvalues of −1
𝜖,mod𝜖 cluster around one. We numerically show this behavior in Section 5.1.

We now turn to the Schur complement approximation for 𝜖 ,𝜖 ,mod. Due to the introduction of two independent penalty 
parameters and similar to [30], we are able to scale the system (19), such that we can obtain a favorable solution. Since 𝐵T

𝜖
is omitted, the asymptotic analysis motivates choosing 𝜖 sufficiently small so that the neglected coupling contribution remains 
weak. This also has the nice side effect, that 𝐾

𝜖 ≈ 𝐾 for small 𝜖 and thus standard AMG works very effectively. In contrast, we 
need to choose an appropriate 𝜖, such that the influence of 𝐾

𝜖
 is highlighted and the eigenvalues are shifted towards one. While 

this leads to a severe ill-conditioning of the beam sub-problem, its influence on the actual preconditioner implementation is, in our 
case, negligible as we solve the beam sub-problem with a direct method.

Variant III. For the third case, we set

𝑆̂𝜖 ,𝜖 = − 1
𝜖

𝑊

and choose to use 𝜖 as the overall problem is dominated by the beam penalty contribution. By setting 𝑊 = 𝜅 as highlighted before, 
the augmented Schur complement follows the approximation given by 

𝑆̂   = − 1 𝜅. (24)
𝜖 ,𝜖 𝜖
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Fig. 7. Comparison of the eigenvalue spectrum of preconditioned operator −1
𝜖 ,𝜖 ,mod𝜖 ,𝜖  with Schur complement variant III for the mixed-di-

mensional beam-solid model problem for different values of 𝜖 and 𝜖.

Considering the respective Schur complement approximation for the individually scaled case we obtain the following asymptotic 
limits for changing 𝜖 and fixed 𝜖:

lim
𝜖→0

‖

‖

𝑄32
‖

‖

= 0, lim
𝜖→∞

‖

‖

𝑄32
‖

‖

= ‖

‖

‖

𝜖𝑊 −1𝐷(𝐾
𝜖
)−1𝐾‖

‖

‖

,

lim
𝜖→0

‖

‖

𝑄33
‖

‖

= ‖

‖

‖

𝜖(𝑊 + 𝜖𝐷(𝐾)−1𝐷T)−1(𝑀(𝐾 )−1𝑀T +𝐷(𝐾)−1𝐷T)‖‖
‖

, lim
𝜖→∞

‖

‖

𝑄33
‖

‖

= ‖

‖

‖

𝜖𝑊 −1𝐷(𝐾
𝜖
)−1𝐷T‖

‖

‖

.

Using 𝜖 → 0 is favorable as 𝑄32 vanishes and we are able to recover a block upper-triangular operator. In contrast to the exact 
Schur complement, 𝑄33 does not approach the identity, but a more complicated limit depending on 𝜖. Thus, we finally consider 
the special case of 𝜖 → 0 under varying 𝜖 resulting in

lim
𝜖→0
𝜖→0

‖

‖

𝑄33
‖

‖

= 0, lim
𝜖→0
𝜖→∞

‖

‖

𝑄33
‖

‖

= ‖

‖

‖

𝐼 + (𝐷(𝐾)−1𝐷T)−1𝑀(𝐾 )−1𝑀T‖
‖

‖

.

Similar to the cases before, there exists an optimal value for 𝜖 away from the asymptotic limits.
As shown in Fig.  7, the eigenvalues nicely cluster around one for 𝜖 → 0 and growing 𝜖. Yet we remark that there are a few 

outliers, which we do not show explicitly. For an increasing beam penalty parameter, we expect an over-penalization of the system, 
thus shifting eigenvalues above one. This assumption is backed by the asymptotic limit given by 𝜖 → ∞. We study this effect for 
different combinations of 𝜖 and 𝜖 in more detail in Section 5.1.

While there exist occasions, where it makes sense to use an approximation of the full augmented Schur complement (15) [67], 
we omit this variant in the scope of this publication, but mention it here for the sake of completeness.

4.3. Comparison to existing methods in literature

Having discussed all details of the proposed preconditioner, we now position it relative to representative block preconditioners 
from the literature. In particular, we compare the presented modified augmented Lagrangian methods with operator preconditioning 
methods for saddle-point systems [27–29,68] and with penalty-based block factorization strategies [13,44,52].

In contrast to our approach, the preconditioners from [27–29,68] are tailored to saddle-point problems stemming from the 
mixed-dimensional coupling of scalar transport equations and are based on the concept of operator preconditioning, resulting in 
block diagonal preconditioners. The arising Schur complement is approximated by a spectrally matching fractional Laplacian, which 
constitutes the main difference. This idea is not directly transferable to the present vector-valued coupling of 3D elasticity and 1D 
torsion-free Kirchhoff–Love beams without a new operator preconditioning analysis for the beam block and the mixed-dimensional 
coupling operators. We therefore regard these methods as relevant reference points, but not as out-of-the-box competitors for the 
present problem class. Still, the application of operator preconditioning to the present problem type is an attractive topic for future 
research.

For the penalty-based case, the most relevant method is the approximate block factorization preconditioner developed in [13], 
which addresses exactly the same beam-solid coupling setting. In contrast to the present augmented Lagrangian formulation, that 
approach solves the penalty-regularized system (8) and relies on an approximate factorization of the resulting 2 × 2 block structure. 
It therefore provides the closest predecessor and is considered as the primary baseline for assessing the benefit of the modified 
augmented Lagrangian preconditioners later in Section 5.4. The multigrid method proposed in [52] is also designed for penalty-
regularized coupled problems, however, its application to domains with different degrees of freedom and physics has not yet been 
explored. Likewise, the exact block preconditioning approach presented in [44] has not been investigated in the given setting too.

