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Abstract

This thesis deals with the numerical solution of optimization problems in function spaces go-
verned by linear elliptic partial differential equations. Many physical processes for instance in
thermodynamics, elasticity, fluid mechanics or electrical engineering are modeled by partial dif-
ferential equations. The aim of optimal control is to regulate occurring parameters or other
quantities in such a way that the result of the mathematical model is optimal in a certain sense.

In particular, Neumann boundary control problems are investigated meaning that the flux of
the state variable on the boundary of the underlying computational domain can be controlled.
Of particular interest are finite element discretizations for these problems on domains having
polyhedral shape. Since singularities in a vicinity of corners and edges are expected to be contained
in the solution, optimal convergence of the finite element method on quasi-uniform meshes can as
a general rule not be guaranteed. For a better description of the occurring singularities weighted
Sobolev spaces are used in this thesis, and, exploiting corresponding regularity results finite
element error estimates are proved.

Up to now sharp error estimates for the trace of the finite element approximation of the Neumann
problem on polyhedral domains were unknown, and the newly developed estimates in this thesis
allow an improvement of many convergence results for Neumann boundary control problems.
Among others problems with L2(I")-regularization are considered and improved estimates for
the numerical approximation using the full discretization, the postprocessing approach and the
variational discretization are derived.

Further, a new energy regularization approach is considered on polygonal domains, where the
convergence rate depends in this case solely on the interior angles at the corners of the domain.

The aim of this thesis is always to investigate which convergence rate can be expected on quasi-
uniform meshes, and to what extend the best-possible convergence rate can be retained with
local mesh refinement, such that methods for the numerical computation of Neumann boundary
control problems can be improved significantly.






Zusammenfassung

Diese Dissertation behandelt die numerische Losung von Optimierungsproblemen in Funktio-
nenraumen, welche durch lineare elliptische partielle Differentialgleichungen beschrankt sind.
Viele physikalische Prozesse, zum Beispiel in der Thermodynamik, der Elastizitatstheorie, der
Strémungsmechanik oder der Elektrotechnik, werden durch partielle Differentialgleichungen mo-
delliert. Ziel der optimalen Steuerung ist es auftretende Parameter oder andere EinflussgréBen
zu kontrollieren, so dass die Losung des mathematischen Modells in einem bestimmten Sinn
optimal wird.

Insbesondere werden Neumann-Randsteuerungsprobleme behandelt, was bedeutet, dass die An-
derungsrate der ZustandsgréBe auf dem Rand des zugrunde liegenden Gebietes kontrolliert wer-
den kann. Von besonderem Interesse werden Finite-Elemente-Diskretisierungen dieser Probleme
auf polyedrisch berandeten Gebieten sein. Da in einer Umgebung von Ecken und Kanten dieser
Gebiete Singularitaten in den Losungen zu erwarten sind, ist eine optimale Konvergenz der Me-
thode der finiten Elemente auf quasi-uniformen Gittern im Allgemeinen nicht sicher gestellt. Um
diese Singularitaten genauer zu beschreiben werden in dieser Arbeit gewichtete Sobolevraume
verwendet, und unter Ausnutzung entsprechender Regularitatsaussagen Finite-Elemente Fehler-
abschatzungen bewiesen.

Bisher unbekannt waren scharfe Abschatzungen fiir die Spur der Finite-Elemente-Approximation
des Neumann-Problems auf polyedrisch berandeten Gebieten und die in dieser Arbeit neu ent-
wickelten Abschatzungen erlaubt es viele Konvergenzresultate fiir Neumann-Randsteuerungs-
probleme zu verbessern. Unter anderem werden Probleme mit L?(I")-Regularisierung betrachtet
und verbesserte Abschatzungen fiir die numerische Approximation mit einer vollen Diskretisie-
rung, dem Postprocessing-Zugang und der variationellen Diskretisierung hergeleitet.

Ferner wird auch ein neuer Zugang mit einer Energieregularisierung auf polygonal berandeten
Gebieten betrachtet, wobei in diesem Fall die Konvergenzrate nur von den Innenwinkeln der
Eckpunkte des Gebietes abhangt.

Das Ziel dieser Arbeit ist es stets zu untersuchen, welche Konvergenzrate auf quasi-uniformen
Gittern erwartet werden kann, und inwiefern die bestmogliche Konvergenzrate durch lokale
Netzverfeinerung wiederhergestellt werden kann, so dass numerische Berechnungsverfahren fiir
Neumann-Randsteuerungsprobleme signifikant verbessert werden konnen.
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CHAPTER 1

Introduction

The optimization of partial differential equations is a well-examined field in mathematics and
the first contributions already appeared in the early 70's, see for instance the fundamental
book of Lions [60] and the references therein. In particular during the last 20 years this topic
has been studied more intensively as recent developments in computer technology allow an
accurate computation of large-scale optimization problems. Optimal control of partial differential
equations has a wide range of applications. Many physical phenomena can be modeled by
boundary value problems and these models can be optimized regarding some control quantity
which may be a parameter, a source term or the shape of the underlying geometry, just to
mention a few possibilities.

An optimal control problem is an optimization problem in a function space setting and we denote
by U,g C U the set of admissible controls and by Y the state space. The control and state
are related to each other by means of a partial differential equation whose solution operator is
denoted by S: U,g — Y. The kind of problems we are going to investigate in this thesis reads

J(y,u) = min!  subjectto y=Su and u€ Uyy. (1.1)

An application we want to emphasize is the optimal control in solid mechanics. There exist
a couple of models which describe the relation between forces acted onto and the stress and
deformation of a solid figure. The question of interest is, how to adjust the forces in order to
achieve a prescribed deformation. This has been intensively studied in [47] for linear elasticity
models and in [35, 48] for elastoplastic models. A possible control quantity is the force acted on
some part of the boundary. In elasticity this is modeled as a Neumann boundary condition and
hence, optimal control problems of this kind are also called Neumann boundary control problems
that we want to investigate in this thesis. A detailed survey on further applications can be found
in the book [52].

In this thesis we consider especially linear-quadratic optimal control problems having the following
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structure. The target functional consists of a tracking term and a regularization term, namely

1 a
. u) = 3y = vallEqy + 51l (12)

where y, is some given desired state one wants to reach as close as possible, and Q C R", n €
{2, 3}, the computational domain. The second part depending on the regularization parameter
a > 0 is required to ensure well-posedness of these problems. We exclude the case a = 0
because bang-bang controls — controls which attain the values of the control bounds only — are
obtained. For unconstrained problems with U,y = U the optimization problem is not even well-
posed for a = 0. In this thesis we investigate the usual case that U = L?(I"), and the recently
developed energy regularization approach where U = H_1/2(F) for Neumann control problems.
Moreover, we restrict our considerations to the case that the control-to—state mapping S is the
solution operator of the boundary value problem

Ay +y="f in Q,
yTy (1.3)
Opy = u onTl,

where A = 27:1 82/8x,-2 is the Laplace operator. Due to technical restrictions problems involv-
ing control constraints are of interest in many applications. Thus, we assume that

Ue Uy ={uel:u;<u<u, aeonl}, (1.4)

with certain control bounds u,, up € R satisfying u, < up. The aim of this thesis is to prove
error estimates on locally refined meshes for the numerical approximation of the optimal control
problem (1.2)—(1.4). Let us give a brief overview of some closely related contributions. The
numerical approximation of distributed control problems has been investigated by Sirch [84]
who derived sharp estimates in L2(Q) and L>°(Q2) for polygonal domains as well as for three-
dimensional prismatic domains with anisotropic meshes, and by G. Winkler [92] who proved
estimates on general polyhedral domains using an isotropic mesh refinement strategy. In another
thesis by Pfefferer [74] Neumann boundary control problems on polygonal domains are intensively
studied and sharp error estimates with local mesh refinement are proven. The fundamental theory
developed in these three dissertations forms the basis for our investigations.

In the first part of this thesis we will investigate the numerical solution of the state equation (1.3)
using the finite element method. We restrict our considerations to continuous and piecewise
linear finite elements on some triangulation 7, of the underlying domain 2. We will emphasize
the convergence behavior of the discrete solution when Q2 has a polygonal or polyhedral boundary
. It is well known [44, 45, 54, 69, 87] that singularities at edges and corners occur which could
result in a reduced convergence rate. For instance in a vicinity of corners of polygonal domains
or edges at polyhedral domains the solution of (1.3) contains terms of the form

r cos(\p), A i=T/w,

where (r, @) and (r, @, z) are polar coordinates centered in the corner, or cylinderical coordinates
centered in the edge, respectively. The singular exponent A = A\° = 7/w for corners in 2D or
A = A€ := 7/w for edges in 3D depends solely on the opening angle w of the corner or edge. At
corners of polyhedral domains the corresponding singular exponents A€ depend upon the solution
of an eigenvalue problem for the Laplace-Beltrami operator and can in general not be determined
analytically.



The regularity of the variational solution of (1.3) depends then solely on the number

min A€, in 2D,
corners C
A=4 min {26, 1/2+ A}, in 3D, (1.5)
edges e

corners ¢C

and one can show [45] that y € H'T2=¢(Q) for arbitrary € > 0, provided that f and g are
sufficiently regular. Consequently the finite element approximation yj satisfies the estimate

1y = yall o) < Chmin{l'x_g}|J/|Hmin{2.1+xfe}(§z)v

on quasi-uniform triangulations, see e.g. [23, 85]. Throughout this thesis ¢ > 0 is a generic
constant which is independent of the mesh size h, the solution y and the input data f and g,
and might have another value at each occurrence.

In order to retain the best possible convergence rate many contributions, e.g. [16, 72, 76],
investigated the finite element method on meshes which are refined locally in the vicinity of
singular edges and corners. Throughout this thesis we will use the assumption that all elements
T € T, satisfy

W, if e =0,

hrs#, i rr >0,

ht = diam(T) ~ {

where r1 denotes the distance to the singular points, and u € (0, 1] is some refinement parameter
which has to be chosen appropriately. More precisely, upper bounds of this parameter are of
interest which guarantee optimal convergence. To the best of our knowledge there are only
contributions, e. g. [12, 61], that discuss error estimates on a pure isotropically refined mesh for
the Dirichlet problem and certain mixed problems when the computational domain is polyhedral.
The results in these references is that the estimate

Iy = allmray + b7y = yall 2 < ch

holds when the refinement condition u < A is satisfied. In this thesis also a proof for the
pure Neumann problem (1.3) on a general polyhedral domain is given and the same refinement
criterion was used.

Having the application of boundary control problems in mind these finite element error estimates
in H1(Q) or L?(Q) are not sufficient to show also discretization error estimates for the control
problem. As we will see later at a certain point in the convergence proofs we have to insert a
finite element error estimate on the boundary, more precisely in L2(I"). The obvious strategies of
using a trace theorem or the Aubin-Nitsche method yield in certain cases lower convergence rates
than expected, which is the reason why many contributions about boundary control problems
present suboptimal results. In a recent contribution Apel, Pfefferer and Résch [9] developed an
advanced strategy which relies basically on a domain decomposition technique already used to
show local maximum norm estimates [80]. Under the assumption u < 1/4 + A\/2 the estimate

ly = yulli2qry < ch?|In b3/ (1.6)

has been shown for an arbitrary polygonal domain €, provided that f € C%9(Q) and g = 0.
The new result in this thesis is an extension of the proof to the three-dimensional case. We will
show that the estimate (1.6) remains true with the definition of the number A from (1.5) in the
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three-dimensional case. This result has already been published in [10] but in this paper a slightly
stronger refinement criterion at singular corners is used.

The second part of this thesis deals with error estimates for the numerical approximation of
the optimal control problem (1.2)—(1.4). The choice U = L?(T") has already been investigated
intensively in the literature. We will solve a discretized version of the optimality system to
obtain an approximate solution (¥}, 05), and we are interested in the question how fast do these
solutions converge towards the solution (¥, &) of the continuous problem, i. e. for which numbers
B € R, called the convergence rate, does the estimate

13— Gnll 2y < chP

hold for all h > 0.

There exist a couple of discretization strategies and we will investigate three in detail. For in-
stance the full discretization approach studied by Falk [41] and Gevici [43], who used a piecewise
constant approximation of the control variable and a piecewise linear and continuous approxima-
tion of the state and adjoint state variable. In the latter reference the convergence rate 5 =1
has been shown for arbitrary convex polygonal domains. This thesis presents an extension of
this result to non-convex polygonal and polyhedral domains and we will observe that 8 =1 is
attained independent of the geometry and local mesh refinement. This is not the case for the
state variable. We also derive estimates of the form

17 — Vnllx < chP,

in the norm of some certain Banach space X. While in case of X = H(Q) the discrete state
converges with rate 8 = min{1, A — €}, € > 0, which is the same rate like for the approximate
solution of the boundary value problem, and with rate 3 = 1 on a locally refined mesh satisfying
p < X, the convergence rate in case of X = L?(Q) is only 8 = min{2,1/2+ A} —¢, € > 0, and
B = 2 — € can be reached with u < 1/4 + X\/2. The same results were proved by Pfefferer [74]
for polygonal domains and in the present thesis the results are extended to polyhedral domains.

The full discretization using piecewise constant controls is obviously not the best choice, as we
only get the poor convergence rate 8 = 1. However, we are restricted due to the approximation
order of the discrete control space, but not due to the regularity of the control which is more
regular than H1(I"). Hence, other approaches which exploit higher regularity of i are of interest.

One possible approach which has been introduced by Hinze [50] is the variational discretization.
This technique relies on the fact that the necessary optimality condition yields a pointwise
representation of the control in dependence of the adjoint state and it suffices to approximate
only the state variables with piecewise linear elements. The control is not discretized explicitly,
but can be described exactly by the nodal values of the discrete adjoint state and the control
bounds, so it is discretized implicitly. There are many contributions studying error estimates for
polygonal domains, but only a few dealing with polyhedral domains. We want to mention Hinze
and Matthes [51] who proved B = 3/2 for convex polygonal and polyhedral domains on quasi-
uniform meshes, but this rate is too pessimistic. The same rate was proven by Casas and Mateos
[25] for semilinear Neumann boundary control problems on convex polygonal domains only. An
extension to non-convex polygonal domains can be found in an article of Mateos and Résch [62]
who proved B = min{2, 1+ X/2,1/2+ X} —¢, € > 0. The results in all these contributions are
suboptimal as there were used suboptimal finite element error estimates in the L2(I")-norm. We



are indeed in the position to improve these results using the estimates proved in this thesis. The
investigations made here are for polyhedral domains only and we prove the sharp error bound
B = min{2,1/2 + \} — ¢ for quasi-uniform meshes and 3 = 2 — ¢ for refined meshes according
to u < 1/4 4+ X\/2. Exactly the same rate has already been proven for polygonal domains by
Apel, Pfefferer and Rosch [9].

A third approach we are going to address is the postprocessing strategy first of all considered by
Meyer and Rosch [67] for distributed control problems. The idea is to compute a fully discrete
solution of the discrete optimality system using a piecewise constant control approximation
again, and to compute another control i, in a postprocessing step by an evaluation of the
pointwise representation of the optimality condition. The function iy is as in the variational
approach piecewise linear, but it is not a finite element function. However, one observes that
these functions possess better approximation properties. A first proof for Neumann boundary
control problems can be found in a paper of Mateos and Résch [62] who proved 8 = min{2, 1+
A/2,1/2 + X} — ¢ for polygonal domains when a quasi-uniform family of triangulations is used.
The improved rate B = min{2,1/2 + A} — € which is sharp has been proved by Pfefferer [74],
and for locally refined meshes the rate 3 = 2 —¢ was retained in a contribution of Apel, Pfefferer
and Rosch [9] when the family of triangulations is refined according to u < 1/4 4+ X/2. In the
present thesis the same result is proved also for polyhedral domains.

We moreover investigate another regularization approach that was already suggested in Lion's
book [60]. His idea was to assume only as much regularity for the control as it is required to
obtain the existence of a corresponding state in H'(2). This means for Neumann boundary
control problems that the control is searched in the space U = H~/2(I"). To the best of
our knowledge error estimates for this strategy have not been investigated before and we will
discuss sharp estimates for polygonal domains depending on the opening angle at the corner
points. Similar investigations can be found in a contribution of Of, Phan and Steinbach [71]
where discretization error estimates for the closely related Dirichlet control problems in H/2(T")
are developed. With this regularization the optimal control & is less regular, and exhibits a
similar behavior like the solution of a Dirichlet control problem in L2(I") [63], meaning that the
control is drawn down to zero at convex corners and can tend to infinity at reentrant corners.
As a consequence, the solution of the optimization problem possesses less regularity than for
U= L2(F) and hence, the approximate solutions converge with a lower rate. An approximation
with piecewise linear state and adjoint state, and a carefully designed control discretization which
has to satisfy the Ladyschenskaya-Babuska-Brezzi stability condition, yields the convergence rate
B = min{3/2,A\} — €, € > 0, for the discretization error of the control in the H=1/2(I")-norm
and 8 =min{1,A—1/2} —¢&, € > 0, in the L?(I")-norm, when there are no control constraints.
In particular, we show that the refinement criterion u < 2X\/3, which is necessary for all corners
having interior angle larger than 120°, guarantees the optimal convergence rate B8 = 3/2 — ¢,
€ > 0, in the H~1/2(I")-norm. We further investigate problems involving control constraints
where we may exploit higher regularity of the solution. Due to the behavior at reentrant corners
the control can become active in a vicinity of these corners and is hence regular. The error
estimates can be improved if this is the case. It should be noted that the results for the energy
regularization approach have already been published in [14].

This thesis is structured as follows. In Chapter 2 we investigate regularity results for weak
solutions of the boundary value problem (1.3). For sake of completeness we summarize well-
known results in classical Sobolev spaces, but more important for us are results in weighted
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Sobolev spaces which allow a more accurate description of singular parts contained in the so-
lution. Based on these regularity results we derive finite element error estimates in Chapter 3.
Initially, some local estimates for certain projection operators onto piecewise polynomial spaces
are investigated. As a consequence, we are in the position to prove finite element error estimates
in H1(Q), L2(Q2) and L2(T") for polyhedral domains, and an estimate in H/2(I") for polygonal
domains. In this chapter the reader will find all estimates with and without local refinement.
The application to Neumann boundary control problems with L2(I')—regularization is considered
in Chapter 4. There, estimates for the three already mentioned discretization strategies are
stated and at the end of this chapter some numerical experiments are presented which confirm
the theoretically predicted convergence behavior. Optimal control problems with the energy reg-
ularization approach are considered in Chapter 5. There, we also apply the new finite element
error estimates to certain discretization strategies for the optimization problems and confirm the
results in numerical experiments. We will distinguish in this chapter among problems without
and with control constraints because better error estimates can be expected when constraints
are present.



CHAPTER 2

Singularities in polygonal and polyhedral domains

The purpose of this section is to collect regularity results for the weak solution of the Neumann
problem
—Ay+y=fFf inQ,

2.1
Ohy=g onl, (2.1)

when Q € R", n € {2,3}, is a bounded domain with polygonal or polyhedral boundary I".

In Section 2.1 we will introduce several classical function spaces that are frequently used in
the context of partial differential equations. Regularity results in classical Sobolev spaces are
well-known [33, 44, 45], but we will need a more accurate description of the singular parts which
occur in the solution of (2.1) in order to derive sharp finite element error estimates. Hence,
we will discuss the asymptotics of weak solutions of the Neumann problem in Section 2.2.
Based on these investigations one can think about adopted function spaces which allow a better
description of the singularities. In this thesis we will use weighted Sobolev and Hdélder spaces
that are discussed in Section 2.3, and used for the numerical analysis in Chapter 3. Besides the
regularity results in these spaces, also embedding theorems and trace spaces are presented.

2.1 Classical function spaces

In this section we introduce some notation used throughout this thesis, and recall basic knowledge
concerning functional analysis that is used frequently later. Moreover, classical regularity results
in Sobolev spaces are presented.

2.1.1 Notation and basic properties

First, some basic definitions are introduced, and we use a similar notation as in the introductory
books of McLean [66], Steinbach [85] and Grossmann et. al. [46].
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Throughout this thesis n € N denotes the spatial dimension of the underlying domain, i.e.
Q2 C R", which is assumed to be Lipschitz. Note, that there are also polyhedral domains which
are not Lipschitz, but we exclude these special cases for simplification purpose. By a € Nj we
denote a multi-index and by

AT
Bxa X) = axf‘l ...axﬁcnu X

the a-th derivative of u.