5. Numerical examples

To evaluate the proposed block preconditioners with the corresponding Schur complement variants, we carry out a set of 
experiments designed to quantify the effect of the modeling parameters, assess parallel scalability and demonstrate the relevance 
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Fig. 8. Visualization of the numerical test setup for different beam-to-solid volume ratios for a constant beam cross-section radius.

of the proposed methods for engineering applications. In a first step we examine the influence of the penalty parameter on the 
overall convergence behavior of the preconditioned linear solver based on the discussion presented in Section 4. The second 
numerical experiment is designed to investigate the dependency of the preconditioners on varying model parameters as introduced 
in Section 3.1. Afterwards, we assess weak and strong scalability of the proposed methods. In a last step we show the applicability 
of the block preconditioners to an engineering application consisting of a fiber-reinforced hybrid composite and compare the newly 
proposed approaches to the commonly used incomplete LU (ILU) factorization preconditioner and the penalty-based approximate 
block factorization preconditioner from [13].

The general numerical setup for the first three experiments in Sections 5.1–5.3 is inspired by the test cases given in [46,47] and 
the ones introduced in [13]. It mimics a generic short fiber-reinforced material modeled by a representative volume element (RVE). 
The domain of the solid continuum is given by a unit cube with fixed volume 𝑉  = 1m3, which is filled with randomly oriented 
fibers of equal length 𝑙 = 0.25m. An illustration of the geometry for different beam-to-solid volume ratios is given in Fig.  8. The solid 
body is clamped at the bottom face setting the displacement in all directions to 𝑢 = 0, while the top surface is displaced in vertical 
direction by 0.01m, which is equal to 1% of the cube’s edge length. In the following, we consider the solid mesh size ℎ , the beam 
mesh size ℎ, the beam Young’s modulus 𝐸 and the beam cross-section radius 𝑅 to be varying parameters. Therefore, also the 
stiffness contrast  and volume ratio  vary depending on the chosen values. Based on the findings in [6], we consider beam-to-solid 
mesh size ratios of  ≥ 2.5 to avoid an overconstraining by the discrete Lagrange multipliers. As outlined in Section 2, the solid is 
modeled as St.-Venant–Kirchhoff material with the Young’s modulus being fixed to 𝐸 = 1N∕m2 and the Poisson’s ratio set to 𝜈 = 0.3. 
For this numerical study, the fibers are represented by a single torsion-free Kirchhoff–Love beam finite element each. This is justified 
since we consider short, straight fibers, which are well modeled by one element only [6,13] due to the high approximation quality 
of the torsion-free Kirchhoff–Love beam formulation making use of cubic Hermite polynomials for the interpolation of the centerline 
displacements [39]. In practice, the formulation therefore allows even relatively long fibers to be approximated using only a few 
beam elements. We employ the discretization scheme considered above, using continuous linear Lagrangean finite elements for the 
solid and the Lagrange multiplier field, and cubic Hermite polynomials for the beams. All geometries and meshes are generated 
using BeamMe [69].

We use Trilinos [70,71] and 4C [72] for the simulation of the numerical experiments. We run both codes in a distributed-memory 
fashion building upon the Message Passing Interface (MPI) communication model. GMRES from Belos [73] is used to solve the arising 
linear systems. The iterative solver is assumed to be converged, when the residual is reduced by a factor of 108. The modified 
augmented Lagrangian block preconditioners are implemented using the block preconditioning package Teko [74]. We apply the 
algebraic multigrid implementation from MueLu [75], specifically smoothed aggregation (SA-AMG) and plain aggregation (PA-AMG). 
We solve the coarsest level of the multigrid hierarchy with the distributed version of SuperLU [76] as direct solver. The coarse level 
is reached if 6500 or fewer unknowns remain. On each level, a pre- and post-smoothing is applied with Chebychev polynomials of 
3rd order. Coarse levels of the multigrid hierarchy are repartitioned by a coordinate-based approach [77] implemented in Zoltan2 
to ensure a proper workload per MPI process. Direct sub-block solves are performed by Amesos2 [73], again using the distributed 
version of SuperLU. All simulations are run on CPU nodes of our in-house cluster (one CPU node features 2x Intel Skylake CPUs with 
24 cores each).

5.1. Choice of the schur complement and the penalty parameter

The choice of the penalty parameter 𝜖 (respectively 𝜖 and 𝜖 for variant III of the Schur complement) has a major influence on 
the overall performance of the proposed block preconditioners, as it steers the approximation quality of the Schur complement vari-
ants. In a first study, we examine how the number of iterations of the linear solver changes due to a varying 𝜖 ∈ [10−4 N∕m2, 10N∕m2]
(additionally 𝜖 ∈ {10−1 N∕m2, 10−3 N∕m2, 0.0N∕m2} and 𝜖 ∈ [10−2 N∕m2, 102 N∕m2]), whereas the penalty-regularized formulation 
from [6] proposes a fixed value 𝜖 ≈ 𝐸. We utilize the three Schur complement approximations from Section 4.2 given by variant I 
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Fig. 9. Iteration count of the linear solver based on Schur complement variant I (top) and variant II (bottom) for a changing penalty parameter. 
In addition the results are shown for different stiffness ratios and a varying beam-to-solid volume ratio of  = 1% (left),  = 3% (middle) and 
 = 10% (right).

(22), variant II (23) and variant III (24). The dependency of the number of linear iterations on the value of 𝜖 is shown in Fig.  9 for 
variants I and II, with the first row corresponding to variant I, while the second row represents variant II. The respective behavior 
for variant III is visualized in Fig.  10 for varying 𝜖 and 𝜖. Experiments with a constant stiffness ratio  ∈ {10, 100, 1000} are 
distinguished by different colors. Each column corresponds to a different beam-to-solid volume ratio  ∈ {1%, 3%, 10%}. We assume 
a constant mesh size ratio of  = 7.5, which turns out to be a good choice considering the results given in Section 5.2 and a constant 
beam cross-section radius of 𝑅 = 0.01m.