The classical function spaces that are used to describe strong solutions of (2.1) are the spaces
of k-times (k € Ng) continuously differentiable functions that we denote by C*(Q), equipped

with the standard norm N
axa 1)

|u]] x5y := max sup
O o<k xen

Closely related are the Hélder spaces C’”@), where v € (0, 1) is the so-called Holder exponent.
These spaces contain all functions in CX(Q) where the Holder constants

. lu(x) — u(y)]
o= sup =Ly

of all k-th derivatives are finite. A norm of CX7(Q) is defined by

aa

Let us now weaken the assumptions upon differentiability of solutions of (2.1). Usually one is
interested in weak solutions that we describe by the spaces defined in the following. It is assumed
that the reader is at least familiar with the integral definition in the sense of Lebesgue (see [40,
Chapter 4]). The classical Lebesgue spaces LP(QQ) for p € [1,00] are defined as the space of
Lebesgue-measurable functions having finite norm

</Q|u(x)|pdx>l/p, for p € [1, 00),

esssup |u(x)|, for p = co.
XEQ

||UHLP(Q) =

It is well-known that LP(2) forms a Banach space. The corresponding dual space is [LP(Q2)]* =
L9(2) where q is the dual exponent given by p~! 4+ g~! = 1. Moreover, there holds the Holder
inequality [1, Lemma 1.14], i.e. for given u € LP(Q) and v € [LP(Q)]* there hold uv € L}(Q)
as well as the estimate

luvlliiy < cllulleyllvIiiee - (2.2)

The space L2(Q) is a Hilbert space equipped with the inner product
(u,v)q = / u(x)v(x)dx.
Q

Next, we introduce appropriate spaces to describe also weak derivatives of functions on €. As
the usual definition of differentiability is too strong for our purposes we introduce the concept
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of weak differentiability. The function u € L}, (£2) (this means that u € LP(B) for all B CC Q)

possesses an a-th weak derivative (a € N{) if there exists some v € L} () satisfying

/u(x) —p(x) dx = (— 1)""/Qv(x)¢>(x)dx Vo € C(Q).

If this is the case we write D*u = v as the weak derivative is unique. It remains to define
appropriate function spaces. For some given non-negative integer kK € Ny and a real number
p € [1, 0] we define the Sobolev spaces

WkP(Q) :={velLP(Q): D e LP(Q) Vl|a|<k}.

This space is a Banach space and is equipped with the norm and semi-norm

1/p 1/p
lullwesy = | D 1D ullfsgy | Tulweoy = | D ID%ulfygy | P [Lo0),
la|<k la|=k
lullyroey == > 1D%ulli=(0. ulwese@y == D I1D%ull =)
la|<k la|=k

It is also possible to define Sobolev spaces W*T7:P(Q) of non-integral order with some v € (0, 1).
To this end, we introduce the functional

_ u(x) — u(y)[P 1/p
o= ([ [ o) =3

which leads to the Sobolev-Slobodetskij norm defined by

1/p

lullwssnngy = | 16lEeney + 3 D% | (2.4)
la|=k

This norm induces the space W +7P(Q).

As this thesis deals with polygonal and polyhedral domains €2 we can assume that a uniform cone
property holds, and consequently the Hilbertian Sobolev spaces W5'2(Q) are equivalent to the
spaces H*(2) introduced in Definition 5.1 of [93] for all s € R, which can be concluded from
Satz 5.4 in [93].

Let us briefly discuss some further properties of Sobolev and Hoélder spaces. The following
embedding results can be found in [1, Section §].

Lemma 2.1.1 (Embedding theorem). Let Q be a bounded domain with dim(€2) = n.

1. Letky €N, p€[1,00), v € (0,1) and ko € Ng such that ky —n/p > ko + . Then there
holds the continuous embedding

WkP(Q) — CR(Q).

2. Let ki, ko € Ng and p1, po € [1,00) such that ky > ko and ky — n/p1 > ko — n/p>. Then
there holds the continuous embedding

WHkEPL(Q) < W P2(Q).
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3. Let ki, ko € Ng and py, po € [1,00) such that ki > ky and ky — n/py > ko — n/p>. Then
there holds the compact embedding

WhPL(Q) S WheP2(Q).

It is also possible to define Sobolev spaces on submanifolds of 2, whereas we will merely require
them on the boundary " or some boundary edge or face. Since the boundary is not arbitrarily
regular we cannot define Sobolev spaces of arbitrary order on the boundary of Lipschitz domains,
but only of order s € [0,1]. Analogous to (2.3) and (2.4) we can then define a Sobolev-
Slobodetskij norm on the boundary by replacing 2 by I and n by n— 1. This induces the space
H=(I") for some given s € [0,1]. A definition with order higher than 1 is only possible on the
parts of the boundary which are smooth. Therefore, let {r(/)}jef denote the set of boundary
edges if n = 2, or boundary faces if n = 3. The definition of the spaces H°(I'()) is reasonable
for all s > 0 and i € F with the norm (2.4). Indeed, the use of these spaces is sufficient for
finite element error estimates. For functions which are in H*(F'()) for all i € F, we consequently
write
H, (M) = T Ho(r®).
i€F

The Sobolev spaces on the boundary introduced above can be used to describe traces of functions
defined on €. A well-known result (see e.g. [29]) we will frequently use is

Lemma 2.1.2 (Trace theorem). Let Q C R", n = 2,3, be a Lipschitz domain. For a given
function u € H5(Q) with s € (1/2,3/2) the trace u|r belongs to H~1/2(I") and the inequality

lullps—1r2(ry < cllull s

holds.

Finally we will define the dual spaces of H*(Q2) and H*(I"). For arbitrary s € R the dual space
of H*(2) is denoted by [H*(€2)]*, and a related norm is the standard operator norm

U, VY (s ()1 x s
lull (- = sup (. Vs ) te(2)

2.5
veHs(«) v Hs(e) (25)
vZ£0

where

(U V) s (@) x He () ::/Qu(x)v(x) dx

is the duality pairing of H*(Q2) with [H*(Q2)]*.

Analogously, the dual space of H*(I") can be defined, but only for s € [0, 1] as the parametrization
of the boundary has restricted regularity. It is known that the dual spaces of H*(I") are [H*([)]* =
H=3(I") defined e.g. in [66, page 98]. Throughout this thesis we will abbreviate the commonly
used dual pairings by

(0 = (o) L@ xHL(Q) -

(=G '>[H1/2(F)]*><H1/2(I') :
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2.1.2 Classical regularity results

This section is devoted to classical regularity results for weak solutions of (2.1). The weak
formulation of (2.1) can be derived by multiplying the differential equation with a test function
v € HY(Q) and applying Green's first identity. As a consequence we obtain the variational
problem: Find y € H*(Q) such that

/QVy(x) - Vv(x)dx + /Qy(x)v(x) dx = /Q f(x)v(x)dx +/rg(x)v(x) dsy Vv e HY(Q).

(2.6)
One can write this problem in a more compact form using the bilinear form
a(-, ) HY(Q) x HY(Q) = R
defined by
a(u,v) = / Vu(x) - Vv(x)dx —|—/ u(x)v(x)dx,
Q Q
Then, (2.6) reads
Find y € HY(Q):
a(ly,v) =(f,v)g+ (9, vV)r Vv e HY(Q). (2.7)

The existence of a unique solution y € H1(Q) of problem (2.7) is guaranteed by the Lax-Milgram
Theorem when f € [HY(Q)]* and g € H~¥/2(T"). The function y is called weak solution as it
does not necessarily satisfy the differentiability requirements to be a solution of the original
problem (2.1).

In the following Theorem we collect some already known regularity results in the classical Sobolev
spaces introduced in Section 2.1.1. We restrict our considerations to polygonal and polyhedral
domains, whereas the exact definitions are postponed to Section 2.2.

Theorem 2.1.3. Let 2 C R", n € {2,3}, be a bounded polygonal or polyhedral domain. Assume
that f € L2(Q) and g € HY2(T'). The variational solution y € H*(Q) of (2.7) satisfies the
following assertions:

a) There exists some t € (0,1/2] such that

y e H3/2+t(Q)_
b) If Q is convex, assertion a) holds for some t = 1/2.

Proof. a) The assertion for polygonal domains is proved in Corollary 2.4.4 of [45], see also
Remark 2.4.5 for inhomogeneous boundary data. For polyhedral domains a proof for g = 0 is
also stated in Grisvard's book [45, Corollary 2.6.7]. For inhomogeneous Neumann conditions
one can find a proof in the book of Dauge [33]. In Corollary 23.5 of this reference it was stated
that some € > 0 exists such that the family of operators

AS = (A +1,8n): HS(Q) — [HM ()] x HY2H(I)

is [0, s]-regular for all 0 < s < 1/24¢€, s # 1/2. According to Definition 20.9 this means that
if there is a function u € H*(Q) satisfying Au = (f, g) with input data f € [H!=5(Q)]* and
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g € H=1/2+5(T"), then there holds u € H*5(Q). We are in particular interested in this result
for s € (1/2,1/2 4+ €]. With s = t + 1/2 we conclude the assertion.

b) The assertion follows in case of a polygonal domain again from Corollary 2.4.4 in [45]. For
polyhedral domains this result is stated in the book of Maz'ya and Rossmann [65] who proved
regularity results in weighted Sobolev spaces that we discuss in Section 2.3. The assertion
follows from Theorem 8.1.10 in this book when setting p = 2 and all weights to zero, and taking
into account that 55:0 > 1 and A; > 2, see also Section 8.3.5 in this book. [

2.2 Singularities in polygonal and polyhedral domains

Before we introduce weighted Sobolev spaces we will get a deeper insight into corner and edge
singularities in this section. Once we know the structure of the occurring singularities it is more
intuitive to define these adjusted spaces.

Singularities in 2D

For two-dimensional problems we consider domains Q C R? satisfying the following definition.

Definition 2.2.1. A bounded domain Q C R? is called polygonal, if the boundary I consists of
d € N straight edges meeting each other at an angle greater than zero and smaller than 2.

Moreover, we denote by

° {I'U)}jec the set of edges, numerated counter-clockwise, where C = {1, ..., d} is the
corresponding index set,

o {xU)};cc the set of corner points such that xU) is the intersection of TU) and rU+1)
(rd+1) = @) py convention).

We associate to each corner xU), j € C, polar coordinates (rj, @j) centered in xU) such that
¢; = 0 and ¢; = w; coincide with the boundary edges intersecting each other in xU) . To simplify
the notation we omit the index j in what follows.

It is already well-known that singularities occur in the vicinity of the corner points. Let us briefly
discuss how the singular parts in the solution can be determined. We basically follow the ideas
from the fundamental contribution of Kondrat'ev [54] and the books of Grisvard [44], Nazarov
and Plamenevsky [69], and Kozlov, Maz'ya and Rossmann [55]. Since the domain Q coincides
in a neighborhood of a corner x) with an infinite angle

K :={(rcosp,rsinp) e R?: ¢ € (0,w), r >0}, w e (0,2m),
we first consider the problem
—Ay=f ink, Opy =0 on OK.

In polar coordinates (r, ) the angle K degenerates to a semi-infinite strip in the (r, ¢)-layer.
Note that we neglected the zero-order term since it is immaterial for the asymptotic behavior
of the solution.
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With a Mellin transformation the angle is transformed into a vertical line in the complex plane,
where the problem is equivalent to a parameter-dependent ordinary differential equation depend-
ing only on the variable . A solution of this ordinary differential equation can be computed
analytically and after the transformation back to K we get the singular decomposition of the
solution. The Mellin transformation can be performed in two steps, namely

e apply the substitution r = e ~t to transform the problem to an infinite strip, and

e apply a partial Fourier-transformation in t to get a one-dimensional parameter-dependent
boundary value problem.

In the following, this technique is applied to our model problem. After change to polar coordi-
nates, the differential equation reads

Gy 1oy 18y,
or2  ror  r2op2)
Now we employ the substitution r = e~t. The chain-rule and the property 8t/8r = —r~1 then
imply
0%y 0%y ot
| == 4 L) =e2tF 2.8
(at2 * g2 (2.8)
Fortunately, the mixed terms vanish by this substitution. The second step of the Mellin trans-
formation is a partial Fourier transformation:

(€. 0) = F(y)(€. 9) = /_ T ety (t p)dt.

Applying this transformation to equation (2.8) leads to

. % R .
SUXE a2V w)=FEv)=F(e () (€ ).
From this we finally obtain the parameter-dependent ordinary differential equation

—9"(©) +€9(0) = Flp) Vo< (0,w)

§(0) = 9/(w) = 0. (29)

The differential operator $(¢) = —d?/dp? + €2 is often referred to as operator pencil in the
literature. The homogeneous problem (2.9) possesses only trivial solutions, except for some
isolated parameters — the eigenvalues of . By some computations the solution

¢k cosh (iXT¢) , if € = ikT for some k € Z,

IH(E @) = {

0, otherwise,

for the homogeneous problem is obtained, where ¢ € R, k € Z, are arbitrary constants. An
application of the inverse Fourier transform vyields

- km _kn
Ya(t. ) = FH(gr)(t. @) = D cxcos (ww> et
kEZ
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with ¢y := & /27, k € Z. Taking into account the substitution r = et finally leads to

YH = Z ckr™ cos(Akp) (2.10)
kez
with the singular exponent Ay = k7 /w and some constant ¢, € R. Note that the singularities
corresponding to k < 0 cannot occur since this would be a contradiction to yy € H(K). The
solution for k = 0 is constant and hence regular.

In order to find a solution of the inhomogeneous problem (2.9), one can use a Green's function
representation of the solution and can determine the asymptotic behavior using the theorem on
residues. For further details the interested reader is referred to [69, Chapter 5 and 7] and [45,
Chapter 2], where the singular solutions

™ (Inrjcos(Nj,m@)) + @i sin(Nmey)) . if \jm € Z,

for j € C and m € N with singular exponents

(2.11)

Ajim = MT/wj,
are derived.

With the technique described above one can finally show the asymptotic behavior of the solution
of (2.1). For a detailed proof of the following result we refer e.g. to [44, Theorem 4.4.4.13],
[45, Section 2.7], [69, Theorem 4.4].

Theorem 2.2.2. Let f € L9(Q) and g € W1=Y/a9(TW) for all j € C, with some g € (1, 0) be
given. For all j € C denote by

. 1, if <R,
€ CP(R with (ri) = /=
Uh o (Ry) 7D(J) {O, if 1> Ro,
arbitrary cut-off functions with constants Ry, R> € R such that 0 < Ry < R». Assume that
2—=2/9# Njm VjelC, meN.

Then, some constants ¢;m € R, j € C, m € N, and a function yr € W29(Q) exist, such that
the solution of (2.1) can be decomposed into

d
yO)=yrC)+D Y Gmm(n)SP (5. 9)). (2.12)
j=1 meN
Aim<2-2/q

Proof. This assertion can be found in [45, page 82] and [69, Theorem 4.4] where the additional
term cp+ ¢joInrj occurs in the solution, which is a consequence of the singularity SJQ (note that
Ajo = 0 € Z). The constant term g is regular and can be transferred into yg. However, for
g > 1 we get by embeddings that f € [HY(Q)]* and g € H~Y/2(I") and the Lax-Milgram Lemma
yields y € HY(Q2). That the logarithmic term cannot occur follows directly from the fact that
Inr; ¢ HY(2) which would be a contradiction. O

Actually, the regularity is restricted by the strongest singularities which correspond to the singular
exponents A\; := \;; for j € C. Hence, we summarize them to a vector
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Singularities in 3D

In contrast to the two-dimensional case we have to distinguish between singularities occurring
at edges and corners in the three-dimensional case. Let us first introduce some notation.

Definition 2.2.3. An open and bounded domain 2 C R3 is called polyhedral if its boundary
consists of plane boundary faces, which intersect each other at an angle greater than zero. We
denote by

o (TN}ier, Fi=A{1,..., d*}, the set of boundary faces, by
o {Mytkee, ke & :=1{1,..., d}, the set of edges, and by

o (xW}lice,jeC:=1{1,..., d'}, the set of corners.

The singularities occurring in a vicinity of an edge My, k € £, have principally the same structure
as corner singularities in 2D. We introduce cylinder coordinates (rk, @k, zx) such that the zx-axis
coincides with My and @, = 0 and @, = wy correspond to the two faces meeting in M. It is
known, e.g. from [45, Section 2.5], [78], that the edge singularities have always the structure

Sk ok zk) = G ™) (rk, zk) S (k. @),

where S]7 are the singular functions from (2.11) obtained already in the two-dimensional case,
with the modification that the edge singular exponent is

K="= mmfwy, m=12....

Moreover, ¢y € Hlﬂim(R) is some function, and G is the operator which defines the convo-
lution integral

G()(rk, zk) = :r—k i wr(;:_t;) dt.
i

In the following we denote the singular exponent related to the strongest singularity by A§ := Ai'l,
and summarize all of them to a vector X¢ € RY.

Let us investigate the structure of the singularities occurring at the corners of the domain 2.
Similar investigations can be found in [18, 87, 91],[69, Chapter 10 § 2].

We introduce spherical coordinates (p;, ;, 6;) centered at the corner xU), J € C. Without loss
of generality we assume that xU) = 0, and to simplify the notation we omit the index j. First,
we consider the boundary value problem in an infinite polyhedral cone

K :={xeR3 x/|x| € G},

where G is a polygonal domain chosen appropriately such that K and €2 coincide in a vicinity of
the corner xU). In order to transform the problem in I into a parameter-dependent boundary
value problem we follow basically the steps described on page 13. The differential equation of
the boundary value problem

—Ay=f ink, Opy =0 on 0K, (2.13)
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reads in spherical coordinates

0%y 20y 1 o (. 0oy 1 &%
(52 + a5 * anams (%55) * ranzooge) =1

Again, we introduce the substitution p = e~ and with the chain rule exploiting 8t/8p = —p~! =

—e! we obtain
8%y Oy 1 0 (. Oy 1 &% ot
—<m2‘m+wmmﬂéww)+m%&ﬂ)‘e :

In what follows we abbreviate the Laplace-Beltrami operator on the surface G by

1 8< 8y> 1 0%

Aoy = —— 2 (sineZY oy
Y= 538 \""%%0 ) T G290

With a partial Fourier transformation

y@wﬁ%aﬂm@wﬁy:/me%wumﬂmn

—00

we arrive at the parameter dependent boundary value problem

(i€ +€2)y — Ngy = F .= F(e %tf) inG,

R (2.14)
0,y =0 on 0gG.

This boundary value problem on some subset of the unit sphere can be transformed to a plane
problem. In Figure 2.1 this procedure is illustrated for the “Fichera” corner which denotes the
corner at the intersection of three mutually orthogonal planes. When considering the planar
problem one has to take care of the boundary conditions. For the domain illustrated in Figure
2.1b the original Neumann conditions are present at [y, only, whereas there are periodic boundary
conditions at ['p. Moreover, all points on I'JS, J = 1,2, correspond to only one single point in
the original domain.

We are interested in the parameters £ for those the homogeneous problem has a non-trivial
solution. This is the case when € := —i¢ — €2 is an eigenvalue of the problem

—Ngy =€y in G, 8,y =0 on 0G, (2.15)

compare also [87, Equation (1.12)]. We denote the eigenvalues by A</ i € Ng, where A0 = 0
for the pure Neumann problem. The eigenvalue of interest is the second one because the related
singular function contained in the solution of (2.13) will restrict the regularity. Due to the
substitution € ;= —i& — €2 we set

~ 1 1 .
A& =10 == — + NG 2.1
i ( 5 + 2 + ) (2.16)

As a consequence, when & = A\ for i € N, the problem (2.14) with F = 0 possesses some non-

trivial solution y;(¢, 0), the eigenfunction related to NS After an inverse Fourier transformation
we get the solution of the homogeneous equation

oo
yu(t ©,0) =Y ce*yi(p.6), GER €N,
i=1
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(a) The surface G in the original domain (b) The surface G in the (¢, 6)-plane

Figure 2.1: The surface G for a “Fichera” corner.

and with the substitution p = e~ as well as (2.16) we arrive at the representation

) ; 1 1 ~ .
P, v, 0) ZC/,O y/ ®, 9 with G = —5 + \/F

In a similar way it is possible to find a solution of the inhomogeneous problem. However, since
this would exceed the scope of this thesis we refer to [45, Section 2.6], where the singular
functions

c.m

AS
Si™(ej. 0. 0)) =0, F"(@,0),

with some smooth functions FJ’"( -) are derived. The leading corner singular exponents are also
summarized to a vector

In summary it can be said, therefore, that the corner singularities contained in the solution of
(2.1) depend solely upon the eigenvalues of the problem (2.15). The computation of these
eigenvalues has been discussed intensively in the literature. In special cases it is possible to
compute eigenvalues analytically. We want to mention e.g. Stephan and Whiteman [87] who
derived S\f'l =40/9 (= >\f’1 = 5/3) for the three-dimensional L-shape domain. However, in
general the eigenvalue >\J.C'1 has to be computed approximately. Walden and Kellogg [91] and
Beagles and Whiteman [18] present a discretization of (2.15) using a finite difference method.
Pester [73] and Leguillon [58] used a finite element discretization instead. The discrete eigen-
value problem can be solved with Rayleigh quotient minimization. In the two latter references
some computations for the “Fichera domain” are presented. For the Dirichlet problem the ex-
ponent >\J‘-"1 ~ 0.44 was computed approximately. However, the eigenvalues depend on the type

of boundary condition. For a pure Neumann boundary we have computed Af'l ~ 0.84 with the
software package CoCoS [73]. We also refer to the summary in [31, Section 1].