For Schur complement variant I, we introduced the assumption, that the respective approximation is valid for 𝜖 ≪ 𝐸 with its 
quality degrading for 𝜖 → 𝐸. This behavior can exactly be observed in the first row of Fig.  9 throughout all columns. For small 
values of 𝜖, the iteration count stays low for different stiffness ratios and volume ratios, only increasing slightly for higher values of 
 and  . Shifting the penalty parameter closer to 𝐸 results in a degradation of the approximation quality of the Schur complement 
and therefore results in unbounded values for the number of iterations. We conclude that for sufficiently small values of 𝜖 far away 
from 𝐸, variant I is a valid and robust approximation for the Schur complement.

The observed behavior changes considerably for variant II. Similar to the observations made in [20], there exists a value for 𝜖
that minimizes the iteration count, which can be seen in the second row of Fig.  9. In addition, the Schur complement approximation 
appears to depend on the stiffness ratio, resulting in a potentially unbounded iteration count. For  = 10%, only the characteristic 
behavior of  = 10 is shown, as higher material contrasts exceed the allowed iteration count and are therefore omitted. The value 
of 𝜖 that minimizes the iteration count is also not identical for different stiffness ratios. The optimal penalty parameter for variant 
II should be chosen higher for larger values of  . Increasing the stiffness contrast reduces the parameter range that leads to fast 
convergence, thereby complicating the identification of the optimal penalty parameter value. For application cases in our range of 
consideration, which feature a medium material contrast, a valid choice is 𝜖 ∈ [0.001𝐸, 0.01𝐸].

Regarding variant III, the behavior is again slightly different as illustrated in Fig.  10. Each diagram plots the number of linear 
iterations over a changing value of the beam penalty parameter for a unique combination of a fixed beam-to-solid volume ratio 
and solid penalty parameter. Again, there exists a parameter combination of 𝜖 and 𝜖, which minimizes the iteration count and 
in contrast to variant II results in a limited dependency to the stiffness and volume ratio. For a low stiffness ratio, an increasing 
volume ratio affects the number of linear iterations taken only slightly if 𝜖 is chosen sufficiently small. This can be observed 
when comparing the iteration results of 𝜖 = 10−1 N∕m2 and 𝜖 = 0.0N∕m2 for a constant value of  = 10. For the first parameter 
combination, an increasing volume ratio also leads to an increase in iterations, while for the second one the iteration count remains 
constant. For larger material contrasts, this behavior marginally degrades, with the choice of 𝜖 becoming more important, as the 
curves of linear iterations for a constant stiffness ratio now feature a distinct minimum. A general observation is, that for 𝜖 → 0
the number of linear iterations decreases steadily, while an appropriate choice of the beam penalty parameter reduces the influence 
on the modeling parameters for  < 10% for the given model problem.
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Fig. 10. Iteration count of the linear solver based on Schur complement variant III for changing solid and beam penalty parameters. In addition 
the results are shown for different stiffness ratios and a varying beam-to-solid volume ratio of  = 1% (left),  = 3% (middle) and  = 10%
(right).

The overall results for variant II are very similar to the findings from [20,24] showing the effect of 𝜖 related to problems from 
fluid and contact mechanics. While Schur complement variant I is robust w.r.t. different stiffness and volume ratios, the respective 
penalty parameter has to be chosen sufficiently small and far away from 𝐸. In addition, the calculation of the sparse approximate 
inverse of the beam matrix sub-block as well as two triple matrix products to form the Schur complement present a computational 
complexity, which should not be underestimated. In contrast, Schur complement variant II is represented by a simple diagonal and, 
thus, is computationally cheap. Yet, it lacks independence from the stiffness and volume ratio and needs a matching 𝜖 to be effective. 
Variant III combines the best of the two other Schur complement approaches, also being represented by a diagonal and able to partly 
regain independence to the modeling parameters and low iteration counts by steering 𝜖 and 𝜖 correctly. The presented results are 
mostly in line with the behavior observed in [30]. In the following numerical experiments, we further highlight all three variants 
discussing the need for parameter robustness or performance.

5.2. Robustness under varying model parameters

Now, we study the robustness of the block preconditioners w.r.t. model parameter changes and how these influence the 
number of iterations of the linear solver. Based on the initial results obtained in Section 5.1, in particular the challenges in 
identifying an optimal penalty parameter for Schur complement variant II we only use variant I with a constant penalty parameter 
𝜖 = 0.01N∕m2 and variant III with fixed 𝜖 = 0.0N∕m2 and 𝜖 = 5.0N∕m2. For the parameter study, we consider varying values 
of the beam-to-solid volume ratio  ∈ {1%, 3%, 10%}, the stiffness ratio  ∈ {10, 100, 1000} and the beam cross-section radius 
𝑅 = {0.003m, 0.006m, 0.010m}. We also study changing values of the mesh size ratio  by maintaining a constant beam mesh size 
and varying the solid mesh size. Smaller solid element sizes are generated by uniform mesh refinement of the base configuration. 
The results are visualized in Figs.  11 and 12 for variants I and III, respectively, showing the number of linear iterations plotted over 
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Fig. 11. Visualization of the iteration count based on different solid mesh sizes for different stiffness ratios, a varying beam-to-solid volume ratio 
of  = 1% (top),  = 3% (middle) and  = 10% (bottom) and changing beam cross-section radius 𝑅 = 0.003m (left), 𝑅 = 0.006m (middle) and 
𝑅 = 0.010m (right) for Schur complement variant I.

an increasing number of degrees of freedom (DOFs). Each row of the plot shows different values of the volume ratio with  = 1%
(top),  = 3% (middle) and  = 10% (bottom). The columns are related to the beam cross-section radius with 𝑅 = 0.003m (left), 
𝑅 = 0.006m (middle) and 𝑅 = 0.01m (right). As outlined in Section 3.1, all parameter combinations considered in the following 
remain within the intended validity regime of the mixed-dimensional model. The parameter variations are chosen to represent 
practically relevant changes in quantities such as the beam cross-section radius, beam volume ratio, and beam-to-solid stiffness 
ratio. Accordingly, the results are interpreted primarily with respect to the influence of these application-relevant parameters on 
solver performance. The cases combining the finest solid discretization with a beam cross-section radius of 0.010m are close to the 
limit of the underlying modeling assumption but remain within its intended regime.