18 CHAPTER 2. SINGULARITIES IN POLYGONAL AND POLYHEDRAL DOMAINS

2.3 Weighted Sobolev spaces

In this section we introduce weighted Sobolev spaces which allow us to describe the singular
parts contained in the solution of a boundary value problem in a more accurate way. Let us first
outline the basic idea behind these spaces. Imagine y € H*(Q) is the unique solution of (2.7) in
some non-convex polygonal domain Q C R?. Since at least one corner has interior angle larger
than 180° the corresponding singular exponent is smaller than one. As a consequence, at least
one second derivative is not square integrable in a ball B with radius R centered at this corner
point. This can be simply checked by computing the integral of the second derivative for r, for
which holds

2(A—2) R 2(A-2)+1 P20 R
rix ““dx=c¢ revie dr=c———<| = o0,
[RE | 20— 1o

since A — 1 < 0. As a remedy, we introduce the additional weight function r(x)? with some
B € R chosen appropriately, such that AD®y € L?(Q) for all |a| = 2. A simple calculation
yields

R 2(A+B-1
/ r(x)2A=20) 4x = c/ P28+ g — " ( ' ® < 00,
BNQ

which holds under the condition 3 > 1 — A. In the following we will define function spaces that
contain such kind of weight functions.

2.3.1 Definition and basic properties

We begin with the definition of weighted Sobolev spaces for two-dimensional polygonal domains.
The weights are the distance functions to the corner points that we define by

ri(x) = x—xY|, vjec.

Definition 2.3.1. Let Q € R? be a polygonal domain and denote by {U;};ec, an open covering
of L2 such that U; contains only the corner xY) but no other ones. For a non-negative integer
£ € Ny, a real number p € [1,00] and a vector & € R? the weighted Sobolev space Wé’p(Q) is

defined as the closure of C*°(Q\ {x(@, ..., x(@}) with respect to the norm
1/p
S [ neruptvrax | ifpe L)
IVllgeoqqy =4 \el=tiee 740 (2.17)
Z max esssup rj(x)¥|D*v(x), if p= oc.
al<e JE€C xeu;nQ
A seminorm related to (2.17) is defined by
1/p
S5 [ atrmiotvpax] L ifpeiio),
[Vlyeoggy = { \lal=tsee 00 (2.18)
Z max esssup rj(x)¥|D*v(x)|, if p=o0.
al=t JEC xeunQ

\
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We will frequently use the norm (2.17) on a subset G C Q, and in case of G C U; we write

H ’ Hwévp(g) = || ) HWﬁ)”(g)’ (2.19)

where the weight function is still the distance to the corner of 2. The weights related to the
other corners have no influence and can be neglected.

On polyhedral domains both weights for corners and edges are required. The corresponding
weight functions are defined by

pi(x) = |x—xYV| vjec, re(x) = inf [x—y| VkeC&.
yeMy

Moreover, we define the index set
Xj={ke&: xY) is an endpoint of My}.

Definition 2.3.2. Let Q € R3 be a polyhedral domain and denote by {U;}jec an open covering
of 2 such that U; contains only the corner xU) but no other ones. For a non-negative integer
¢ € Ny, a real number p € [1, ] and vectors 5 € RY, § € R? the space Wa q(Q) is defined as

the closure of C°(Q\{x), ..., x(@)}) with respect to the norm

P

O
S [ apetie I (;k«x))p D2v()IP | L ifp e Lo0),

IVllyen gy = § \I*I=¢7<C 20y, keX;
B.o 5k
Z max esssup pj(x)2 ¢+l H < x> |D*v(x)], ifp=o0
<t J€C  xeqnu; KeX,

(2.20)

Analogous to (2.18) we introduce a corresponding seminorm by

1
P

> /pj(X)"BfH< (x)) ID2v(x)IP | . ifpell, ),

|V|Wé’§-(§2) = la=LJ€C ohy; keX;
) 5k
r :
Z max esssup pj(x)P H (k(x)> |D*v(x)], if p=o0
ol —,/ €€ xeQny; KeX; Pj

(2.21)

Trace spaces

Let £ € N and p € [1, o0] be arbitrary. For polygonal domains 2 C R? the space Wé_l/”’p(l'(i)),
j € C, is the trace space of Wé’p(Q) and is equipped with the norm

Il inf{||v||W§,p(Q): v e WEP(Q) and V|1 = u}. (2.22)

2—1/p, =
Wy PP(r)
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Analogously we can define a trace space of weighted Sobolev spaces for polyhedral domains
Q c R3. By Wé}l/’”’(ﬁ')), i € F, we denote the trace space of WB{?(Q) on the boundary face

(), with the naturally induced norm
o . £,p o
||U||Wé%1/p,p(|_([)) = inf {HVHWE’E(Q)' S Wﬁ.g(Q) and V|F(’) = LI} .
Moreover we write
ueWEVPP(M) L= wewt VPPl viec

Analogously we define the global trace space Wé;}/p’p(r).

Embeddings

It remains to collect some auxiliary results about the weighted Sobolev spaces introduced above.
In the following we denote by G either the domain €2 or its boundary . The integer n is the
dimension of G. The next Lemma can also be found in [74, Lemma 2.29].

Lemma 2.3.3. The following embeddings hold:
a) Assume that1 < p < q < oo, and that the weight vectors &, &' € R satisfy the inequality
n n .
o+ - <aj+ - vjecC.

q p

Then, for all £ € Ny the continuous embedding
L, L,

Wa,q(G) — W2P(G)
holds.

b) Let £ € Ng and p € [1,00]. Assume that the weight vectors &,d' € RY satisfy the
inequality

n .
of <1+ aj, aj>—5 vjecC.
Then, the continuous embedding
£+1, L,
W, P(G) — W&p(G)
holds. If aj/- <1—aj forall j € C the embedding is even compact.

A similar result holds for the weighted Sobolev spaces on polyhedral domains introduced in
Definition 2.3.2. Proofs for the results of the following Lemma can be found in [65, Lemma
8.1.1 and Lemma 8.1.2].

Lemma 2.3.4. The following embeddings hold:
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a) Let 1 < g < p < oo andl e Nyg. Assume that the vectors 3,6 € RY and §,5 € R?
satisfy

n n
Bi+—<Bj+— vjec,
Top T g

1
d Vk € E.

n—1
0<6’k+T<5k+

Then, the continuous embedding

L,p 4,q
WEP(G) = WEY(G)

holds.

b) Let p € [1,00) and £ € Ny be given. Assume that the vectors G.6 €RY and§,8 € RY
satisfy
B <1+0; vjec,
n—1

5L§1+5k, (5k.6;(>— Vk € &.

Then, the continuous embedding

£+1,p L,p
WELP(G) = WER(G)

holds. In case ofﬁj’- <1+4+p;,j€C, and o) <1+ k €&, the embedding is even
compact.

2.3.2 Regularity Results
We are now in the position to formulate some regularity results for the solution of the variational

problem posed in Section 2.1.2

Find y € HY(Q):
a(y,v) ={(f,v)ig+ (9, v)r Yv € HY(Q), (2.23)

using the weighted Sobolev spaces introduced in Section 2.3.1.

Polygonal Domains

First, we discuss a regularity result in weighted Sobolev spaces for polygonal domains 2 C R2.
A proof of the following result using already our notation can be found in [74, Lemma 3.10].

Theorem 2.3.5. Let f € Wa9'2(Q) and g € Wé/z’z(l'). Then, the solution y of (2.23) belongs
to WO%Z(Q) if the weight vector a € RY satisfies

1—)\j<OCJ'<1 if 1—>\J'ZO,

. (2.24)
0§Otj<1 if 1—>\j<0,

for all j € C. Furthermore, there holds the a priori estimate

Wz < € (IFllwsz + Igllyeagy) -
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For the proof of optimal finite element error estimates on the boundary the regularity in Wa?.'z(Q)
is not sufficient. In this case we want to exploit regularity in Wé'oo(Q) with an appropriate weight

B € RY. The following result is proven in [9].

Theorem 2.3.6. Assume that g =0 and f € C%9(Q) for some o € (0,1). Then, the solution
y of (2.23) belongs to Wé'oo(Q) with a weight vector B € RY having components satisfying

2—>\j<6j<2 if 2—>\J'ZO,
Oﬁﬁj<2 if 2—)\j<0,

for all j € C. Furthermore, there holds the a priori estimate

||Y‘|W§v°0(g) < C||f||co,cr(§)-

Polyhedral Domains

Regularity results for the solution of problem (2.23) in weighted Sobolev spaces when Q C R3
is a polyhedral domain, are proven e.g. in [2, 31, 65, 95]. We will exploit the following result
for finite element error estimates later.

Theorem 2.3.7. Let functions f € Wg'g(Q) and g € Wégl/p’p(l') with p € (1,00) be given.

Assume that the edge and corner weights §e Ri and B € R‘i satisfy

2—=2/p—min{2, \f} <o <2—-2/p Vk € €&,
2-3/p—min{1,\j} <B; <3-3/p vjeC.

Then, the solution y € HY(Q) of the variational problem (2.23) satisfies
D%y e Wé'g(Q) Vial = 1.
Moreover, the a priori estimate

D« , + §C<f , + ~1/p, ) 2.25
> 10 sz + 1 lure < € (IFhunacay + I8l s (2.25)

la|=1

holds.

Proof. The desired assertion is stated in Theorem 8.1.10 of [65] under the additional assumption
that A = —1 and X\ = 0 are the only eigenvalues of the problem

—Ang:A(A-i-l)V in gj,
Op,v =20 on 0G;,

that are contained in the strip —1 < Re A < 0. Note, that this eigenvalue problem is the same
as (2.15) when inserting the definition

1 1
A=z +4/7+E
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compare also [56, Equation (2.3.3)]. That this strip indeed contains only the eigenvalues 0 and
—1 in our situation, and, that algebraic and geometric multiplicity are equal, has been discussed
in [56, Section 2.3.1].

It remains to prove the a priori estimate (2.25) which is not directly stated in [65], but in the
following, we outline how this estimate can be concluded. To this end, introduce the space

o= {v € LP(Q): DV e W2 Via| = 1}
with the naturally induced norm as stated on the left-hand side of (2.25), and the operator

L A+ . 0,p 1-1/p,p
A= < 5 ) CH = WER(Q) x WP (D),

It is easy to confirm that the operator A is linear and bounded since the estimates

| - AUH\/\/E?(Q) < C|“|w§:§'(9):

u , <c|u ,
lully2zey < clivlio

a
HanUHWﬁ}gl/p,p(r) < C||Z 1D UHWBE'(?(Q)’
' al=1 Y

hold for arbitrary u € H. More precisely, the first estimate follows directly from the norm
definition (2.20), the second one from a trivial embedding taking into account that B8 >0,
and the third one from the definition of the trace space on page 19. We also confirm that A
is bijective which is equivalent to the existence and uniqueness of a solution in H and follows
from the first part of this theorem and the Lax-Milgram Lemma. From the bounded inverse
theorem [37, Theorem 3.7] we conclude that the inverse mapping A1 is also continuous which
is equivalent to (2.25). O]

The above theorem excludes p = oo, but we will require this case in order to derive optimal
finite element error estimates in the L?(I")-norm. To overcome this issue we apply regularity
results in weighted Holder spaces.

Theorem 2.3.8. Let a function f € C%9(Q) with some o € (0,1) be given and assume that
g = 0. Moreover, assume that the weights § € ]RS’r and B € R‘i satisfy

2N, <0k <2 Vk € &,
2—>\f<ﬁj vy eC.

Then, the solution y € H*(Q) of (2.23) satisfies

D%y ¢ Wﬁl§°(§z) Via| =1.
Proof. Let us first introduce the weighted Holder spaces defined in [65, Section 8.2]. We denote
by Uik = {x € UNQ: rn(x) < 3pj(x)/2}, k € Xj, a covering of U;. Furthermore, a Holder

exponent 0 € (0,1), a non-negative integer £ € Ny and some weights B e RY, § e RY with
0k > 0 (k € &) are given. To each edge we associate the integer myx := [0k — o] + 1. The
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weighted Holder space Cé%(Q) denotes the space of £ times continuously differentiable functions
on Q := Q\ (Uxee M) with finite norm

% max{0,0x—£—o+|a|}
ey = 3 X s oo T (20 e

=1 aj<¢ €Y kEX;

5, |(D%u)(x) — (D*u)(y)]
+ Z dood s g (2.26)

_ +o—0k
x,yeU;j | y|mk
J=LKEX; lal=t=mic i o

. O (D (D™
YT i T (22)" (20— (G0

xyEU |y - X|J
J=Llal= gy 2 KEX;

We introduce weights 5’ = ,5+ o and & := & + ¢ and observe that the inequalities
||f||CoU (Q) = < C||f||COU(Q) < C”f”COU(Q)

hold, where the first inequality is a consequence of the embedding theorem [65, Lemma 8.2.1]
which holds for arbitrary 8} > ¢ (j € C) and §, > 0 (k € &), and the second one can be
confirmed when inserting 8; = o and dx = 0 in the definition of the norm (2.26).

The assumptions upon 5 and & imply that

2-X; <6 —0<?2 keg,

2.27
2-X <Bi-o0 JEeC, (2.27)

and with the regularity result from [64, Theorem 5.1 and Remark 5.1] we obtain D%y € Cé%,(Q)
for all |a| = 1. It remains to show that

D®ulliy 1000y < c||D*ul| 1.0 V| = 1.
|| HW%E Q) = || HC%/E/(Q) | |

It suffices to bound the Wl SO(Q) norm by the first row in the norm definition (2.26). Obviously,
when inserting B; = B’ — 0 the corner weights coincide. Inserting 6, = §, — o > 0 yields for

the edge weights / /
<I’k)6k _ (I’k>6ka -, <rk) max{0,6;—o—1+|a|}
pj pj —\p '

where we exploited ¢} — o > max{0,d, — o — 1 + |a|} for all |a] < 1. Consequently, we have
shown (2.27) and the assertion can be concluded. O



CHAPTER 3

Finite element error estimates

In this chapter the numerical approximation of the Neumann boundary value problem discussed
in the last chapter using the Finite Element Method is considered. Our aim is to derive sharp
discretization error estimates in dependence of the geometry of the underlying domain 2.

We will show that the singularities discussed in Section 2.2 have also influence on the convergence
rate of the finite element method. If the singular exponents are smaller than a certain bound we
cannot expect an optimal convergence rate, and our aim is to investigate how the convergence
rate and the singular exponents are then related to each other.

Special emphasis will be put on local mesh refinement which is a well known technique used to
compensate reduced convergence rates. As we know the structure of the occurring singularities
in advance, it is possible to derive a priori mesh refinement conditions in such a way that we can
determine the refinement parameter once we know the singular exponents. This idea is indeed
very old and has been intensively investigated in the literature, e.g. [6, 12, 15, 42, 72, 81]. In
all these contributions error estimates in the H*(Q2)- and L?(2)-norm are proved. However,
in the context of boundary control problems finite element error estimates on the boundary I
are of interest. The novelties in this chapter are a finite element error estimate in H/2(I") on
polygonal domains, and the extension of the L2(I")-estimate proved in [9] for polygonal domains
to polyhedral domains.

This chapter is structured as follows. In Section 3.1 we introduce the finite element approxima-
tion of the solution of (2.23). Error estimates for local projection operators, e. g. interpolation
operators, are a prerequisite that we investigate in Section 3.2. The new results in this thesis are
tailored local estimates which exploit the regularity in weighted Sobolev spaces stated in Section
2.3. The main results are the finite element error estimates that we are able to formulate in
Section 3.3 for quasi-uniform meshes, and in Section 3.4 for locally refined meshes.
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3.1 Discretization of boundary value problems

In order to transform the variational problem (2.23) into a finite-dimensional problem a finite-
dimensional space Vj, C HY() is introduced which leads to the Galerkin formulation: Find
Vn € V), such that

a(yh, Vh) = <f, Vh>Q + (g, Vh>r Vv, € Vj. (31)

The finite element method belongs to the class of Galerkin methods and has the additional
property that V}, possesses a basis consisting of piecewise polynomial functions having small
support. A prerequisite for the construction of such a basis is a decomposition of the domain 2
into elements T € T, such that

Q:intUT, TiNTy=0forall Ty, To € Tp with T1 # To.

Throughout this thesis triangular elements for two-dimensional, and tetrahedral elements for
three-dimensional problems are considered. The index h is a mesh parameter denoting the
maximal diameter of all elements in T,. Moreover, it is assumed that the triangulation T is
feasible, i. e. that the intersection of two different element closures is either empty, a common
vertex, a common edge, or — for tetrahedral meshes — a common face (compare also [23,
Definition 3.3.11]). In other words the presence of hanging nodes will be avoided. The resulting
decomposition T of Q is called triangulation or finite element mesh.

For each T € T, we denote the diameter of the smallest ball containing T and the diameter
of largest ball contained in T by hy and p7, respectively. Throughout this thesis we deal with
shape regular families of triangulations {7,}s~0 only, i.e. some constants hg > 0 and kK > 0
exist such that

°T>w vTeT

hr

is satisfied for all h € (0, ho].

Further, we define by A}, the set of nodes of T, and by N7 the set of nodes belonging to the
element T € T,. The induced boundary mesh defined by

Ep={int(TNN): T €T},

forms a conforming triangulation of the boundary I consisting of intervals (2D) or triangles
(3D).

In this thesis only continuous and piecewise linear finite elements are considered, i.e. the space
of ansatz and test functions is

Vi := {vh € C(Q): vy is affine linear on all T € T3} . (3.2)

As Vj, is finite-dimensional each element in V}, can be represented as a linear combination of basis
functions. Usually, the nodal basis

1, ifA=n,
{¢n € Vih: @n(7i) =0bp 5 forall i,ne Ny}, where 06,5 := I B
0, ifAa#n,

is used. The solution of (3.1) can then be written in the form

Ya(x) = Z Ya(n)en(x),

nE./\/h
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and due to the linear structure of the problem (3.1) it remains to test the variational formulation
with basis functions only. This leads to the finite element formulation

> vn(malen 0s) = (f.omq+ (9. 0a)r VA EN, (33)
nG/\/h

which is a linear equation system for the card(N}) unknown nodal values yp(n).

3.2 Error estimates for projection operators

This section is devoted to error estimates for several projection operators onto spaces of piece-
wise polynomials on Tp or £, which have a local representation on each element or some patch
of elements. The estimates we prove will exploit the accurate regularity results in weighted
Sobolev spaces.

T3
M
¢ T
Ye-
(a) Reference element (b) Element touching an edge (c) Element touching an
and a corner edge in a single point

Figure 3.1: The reference element T and the different positions of the original element T.

A well-known idea is to transform the tetrahedron/triangle to a reference element where all
estimates and embeddings depend only on the geometry of this element, but not on 7. In what
follows we investigate the reference transformation in detail. To this end, let 7 be the standard
reference triangle/tetrahedron having vertices

{0,007, (1,007, (0, 1)}, for n =2,
T 14(0,0,007,(1,0,0)7,(0,1,0)T,(0,0,1) T}, for n = 3.

We denote by F+ the affine linear transformation from T to a world element T € Th. This
transformation allows us to associate to each function u: T — R another one on the reference
element, namely i: T — R defined by

(%) == u(Fr(x)).
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From [27, Theorem 15.1] it is known that the estimates

Ulwescry < ChFATIVP|0)yeo . (3.4)

|lyyenciy < hETITYP ulenery, (3.5)

hold for all u € W4P(T), £ € N, p € [1, o0].

Next, we introduce weighted Sobolev spaces on a reference setting. The definition is analogous
to Wé’p(Q) or Wé’g(Q) with slight modifications of the weight functions. First, we make the

following general assumption.

Assumption 1. Each element T € Tp touches at most one corner of 2. For three-dimensional
problems it is assumed that at most one edge of an element T is contained in an edge of 2.

This assumption is not too restrictive as elements violating this condition only have to be refined,
e.g. by bisection. However, this assumption is not essential for the results in this thesis, but
it simplifies the notation significantly as it suffices to introduce only one corner and one edge
weight on the reference element.

For planar problems we introduce the space Wﬁ'p(f_) with £ € Ng, p € [1,00] and a € R, which
is defined analogous to Definition 2.3.1 with the modification that there is only one weight,
namely

P(X) = |%].
Note that it is possible to define F such that F7(0) = xU) if xU), j € C, is also a corner of T.
A norm in WEP(T) is defined by

1/p
> / P(R)PY|D*0(R)|PdK , ifpe[l, 00),
" . T
||UH\/\/§P(7A-) = |a|<¢
Z esssup P(R)*D*a(%)], if p=o0.
la|<e XeT

A seminorm is defined analogous to (2.18) when taking the sum only over all |a| = £.
For three-dimensional problems we need the weight functions

p(x) = |X], P(X) := inf [& =7,
yeEM
where M := {te3: t € (0,1)} is the reference edge. If Assumption 1 did not hold, e.g. when
two edges of T were contained in edges of €2, we would have to introduce two edge weights on
the reference setting. This is in principal possible but we exclude this for simplification purposes.
In order to maintain consistency with the notation we assume that the reference transformation
Fr: T — T is defined in such a way that the following properties hold:

e If T has an edge which is contained in an edge My, k € £, we assume that F7-(/\AA) C M.
e If T has a corner which is also a corner xU), j € C, of Q, we assume that F7(0) = x1).

e If T touches an edge My, k € £, in a single point, we assume that F1(0) € M.
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Analogous to Definition 2.3.2 we define for £ € Ng, p € [1,00] and 3,6 € R the space Wé:’g("f)
equipped with the norm

1/p
~ pd
> [awpete (Lm) prampes | ifpe fLoo)
lall,en sy = 4 \lel<e”T 7
WEB(T) P 5
> esssup p(%)P (A(ﬁ)) |D*a(R)]. if p=oo0.
|| <2 ReT P

Let us briefly discuss the relation between the weights in the reference setting and the original
weights. For two-dimensional problems it is clear that

r(x) ~ hr(X) VxeT, (3.6)

when T touches the corner xU).

For three-dimensional problems we have to distinguish among certain situations. For the case
illustrated in Figure 3.1b that one edge of T is contained in an edge M of 2, we define the
points
y =argmin|x — z|, y =argmin|x — 2|.
zeM 2eM
Note that y and F7(¥) are in general different points. For the transformation from T to T we
have to exploit the property

r(x) = Ix =yl ~ by = FF ()| ~ hr|% = 9| = hrP(R), (3.7)

where the second equivalence holds due to the assumed shape regularity of T,. Moreover, if T
touches also the corner ¢ := xY), we observe that

p(x) =[x —c| ~ hr[x — €| = hrp(X), (3:8)

since ¢ = F1(¢). The case illustrated in Figure 3.1c where T touches the edge M only in a single
point c is treated slightly different. Due to the assumed shape regularity the angles between the
edge M and the edges of T touching ¢ are bounded from below by a constant independent of
h. Exploiting this fact yields the property

r(x) = Ix =yl ~|x —c[~ hr|x — €| = hrp(%), (3.9)

and the edge weight becomes a corner weight in the reference setting. Note, that we did not
consider weights related to corners and edges that are not touched by T, since these weights
are not needed for our analysis.

The technique we use to derive local estimates is in most cases the same. We introduce some
polynomial w € Py of degree k € Ng which is preserved by the projection operator, apply stability
properties for this operator and insert results of polynomial approximation theory. In classical
Sobolev spaces the Deny-Lions type arguments (also known as Bramble-Hilbert-Lemma) from
Dupont and Scott [38] are sufficient for our purposes. In weighted Sobolev spaces we will use
the following analogue.

Lemma 3.2.1. Let a positive integer £ € N and some q € (1, 00) be given. There exists some
polynomial p € Py_1(T) such that the following results hold.
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a) (n=2). Let some function v € Wé’q("f) with weights & € RY be given such that
—-2/g<aj<3-2/q VjecC. (3.10)

Then,
v — pHWa{vq(i—) < C|V|W§vq(ﬂ-

b) (n=3). Letv € Wé’;l("f) be some function with weights 3 € R?, § € RY satisfying

Bi<4-3/qg VjeC,

3.11
—2/p <0k <3-2/q Vk e €. ( )

Then,

V- ay S CIVI g La -
H p”wég(T) | |Wé,§(T)
The constant ¢ depends solely on T .

Proof. The assertion for n = 2 can be found in [74, Lemma 2.30] and [13, Lemma 2.2] where
the latter reference contains a detailed proof, but the assumptions upon the weights are too
restrictive. To show the extension to n = 3 we merely mimic the ideas therein. Actually, it
suffices to show that the norm equivalence
/Dau ,
+

holds, and to insert u = v — p with some p € P,_1(T) such that the second term on the
right-hand side vanishes. The proof of (3.12) presented in [13] can be extended to the case
n = 3 since the key steps are the embeddings

(3.12)

u gy ~ Ul gy T
H HWég(T) | |Wﬁ{§(7‘) Z
l|<£-1

Z,q T ¢ Z—l,q ' 1.9/ 1,1,% 1,4
W3H(T) = W5 9(T) and WA(T) = Wep(T) = LI(T). (3.13)

The first embedding is stated in part two of Lemma 2.3.4 and holds under the assumption
—2/q < O for all k € £. The second embedding in (3.13) is also a consequence of Lemma
2.3.4 and holds under the assumption (3.11). O

The local estimates we are going to derive in the remainder of this section will always depend
upon the position of the element T. Therefore, we introduce the quantities

T = inf XU)—X, rr = inr'T,
I X€T| | jec I
forj cCifQisa polygonal don ain, and

1= inf |xY’ — x|, neT = inf, |y —x|, rroi=min e T,
P, X€T| | : nt ly — x| R T,
yel\/lk

forj € C and k € € if Qs a polyhedral domain. In all subsequent estimates the generic constant
c is independent of these quantities.
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3.2.1 The nodal interpolant /,

The nodal interpolant maps a given function v to a discrete function in V}, such that the inter-
polant coincides with v in the nodes of 7. Hence, for an arbitrary continuous function we can
define the nodal interpolant by

lh: C(Q) = Vi, [Ihu](x) =) u(n)@n(x). (3.14)
neN},

This operator can also be defined element-wise which makes the derivation of global estimates
easier. The definition (3.14) is equivalent to

[Ipu](x) = D u(m)pn(x)  ifxeT.

neNT

It is also possible to define the nodal interpolant on the reference element by

Ih0)(%) = > a(A)pa()  ifgedT.
ﬁENf—

As a direct consequence of this definition one can show the following stability property:

Lemma 3.2.2 (Stability of /). Let some function u € C(cIT) be given. Then, the stability
estimate

|/Ah0|wk.p(7“-) < C”ﬁ”/_oo(?)

holds for arbitrary k € {0, 1}, p € [1, ].

Proof. With the definition of I}, the triangle inequality and the Hélder inequality (2.2) we obtain
for arbitrary |a| < 1 that

1D Ihallf, 3y < D (D% Al 2y < 118117 zy D /T (D*Pa(%))” d%.
ﬁENj— ﬁENf—
Moreover, one observes that
/A (D%@s(X))Pd < c with ¢ =c(T),
+
taking the definition of the basis functions @4 into account. O

Due to the stability in in the maximum norm the nodal interpolant is a suitable choice when
deriving error estimates in L*°().

Lemma 3.2.3. Let some function u € C(T) on an element T € Ty, with T C U; for some j € C
be given. Assume that |“|W%2°(T) < ¢, with weights satisfying
5.3

0§61'<2, 0§6k<5/3, V/(EXJ‘.
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Then the error estimate

5k
p;? H (@T) . ifpiT >0, neT >0 (Vk € X)),

keX
lu = Inull ey < ch|ul e - 28,
( ) W5,5 (T) h7—_5kpj6k7_ Bj’ prJT > 0, ”k,T — O,
h, if pjT =0,

(3.15)
holds. Furthermore, let k := max{[3;, maxxe X; 0k} denote the largest weight. Then the estimate
above simplifies to

re,if e >0,

S (3.16)
h-,— , I’TIO.

u—lpull; o < ch?|ulp 200 -
lu = ThullLx(ry < chrlulyes T {

Proof. We consider first the case that T is away from the singular points which implies u €
W?2°(T). Hence, a standard interpolation error estimate can be applied and introducing the
weights afterwards yields

—6

,B, rk,T

v = Thul| Loy < Ch%’PJ;TJ | | (p) |U|W2-530(T)- (3.17)
KkEX; ', T B,

Consider now the case that r = 0. In this case, standard interpolation error estimates cannot
be applied. We introduce a first-order polynomial w € P1(T) and apply the transformation
to the reference element, the stability estimate of Lemma 3.2.2, as well as the embedding
WLP(T) < L>(T) for some p > 3, and obtain

lu = Inull ooy S N8 = Wll ooy + T80 = W) o7y < €0 = Wlliprogry- (3.18)

First, we consider the case that T touches the edge My, k € £, and is away from the corner
point, i.e. p;j7 > 0. We distinguish among the cases whether T touches M, in an edge
of T (see Figure 3.1b) or in a single point (see Figure 3.1c). In the first case we use the
embedding le"lp(f') — WLP(T) from Lemma 2.3.4, the Bramble-Hilbert type argument in
weighted Sobolev spaces presented in Lemma 3.2.1, and the embedding Wfk'%i(f) — Wf"lp('f)
which holds for 64 < 5/3 and the choice p = 3+ ¢ when ¢ is chosen sufficiently small, and arrive
at

For the transformation back to the original element T we take (3.7) into account and finally get

2—G) 0k—B;
|u— /hUHLOO(T) < chr kpj'k7— J|U|\/\/§§0(T)v (3.20)
where we already inserted the remaining weights in the last step, and used the fact that p; + > 0.
If T touches My only in a single point we replace in (3.19) the spaces Wf’lp(T) by Wi $(T) and
Wézk”?k(f) by Wfk'%o("f) and use (3.9) instead of (3.7). It is easy to confirm that we arrive at
(3.20) again.

Let now T touch additionally the corner xY) and I_et an edge of T be contained in My, k € X;.
The other edges My, £ € X; \ {k}, meeting in xU) can be neglected, as T touches them only



3.2. ERROR ESTIMATES FOR PROJECTION OPERATORS 33

Figure 3.2: Definition of the cones Ci‘j at a reentrant corner.

in x). From (3.8) and (3.9) we conclude for these edges 1 = /5 ~ ry/p;. We consider again
(3.18), employ the embedding from Lemma 2.3.4 with 3; < 2 and dx < 5/3, and obtain using
(3.7) and (3.8) the estimate

In the last step we merely inserted the remaining weights which are bounded on 7. If no edge
of T coincides with an edge of €2 we can derive the same estimate when replacing Wf'f(T) and

ng'%‘;(f') by Wf'é’(f') and WBQJ"%O(?), respectively. The edge weights can be inserted afterwards
where we exploit that ri/pj, k € X; is bounded from below by a positive constant within 7" which
is a consequence of the assumed shape-regularity. After insertion into (3.18) we arrive at

2-6;
|u = Ihull LTy < chF J|U|W§~§°(T):

and have proved the estimate (3.15) completely.

Let us now investigate how we can deduce (3.16) from (3.15). For the case r > 0 we simplify
the factors ri, 7 and pj 7 appropriately. To this end, we introduce the following definitions. We
denote the interior angle between the edges My and M, by ay ¢ and write a; := % MiNk gex; ke
for the quarter of the minimal angle between all edges having an endpoint in x¥). We define
some cones C?J, k € X;, also illustrated in Figure 3.2, by

C?f ={xe U nNQ: n(x)/pj(x) <sinaj}.

Outside of the cone CE‘J, the angular distance rx(x)/pj(x) is then bounded from below by a
constant depending only on the angles between the edges. If T N CE‘J = () for all k € X, the
angular distances to all edges are bounded from below by sina; and we consequently get

,'B, rk,T k ,6. _
pJ‘VTJ H <p7_> < ij’TJ < CrTK,
kex; N

provided that x > 0, kK € Xj. In case of T N C,C:J # () for some k € X; we have rr = ri 1.
Since the angular distances to the other edges M,, £ € X;\{k}, are again bounded from below
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we arrive at

—&,

—B; e, T O0k—B; —6y

PiT H (P'T) ST T
Lex; N

S —0; . . . 0—0; —
In case of 05 > B; we have ,oJ-kT P < ¢, otherwise we exploit r, 7 < p; 7 and arrive at ijr P re ?k <

ch_ﬁf. Hence, for both cases we get
-5
O (2 " <ern (3.21)
PiT DT s e :
kex; N

Inserting this into (3.17) yields the desired estimate (3.16) for r > 0. To obtain the estimate
(3.16) in case of rr = 0 we show that

e pl P < chi* (3.22)

holds, which follows trivially in case of 6, > ;, and otherwise, this is a consequence of p; 7+ >
ChT. ]

It is also possible to define the nodal interpolant on the boundary I" based on its triangulation
Er. The space of continuous and piecewise linear functions on I is denoted by

V2 .= {v, € C(T"): vy is affine linear on all E € &},
and we investigate the interpolant /,‘? defined by

19:C(r) — v2, [Pu)(x) == > u(mea(x)  VxeT. (3.23)
neN,NI

In the following Lemma we derive a local interpolation error estimate for two-dimensional prob-
lems. Consequently, I is a one-dimensional manifold in R?.

Lemma 3.2.4. Let Q C R? be a polygonal domain, and let E € &, be a boundary element such
that E C U;NT for some j € C. Assume that u Wf’p(E) with arbitrary p € [2, 0] and

0<n< 2—1/p, /‘f£:0,
3/2—1/p, ifL=1,

For £ € {0, 1} the local estimate

—y )
__ 0 24 1/2—1/p e’ if re >0,
lu = Thullpecey < chg "|E| [Uhwze ) {hEV, ifre =0,

holds, where rg = dist(E, xY)).

Proof. In case of re > 0 we may exploit higher regularity, namely v € W?2P(E). An application
of standard estimates and insertion of the weight afterwards yields

lu =15 ull ey < chg Y EM2 7P ulpen(ey < Ch2E_e|E|1/2_1/prW|U|WN2,p(E)-
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Otherwise, if re = 0, we apply the transformation to the reference interval £ := (0, 1), insert a
first-order polynomial W € P1(E), exploit the stability of /2 in L>(E) (see Lemma 3.2.2), and
the embeddings

W2 (E) = WPITE(E) = WHITE(E) — L(E) — L?(E), if£=0with§=3/2—¢,
W:2(E) — HY(E) — L>=(E), if£=1with§=1.
Then we arrive at
lu = 10l ey < chg!IEIY2 (118 = Wlegey + 18— Wl ()
< ChEe|E|l/2||ﬁ - VT/HW&?Q(E)-

With the Deny-Lions-type argument in weighted Sobolev spaces from Lemma 3.2.1, and the
embedding WA?"’(E) — Wgz(E) which holds for y < § +1/2 — 1/p, we get
10— VT/”Wé?v?(E—) < C|0|W$xp(é)v

and the assertion follows from the transformation back to E exploiting the property (3.6). [

3.2.2 The quasi-interpolant 7,

The quasi-interpolant Z, first introduced by Scott and Zhang [82] has two significant advantages
over the nodal interpolant. On the one hand it is applicable for non-smooth functions u €
W*EP(Q) with

£>1 if p=1, L>1/p if p>1, (3.24)

and, on the other hand that it possesses better stability properties as we will see in Lemma 3.2.5.
We follow the definition from [82] and associate a set o, C 2 to each node n € N}, according
to the following rules:

a) If n € N} is an interior node, then o, := T € T}, such that n € N7,

b) If n € Ny is a boundary node, then o, := E € £, such that n€ E and E C T.

Let My, : LY(0,) — Pi(o,) denote the L2(o,)-projection onto the space of first-order poly-
nomials on o,. Note that this projection is well-defined for functions u € W¥4P(Q) with £, p
satisfying (3.24). The operator Zj is then defined by

Zp: WEP(Q) = Vi, [Zpu](x) i= ) (Mo, u)(n)@n(x). (3.25)
ne./\/h

In contrast to [y it is not possible to define Z, locally on a single element T € Tp, but on some
patch St defined by

For estimates on a reference setting we introduce the patch S3 := FT_I(ST). Note, that the
patch S4 has diameter hs. = O(1) and contains a ball of radius ps. = O(1).

The following stability estimate for Zp is proved in [82]:
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Lemma 3.2.5. Let some function u € W4P(St) with £ € N and p € [1, o] be given satisfying
(3.24). Then, the stability estimate

1Z08llyrary < clldlipess,y. (3.26)

holds for all k € Ng and g € [1, o].

With this stability estimate we can prove an interpolation error estimate based on the technique
we already used in the proof of Lemma 3.2.3.

Lemma 3.2.6. Let T € T, with T C U, for some j € C. Assume that the function u € H*(S7)
satisfies |u|W2,p(5T) < ¢ for some p € (6/5, 00| and weights satisfying
6.5

0<B <5/2-3/p, 0<0xk<5/3=2/p, VkelX.
Then, for £ € {0, 1}, the interpolation error estimate
U= Zpulpery <

_BJ Ik, T —Ok .
pir 11 (*) . If pjs; >0, res, >0 (Vk € X)),

P T

keX;
Ch2—l T 1/2—-1/p u ’ . B 5 _J ) '
T T lUhwze(s) o3, if res, =0, pis. >0,
h if pjs, =0,
(3.27)
holds. Moreover, with k := max{@B;, maxxex; 0} this estimate simplifies to
e
_ 20111/2—-1/p )t ifrsg >0,
U= Znulpery < chy"|T] |U’W§§(5T) {h;’*, ifrs, = 0. (3.28)

Proof. If the patch St is away from the singular points we have higher regularity, more precisely
ue W2'p(57), and hence, we may apply the interpolation error estimates in classical Sobolev
spaces from [82], and introduce the weights afterwards. This leads to

— 5
2—¢,1/2—1/p —B; Mk, T
(U= Zytlypegry < cHE T2 Vpg B ku( <m> oz (3.29)
€Xj ! '

If rs, = 0 we introduce a first-order polynomial w € P1(S7) and obtain with the triangle
inequality

\u = Zpulpery < Ju = wlpery + 120U = W) ety (3.30)
For the first part of (3.30) the transformation to the reference element and the trivial embedding
HY(T) < L2(T) yield

0= Wliery < € [TIV2H48 = Wiy < € IT207818 = Wl gy,

For the second part on the right-hand side of (3.30) we apply an inverse inequality, the trans-
formation to the reference element, and the stability of Zj, in H*(S#) (compare Lemma 3.2.5),
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and obtain

| Zn(u = W)l ey < chr8llZa(u = w)ll 2
c|TIM2 8 Zn(a = W)l o1y

<
< c|TIM2h74)a — Wl Hi(ss)-
Together with the embedding W?2%/5(S+) < H1(S+), the estimate (3.30) simplifies to
|u = Zpulpeery < chP TV = Wllyorss, ). (3.31)

Now, we employ a Deny-Lions type argument, e. g. the version from Theorem 3.2 in [38] where
the estimate depends only on hsf and PS.- After the transformation back to S+ we arrive at

|u— ZhU|He(7—) < Ch77-8|T|1/2|ﬁ|W2,6/5(57_) < Ch%-fe|7_|1/275/6‘LI|W2,6/5(5T), (3.32)

where |St| ~ |T| was exploited in the last step. Henceforth, we have to distinguish among the
cases whether St touches a corner or only a single edge.

We first consider the case that St touches the edge M for some k € X;, but is away from the
corners. The Holder inequality with g :=5p/6 and 1/g+1/q' = 1 yields

wos/s(sr) ~

< ( / T m(x)ﬂﬁwu(x)wdx) e ( / T rk(xrq’“k/f’dx) T e

The second integral can be integrated exactly in cylinderical coordinates (rk, @, zx) around M
and is bounded if 2— ¢’6dx/5 > 0. This condition is equivalent to §x < 5/3—2/p when inserting
the definition of g and ¢q’. As St is contained in a cylindrical sector around My having length
and radius proportional hr there exist constants ¢; > 0, i € {1, 2, 3}, such that

, 5/(64") ca+cohr chr , 5/(64")
(/ re(x)~9 6‘5k/5dx> < (/ / r;_q 65k/5drkdzk>
St c1 0

< chyO|T|/6-1/p, (3.34)

ulfye [ 0P B ) O
St

where we used 1/¢' =1 —6/(5p) and |T| ~ h3 in the last step. Inserting (3.33) with (3.34)
into (3.32) leads to

—— _ 5. —B;
U — Zyulgeery < chy E K| TM271P 0% ﬁjlulwﬁg.g(sﬂ, (3.35)

where we already inserted the remaining weights and exploited that St is away from the corner.