In the following, we consider the parameter combination  = 1% and 𝑅 = 0.01m in the upper right corner of Figs.  11 and 12 
as baseline. For this case, both preconditioners show a limited dependency on the modeling parameters with decreasing solid mesh 
size, as the iteration count stays perfectly constant for variant I and marginally increases for variant III.

We first discuss the behavior of the block preconditioner using Schur complement variant I when the beam cross-section radius 
is reduced. Hereby, the block preconditioner loses some of its parameter independence showing a weak relation of the iteration 
count w.r.t. the stiffness ratio in case of a decreasing solid mesh size. In addition, the number of iterations reacts more sensitive to 
increasing stiffness ratios with more iterations necessary to find a solution to the linear problem. Reducing the cross-section radius 
while keeping  constant effectively results in more fibers and, thus, more beam elements interacting with the solid continuum. It 
is observed in [27], that the cross-section radius of the one-dimensional domain is a relevant parameter for parameter robustness, 
specifically related to the discretization approach itself. In our case, 𝑅 has a similar influence at first glance, but due to constant 
beam-to-solid volume ratios enforced for the robustness study the parameter is tightly connected to the amount of interaction 
partners present.

In a second step, we increase  to 3%, which also shows a dependency of the iteration count to the stiffness ratio with decreasing 
solid mesh size. In addition, for large solid element mesh sizes the iteration count seems to decrease first, while increasing again for 
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Fig. 12. Visualization of the iteration count based on different solid mesh sizes for different stiffness ratios, a varying beam-to-solid volume ratio 
of  = 1% (top),  = 3% (middle) and  = 10% (bottom) and changing beam cross-section radius 𝑅 = 0.003m (left), 𝑅 = 0.006m (middle) and 
𝑅 = 0.010m (right) for Schur complement variant III.

decreasing values of ℎ . This seems to be related to an overconstraining of the coupling conditions by the Lagrange multiplier field 
and is not discussed further in the scope of this publication, as we mainly deal with the construction of block preconditioners and 
do not specifically consider an in-depth analysis of the discretization and respective formulation. For the parameter combination 
 = 10% and 𝑅 = 0.003m, the numerical solver breaks down due to extremely populated matrix sub-blocks arising from the multitude 
of coupling contributions, which marks the limit of the coupling approach and Schur complement variant I itself. While showing 
near-independence in parameters for low values of  and 𝑅 = 0.01m, the iteration count is showing an increasing dependency 
on mesh refinement for growing stiffness ratios. In addition, this effect is amplified for examples with small beam radii and large 
beam-to-solid volume ratios. In general, the iteration count increases modestly for a decreasing 𝑅 and increasing  .

Now we discuss the results for the block preconditioner using Schur complement variant III. Again, we consider a reduction of 
the beam cross-section radius first keeping  fixed and thus looking at each row of Fig.  12 independently. Hereby, the preconditioner 
shows to be robust with a decreasing mesh size as the number of iterations as well as the overall iteration behavior remains similar. 
This holds true for all stiffness ratios considered. Only for the highest material contrast, an increase in linear iterations can be 
observed, which amplifies for increasing values of  . Especially for  = 10% and  = 1000, this effect is pronounced as the iteration 
count reduces drastically with smaller mesh size.

In a next step we consider fixed beam radii and vary the volume ratio, thus considering each column separately at a time. For 
an increasing volume ratio, the number of linear iterations for the lowest stiffness contrast  = 10 remains constant for each beam 
cross-section radius. For  = 100 the growth in iterations is still small, yet the highest material contrast  = 1000 again shows to be 
sensitive to parameter changes. In contrast to Schur complement variant I, we are mostly able to maintain independence from the 
modeling parameters across different beam cross-section radii and volume ratios for low to medium material contrast values. For 
high stiffness ratios, the iteration count reduces with decreasing mesh size, which is the opposite behavior as for variant I, where 
the number of iterations increases.
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Table 2
Number of DOFs 𝑛𝐷𝑂𝐹  of each part of the discretization for different problem sizes used 
for the scaling study.
 ID 𝑛𝐷𝑂𝐹 𝑛𝐷𝑂𝐹 𝑛𝜆𝐷𝑂𝐹 𝑛total𝐷𝑂𝐹  
 1 89373 4584 2292 96249  
 2 346053 18336 9168 373557  
 3 1361613 73344 36672 1471629 
 4 5401533 293364 146682 5841579 

The overall iteration count for both block preconditioners stays between 10 and 50 iterations for the given parameter setup, 
which is still in an acceptable range for our applications. It should also be highlighted that the preconditioners are still parameter 
robust for a variety of combinations.

5.3. Strong and weak scalability

In the following, we study the parallel efficiency of the proposed block preconditioners by performing a strong and weak scaling 
study. We conduct the numerical experiment with a fixed parameter configuration based on the findings from Sections 5.1 and 
5.2. To offer enough computational work and a robust setup, we consider a beam-to-solid volume ratio of  = 3%, a stiffness ratio 
of  = 10 and a mesh size ratio of  = 7.5, while the beam cross-section radius is set to 𝑅 = 0.01m. The respective penalty 
parameter for each Schur complement is given by 𝜖 = 0.01N∕m2 for variant I, 𝜖 = 0.15N∕m2 for variant II and 𝜖 = 0.0N∕m2, 
𝜖 = 5.0N∕m2 for variant III. We adapt the cube length of the solid domain for each problem size such that the overall geometric 
ratios are preserved during weak scaling. The number of DOFs of each discretization for the different problem sizes is shown in Table 
2. Each problem scale starts at an initial processor count 𝑃  featuring around 𝑛total𝐷𝑂𝐹 ∕𝑃 ≈ 90000 DOFs per processor, which is halved 
several times for the strong scaling setup, until we reach the strong scaling limit or the maximum number of processors 𝑃 = 512
in our setup. Hereby, 𝑛total𝐷𝑂𝐹  describes the total problem size. All timings are obtained by averaging the respective numbers from 20
individual simulation runs.