Let now St contain also the corner ¢ := x¥). Analogous to (3.33) we derive an embedding into
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an appropriate weighted Sobolev space and obtain using the Hélder inequality with g :== 5p/6

6/5 ; e 664/5 ; ; e —60,/5
Viwossssy) = /5 pi()% I <.<x>) v()I*P000) 7% [ (.<x>> >
T

J J

keX; kEX;
6/(5p)
I Pok
el [ ot T (%) o
ST kex; N
/ rk 7(7'65;(/5 1/q
X /pj(X)_qwf/SH(‘(X)) dx . (3.36)
St kEXJ‘ J

We introduce spherical coordinates (p;, @«, Ox), which are centered at ¢ and coincide with the
edge My for 9, = 0. This definition implies that ry/p; = sin(¥). The integrals over 9, are
bounded by a constant independent of ht under the condition —q’'6dx/5 > —2 which is implied
by —2/p < dx < 5/3—2/p for all k € X;. Hence, a constant ¢; > 0 exists such that the second

integral in (3.36) can be simplified to
abr 6/(54')
. (/ o 65j/5dpj)
0

ch P T [p/o-1/e, (3.37)

6/(54")

, rk —q’65k/5
[t T () e
St

kex, \Pi

IN

IN

provided that —¢'683;/5 > —3 which is equivalent to the assumption §; < 5/2 —3/p. As a
consequence, we get from (3.32) using (3.36) and (3.37) the estimate

245 _ .
|u— Znulpeery < chy ~ T2 l/p\U|W§v§(5T), if pjs; =0,

and have proven (3.27) completely.

The estimate (3.28) follows directly from (3.27) using the arguments from the proof of Lemma
3.2.3. We merely have to apply estimate (3.21) if rs, > 0, and (3.22) if rs, = 0, respectively.

[
3.2.3 The L%(I")-projection P?
In this section the L2(I")-projection onto the finite-dimensional space
Up :={vp € L>(I"): vp is constant on each E € &} (3.38)

is studied. Remember that &, is a conforming triangulation of the boundary I'. In this thesis
only the two-dimensional case Q2 C R? is considered. The L2(I")-projection Pf? defined by

PP LY(T) — Uy, /(u — P2u)vpds, =0 Vv, € Up, (3.39)
r
has also a local representation given by

[POV](x) = £ / u(t)ds,  ifxeE,
E
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and preserves functions in Uy, i.e. v, = P;?vh for all v, € U,. On the reference element E we
have accordingly

PPa = |E|™! / a(t)ds;.
E
From this definition the following stability estimate directly follows.

Lemma 3.2.7 (Stability of P?). Let some function i € L9(E) with q € [1, ] be given. Then
the estimate

||/5i(?a||Lp(E) < CHLA/”Lq(E)
holds for arbitrary p € [1, oq].

As a consequence one can derive the following local estimate:

Lemma 3.2.8. Let E € &, such that E C U; for some j € C, and a function u € Wél'p(E) with
p € [2,00] and § € [0,3/2 —1/p) be given. Then, the estimate

o 1/2-1/p e if re >0,
|lu—=Prull2ey < chelE] lulyrecey {hg‘s, if re=0,

holds.

Proof. The desired estimate in case of rg > 0 is a direct consequence of the standard estimate
||U - P/?UHLZ(E) < ChE|E|1/271/p|U‘W1,p(E)

and the property [u|p1p(g) < rE5|u|W1,p(E) which follows from Definition 2.3.1.
6

For elements touching a singular corner we introduce a constant w € Py and exploit the fact
that P,‘?W = w. With the transformation to the reference element E := (0, 1), the stability
estimate from Lemma 3.2.7, the embedding W11'2(E) < L?(E) from Lemma 2.3.3, and the
Deny-Lions type argument from Lemma 3.2.1, we get

lu — PPulli2cey < llu— wlli2ey + IIPP(u — W)l 2(ey < clEIM?]1d — Wil 2 gy

< clEP2)a = Wliypagey < clEYalwae). (3.40)
From the embedding stated in Lemma 2.3.3 we conclude
|Blyp2ey < clilwrrcey.

which holds for all § < 3/2 —1/p. The desired estimate follows after the transformation back
to E taking (3.6) into account. O]

3.2.4 The midpoint interpolant R?

Another projection onto the set Uy, defined in (3.38) is the midpoint interpolant sometimes also
called 0-interpolant. We will require this interpolation operator to derive error estimates for the
state variable of Neumann boundary control problems in L2(Q2) on three-dimensional domains
(see Section 4.2.1). Thus, we assume in this section that Q C R? is a polyhedral domain.
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For each boundary element E € &, we denote the corresponding barycenter by xg and define
the interpolation operator R‘,? by

RO: C(T) — Up, [ROullg = u(xg) E €& (3.41)
The corresponding analogue on the reference triangle £ is defined by
RO0 = ((xg), where xg:=(1/3,1/3),

for arbitrary & € C(cl E). As this interpolant is based on point evaluations of u (like the nodal
interpolant /9 considered in Section 3.2.1) we have only stability in L>(E).

Lemma 3.2.9 (Stability of R?). Let some function i € C(cl E) be given. Then, the stability
estimate

||'Q20||Lp(/§-) < C||L7||Loo(/§)
holds for arbitrary p € [1, oq].

From the definition of R‘,? we immediately get that Rg preserves piecewise constant functions,
. e. Rﬁw = w for all w € Py(E). However, due to the choice of the points xg we even get the
relation

/[R;?W](x)dsx :/ w(x)ds,  for all w e Py(E). (3.42)
E E

which allows us to derive error estimates with a rate higher than one provided that the function
we want to approximate is sufficiently regular. We will exploit this fact in the following Lemma.

Lemma 3.2.10. Let Q C R3 be a polyhedral domain and &, a triangulation of its boundary.
Let E € &, be an arbitrary boundary element with E C U; N T for some j € C. To each choice
of weight vectors B € RY, § € RY we associate the number k := max{;, Maxkex, 0k} The
following assertions hold:

a) /f|u|W§,§(E) < c with 3 €[0,3/2) and§ € [0,1)?, then the estimate

—k 'fI’E >0
< ch2|EM2ulpn o -4 E ! ! 3.43
< chelEFulwzze) hgs, ifre =0, (343)

‘/E(u(x) — Rﬁu) dsy

holds.

b) /f|U|Wé'§°(E) <cwithBel0,1)9 and § € [0,1/2)9, the estimates

bk
oe 11 (rkE> . ifpiE >0, e >0k E X,

bjE
| — R2ul 1y < chelulyis e - o
h ( ) Wﬁg (E) hEékpjkE BJ, If rk,E = O' pj,E > 0,
/7; j, I'f,OJ"E:O,
(3.44)
and in particular
=% ifre>0
u— ROul| gy < chelu| o e -4 E ' 3.45
” h ”L (E) = E| |W515 (E) {hEKV ifre =0, ( )

hold.
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Proof. a) We apply the transformation to the reference triangle E, introduce a first-order polyno-
mial W € P1, apply the stability estimate from Lemma 3.2.9, and the embedding W21+¢(E) —
LOO(E) which holds for arbitrary € > 0, and use the Bramble-Hilbert Lemma. Applying the
described technique step-by-step yields

/(u(x) — R9u) dsy
E

< clEl [ (a9 -
c|E| ( /(u(x) — w(X))dsg| + ‘/ RO(i1 — w)dsg

clEllla - W”Loc(é) < cl|Ell|a - W||W2,1+s(é)
< clEllalyziegy- (3.46)

IN

IN

If re > 0 we use the trivial embedding L2(E) < L1T¢(E) (note that we can chose € € (0, 1)),
apply the transformation back to E and introduce the weights which yields

A

|0|W2,1+e(é) > Cth|E|_l/2|U|H2(E)

5k
_ -G Ik, E
e 202 T (€)™ luluszcer

kex; \PIE

IN

Inserting also the simplification (3.21) yields together with (3.46) the estimate (3.43) in case
of re > 0.

If re = 0 we have lower regularity and hence reuse the technique from the proof of Lemma 3.2.3,
in particular the steps (3.19) and (3.20). If one edge of E is contained in the edge My and E
is away from the corner we get with the embedding from Lemma 2.3.4, the property (3.7), and
the fact that pj g > 0, the estimate

Oz reeey < C|“|W22 (B) = < chg *|E[7?p ék H |U|W22(E)
If E touches the edge only in a single point we apply (3.9) instead of (3.7) and get

2-6 1 2 —B;
|U|\/V21+a(E)<C|U|W22(E)<Ch k|E| / J|U|W§'§(E)'

If E touches additionally the corner xU) and has an edge contained in M, we get with (3.7)

and (3.8)

2—
‘U’W21+5(E <C|LI|W22 (E)<Ch ﬁJ|E‘ l/2|u‘

If E touches the corner xU), but the edges My, k € X, only in X(J), the property (3.8) yields
. 2—
|U|W2,1+E( < C|U|W22(E) < Ch 6J|E| 1/2 ‘U|W22(E)

In all four cases the embeddings hold for 0 < 8; < 3/2 and 0 < §x < 1 when we choose € > 0
sufficiently small. Using also the simplification (3.22) we arrive at

o N 2—k|E|—1/2
|U|W2,1+e([§—) < |U|W§’v§(é) < ChE K|E| / |U|W§§(E)'

Together with (3.46) the estimate (3.43) follows for rg = 0.
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b) To show the estimate in the L°°(E)-norm we use again the transformation to a reference
element, insert a polynomial w € Py, apply the stability estimate from Lemma 3.2.9, the
embedding W12+¢(E) — L>°(E) and the Bramble-Hilbert Lemma. Then we arrive at

HU — RﬁUHLOO(E) < C||ﬁ — V‘A/HLOC(E) < C|0|W1,2+£(E). (3.47)

The case rg > 0 is easy since u € W1 °(E). After transformation to E and insertion of the
weights we get

'k E

75/(

|0|W1,2+6(é) < ChE|U|W1,oo(E) < ChE,OIEJ H (
keX;

If re = 0 we proceed as in the proof of part a), and derive the estimate
heple P, i e =0, pe >0,

E. 3.49
h?, if pj g =0. (349)

0 e(F < Ch u ,00

‘ |W1,2+ (B) = E’ |Wg1,g (E) {
where we have to distinguish among the possible positions of £, and use the embeddings
nggj(Ez = WI2TE(E), Wy (E) — WH2TE(E), Wy (E) — WHTE(E) or Wy F(E) <
W1'2+5(E) which hold under our assumptions upon §; and dx, k € X;, compare also Lemma

2.3.4. Inserting (3.48) and (3.49) into (3.47) leads to the estimate (3.44). From the simplifi-
cation (3.21) we conclude the estimate (3.45). O

3.3 Error estimates for quasi-uniform meshes

In this section we summarize some a priori error estimates for the solution yj, of (3.3) when the
finite element mesh is not refined locally. Error estimates on locally refined meshes are considered
in Section 3.4. We call a shape regular family of triangulations {7x}r~0 quasi-uniform if some
hg > 0 exists such that

hr ~ h YT €7Tp (3.50)

is satisfied for all h € (0, hg].

The convergence rate of the finite-element method on quasi-uniform meshes will depend upon
the corner and edge singularity with the strongest influence. Therefore we define the singular
exponent of the dominating singularity by

micn)\j, for n =2,

Xi=<C 3.51
, rcnikng{1/2+>\f, ©t, forn=3. ( )
J€C.ke

Note that A > 1/2 for arbitrary polygonal and polyhedral domains according to Definition 2.2.1
and 2.2.3, respectively.

Theorem 3.3.1. Assume that the family of triangulations {Th}n~o Is quasi-uniform.
o n=2:Let f € WO2(Q) and g € Wi/**(T") with a weight vector & € RY defined by

aj :=max{0,1— X+ ¢} JecC.
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e n=3:letf € Wg;(Q) and g € Wg/;'z(l') with weight vectors 5 € R? and § € R?
defined by ’ ’
Bj = max{0,1/2 = \f + ¢} JEeC,
0k ;= max{0,1 — \{ + ¢} kek.

Then, for £ € {0, 1} the error estimates

|y|W§2(Q)' Ifl’) == 2,

< Ch(2—£) min{1, A—€} . .
) |)/|W§:§(Q), ifn=3,

1y = Yall e

hold for sufficiently small € > 0.

Proof. The assertion for the two-dimensional case is proved in [74, Corollary 3.39]. Analogously,
we can derive the assertion for the three-dimensional case using the Lemma of Céa and the local
interpolation error estimates from Lemma 3.2.6. This yields

ly —Yh”/qu(Q) <c Z ly — Zh)/||;241(T) < Chz(l_K)Mivgg(Q):
TETh -

under the assumption that € > 0 chosen sufficiently small such that the 3, < 1, j € C, and
0k < 2/3, k € £. Inserting the definition of the weights B and ¢ leads to

hl—K, — hmin{l,)\—s}

from which we conclude the estimate for £ = 1. The estimate in the L?(2)-norm follows from
the Aubin-Nitsche method. Therefore, let w € H'(Q) be the weak solution of the dual problem

—Aw+w=y—y, inf, Oyw=0 onfl.
With the Galerkin orthogonality and the estimate already derived in the H*(Q)-norm we get
Iy = vullZ2@y = (v = Yn vy — yn) = a(w,y — yn)

< cllw = Zpw| [y lly — yall ()

2min{1,X\—¢}

A

From the regularity result stated in Theorem 2.3.7 and the embedding L?(Q2) < Wg?(Q) which

follows from Lemma 2.3.4 as ,5 6 > 0, we obtain
|W|W§§(Q) <clly - yh||W69§(Q) < clly = vnll2(-

Inserting this estimate into (3.52) and dividing by |ly — yxll;2(q) Yields the desired estimate for
£=0. O

Note that the convergence rate one in H*(2)-norm and two in L?(€)-norm can be expected for
arbitrary convex domains.

Especially in the context of error estimates for boundary control problems finite element error
estimates on the boundary are of interest. As a rule, one expects lower convergence rates than
for the finite element error measured in L?(€2)-norm, as we will see in the following theorem.
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Theorem 3.3.2. Let f € C99(Q) and g = 0. Assume that the family of triangulations {Tp} 0
is quasi-uniform.

o n=2: We define weight vectors &, 3 € RY by

aj :=max{0,1—X\; + ¢}, B :=max{0,2 — \; + ¢} vjec,

Q

an
n-.= HYHV\/;Q(Q) + ||Y||W5%°O(Q)-

e n=3: We define weight vectors &, € R? and §, g€ RY by

1
aj = max{O,E—Af—i-e}, Bj := max{0,2 — A\ + ¢} Vjec,
Ok == max{0,1 — \{ +¢}, ok = max{0,2 — X\ + ¢} Vk e €,

and
ni= 3 1D lwiz@y + D 10wy + 1Y l=a)

|a|=1 |a]=1
Then, the error estimate
ly = yallizgry < ch™M2A/2HA=€ In p|3/2p

holds, provided that € > 0 is sufficiently small.

Proof. The proof of this assertion for polygonal domains can be found in [74, Corollary 3.49].
The proof for polyhedral domains is postponed to the end of Section 3.4 as we will first prove
Theorem 3.4.2 where an error estimate in L?(I") with local mesh refinement is stated. Once we
have this estimate it requires only several slight modifications of the proof. ]

In the following theorem we will prove also an estimate in the H/2(I")-norm, but consider only
two-dimensional domains.

Theorem 3.3.3. Let Q C R? be a polygonal domain, and let the assumptions of Theorem 3.3.2
be satisfied. Additionally, introduce the weight vector 4 € R? whose components are defined by

v = max{0,3/2 — X\, + €}.
Then, the estimate
Iy = Sallay < S22 472 (e + 1 ey + Wz )
holds for sufficiently small € > 0.

Proof. We obtain using the triangle inequality and an inverse inequality the estimate

1/2

A

ly —J/h||H1/2(r) =c (||y - //?YHH1/2(|—) +h ||//?J/ —YhHL2(r))

c (Hy — 18 lgaqry + 2Ny = 18y N2y + B2y - yh||L2(r)) . (3.53)

IN
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To handle the terms depending on the interpolation error we exploit the regularity
y € Wé;oo(l’) < WZ3(M), where B :=max{0,2-X;+¢/2}, jeC (3.54)

which follows from Theorem 2.3.6 and the embedding of Lemma 2.3.3. From the local estimate
presented in Lemma 3.2.4 we conclude the global estimate

ly — //?YHHZU—) < Chz_e_maxfec,y]|y|v\/§'2(l') < Ch1/2—é+min{3/2,>\—6}|y|W$2(|_), (3.55)

for £ € {0,1}. Note that we have to choose € > 0 sufficiently small such that v; < 1, j € C.
With an interpolation argument we conclude the validity of this estimate also for £ = 1/2.
Inserting (3.55) for £ =0 and £ = 1/2 as well as the estimate from Theorem 3.3.2 into (3.53)
leads to the assertion. O

Remark 3.3.4. The best possible convergence rate up to logarithmic factors that we can expect
is two in the L2(I")-norm and 3/2 in the HY/2(T")-norm. Obviously, in both norms the optimal
rate is attained when X > 3/2. This holds for polygonal domains when the interior angles of all
corners are less than 120°. If one or more corners have larger interior angle the use of local mesh
refinement is a possibility to preserve the optimal convergence rates. This will be discussed in
Section 3.4.

3.4 Error estimates for locally refined meshes

The aim of this section is to improve the convergence rates presented in the foregoing section
using local mesh refinement. We make some additional assumptions for the finite element
meshes. The number . € (0, 1] denotes the refinement parameter and R > 0 the refinement
radius. We assume that some hy > 0 exists such that the family of triangulations {7x}s>0
satisfies the condition

hYe i =0,
hr ~ < hrs #, if0<rr <R, YT €75, (3.56)
h, if r- >R,

for all h € (0, hg], where rr is the distance to the singular points, i.e.

rr o= min inf |x — x|
JeC xeT

for two-dimensional polygonal domains, and

rr:=min inf |x —
T ML | y
yeMy
for three-dimensional polyhedral domains. Moreover, we assume throughout this thesis that
> 1/3 for three-dimensional problems because otherwise, the relation h ~ |N},|~1/3 would not

hold, see also the discussion in [12].

For planar problems it is also possible to introduce a different refinement parameter u; for each
corner xU), j € C, since the singularities are of local nature. The distance of T to the corner
xU) is denoted by

rir = inf |x —xY],

4T x€T | |
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(a) Refinement by mesh grading (b) Refinement by bisection

Figure 3.3: Locally refined polygonal domain with R = 0.5 and u = 0.5.

and the mesh criterion we will use later reads

hl/“'j, if T = 0,
hr ~ S b, ifO<rnT <R, (3.57)
h, if r,r > R.

For three-dimensional problems the use of different refinement parameters has e. g. been con-
sidered in [61, 4, 12] for pure isotropic refinement and in [5, 6, 24] for anisotropic refinement
towards edges and isotropic refinement towards corners. However, in order to keep the proofs in
this section as simple as possible we do not consider these advanced strategies and use (3.56)
in the three-dimensional case.

3.4.1 Two-dimensional problems

Before we derive error estimates on locally refined meshes let us briefly discuss how meshes
satisfying (3.57) can be generated. The strategy illustrated in Figure 3.3a is called mesh grading
meaning that all vertices within some ball around xY) with radius R > 0 are moved closer towards
the singular corner. By change of the coordinate system we assume that xU) = 0. To all nodes
n e Nj with 0 < |n — xY| < R we apply the coordinate transformation (x,, y,) — (x, y*) by

the formula
X\ (T p=1 [x, ) o > >
<y,f) = (—R) v ) with  r:=4/x52 4+ yz.

One can show [3, Section 19.2] that the resulting triangulation satisfies (3.57).

Another possibility, which allows also hierarchical meshes, is to use local bisection algorithms.
The mesh illustrated in Figure 3.3b has been generated by the newest-vertex bisection method
described by Bansch [17]. All cells that either violate the condition (3.57) or are non-conform,
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are refined through the edge opposite to the newest vertex. This procedure is repeated until the
refinement criterion is satisfied.

The error estimates presented in this section are independent of the refinement strategy as we
will merely use the condition (3.57). First, an error estimate in L?(Q2) and H'(€) on polygonal
domains is presented whose proof can be found in [8, Lemma 4.1] or [16, Theorem 5.1].

Theorem 3.4.1. Assume that the input data satisfy f € Wag’z(Q) and g € Wé/2(l'), and that
the mesh criterion (3.57) holds such that weight vector & € Ri and refinement parameters
satisfy

1—>\J'<CXJ'§1—/.LJ (:>Mj<>\j).

Then, the error estimate
Iy = vallrecey < hAlwzagy < € (IFlyaaey + lgllyiez gy )

holds for £ € {0, 1}.

The following error estimate in the L?(I")-norm can be found in [74, Theorem 3.48].

Theorem 3.4.2. Let f € C%9(Q) with some o € (0,1) and g = 0. Assume that the mesh
condition (3.57) holds, and that the weight vectors apB e RS’F and the refinement parameters
satisfy

1—>\j<aj§1—p,j and 2—>\j <ﬁj§5/2—2/.l,j

for all j € C. Then, the error estimate
Iy = sallzey < 2110472 (Iylhzecay + Il
holds.

Combining this theorem with the regularity results from Section 2.3 leads to the following
implication.

Corollary 3.4.3. Let f € C%9(Q) with some o € (0,1). The error estimate
ly = vallzqry < eh?ln B2 Fll ooy

holds, if one of the following assumptions are satisfied:

1. The interior angles of all corners of 2 are smaller than 120° and the family of triangulations
{Tn}n=o is quasi-uniform (u = 1).

2. The corners having interior angle larger than 120° are refined locally according to

1 X .
W<Z+§ VjeC.

In the following we will derive a finite element error estimate in the H*/2(I")-norm as we already
did in Theorem 3.3.3 for quasi-uniform meshes, but for locally refined meshes we have to use
a slightly different technique. In the proof of Theorem 3.3.3 we applied an inverse inequality in
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step (3.53). This is not possible on refined meshes since a global inverse estimate on non quasi-
uniform meshes would give us the factor hEnlm which would lead to a suboptimal convergence
rate. Moreover we inserted interpolation error estimates in L2(I)- and H/2(I")-norm, where
the latter one was shown using an interpolation argument between global estimates in L2(I")
and H(T"). This technique is also not applicable for refined meshes, because the bounds for the
refinement parameter depend also on the norm in that we want to show an error estimate.

We consider first the required global interpolation error estimates.

Lemma 3.4.4. Let Q C R? be a polygonal domain and &y, a triangulation of its boundary. Let
some function y € W§'2(F) with 5 € RY be given. Assume that the mesh condition (3.57) holds
such that the inequality

3 .

5 Euj, Vjecl

is satisfied. Then, the interpolation error estimate

0<y <

1/2

D ey =Ryl |+l = Bl < ch*Plylyze,
Ecé&y

holds.

Proof. From the local estimates for some E C U; derived in Lemma 3.2.4 we obtain

h(3/2— 'y,)/uj|y|W22(E) if rie=0,

1/2
ly — /hYHLZ(E) sc h3/2 3/2(1 Hy)— %M

22(E) |f Ii]'E>0,

provided that «y; € [0,3/2). It is easy to show that the refinement condition «y; < 3/2 — 3u;/2
leads to the desired estimate.

An error estimate in H'/2(I") has been proved by von Petersdorff [39]. From Theorem 3.10 in
this reference we get the estimate

by = Byl < e lnzagy, (3.58)

where H/2(I";) denotes the closure of the space C5°(I';) with respect to the norm || - | /2wy
see also [66] for a detailed discussion on this space. To show (3.58) von Petersdorff uses the
assumption p; < 2X;/3 as well as the choice «v; = 3(1 — u;)/2. However, when tracing through
the proof one easily verifies that the assertion remains true for some choice 0 < ; < 3(1—pu;)/2.

To obtain a global estimate we use [89, Lemma 3.2] and obtain
= 1Y ey < lly = /??J/Hm/z(r) < CZ ly — /;?)/Hﬁl/z(rj)'
Jjec

which leads together with (3.58) to the desired estimate. O

With these interpolation error estimates we can improve the results of Theorem 3.3.3 and derive
a bound for the refinement parameter such that optimal convergence rate in the H'/2(I")-norm
is guaranteed.
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Theorem 3.4.5. Let f € C%9(Q), o € (0,1) be given, and assume that g = 0. Moreover,
assume that the family of triangulations is locally refined according to (3.57) with p; > 1/3,
J € C, and that the weight vectors &, 3,7 € Ri satisfy

1—>\J'<O£J'§1—/J,j,

3
2=XN<Bi=2-u (3.59)
3 3
3/2=X <S5~ 5k
for all j € C. Then, the error estimate
lly — Yh||H1/2(r) < Ch3/2| In h|3/2 <HyHW§’2(Q) + ||y||W§v°°(Q) + ‘Y|W$x2(r)> (3.60)

holds.

Proof. Firstly, one confirms that y possesses the regularity demanded by the right-hand side of
(3.60) which is a consequence of Theorem 2.3.5, Theorem 2.3.6 as well as the argument (3.54).

By introducing the intermediate function I,?y and applying the triangle inequality we get

|y - J/h|,‘—/1/2(r) < |y - //?Y|H1/2(r) + |//?y —Yh|H1/2(r)-
For the second term we apply the inverse estimate from [32, Theorem 4.1] for meshes that are
not quasi-uniform, introduce y as intermediate function and arrive at

1/2

ly —Yh|H1/2(r) <ly-— /gY|H1/2(r) + Z hE1 (Hy - //?ynfz(g) + lly —YhH%z(E)) . (3.61)
Ecé&y

The terms depending on the interpolation error y — I,‘?y have been discussed in Lemma 3.4.4.
Hence, we get

1/2

D ey =Ryl |+l = Yl < ch¥Plylyze). (3.62)
Eecé&y,

It remains to derive an estimate for the finite element error on the right-hand side of (3.61). We
will adopt the technique used in [9], where a finite element error estimate in L2(I) is proved, to
our situation. We first consider the error in a vicinity of a corner point xUY), j € C. Therefore,
we introduce the domains

Q’R/n = {x € Q: ri(x) < R/n}, I'JR/n = OQJR/n nr, (3.63)
QR/n :Q\UQJR/n’ FR/H = BQR/nOI_, (364)
Jjec
where r;(x) := |x — xU)|. The radius R > 0 is assumed to be sufficiently small such that all

corners have distance larger than 2R from each other, but appropriate scaling arguments allow
us to set R = 1 without loss of generality.
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In what follows we fix an arbitrary corner ¢ := x4), j € C, and omit the index j to simplify the
notation. In order to derive an error estimate in the vicinity of ¢ we use the idea of Schatz and
Wahlbin [80] and introduce a dyadic decomposition of Qg, namely

Qi ={xeQ: d1 < rcx) <d}, re(x) == |x—cl,

with radiid; =2~/ fori=0,1, ..., I, and d;+1 = 0. The inner-most ring has radius d; = C/hl/“
with some ¢; > 0 independent of h which implies / ~ | In h|. Moreover, denote by I'; :=0Q; NI
the boundary segments, which form in the same way a decomposition of ['g. We also define the
patches of ; by

Ql(k) ‘= int (Qmax{o,ifk} Uu...u Q,’ U...u Qmin{l,iJrk})
and write ) = Qfl), Q= Q,(.Q). For elements T € 7T}, contained in or touching Q; we observe

, hd! ™+, fori=01..../1-1,
"7 Vdi~ hdH fori=1,

which means that 7j is quasi-uniform within each €2;. Using this property and the decomposition
of I'r/4 we get

/
= el = nliagy < ch > dT Ty — vl (3.65)
Ee&p =2
ECT R4

Let us consider the term within the sum on the right-hand side of (3.65). For i =2,..., =2
we can use the Holder inequality with |[;| ~ d;, a trace Theorem and get

&Ny = yll2ary < cdly = yalF (o) (3.66)

Now, we can apply the local maximum norm estimate [90, Theorem 10.1] which reads in our
situation

1y = Yall=@y < ¢ <| Inhilly = Iayll ey +d 7y = J/h||L2(Q;)> : (3.67)
where d = dist(92; \ I, 09, \ I'). Due to our construction of Q; and its patches one easily
confirms that d ~ d;. Inserting (3.67) into (3.66) yields

A=y il < € (INAPAY = Iy IRy + A2 2lly = vhlZaey) - (3.68)

In order to derive a similar estimate in case of i =/ — 1,/ we use a slightly different technique.
We introduce /py as intermediate function, apply the discrete trace theorem

vallizqryy < ch™ Y0 a2y < cdy 2 il 2y

from [9, Lemma 3.11], and using again the Holder inequality and the trace theorem in L we
obtain

—(1— —(1- -
a7 OBy =yl < € (7PNl = Ry I + Ty = vl )

<c

< ¢ (aly = Iy Beqry + A 2lliny = i1y )

di‘lly — /hYH%OO(QQ +df 2y - )47”%2(9;)) : (3.69)
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Inserting now (3.68) and (3.69) into (3.65) yields

/
> hEMly = ynllZae < ch? (I A2 " dMlly = Iny [ seq + Iy - yh)H%Q(QR/z)) ’

EE€Ey =1
ECTR/4

(3.70)
where y(x) := d; + rc(x). Note that d; ~ d; + rc(x) for all x € Q;, since d; ~ dj_1.

Let us discuss the terms depending on the interpolation error. We apply Lemma 3.7 of [9] which
yields together with (3.59) the estimate

2—-3u;/2—0; o
h2dl Mj/ ﬁj|y|Wﬁ2,oo(Q/) S Ch2|y|W62'OO(Q/)’ |f I = ]. ..... / - 2,
i ! i !

w/2),
a7y = Inylles(ap < ¢ h1/2+(2=B;))/ 1

where we used the property df‘/z ~ h'/2 to show the latter case. Summing up over all €;,
i=1,..., I ~ |In h|, leads to

/
b2 Y dflly = Inyllfe(y < eh* I APy s g (3.71)
i=1 J

An estimate for the weighted finite element error on the right-hand side of (3.70) has been
derived in [74, Lemma 3.61]. In this lemma we have to set 7 := 1 — p/2. The criterion
Bj < 3 — T —2uj is then equivalent to our assumption (3.59), and the result in our situation
reads

V27 = yb)ll L2 < € <h2| In A2y gz g + Iy _y’7”L2(QR>> '
J

Now, we insert the global error estimate from Theorem 3.4.1 and arrive at
h_1||’Y'u/2_1(y - yh)||%2(QR/2) < Ch3 <|y5\/§2(9) + | In h”y'avgwm)) : (3-72)

It remains to derive an error estimate on elements away from corner points. With the definition
(3.64) we get
> hetlly = ylliag < bty = wllfae, (3.73)

Eegp
Eml’R/4¢0

Using the Holder inequality, the local maximum norm estimate (3.67) with QR/g and QR/m
instead of €2; and €2/ (this yields d = 1/16), standard interpolation error estimates as well as
the global error estimate from Theorem 3.4.1, we arrive at

||y - J/hHLz([”-R/S) < ||y - )/hHLOO(QR/s)

IN

¢ (1Ml = ¥l iy + 1 = Yolli2i )

Collecting (3.61), (3.62), (3.70), (3.71), (3.72), (3.73) and (3.74) leads to the desired estimate.
O

IN



52 CHAPTER 3. FINITE ELEMENT ERROR ESTIMATES

Corollary 3.4.6. Let f € C%9(Q) with some o € (0,1) and g = 0. Then, the error estimate
ly = Yall ey < ch®21In AP fl| coo g

holds, if one of the following assumptions are satisfied:

1. The family of triangulations {Tp}n>o IS quasi-uniform (u = 1) and the interior angles of
all corners of 2 are smaller than 120°.

2. All corners of Q2 having interior angle larger than 120° are refined locally according to
(3.57) with refinement parameter

,U,J'<2>\J'/3 VjecC.
Proof. To conclude the assertion from Theorem 3.4.5 we first show that

2,00 2,2 2,2
y € Wﬁ (Q)NWz=(Q) N W3 (),
where &, 3,7 € RY are weight vectors defined by
3
oj =max{0,1 - X +e}, Bj=max{0,2—-X +¢€/2}, - =max{0, 5~ Aj+ e},

and € > 0 is assumed to be sufficiently small. The regularity in Wé'oo(Q) follows from Theorem
2.3.6. With the embeddings stated in Lemma 2.3.3 we moreover get

W§~°°(Q) = W23(Q), Wﬁ%“’(Q) < ng(r) = WZ3(M). (3.75)

It is simple to confirm that the assumption u; < 2X;/3, j € C, and the definitions of &,5,7 e R
imply the conditions (3.59), and the desired estimate directly follows from Theorem 3.4.5 after
taking the a-priori estimate from Theorem 2.3.6 into account. O

Remark 3.4.7. We observe that the optimal convergence rate in the H'(Q2)- and L?(Q2)-norm is
achieved on quasi-uniform meshes when X\ > 1, i. e. when all corners have interior angle smaller
than 180°. This is not the case for the estimates on the boundary in the L?(I)- and HY/?(T)-
norm as optimal convergence on quasi-uniform meshes is guaranteed only for A > 3/2 meaning
that the interior angles of all corners are smaller than 120°. Thus, even for convex domains
local mesh refinement is necessary to retain optimal convergence rates. The upper bounds for
the refinement parameters are illustrated in Figure 3.4.

3.4.2 Three-dimensional problems

We consider now error estimates for three-dimensional problems using the refinement condition
(3.56). Note that we use the same grading towards all corners and edges, and hence, we have
only one refinement parameter, namely u € (0, 1]. Using different refinement parameters for
different edges and corners is theoretically possible, see e.g. [61] for error estimates in H(Q)
and L2(Q), but the proof of the error estimate on the boundary presented in Theorem 3.4.14
would be too technical.
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. Optimal convergence in \
05 L2(Q)/HY(Q) ,
HY2(T) —— T
L2(T)

0 |
0 0.5 1 1.5 2

w/m

Figure 3.4: lllustration of the upper bounds for the refinement parameter w derived in Theorems
3.4.1,3.4.2 and 3.4.5.

For an arbitrary initial triangulation 7770 one can for instance use the refinement strategy described
by Bey [21] to generate a sequence of meshes {T¥}K_, such that 7, satisfies the refinement
condition (3.56). Bey's algorithm is applicable for an arbitrary marking strategy, but we will
mark elements violating (3.56). In the k-th loop of this algorithm all marked tetrahedra T € 7]7"
are refined regularly, meaning that a new node is inserted at the midpoint of each edge of T,
and T is decomposed into eight smaller tetrahedra. Note that the octahedron which is bounded
by the six new nodes is decomposed into four tetrahedra, whereas three different choices are
possible depending on which diagonal is chosen, and there exist strategies which avoid that
subsequent meshes degenerate. To generate a conforming closure neighboring elements have to
be refined appropriately. Each unrefined element which has at least one edge which is marked
for refinement is also refined according to the following rules:

1. If one or two edges are marked, the element is refined by single or double bisection.

2. If three edges on the same face are marked, this face is refined regularly into four triangles
and each of them forms the base surface of a new tetrahedron having its apex in the vertex
opposite to the refined face.

3. If neither of the two rules can be applied the element is also refined regularly.

This strategy is repeated until no hanging nodes exist. The resulting triangulation is denoted by
’Thk+1. If there are still elements violating the refinement condition (3.56) the procedure described
above is repeated for k = k+ 1. If an element which has been generated by rule 1 or 2 is marked
for refinement the refinement is revoked and the parent element is also refined regularly. This
prevents that the elements degenerate. We will use this strategy in the numerical experiments in
Section 4.3. There exist also other refinement strategies, for instance the newest-edge bisection
algorithm from [17].

Let us now discuss finite element error estimates on meshes which are refined according to
(3.56). We are again interested in upper bounds for the refinement parameter u and begin with
an improved finite element error estimate in the domain.

Theorem 3.4.8. Let Q C R3 be a polyhedral domain. The family of triangulations {Th}p>o is
assumed to satisfy the condition (3.56). Moreover, let the mesh refinement parameter u and
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the weights & € R and § € R fulfill the inequalities

1/2=X <oa; <1—p, vjeC,
27X <oy o (3.76)
1=, <6 <1—u, Vk e €.
Then, for arbitrary input data f € ng.(sz), ge W;/E?Q(I') the a priori error estimate
Iy = sl < Wz < % (IMlasz + Iollypnzgy ) G77)

holds for £ € {0, 1}.

Proof. As a consequence of Céa’'s Lemma and the decomposition of the domain 2 we obtain

ly = vallZny < D Iy = Zoy Iy (3.78)
TETh

It remains to apply the interpolation error estimates from Lemma 3.2.6 and to adjust the re-
finement parameter such that the desired convergence rate is achieved. The largest weight is
denoted by k := maxjecc.kee{;, Ok }. In case of rs. = 0 we have hr = h*/* and with u < 1—k
we get

1y = Znyll ey < Ch(lfﬂ)/”y‘W??(Sr) < chlylwzasr:
Otherwise, if rs,. > 0, the mesh condition yields hr = hr%_“ and consequently
1_ —
Iy = Zoyllmery < chrr ™ P lweas,) < chlylneas,).

Inserting these local estimates into (3.78) leads to

Iy = yall ey < chlylyeag, < ch (||f||Wg.§(m + ||g||W3/;,2(m) . (3.79)

Here, we also applied the regularity result of Theorem 2.3.7 whose conditions are satisfied under
our assumptions upon & and ¢. To show the estimate for £ = 0 we can repeat the arguments
used in the proof of Theorem 3.3.1. O

If we assume slightly better regularity of the input data in classical Sobolev spaces we get by the
embeddings from Lemma 2.3.4 the following simplified version of Theorem 3.4.8. Recall that
the singular exponent belonging to the strongest singularity is

A=min{1/2 4+ A7, AR (3.80)
Jjec
keE

and the bound for the refinement parameter from (3.76) depends solely on this number.
Corollary 3.4.9. Let functions f € L%(Q) and g € HY/?(I') be given. The error estimate
Iy = vl ey < €8 (1Fll iz + 19l nraqry)

holds, provided that one of the following assumptions holds:
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v N\
A\\

Figure 3.5: Decomposition of the boundary into fR and fo.

1. The family of triangulations {Tp}n>o Iis quasi-uniform (i.e. u = 1) and the singular expo-
nents satisfy A > 1.

2. The family of triangulations {Th}n>o Is refined according to (3.56) with refinement pa-
rameter
w< A

In the remainder of this section, the finite element error on the boundary I is investigated. The
initial step of the convergence proof is an appropriate decomposition of . In order to extract
those parts of the domain which are under influence of singularities we define the sets

Qr={x:0<r(x) < R} NS, Fr :=00rNT,

R R A (3.81)
Qr={x:0<r(x) < R/2}NQ, [ri=00rNT,

illustrated in Figure 3.5. Remember that r(:) := minkeg ri(+) stands for the minimum distance
to the singular points. The boundary part which is not influenced by singularities is denoted
by g := F\fR. Without loss of generality we will set R = 1 in the following, because as the
circumstances require the domain €2 has to be rescaled appropriately.

For technical reasons we introduce a decomposition of the domain Qg as follows. Let d; := 27,
I=0,..., | and let ¢; > 0 be a constant independent of h such that d; = ¢ ht/® holds. This
implies the property | ~ [Inh|. The constant ¢; will be specified at the end of the proof of
Theorem 3.4.13, where a kick-back argument is applied. In some steps of our proof, when the
constant is immaterial, we will hide it in the generic constant c. As illustrated in Figure 3.6 we
introduce the dyadic decomposition

Qr=int| |Q;, with Q;:=
R U I ' {x€eQr:0<r(x)<d} for i=1.

: {{XEQRZ div1 <r(x)<d}, for i=0,1,..., -1,
i=0

A decomposition of the boundary part 'k is then given by

M :=00,NT, i=0,..., /. (3.82)
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Figure 3.6: Dyadic decomposition of {2z along an edge.

(a) Definition of Qf and Qf (b) Definition of 2f; and its patch

Figure 3.7: lllustration of the domains Qf and Qﬁj.

Note that the elements contained in €2; or intersecting 2; satisfy

, hd}™#, for i=0,1,..../—1,
R T S

We will further need the patches of ; with its adjacent sets defined by
Qfm) = int (Qmax{O,i—m} Uu...u Q,‘ Uu...u Qmin{/,f+m}) , meN,

and write Q' = Q,(-l), Q= Q,(-z). In order to separate the parts of ©; where only edge
singularities and where both corner and edge singularities are present we introduce a further
decomposition of Q;. Let (xk, vk, Zx), k € £, denote Cartesian coordinate systems having origin
in some corner ¢ = xU), j € C with k € Xj, such that the zx-axes coincide with the edges M.
Moreover, define oz’,'ﬂ,n ‘= MiNkgex; 0ke Where o g is the angle between the edges My and My,
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and introduce the set

Qf = | {xe Qi z(x) € (0, (2+ A) d))}, r¢:=aQfnT,
kEXj
with
o
A :=2mincot - ~ 1.
jec 2
This set is illustrated in Figure 3.7a). It is easy to confirm that [[¢| ~ d?. The remaining parts

of I'; are away from the singular corners and are defined as follows. We fix an edge e := M,
having length L. and endpoints x4, xU)introduce the interval

Ze =(2+A)di,Le—(2+A)d),
and define the sets
Ql.e = {X € Q) Zk(X) € Ze}v rIe = ane nr.