As initial verification of our test setup, we check the iteration count of the linear solver for each problem scale. For variant I 
and II the number of iterations stays in between 30 and 38 for all different processor counts, while for variant III the values range 
from 15 to 20. The actual scaling results are given as timings and are summarized in Fig.  13(a) for Schur complement variant I, Fig. 
13(b) for variant II and Fig.  13(c) for variant III. We additionally compute the standard deviation for each data point and plot it 
as error bars. Owing to the near-identical timings for the generation of one data point over 20 runs, the deviation is negligible and 
therefore the actual error bar is hard to visualize, yet we state that the standard deviation is at most 0.1229 for all data points. We 
differentiate between the setup, the solve and the combined setup + solve phase. Lines of the same color represent strong scaling for 
a constant problem size, with the bright gray line representing ideal strong scaling. The black dashed lines illustrate weak scaling 
over a constant problem size per MPI process.

Regarding strong scalability, we are able to achieve good scaling results for the solve and setup phase of the first three problem 
scales until performance degrades when reaching a load per MPI process of 𝑛total𝐷𝑂𝐹 ∕𝑃 ≈ 12000. This holds true for all variants, whereas 
variant I shows slightly worse strong scaling. For bigger problem sizes and higher processor counts, this behavior is more pronounced. 
The problem with ID 4 (see Table  2) already hits the strong scaling limit at 𝑛total𝐷𝑂𝐹 ∕𝑃 ≈ 24000, with both solve and setup timings 
rising again for smaller values of 𝑛total𝐷𝑂𝐹 ∕𝑃 . For variant II, the effect is not as dramatic considering the same values for 𝑛total𝐷𝑂𝐹 ∕𝑃 . 
While strong scaling also slows down for higher processor counts, the setup and solve times are still decreasing. This behavior 
also holds true for the block preconditioner using Schur complement variant III. The difference in the strong scaling efficiency 
comes from the different Schur complement approaches themselves. For Schur complement variant II and III, a simple inversion of 
a diagonal matrix is sufficient, while for variant I we employ a direct solver for preconditioning the respective sub-block. As we go 
up to 𝑛𝜆𝐷𝑂𝐹 = 146682 for the Lagrange multiplier block (cf. Table  2), the compute time of the direct method dominates the whole 
setup phase due to limited exploitation of parallelism and higher order of computational complexity in comparison to e.g., AMG, 
especially for an increasing number of processors.

The results for weak scalability show a similar picture. For variant I, the setup phase is dominated by the factorization of the 
Lagrange multiplier sub-block, resulting in a reduced weak scalability to large problem sizes and processor counts. We achieve 
efficiencies up to 89% for the setup phase and acceptable 87% for the solve phase. The overall block preconditioner reaches a 
weak scaling efficiency of around 88%. For Schur complement variant II, the setup phase shows very good weak scalability up to 
97% and the solve phase reaches 92%. The combined setup and solve phase achieves a weak scaling efficiency of around 95%. For 
variant III, we achieve similar solve efficiencies of approximately 93%, yet the efficiency of the setup phase degrades to 88%. As 
we set 𝜖 = 0.0N∕m2 for variant III, the number of non-zeros of the solid sub-matrix is greatly reduced as the penalty contribution 
is neglected. This results in less computational work per MPI process compared to variant II and results in a less favorable parallel 
scaling. The overall solve phase reaches a parallel efficiency of 89%.

We conclude that variant II shows the best strong and weak scalability. Variant III slightly outperforms variant I in terms of 
the reported parallel efficiencies. The overall timings suggest that the block preconditioner using Schur complement variant III 
enables the fastest solution process, being considerably faster than the other two for the given problem setup. We remark that the 
scalability results reported here are representative for the short-fiber regime with block diagonal beam sub-problems. For longer 
or more continuously connected fibers, where the beam block loses its block diagonal structure and the coupling matrices feature 
more non-zeros, the cost of the direct sub-solves and the overall setup phase may scale less favorably.
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Fig. 13. Weak and strong scaling results for Schur complement variant I (top), variant II (middle) and variant III (bottom). Ideal strong scaling 
is shown for reference, along with a line corresponding to the estimated weak scaling efficiency over the problem scales. Ideal weak scaling is 
a horizontal line.
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Fig. 14. A hybrid composite plate with a prescribed deformation at its free end.

5.4. Application: Hybrid composite plate

To assess the performance of the presented block preconditioners under an application-oriented configuration, we consider their 
application to a hybrid composite plate (inspired by the example shown in [47]) with different layers of fiber orientations and 
distributions. The problem setup is shown in Fig.  14(a) with a visualization of the cross-section given in Fig.  14(c). We consider the 
problem setup to resemble a sandwich plate with the dimensions 2.0m × 4.0m × 0.25m. The top and bottom sheets of the structure 
consist of two continuous fiber layers each rotated by 45◦ and −45◦, respectively. The individual fibers are discretized adaptively 
based on their length with short fibers being represented by only one beam element, while longer ones contain up to 11 elements. The 
beam cross-section radius is set to 𝑅 = 0.0075m and the Young’s modulus to 𝐸 = 210N∕m2. The inner part of the structure consists 
of a composite core with short fibers of constant length 𝑙 = 0.25m. Each fiber is discretized by one torsion-free Kirchhoff–Love beam 
element with 𝑅 = 0.005m and 𝐸 = 70N∕m2. The solid part of the domain features the same material properties throughout the 
whole continuum: a St.-Venant–Kirchhoff material with Young’s modulus 𝐸 = 30N∕m2 and Poisson’s ratio 𝜈 = 0.3. It is discretized 
by first-order hexahedral finite elements. The left side of the structure is fully clamped, the right side is displaced by 0.05m in 
negative 𝑒3-direction forcing the plate to bend (see Fig.  14(b)), while all other sides are subject to natural boundary conditions. 
We consider a hierarchy of three different meshes for the solid domain, which are created by uniform mesh refinement of the base 
configuration. The numbers of DOFs for the beam and the Lagrange multiplier field remain constant.