We observe that the boundary part ['; is covered completely by the sets defined above, i.e.

=t | YrPu |y rM (3.83)
Jjec keM

It remains to define appropriate patches
Q,-C’(m) = U {x € QI(-m): zk(x) € (0, 24+ m— A)d,-)} ,
keX;
Qem = {x Q™ Z(x) € (2= m+A)dj, Lo — (2— m+ A)d,-)} ,
for m € {1,2}. We write in the following
QW =g of®P=q" o*®=qr q-®=q"
The essential property that we exploit in the proof of Lemma 3.4.12 is, that
dist (an’ \ T, 0Q8\T) ~ dj, dist (OQ,C’ \ T, 008\ T) ~ dj.
e.(m)

We moreover require a dyadic decomposition of €2¢ and its patches ; in order to carve out
the influence of the corner singularity. For j =0, ..., i and me€ {0, 1,2} we define

Qe tim .- {x € Qf’(m): z(x) € (1+A+2Y —m)d, 1+ A+ 2L 4 m)d,-)} :

iJ

Qp ot = {X e Z(x) € (Le— (1 +A+ 2+ m)d;, Le — (1+ A+ 2 — m)d,)} .

e = {x e Q™ 2(x) € ((1+ A+2% = m)d:, Lo — (1+ A+ 270 — m)d) |,
(3.84)

and we observe that

i

Qe (m _ U Qe (M aelm

I I.J I )
j=0
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As usual, the boundary parts are denoted by
ret =00 nr,  fe=080nT.
One easily confirms that the properties

Q55 ~ dP i, 5™ ~ a7

y (3.85)
re= M) ~ did; . &) ~ d,

hold for i =0, ..., land j=0,..., 1, with

dij=2d=2""<1.

The first step of the proof is to derive some interpolation error estimates on the subdomains Q¢
and Q¢. We will require estimates in the H*-norm (£ =0, 1) as well as in the L>-norm.

Lemma 3.4.10. Let some function u € Hl(Q,(.mH)) with m € {0, 1} be given and assume that
D*u e W;’g(Q,(mH)) for all |a| = 1. Assume that p € [2, 0] and that the weights satisfy

0<a;<5/2-3/p, Jjec,
0<6c<5/3-2/p, kec.

Lete := My, k € &, andc :=xY), j € C, be an arbitrary edge and corner, respectively. Moreover,
define the numbers k; := max{a;, Maxxex; Ok}, Gk := max{a;, a;} where j # j' are the corner
indices such that k € X; N Xy, s, :=1/2—=1/p+ 0k — Gk, and Oy 1= (7/2 =€ —3/p)(1 — ).

a) Fori=0,..., | — 2 there hold the estimates

|u— Zpul < ch?- ed(z 8)(1—p)+3/2-3/p— il

HZ(QC (m)) W2,p(Q;,(m+1)),
1

< ch?™ ed(2 £)(1—p)+1-2/p—0x+[sk]- |

U= Zpul ul

He@ ™) = w2ty

b) Fori=1—1,1 there hold the estimates

[©Or—Kj]++3/2— 3/ph(7/2 3/p—0— KJ)/M|U|

|u— Zpu| < cg

HZ(QE (m)) 2p(Q§,(m+l))y
1

[@z—5k]++1—2/Ph(372/p7275k+[sk]7)/u,| LI|

|u— Zpu| (m)y < cg

, 2, J(m+1)y -
HY(QS W2E (@ mY)

Proof. Without loss of generality we prove the assertion for m = 0. The same arguments can
be applied in case of m = 1 either. We begin with the estimate on Qf. To prove the assertion
we merely apply the discrete Holder inequality

1-2/p 2/p

|u—Zhu|,24,3(Qf) <| D1 > |t = Zpulf , (3.86)
TNQEAD TNQEAD

and insert the local estimates from Lemma 3.2.6 as well as an estimate for the number of
elements intersecting Q.
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For the case i =0, ..., | — 2, the number of elements contained in €2f is of order

Q¢ d3

<c max —L. 3.87
720 |T| =  Tnaeze [T ( )

For all TN Q¢ # () we obtain with Lemma 3.2.6 and the properties ht ~ hr%_“ and rr ~ d; the
estimate
|u = Zhtl ey < ch2T_e|T|1/2_1/pdi_Kf|u\Wg,§(ST). (3.88)

Inserting this together with (3.87) into (3.86) leads to

_ 2((2—£)(1—- 3(1/2—-1 —
0= Zytly gy < OGO e (389)

Extracting the root yields the desired estimate on Qf for i =0, ..., | —2.

In order to derive the estimate on ©2¢ we can basically use the same technique. Certainly, we
have to decompose the domain Qf into subsets defined in (3.84). For all elements intersecting
Qf’ji or 2¢ we get from Lemma 3.2.6 the local estimates

—0 (2—0)(1—p) =6y ;0k—G - [
(U= Znlpary < ch?~tdETOTITGNT I T Rl T QS £0, (3.90)

—¢ ,(2—0)(1—p)—6 _ : ~
|LI _ ZhU|HZ(T) < Ch2 edi( )(1—w) k|T|1/2 1/p|u|W§'§—)(5T)’ if TN Q? 7& (D
The number of elements which intersect Qﬁ’ji and Qf is of order
d?d; ; d?
Z 1<c max —|— and 1 < ¢ max =4,
st [T - Tnge | T

TﬂQ‘,f’fsé(B

respectively, compare also (3.87). From the Holder inequality (3.86) we then obtain

. 1/p
]
|U_Zhu|H£(QK,?) < Ch2—ed/(z—e)(l—u)+1—2/p—6k Zdi(j'-/2—l/P+5k—Olk)p/ |u|Wg,§(Q,e,), (3.91)
Jj=0 ”
where p~! 4 p’~1 = 1. The limit value of the geometric series yields

i i
SO = @ S 00 < g (D 1) < (259 1 @) < cdl* | (3.02)
Jj=0 Jj=0

and we conclude from (3.91) the desired estimate on Q¢ for / =0, ..., | —2.

Let us now consider the case i = / — 1, /. We start with an estimate on Q, where ¢ = xU) for
some j € C. Taking dj ~ d; = ¢;h*/* into account, the number of elements can be estimated
by
Z 1< C‘d,‘3|7—m/n|71 < CC/3h3/u|Tmin|7lv (3-93)
TNQEAD

where | Tpin| ~ h3/%_ Due to the mesh condition we have to distinguish between the cases
whether the patch St touches the singular points or not. If rs, > 0 the estimate (3.88) can be
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applied again. Using the mesh condition hr ~ hd * < ¢/ #h/# the property h'/* < rr <
di ~ ¢;h** as well as

T < ch?d} M) < cf Wi < cc? 0T, (3.94)

we obtain
v — ZhU|Hé(T) < CC,[GFKJ]Jr/7(2747@)/“|Tmin|1/271/p|U|W§vgj(5T)- (3.95)

From Lemma 3.2.6 we directly conclude that the same estimate holds also for rs, = 0 even

without the factor c,[eg_'/"j]f Next, we apply the Holder inequality (3.86) together with (3.93)
and obtain

o — ZhUIHe(Q_c) < Ccl[ee—,cj]++3/2—3/ph(7/2—e—3/p—mj)/u|U|W2’E(Q{)_ (3.96)
i 5.0 i

With a similar technique we can show an estimate on Qf-’"ji fori=/—-1,land;j=0,..., i. For

all Tn Qf-"f with rs, > 0 we conclude from (3.90) using the properties (3.94) and d; ~ ¢;h'/#
the estimate

lu— ZhU|H4(T) < CC[ee_ékhh(zfzfék)/“|Tm/n|1/271/pd,§j-_dk|

u .
! ‘W;:(?(ST)

One easily confirms that this estimate holds also in case of rs, = 0 when taking Lemma 3.2.6
into account. The number of elements which intersect Q,.e"ji is of order

Z 1 < cd?d; j| Tominl ™Y < 2h?/Bd; j| Tomin| 2.
TNQS,#0

Consequently, we get using the local estimates and the Holder inequality (3.86)

1/p
= Zul g < ccfor OIS | ST
' Trstxe %
Summing up over all Qﬁf forj=0,..., i yields
/ 1/2 I, 1/p
©p—0k]++1-2 —2/p—b— /
S lo Zufnsy | < eSO (S5 |
j=0 ' j=0 ’
< CC}@[76K]++172/[)h(372/p7875k+[5"]_)/“’|U|W2,B(Q/_), (3.97)
&6 !
where we used the estimate (3.92) and the fact that C,[Sk]* < 1 in the last step.
For all T N Q¢ # () there holds p; s, ~ 1 and as the number of these elements is of order
TNQE#0
we get
U — ZhU|He(Q¢) < CCI[@Z_5k]++1—2/Ph(372/p*e*5k)/#|U|W2vE(Q€/)_ (3.98)
i a0 !

Finally, from the decomposition (3.84) and the estimates (3.97) and (3.98) we conclude the
estimate on Qf for i =1/-1,/. [
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Lemma 3.4.11. Let some function u € LOO(Q,(-'”H)), m € {0, 1}, be given and assume that
D*u e Wﬁl’g,o(Q,(mH)) for all |a| = 1, and u =0 on Q\ Qr. Moreover, assume that the weight

vectors 3 € RY and § € RY satisfy

OS,BJ‘<2, JjecC,
0 <ok <5/3 kek&.

Define k; = max{[3;, maxxex; 0k}, By = max{B;: j € C such that k € X;} and © :=2(1 — ).
Then, for all corners ¢ := xY), j € C, and edges e :== My, k € &, the following estimates hold:

a) Fori=0,1,..., | — 2 — m there hold the estimates

2(1—p)—K,
= Intll gty < P77y

2,00 c,(m+1)y,
WB@ (Qi )
< ch? dl_2(1—#-)—9k digj_ﬁk

= Thll e et my <

| UlWé’;O(Qf)’i(mﬂ)) f

lu = I < ch?dP ey

Loc(ﬁ:?.(m)) > Wg{;o(ﬁf.(mﬁ—l))-

b) Fori=I1—-1—m,..., I there hold the estimates

< CI[@*KJ]Jr h(2—nj)/p.|u|

u—lpu 00 (O ,
|| h HLoc(va(m)) = Wg’:g (Q:'— (m+1))
o— o 3
u— /hUHLoo(inv(m)) < C/[ ekl+ p( Qk)/ﬂdlgjlg 6k|u|W§,;o(Qift,(m+1))v
o— _
|u— /hU||Loc(§2e,<m)) < c/[ ekl+ (2 Qk)/“|U|Wg,w(Qe,<m+1>).
! B.e !

Proof. We prove the assertion merely for m = 0 since the extension to m = 1 is simple. Let
T*NQF # () be the element where the maximum of |u(x) — /yu(x)| within Qf is attained. We
first investigate the case i =0, ..., | — 2. It suffices to insert the local estimate from Lemma
3.2.3 which leads to

2(1—p)—
lu = Inhull e (qey < llu = Ihull Loy < ch?d? KJ|U|W§'§°(Q[C’)'

where we exploited the mesh criterion hy ~ hr%f“ as well as the property rr ~ d; in the last
step.

To obtain the desired estimates for i = | — 1,/ we distinguish the cases that T* touches the
singular points or not. If r~ = 0 we get from Lemma 3.2.3 and hy ~ h'/k the estimate

lu = Tall oo(rey < chCT5E U] o . (3.99)
B.¢

Otherwise, if rr« > 0, we use d; = ¢;h*/* to obtain hy- < hd,l_“ = c,l_“hl/“ and d, ¥ =

Cfnjh*“f/”, and from Lemma 3.2.3 we conclude that
—K; 2(1—p)— e

The estimates (3.99) and (3.100) with T* C Q¢ imply the assertion for the domains QF.
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X(J) Mk
Mo re ri’(;,ro rle1+0 r:91+1 rf,'zJ,ro Mo r?,'zJ,rz r?,'zg
o e s
Figure 3.8: lllustration of the sets introduced in (3.109).

Next, we show the estimate on Qei incase of i =0,..., | —2. Let xU) and xU2), j;, j» € C,
denote the endpoints of the edge e We apply Lemma 3.2.3 and exploit that

Fe e ~ d; if T NQT £,

ppe~diy i TENQET A0, (3.101)
This leads to the local estimate

||LI _ /hU”LOO(T*) < Ch2d2(1 w)— deQk 'Bk|u|W§,EO(7—*) (3102)
0

from which we conclude the assertion for i = 0, ..., | —2. For i =1—1,1 we distinguish

among the cases rr« > 0 and rr~ = 0. To show an estimate for r= > 0 we insert the property
d; ~ c/h*/* into (3.102). In case of rr- = 0 we insert (3.101) into the local estimate from
Lemma 3.2.3. In both cases we then obtain
o- - -8
||U - /hUHLoo(T*) < CC,[ Qk]+h(2 Qk)/“dﬁ)j J|U|W§’SO(T*),
0

which yields the assertion as T* C Qf}i’. The estimates on Qj? follow from the same strategy
exploiting that p; 7= ~ 1 for all T N Qf £ 0. n

The next step is to show an initial error estimate on a single boundary strip ;. Afterwards we
will combine the following result to a global estimate in Theorem 3.4.13.

Lemma 3.4.12. Let y € HY(Qr) N L>(QRr) and denote by y}, its Ritz projection, I. e.
| (90— 00 1)+ = ) 0wn(0) dx =0 € vy
R
Then, for arbitrary i € {1, ..., I} the local estimates

1y = ynllzrey < € (di| Inhllly = Ihyll (e + d |y - )/h||L2(Q;)> : (3.103)

i
1y = ynllizgrey < C(Zdﬁ” A1 Al = Tyl e
J=0

2 -1/2
0210 hlly — Iy ey + 07 ||y—yh||L2<Q;.)>, (3.104)

hold for all corners ¢ ;= xY), j € C, and edges e := My, k € £.
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Proof. To obtain the desired estimate on 'S we apply the Holder inequality with |I¢| ~ d?, and
a trace theorem which leads to

1y = Yullizrey < dilly = yallise(rey < dilly = ynll (s (3.105)

Now we can apply the local maximum norm estimate from Theorem 10.1 and Example 10.1 in
[90], which reads in our situation

1y = yhllsaey < € <\ InAllly = Iy lleqen + d>lly —yh||L2(Q;)) : (3.106)
with d := dist(0Q¢" \ ', 0Q¢ \ I'). Due to our construction we find that d ~ d;. Inserting
(3.106) into (3.105) yields (3.103) for i =1, ..., | —2.

To show the estimate on I'¢ we cannot apply this technique directly as the measure of I'§ is only
of order d;. We would then obtain a worse estimate. One can apply a coordinate transformation
with the aim that the edge e coincides with the z-axis, and that z = 0 and z = L correspond
to the endpoints of e. We introduce a further decomposition, namely

fok'(m) = {X € Qif'(m)i z(x) € ((L+A+2 +k—m)d,
(2+A+2f+k+m)d,-)},

Q™ = {X e M z(x) € (L—Q+A+2 +k+m)d,
L—(1+A+2 +k-m)d)},

(3.107)

fork=0,..., 2 — 1 and m € {0,1}. To shorten the notation we write

=+ +£.(0 = A ,E,(1
Qed = Qf'j’k( ) and Qe = Qﬁj‘k( )

The sets {Qfﬁ'(m)}ijgol form a decomposition of Qf‘}i‘(m). Analogously we introduce a decom-

position of Qf'(m), namely

Qf m . {x € Qf’(m): z(x) € ((L+ A+ 2" + k— m)dj,

(2+A+2’+1+k+m)d,)}

x>~

(3.108)

for k=0,..., K with some K ~ dfl and m € {0, 1}. Again, we denote the boundary parts by
res =oar N, e =008, T, (3.109)
which are illustrated in Figure 3.8, and confirm the desired properties

IFesl ~d? el ~ d?. (3.110)

Due to this construction we moreover have the properties

dist(0Q 5/ \ T, 8QF 5 \ ) ~d; and  dist(825,"\ T, 805, \T) ~ d, (3.111)



64 CHAPTER 3. FINITE ELEMENT ERROR ESTIMATES

which play a role in the local maximum norm estimate (3.106). Exploiting the decompositions
(3.107) and (3.108), the Holder inequality with (3.110) and a trace theorem leads to

i 21

1y = yallZagrey = D D Iy = w7 rei)+Z||y YillEaqe,

Jj=0 k=0

i 2-1 K
< cd?( Z ly — yh||Loo(Qei) + Z ly — yh”pc(fze )
=0 k=0

Several applications of the local maximum norm estimate (3.106) with the properties (3.111)
yields

i 2-1
ly = yaliFarey < cd? ( > (InnPily - Iy (e + 7y = yhné(mﬁ,))
j=0 k=0 . i

K
2 2 -3 2
+ Z <| In h| ”y - lhyHLOO(ka/) + d,‘ Hy - thLZ(@?,k,)))

No

k=
C( did ;| In Ay — lhyHiOO(Q‘?’.i’)
1J
Jj=

+di|Inh?lly - /hyniw(g}f/) + df1||y - %H%?(Q;)) :

In the last step we exploited that K ~ d,-_1 and that di2/ = d;j. Extracting the root yields
estimate (3.104).

It remains to show the desired estimates also for i = [ — 1, I which cannot be shown with the
same technique, since the local maximum norm estimate (3.106) is not applicable if Q,-C’ and
Q,e’ contain the singular points. Therefore, we insert /py as intermediate function and apply the
triangle inequality which leads to

1y = ynllzrey < € (||J/ — Inyllezqrey + 1ny — yh||L2(rf)) : (3.112)
Next, we apply the Holder inequality with || ~ d,-2, and a trace theorem to get

ly = Inyll2(rey < cdilly = InyllL=(as)- (3.113)

For the second part of (3.112) we exploit that /,y — yj is a function from a finite-dimensional
space. On an arbitrary boundary element E € &, and its corresponding tetrahedron T € Tj
we obtain using a trace theorem on a reference setting as well as norm equivalences in finite-
dimensional spaces

1ny = villizey < ch7 2 Ilny = yill 2r)- (3.114)

Consequently, due to h;l < hVH c/df1 for all TN Q' #0, as well as [QF] ~ d,-3, we get

-1/2 —1/2
116y = yall2(rey < d; || 1hy — Yll2@eny < ¢ (d/||y — InyllLe(qeny + d; 2y _)/hHL?(Qf’)) :
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The constant ¢; is neglected as it is not needed for this term. This estimate together with
(3.113) and (3.112) yields (3.103) for i =1/ —1, 1.

On Q¢ we use again the decomposition (3.84), the triangle inequality, and the Holder inequality
with (3.85) to arrive at

i
Iy = yilBegey < 3 (ry Iy + iy —yhn@(rf.ﬁ))
Jj=0 ' '

+ Hy - lhy”iz(ﬁf) + ||/hy - yh”iz(ﬁ,e)

1
< Z <didi.j||y - lhy||2m(Ql€)i/) + lny _Yh|i2(r¢)i)>
j=0 | "

+ diHy - lhy||2oo(§"2l€/) + ||/hy - YhHiz(f?)- (3-115)
From (3.114) and |Qﬁ'ji’| ~ d?d; j we obtain

Iy — e < dV2 1y —
1ny Yh”L?(l’,Ji) =G I1ny yh”L?(Qw.i)

1/2 1/2 ~1/2
< &2y — Inyllaeitny + 07y = vill ey,
and with the same arguments using |Qf’| ~ d?

1/2 —1/2
1y = Yall 2oy < 6721y = Iy lsoggreny + 021y = Vil 2oy

From these estimates and (3.115) we finally conclude (3.104) in case of i =/ —1, 1. OJ

The next step of the proof is to derive a finite element error estimate on the boundary part [ g
defined in (3.81) which is under influence of corner and edge singularities. Therefore, we localize
the solution y with a smooth cut-off function w € C*>°(2) satisfying

wlg, =1 and suppw C Qg, (3.116)
and define y := wy. For our proof we introduce the Ritz projection of y as follows. Let
Vh(QR) = {Vh EVhvp=0in Q \ QR}

denote the space of ansatz functions vanishing outside of Qr. The function ¥, € Vj is the
unique solution of

a(y — yn,vn) =0, forall vy € V4(Q2R). (3.117)
An error estimate for this Ritz projection is considered in the following theorem:
Theorem 3.4.13. Let § € H'(QRg) such that D%y € W;-g(QR) N Wég(sz,?) for |a| = 1 be
given. Assume that the weight vectors @ € [0,1)9, B € [0,2), § € [0,2/3)?, g€ [0,5/3)9, and
the refinement parameter u satisfy the inequalities

Othl—p,, ﬁj§3—2/1,, Vjecl ( )
3.118

5
0k <1—u, Qk§§—2u, Vk € &.