We study GMRES as linear solver with different preconditioners, namely a naive approach with a textbook ILU preconditioner, 
the approximate block factorization preconditioner from [13] as well as the proposed augmented Lagrangian block preconditioners 
with Schur complement variants I, II and III from Section 4. The factorization-based preconditioner reads

fact =
(

𝑆̂ −𝐵T
𝜖

𝐾
𝜖

)(

𝐼
−(𝐾
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)

with 𝑆̂ = 𝐾
𝜖 − 𝐵𝜖 SPAI(𝐾

𝜖 )𝐵
T
𝜖 . While the block factorization preconditioner is not directly depending on a specific choice of the 

penalty parameter, we use 𝜖 = 210.0N∕m2 to fulfill the constraints of the penalty-regularized system (8) properly. For variant I, 
the penalty parameter is set to 𝜖 = 0.01N∕m2, while we use 𝜖 = 0.2N∕m2 for variant II. As the interaction of the continuous 
fiber layers with the surrounding solid is non-local, the resulting coupling matrices 𝐷 and 𝑀 as well as the contributions due to the 
augmented Lagrangian formulation feature proportionally many non-zero entries. Instead of SA-AMG, we therefore employ PA-AMG 
to reduce the fill-in on coarse levels of the augmented solid sub-problem for both preconditioner variants. A more detailed insight 
to this effect and how it influences AMG is given in [44,78] for example, while a more general overview on the solution process of 
these types of systems is provided in [55]. For Schur complement variant III, we consider three different parameter combinations. 
Option IIIa considers 𝜖 = 10−3 N∕m2, while variant IIIb and IIIc set the penalty parameter related to the solid contribution to 
zero. Both make use of PA-AMG, while the last option IIIc uses SA-AMG as setting 𝜖 = 0N∕m2 avoids excessive fill-in due from 
penalty contributions on coarse multigrid levels. All different combinations of variant III use 𝜖 = 1.0N∕m2. For the beam and 
Schur complement sub-blocks, we use an LU factorization. In the case of a diagonal Schur complement approximation, we directly 
invert the matrix sub-block. An overview of all different parameter combinations for the modified Lagrangian preconditioner cases 
is provided in Table  3.

The linear solver is assumed to be converged, when the residual is reduced by a factor of 106. The corresponding tolerance 
is lower than in the previous numerical examples, but this is justified for the application setting, where such a residual reduction 
is usually sufficient to obtain a good approximation of the linear system within the nonlinear solution process and, in addition, 
allows comparibility to the application example results from [13]. The solution methods and their iteration counts and timings 
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Table 3
Block-LU and modified augmented Lagrangian preconditioner setup for the different 
Schur complement variants I, II and III based on the penalty parameter and numerical 
methods applied to approximate the solid, beam and Schur complement contributions, 
respectively.
 Variant 𝜖 [N∕m2] ̂ ̂ ̂𝜆 
 Block-LU 210.0 PA-AMG LU –  
 I 0.01 PA-AMG LU LU 
 II 0.2 PA-AMG LU –  
 𝜖 [N∕m2] 𝜖 [N∕m2]  
 IIIa 10−3 1.0 PA-AMG LU –  
 IIIb 0.0 1.0 PA-AMG LU –  
 IIIc 0.0 1.0 SA-AMG LU –  

Table 4
Comparison of averaged linear solver timings per nonlinear iteration for a hybrid composite sandwich plate (Block-LU – a GMRES solver using 
an approximate block factorization preconditioner, Variant I, II and III — a GMRES solver using the block preconditioners proposed in Section 4 
with the respective Schur complement variant). The best value in each category is highlighted in bold font.
 𝑛proc 𝑛𝐷𝑂𝐹 𝑛𝐷𝑂𝐹 𝑛𝜆𝐷𝑂𝐹 𝑛𝑡𝑜𝑡𝑎𝑙𝐷𝑂𝐹 Method #iter CPU time [s]
 𝑇 

setup 𝑇 
setup 𝑇 𝜆

setup 𝑇setup 𝑇solve 𝑇total  
 

8 430353 43344 21672 495369

Block-LU 74 3.638 0.112 – 21.153 62.473 83.625  
 Variant I 47 0.902 0.104 5.160 7.255 13.827 21.082  
 Variant II 81 0.949 0.104 – 1.052 22.477 23.532  
 Variant IIIa 79 0.779 0.115 – 0.912 19.735 20.647  
 Variant IIIb 23 0.247 0.107 – 0.375 1.5631 1.9383  
 Variant IIIc 20 0.859 0.111 – 0.977 1.5017 2.4783  
 

64 3255903 43344 21672 3320919

Block-LU 72 7.962 0.116 – 37.104 131.414 168.518 
 Variant I 37 0.745 0.188 0.945 3.690 13.967 17.662  
 Variant II 82 0.781 0.198 – 0.967 19.829 20.796  
 Variant IIIa 75 0.770 0.189 – 0.954 11.505 12.459  
 Variant IIIb 37 0.550 0.184 – 0.745 4.391 5.136  
 Variant IIIc 21 3.037 0.182 – 3.2243 3.0494 6.274  
 

512 25308603 43344 21672 25373619

Block-LU 61 8.731 0.149 – 32.224 119.987 152.213 
 Variant I 33 1.754 0.434 0.383 4.132 13.427 17.559  
 Variant II 82 1.770 0.470 – 2.061 32.953 35.014  
 Variant IIIa 55 1.579 0.388 – 1.944 12.750 14.694  
 Variant IIIb 54 0.875 0.342 – 1.258 8.926 10.184  
 Variant IIIc 23 3.397 0.314 – 3.943 4.201 8.144  

are summarized in Table  4. The timings are broken down into the setup time for each individual sub-block, namely the multigrid 
method on the solid field 𝑇 

setup, the direct method used for the beam contribution 𝑇
setup and the different variants for the Schur 

complement 𝑇 𝜆
setup. In addition, we consider the overall setup time for the block preconditioner 𝑇setup, the solve time of the linear 

method 𝑇solve and finally the total time spent for solving the linear system 𝑇total. All timings are obtained as averages of ten individual 
simulation runs. We also consider distributed sparse direct solvers, yet none of them is able to solve the linear system in feasible 
time, thus we do not report results for those methods.

We consider the naive preconditioning approach first, which does not result in convergence for any of the three meshes, 
emphasizing the importance of block preconditioning for this type of problem. In a next step, we consider the approximate block 
factorization preconditioner from [13] to serve as baseline for the following discussion. The preconditioner achieves iteration counts 
of ≈70 for the first two mesh configurations and 61 for the finest mesh. The proposed block preconditioner with Schur complement 
variant II performs slightly worse, showing a constant iteration count of ≈80 for all different mesh refinements. Still, the number of 
iterations taken to find a solution for both approaches is rather high compared to variant I, which shows a decrease in the iteration 
count for an increasing problem size, reducing from 47 to 33. This behavior is most likely connected to the ratio of solid and beam 
interaction pairs related to the overall number of solid elements, which determines the density of the Lagrange multiplier matrix 
sub-block. With an increasing number of solid elements and a constant number of beam elements, the sub-matrix is getting sparser, 
helping to find better approximations of the Schur complement. Variant IIIa shows a similar characteristic with the iteration count 
decreasing from 79 to 55. In contrast, the parameter combinations related to IIIb lead to an increase in iterations from 23 to 54. 
Only variant IIIc shows a low and constant number of iterations of ≈20 over all three mesh configurations. Overall, variant III 
outperforms variant II and the block-LU preconditioner, since setting 𝜖 → 0 eliminates the approximation error introduced by 
the dropped off-diagonal block 𝐵T

𝜖 , which in turn leads to lower iteration counts. Moreover, choosing 𝜖 = 0N∕m2 removes the 
additional augmentation of the solid block, making SA-AMG affordable for the respective sub-problem because excessive fill-in on 
coarse levels is avoided, thereby enabling proper scalability.
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Further, we compare the timings of the individual preconditioners used for each of the sub-blocks 𝑇 
setup, 𝑇

setup as well as 𝑇 𝜆
setup. 

As we employ PA-AMG for the matrix block representing the solid stiffness, we can expect reasonable scalability to bigger problem 
sizes. While roughly double the time is necessary between the base problem and the finest refinement for the multigrid setup, the 
method still stays below 2 s, while the problem size increases by a factor of ≈60×. The setup cost of the block-LU preconditioner 
stands out being considerably higher compared to the other preconditioning variants. This relates to the use of the augmented solid 
Schur complement for the setup, which features substantially more non-zeros than the augmented solid sub-matrix considered in 
all other methods. The setup time of the SA-AMG method lies in between the benchmark preconditioner and the other variants, 
increasing about a factor of four from ≈0.9 s to ≈3.4 s between the smallest and the biggest problem. Due to the beam sub-block 
being represented by a block-diagonal sparsity pattern, the direct factorization works fast with a slight increase in the setup time 
mainly due to communication overhead due to the increased number of parallel processes. The setup time of the factorization for 
the Lagrange multiplier block drastically decreases from the first to the second mesh refinement step. As the amount of DOFs stays 
constant and the overall density of the matrix block decreases, reduced timings are to be expected. The timings between variant I, 
II and IIIa are similar as the individual preconditioners act on the same matrix sub-blocks. For IIIb, one can expect a faster setup 
time for the PA-AMG method, as the missing penalty contribution results in a lower bandwidth and, thus, a reduced time. Another 
difference is the construction of the Schur complement block, which for variant II and III reduces to the inversion of a diagonal matrix 
and therefore we neglect time measurements for this case. Next, we consider the total setup time 𝑇setup, with all variants showing a 
different behavior over all mesh refinements. Variant I results in an expensive construction procedure for the block preconditioner 
due to the more expensive Schur complement approximation requiring two triple matrix products and the SPAI calculation. While 
variant II shows a slightly increasing trend, variant I gives a decrease in timings being dominated by the factorization of the Lagrange 
multiplier block. The setup time of variant IIIa behaves very similar to variant II as both use the same methods and operate on the 
same sparsity patterns. The block preconditioner related to variant IIIb achieves the overall lowest setup time, as the augmented 
Lagrangian terms of the solid contribution are omitted, which represent the major bottleneck for the preconditioner setup due to 
an increased bandwidth of the sparsity pattern. The setup cost of variant IIIc is comparable to the one of variant I, as SA-AMG is 
more expensive to construct, with both being the overall most costly methods in regard to the setup of the modified augmented 
Lagrangian preconditioners presented. Still, all methods are able to beat the approximate block factorization preconditioner.

For the timings of the solve phase 𝑇solve, the behavior switches, with variant I showing faster solve times due to a lower iteration 
count compared to variant II. While variant II shows a constant iteration count over all problem sizes, the solve time still increases. 
While the augmentation adds proportionally more non-zero values to the matrix for each refinement step, the matrix–vector products 
inside the Krylov method therefore also get more expensive and do not scale as efficiently. Variant IIIa performs as good and in some 
cases even better than variant I. Overall, the solve timings related to variant IIIb and variant IIIc are the lowest. Lastly, we discuss the 
total time spent in the linear solver. For the base problem, the total time 𝑇total for variants I, II and IIIa is nearly identical, with IIIb 
and IIIc both outperforming the other preconditioners by ≈10×. This changes for the other meshes with variant I being ≈2× faster 
than variant II for the biggest problem. Especially in the largest mesh refinement case, a clear ordering of the methods becomes 
visible with variant II performing the worst followed by variant I. The variants IIIa, IIIb and IIIc perform consistently better in 
exactly that order. The best method is ≈4× faster than the worst. Again, all methods are able to beat the benchmark case.

We conclude, that most preconditioning methods show a bounded iteration count over all different problem sizes. While variant 
I is robust under mesh refinement, its implementation comes with more effort and complexity, which also shows up in the timings. 
Variant II is simple to construct, yet still robust to a decreasing mesh size with the high iteration count as major drawback. Variant 
III leaves more room to steer the Schur complement approximation, thus all of its parameter combinations outperform the other 
variants in terms of timings. We consider the block preconditioner using variant IIIc to perform the best for this problem type as it 
shows nearly constant iteration counts over all three mesh configurations and also provides almost always the best time-to-solution. 
Compared with the block-LU preconditioner, the advantages of modified augmented Lagrangian preconditioning for the saddle-point 
problem are clear and highlight its importance for the presented application case. This result, however, was to be expected as the 
approximate block factorization preconditioner is based on the penalty-regularized system, and operates on matrices with much 
higher bandwidth and thus considerably more non-zeros.

6. Conclusion and outlook

In this work, we proposed and analyzed modified augmented Lagrangian block preconditioners for the mixed-dimensional 
beam-solid coupling of a three-dimensional solid with embedded one-dimensional torsion-free Kirchhoff–Love beams and constraint 
enforcement through Lagrange multipliers. Starting from the underlying variational formulation and its finite element discretization, 
we studied the structure of the resulting linear system, the presence of a pure Neumann sub-problem on the beam sub-block, and 
the role of physically relevant modeling parameters.

To overcome the given limitations, we reformulated the discrete coupled problem in an augmented Lagrangian fashion. This 
formulation preserves the exact enforcement of the coupling constraints while adding a mild regularization that also improves 
solvability in the case of singular sub-blocks. Based on this augmented system, we derived an ideal augmented Lagrangian block 
preconditioner and then constructed more practical, block-triangular ‘‘modified’’ variants that allow for separate and efficient 
treatment of the solid, beam and Schur complement blocks. We analyze the asymptotic limits of the preconditioned operator 
using the presented block preconditioners and discuss practical approximations of the appearing inverses. The solid sub-problem is 
handled by AMG, while the beam and Schur complement blocks can be treated by sparse direct methods or are inverted directly 
in case of diagonal matrices. Central to the effectiveness and performance of the approach is an appropriate Schur complement 
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approximation and the choice of the penalty parameter. We introduced three Schur complement variants: one that approximates 
the Schur complement of the original system using simple inverses of the solid and beam operators, a second one that exploits a 
scaling matrix, and a third one that introduces different penalty parameters for the solid and beam sub-problem to improve the 
approximation with that scaling matrix. This scaling matrix has been chosen as a mass-like matrix at the coupling interface of the 
Lagrange multipliers to retain spectral equivalence of the Schur complement approximation.

The numerical experiments suggest that the proposed modified augmented Lagrangian block preconditioner, together with 
suitable choices of the Schur complement approximation and penalty parameter, exhibits only a mild dependence on a broad 
range of modeling parameters relevant for short-fiber-reinforced materials. For this tailored approximation and given parameter 
combinations, the method shows iteration counts with a moderate mesh dependence over the admissible refinement range for 
moderate stiffness contrasts and beam-to-solid volume ratios. It maintains acceptable iteration numbers even in more challenging 
regimes characterized by small beam radii, large stiffness ratios, and high beam-to-solid volume ratios. At the same time, the 
results also indicate that small beam radii combined with high stiffness ratios remain extremely challenging for the proposed 
method. Moreover, the present study is restricted to short-fiber configurations, the behavior for long or continuous fibers is not yet 
investigated. The influence of the penalty parameter on convergence has been studied systematically for all three Schur complement 
variants, revealing the expected trade-off between performance and independence from model parameters. Overall, the numerical 
results indicate that suitable choices of the Schur complement approximation and penalty parameter can reduce the sensitivity of 
the iteration counts to simultaneous variations in the considered modeling parameter range.

The parallel scalability studies show that the proposed preconditioners are suitable for large-scale parallel simulations of short-
fiber mixed-dimensional beam-solid coupling scenarios. For representative RVE problems with several million degrees of freedom, 
we observe favorable weak and strong scaling on distributed-memory architectures, with good efficiency of both the AMG-based 
solid sub-solver and the block preconditioners as a whole, especially for Schur complement approximation variant II and III. For 
longer or more continuously connected fibers, the beam and coupling blocks feature more non-zeros, so the setup cost and direct 
sub-solves are expected to scale less favorably, which is left for future work.

Finally, we studied an application-oriented test case where the proposed coupling and preconditioning strategy has been applied 
to a hybrid composite plate with layered fiber reinforcement and a short fiber-reinforced core. The problem features moderate 
stiffness contrasts and heterogeneous length scales, posing a challenging mixed-dimensional and multi-material setting. The results 
demonstrate that not only textbook preconditioners do not yield convergence, but that the newly proposed modified augmented 
Lagrangian block preconditioners enable convergence and remain robust and scalable in the given configuration for an appropriate 
choice of the Schur complement approximation and penalty parameter. Compared to a block factorization preconditioner based on 
the penalty-regularized system, the presented method is competitive regarding iteration counts and is overall considerably faster.

Further work will extend the proposed coupling scheme and block preconditioner to be usable with a Simo-Reissner beam 
formulation. One difficulty in this regard is the introduction of additional rotational DOFs in the beam domain, which enables 
the modeling of more complex interaction scenarios with initially curved fibers. Treating the coupling of both the solid and beam 
domain in a purely positional way without any additional modifications is not sufficient anymore, as the rotations are not constrained 
properly, thus leaving components of the rigid body modes unconstrained. Application areas of interest are mixed-dimensional 
beam-solid volume and surface coupling. Addressing these challenges will further broaden the applicability of the proposed methods 
and enable the efficient simulation of a wider range of fiber-reinforced structures and mixed-dimensional beam-solid interaction 
problems.
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