66 CHAPTER 3. FINITE ELEMENT ERROR ESTIMATES

Then, the estimate
||)7 —)7h||L2(fR) < Ch2| In h|3/2 <|)7|W§§(QR) + |)7|W62’vgf°(QR))
holds.
Proof. We consider the decomposition of the boundary g into the segments [; == 0Q; NI

introduced in (3.82). Taking the two estimates from Lemma 3.4.12 as well as the decomposition
(3.83) into account yields

li
15 = Il < C( D NP> didi 7 = 17w geny + AT = InF I e

e::MI< J:O
ke&
+ > [InhPd?|y - /hyH%OC(Qf/) +d7y - )7h||%2(§2§)> (3.119)
c::x(f)
Jjec
foralli=1,..., /. Inserting the local estimates from Lemma 3.4.11 yields for i =1, ..., /=3

i
Z Z dldl_]||.)7 - /hyHioo(QIe):t/) + d/”)7 - /hyHioc(Qe/) + Z d/2||y - /hyH%O"(Qf’)
e:=M) J':O h ! c::x(j)

ke& jec
i ~
2(5/2—2u— 2(1/240k— ~ ~
< ch4< Z d/( /2=2u—0) Zdu(' /2+ek 6k)|y|a/%3°(mi~) + |y|a/%3°(§z¢~)
—M i Be e > !
e:=M Jj=0
keE
2(3—2u—K;) | ~ ~
+ Z d,- ( H KJ)|y|a/2v§(QQ//)> S Ch4‘y|a/g,30(9/_/)v (3120)
cixU) pe ge !
jec

where we used the refinement condition (3.118) as well as (3.92) in the last step. In case of
r=1-2,..., I we obtain with Lemma 3.4.11

i
D didilly - I ey + dilly = lhyHioo(Q(:'/) + ) Py - I\ e 61y
e:=M, j:O " ! c;:X(J)

ke& Jjec

2(5/2—ok+[1/2+0k—Bk]-) /1) 12 2(3—K,)/ 1| 5|2
<c ZA; h k k—Pk ‘y|W§v’;o(Q/¢//) + Z(/) h J |y|W§go(Q,cu)
ll:eé'k c:j:exc
< ch4b7|W§,30(Q,_,). (3.121)
0 !

Inserting the estimates (3.120) and (3.121) into (3.119) and summing up over all I; for | =
1,..., | yields with / ~ |In h| the estimate

Hy - yh”iQ(fR) <c <| In h|3h4|y|a/§.30(QR) + ”’Yﬁl/2(y - yh)Hiz(QR)) ! (3-122)
0
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where y(x) := d; + r(x). Note, that there holds y(x) > d; = 2d;_; if x € ;.

In the remainder of the proof we will discuss the second term on the right-hand side of (3.122)
which requires an estimate for a weighted LZ(QR) error. Therefore, we adopt the technique
that was applied in the proof of Lemma 6.2 in [81] where a duality argument was used. First
we decompose the error into

V2 = Illiaey < IV = Iz ouany + 19727 = I)llizouny - (3-123)

On the outermost rings $2o U 21 we exploit that v ~ 1 and can directly use the global finite
element error estimate from Theorem 3.4.8. As a consequence we get

Y27 = In)llL2(@0u0) < €T = Iulliz(ag) < Ch2|)7|W3§(QR)- (3.124)
For an error estimate on Qg 1= Qr\(Qo U Q1) we apply the representation

Iy 2T = Il oy = sup (Y MP(T— ). 9) (3.125)
9eCE° (QR)
||9HL2(QR):1

and consider the auxiliary problem
—Aw+w=v"Y2g in Qg, d,w =0 on 0g. (3.126)

From the weak formulation of (3.126) we can deduce

—1/2

(Y V2~ ). 9) = (7 — Iny Y29) = a(§ — Jn, w). (3.127)

We introduce a further cut-off function n € C§°(Q2g) such that
n=1 on Qg, and suppn C Qg,

and we make use of the decomposition w = wy + ws with wy :=nw and w, := (1 —n)w. The
definition of wy implies that Z,wy € Vj,(Q2g) which allows us to apply the Galerkin orthogonality
(3.117). This yields

a(y — yn.owi) = a(y — yn, w1 — Zpwy)

/

<c < Z 17 = Vnll ey lwa = Zawi [l pr(qe)

=0 \ o)
Jec

+ > - Iull ey llwa — ZthHHl(Qf))- (3.128)
e:=M
ke&

First, we insert the local finite element error estimate from Corollary 9.1 in [90], which reads in
our situation

17 = Inll ey < € (|)7 — Zndlingaey + d7 MY = Zdllqen + 49 _)7h||L2(Qf’)> . (3.129)

The estimate remains true when replacing c by e.
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In order to derive estimates for the terms on the right-hand side of (3.128) we consider the
cases i =3,..., [—3andi=1-2,..., [ such as i = 0, 1, 2 separately.

Incaseof i =3,..., | — 3, we obtain with the local estimates from Lemma 3.4.10 and (3.129)

~ ~ 5/2—u— ~ —1 ~ ~
1V = Fnll ey < ¢ <hdi/ g KJ|Y|W§€°(Q/!) +d7H|y —YhHL?(Q;)) :

Wi — Zpw < chd; V2w,
Iw = Zpwa |l (e | |W§/§1/2(Q’)

where we also exploited hd; * < hd, " = ¢,/ * < 1 to simplify the interpolation error estimate in
L2(Q). Moreover, we used the property

7% w )
| 1|W2/2 21 Q) = | |W12/§ 1/2(9;)

which holds since n = 1 on Qg, and assumed that w possesses the regularity demanded be the
right-hand side for arbitrary polyhedra, which we will confirm later.

Combining both estimates yields for j =3, ..., /-3

17— )7h||H1(Qc)||W1 — Zpwill i (ar)

3 2
<c (h |y|W2°°(Q”) +¢ YT 1/2()/ )/h)HL?(Q’ ) |W|W12/§ £ (3.130)

The last step is a consequence of the assumption upon w and the definition of the domains €2;,
more precisely we exploited d; * < d* < ¢, *h7L.

Incaseof i=1—-2,..., | we obtain

17 = Inllrrae = € <h(5/2_'<j)/“|)7|w%i°(§z’/) +d7y —Yh||L2(Q;)> '

w1 = Zywa || ey < e OV /@y o @)
1/2 2

where we exploited again that 7 = 1 on Qr. Combining both estimates leads to

17 = Vnll (e lws = Zawa [l g2 (qe)

—K) /1| 0.1/2— “1j5 _ o
c <h(3 n,)/u‘y|W§§0(Q§,) +Clmax{ / “}hl/(2“)d/ 1Hy—Yh||1_2(Q§)) |W\WT2/§ ()

IN

IN

- ~1/2,— _ -
c <h2|y|W§,SQ(Q,_,) + C,max{ / M}H’Y 1/2()/ - )/h)||L2(Q§)> |W|W12/§ £p(2) (3.131)
0 1 ) 1

The last step follows from the assumption upon w and the fact that d; = C/hl/“. Fori=0,1,2
we insert the global finite element error estimate from Theorem 3.4.8 and the interpolation error
estimate from Lemma 3.4.10, where the factors dy, di and d» are of order one and can thus be
neglected. We then obtain

IN

Ch Y22 W1 |\p/2.2
Pz ilwzz o

ch? w220z <|W|W @t ||w||H1(QR)>. (3.132)

17 = nllin@enllwa = Zawall ey

IN
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In the last step the Leibniz rule was applied using the fact that ||[D*n|| ~(q,) < ¢ and that the
weights are of order one within Q7.

We can repeat the same strategy to show the appropriate estimates on Qf, and apply Lemma
3.4.10 with sk = 1/2+ ok — Bk, as well as (3.129) with ¢ replaced by e. Moreover, we have to
exploit the refinement condition

2u < 5/2 — ok + [sl- =

5/2—Qk, ifSkZO,
3—Bk, if s, <0,

which follows from (3.118). Consequently, we arrive at
17 = Vnll (o) lws = Zawi [l (qe)
~ —1/2,— _ ~ o~
< ¢ (Wlilwgsa + G oy ) gz, @ (3159
.0 ! ) i

fori=3,..., [. Finally, we easily confirm that the estimate (3.132) remains true when replacing
c by e, and we have covered also the cases i =0, 1, 2.

We may now insert the estimates (3.130), (3.131), (3.132) and (3.133) into (3.128) which
leads to

a(y - yhv W].)

1/2.1/2

/
N —1/2uY-1/20 5 o
gcz<h2|y|W§.§o(Qll_/)+chaX{ V2 |y 1/2(Y—Yh)||L2(Q;)) Wlw22 (o)
i=3 '

2 ~ ~
+ch (|y‘W§§(QR)+ |Y‘W§:§C(QR)> <|W‘W§/§VT/2(QR) + HW”Hl(QR))
<c <h2| In h|*/2 <|y|Wg,§(QR) + |y|W§,30(QR)> + g2y 2 y”h)lle(sz>>
a, g
X <|W|WTQ/§,1/2(QR) + HW”Hl(QR)) . (3.134)

Next, we show that w possesses the regularity demanded by the right-hand side, which follows
from Theorem 2.3.7 and the Lax-Milgram Lemma once we have shown that

¥ 2g e WE2 1, (QR) N HH(QR)T™. (3.135)
To this end we have to find a relation between the weight function () and the weights hidden
in the norm of the weighted Sobolev spaces. For some fixed x € U; define k € X; such that

re(x) = r(x). The angular distance to the edges My with k € X; \ {k} is bounded from below,
i.e. ri/pj > c, compare also Figure 3.2 on page 33. Consequently, we obtain

~ -1
L) < )™ = i)™ = g0 (;j<x>)
<00 I (200) (3.136)

kex; N
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and directly conclude

—1/2
72 gllwsz (e < cllgllizn < < (3.137)

To show the boundedness in [H!(Qr)]* we use the operator norm representation, the Cauchy-
Schwarz inequality, as well as the boundedness of g in L?(Qg), and arrive at

- (9.7 ?9)a Iy 202
Vgl = sup VR <c sup ol &) (3.138)
peH (Qr)  IPIIH(Qr) peH (Qr)  IIPIIHY(QR)
Taking again (3.136) into account leads to
Iy 20l 200 < C|\<P||W3§/2ii/2(QR) < cllellH(ap). (3.139)

where the embedding used in the second step is a consequence of Lemma 2.3.4 and the fact
that the spaces W61'62(QR) and H'(Qr) are equivalent. Inserting (3.139) into (3.138) and taking

also (3.137) into account yields (3.135), and consequently
Wz e+ Wlian < (3.140)
The estimate (3.134) then becomes
a(y — vn, m1)
2 172 (15 5 {=12—uh-1/2(c _ &
<c <h [Inh|*/ <|Y|w§;§<m) + |Y|vv§;;°(m)) +o Wy _yh)||L2(sz)) '
(3.141)

It remains to derive a similar estimate with ws instead of wy. Therefore, we exploit that wo, =0
on Qg, and O,ws = 0 on Ok. Partial integration yields

a(y — ynow2) = (V — ¥, —Bwa)ag + (V — V. wa)ag + (V — Vn, Onw2)aas
< ”)7 _yh||L2(QR)HWZHHZ(QR\QR)- (3142)

We exploit the property ||[D¥n|| ~(q,) < ¢ for all |a| < 2 and the fact that Qr \ Qg has positive
distance to the singular points, and arrive at

HW2||H2(QR\QR) < CHW”HQ(QR\QR) sc <||W”H1(QR) + W|WI2/§,T/2(QR)> =¢

The last estimate is another application of (3.140). Moreover, we insert the global estimate
from Theorem 3.4.8 into (3.142) and get

a(y — Jn w2) < ch2|Y|Wg.§(QR). (3.143)

Inserting now (3.143) and (3.141) into (3.127) yields together with (3.125)
||’Y_1/2(J7 - J7h)||L2(QR) < C<h2| In h|1/2 <|)7|W§§(QR) + |)7|W6%30(QR)>
a, 0

4 CImax{fl/2,fu}||,y—l/2()7 _ yh)||L2(§2R)> . (3.144)
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We fix the generic constant ¢ and choose ¢; sufficiently large such that
cc,max{_l/z’_”} <1/2.

This allows us to apply a kick-back argument and we consequently arrive at
Iy ™27 = In)ll 2@y < hPlIn A2 <|)7|W§§_(QR) + |J7|W§vg°(QR)> :

Finally, we insert this estimate together with (3.124) into (3.123), insert the resulting estimate
into (3.122), and arrive at the assertion. O]

Now we are able to prove the main result of this section.

Theorem 3.4.14. Let y denote the solution of the variational problem (2.23) and yy, its finite
element approximation (3.3), with input data satisfying f € C%9(Q) for some o € (0,1), and
g = 0. Assume that {Tn}r>0o is a family of locally refined triangulations according to condition
(3.56). Moreover, let be given weights &, 3 € Ri’ and §, G e Ri satisfying

1
5—Af<aj§1—p,, 2-Xf <Bi<3-2u, Vjec,

. (3.145)
11— <6 <1-—up, 2—>\2<Qk§§—2u, Vk € E.

Then, some ¢ > 0 exists such that

by = yallizry < el b2 (D 102V lyraig) + 3 ID%Vlwray + IVl
lo|=1 “ lo|=1 ©

(3.146)

Proof. For technical reasons we introduce further subsets
QR = iﬂtUﬁ,', QR = intUﬁ,-, FR = GQRHI', FR = GQRHI'.

Note that we have the relation Qr C Qr C Qr C Qr C Q. Let w be the cut-off function
defined in (3.116). In order to apply Theorem 3.4.13 we insert the intermediate function ¥, and
exploit that y := wy coincides with y in Qg. This leads to

||y - Yh||L2(FR) = ||J7 - }7hHL2(ﬁR) + ||)7h - )/h||L2(FR)- (3-147)
For the first part we may now apply the result of Theorem 3.4.13 and obtain
||.)7 - thLQ(r'R) S Ch2| In h|3/2 <|-)7|WO_2‘§(QR) + |-V|W§§O(QR)> . (3148)

Note that it is possible to construct a cut-off function w satisfying (3.116) and ||D°‘w||Loo(QR) <
2lel < ¢ for arbitrary a € Ng. Using the Leibniz rule we then get

IN

w2z = 0¥ w22 @) C<|y Iwzz(aq) + Iy ”vvlvzm\m))

IN

c | 32 10V lzy + Wl | (3.149)

la|=1
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and analogously

Flwzsan <€ | X 10w + I lexa | - (3.150)
0 @
la|=1

Let us discuss the second part of (3.147). The function ¥, — yp is discrete harmonic on Qr.
Hence, the discrete Caccioppoli estimate from Lemma 3.3 in [36] yields

15— Yill ey < CAlTn = ol 2y d 1= dist(@T, BT, (3.151)

and with our construction we have d = 1/4. With a trace theorem and (3.151) we then obtain

A

Hyh - )/hHLZ(ﬁR) = C||)7h - YhHHl(QR) < CHyh - YhHL2(QR)
< c (17 = nllzap) + Iy = volli2@)) -

where the last step holds due to y = § on Q. An application of Theorem 3.4.8 vyields
195 = Sl zrey < € | D2 10V lwrziay + Wllezcey | (3.152)
lal=1 '
where we also applied the estimate (3.149). Consequently we get from (3.147) the estimate
1y = wllizgray < PP 2 | 37 1D%Y sy + D 1DV lysesiay + Il
a, 0

la|=1 le|=1

(3.153)

Let us consider the error on the remaining part F\fR where we have no influence of the singu-
larities. One can directly apply the trace theorem in the L°°-norm which yields

Hy _Yh||L2(r\FR) < C”y _thLOO(F\FR) < C”y _J/hHLoo(Q\QR)- (3-154)

With the local maximum norm estimate (3.106) exploiting that dist(8Q2g \ I, 825 \ ) ~ ¢, we
arrive at

1y = Yallongony < € (IMAILY = 11l eqndony + 1Y = ¥l 2 ) - (3.155)

Denote by T* the element where the maximum of |y(x) — /,y(x)| within Q \ Qg is acquired.
An application of a standard interpolation error estimate in L°°(T*) implies

1y = 10yl e @neigy < Y = Iy llise(rey < chPIylwas
and we may insert the weights which are bounded from below by a positive constant within Q\QR.

For the second term on the right-hand side of (3.155) we insert again the global estimate from
Theorem 3.4.8. From (3.155) and (3.154) we hence conclude

1y = Ynll 2r\rpy < €h® (|y|W§‘§(QR> * |y|W§'§°(Q)> '

and together with (3.153) the desired estimate (3.146) follows. O
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With some modifications of the proof we can now also show the error estimate on quasi-uniform
meshes presented in Theorem 3.3.2.

Proof of Theorem 3.3.2. Before we discuss the modifications required in the proofs of Theorems
3.4.13 and 3.4.14 we show some essential properties we will frequently use.

Forall i=0,..., | — 1 we get with the properties h < d; < d; < 1 for all k € £ the estimate

h2di1/2*9k < hmin{2,5/2—9k} - hmin{2,1/2+>\i—s}v (3.156)

when considering the cases gx < 1/2 and px > 1/2 separately, and inserting the definition
ok := min{0,2 — A{ + €}. Analogously we can show for i =/ — 1,/ that

h5/2—9k < hmin{2,1/2+>\i—5}. (3.157)

To obtain the estimates in a vicinity of a corner xU), JeC, fori=0,..., | — 1, we moreover
require the property

thl_lfﬁj < hmin{2,3fﬁj} < Chmin{2,1+>\f—e}, (3158)

where we distinguished among the cases §; < 1 and §; > 1, and inserted the definition §; :=
max{0,2 — Af +€}. For i =1 — 1,/ we will use instead

h3—5i < hmin{2,1+>\f—£}. (3_159)
Inserting these properties into (3.120) and (3.121) yields together with (3.119) the estimate
||)7 _ _)7h||%2(rl) S c <| In h|2h2 min{2'1/2+>\78}|)7|5\/§,30(Q{) + d,'71|‘()7 _yh)||%2(§2;)) ) (3160)
@ !
where we used that
min{2,1/2+ X —¢e} =min{2, 1 + min A\ —¢&,1/2 + min A\f — €}.
jec keE
Summation over all i =1, ..., I leads to
|b7 _ yh||i2(ﬁR) <c <| In h|3h2min{2,1/2+>\f€}|)7|5V§§c(QR) + ||,y71/2()7 _ yh)||%2(QR)> , (3.161)

with y(x) := d; + r(x).

It remains to discuss the weighted finite element error in L2(Qg) on the right-hand side of
(3.161). On the outermost rings we get with the global estimate from Theorem 3.3.1

725 = )2 (@0u0y) < €l = Falli2(ap) < Chmin{z’zk_s}|)7|W%§(QR)- (3.162)

On the remaining part we proceed as in the steps (3.125)—(3.128). Setting © = 1 in the
estimates (3.130), (3.131) and (3.132) yields with the properties (3.156)—(3.159)

17 = Pbll i ey llwa — Zpwa [l ar)

min{2,1/24+X—¢} | —1/2\,—1/2/0 =~
<c(n Pz + & 720 - Wl ) Whazz ey (3:169)
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fori=0,..., I, where we used also the property di > d; = ¢;h*/*. One easily confirms that
this estimate holds true when replacing ¢ by e which follows from the same technique. Inserting
estimate (3.163) into (3.128) then yields together with (3.140)

a(y — ¥n, w1)

<c <hmi“{2'1/2“_5}| In h|H/2 (|V|Wg,§(QR> - |y|W§gC(QR)> +o Py (5 - yh)an(QR)) _
a, 0
(3.164)

To show an estimate with ws instead of w; we insert the global estimate from Theorem 3.3.1
into (3.142) which yields

a(y = Jn, wa) < ch™™EP7EG] oy . (3.165)
a&,0
The estimates and (3.164) and (3.165) yield together with (3.125) and (3.127)
H’Y_l/z(y _ yh)”LQ(QR) < Chmin{2,1/2+>\—s}| In h|1/2 <|)7|Wf§(QR) + |)7|W§'3°(QR)> , (3.166)
a, @

where we already applied a kick-back argument as at the end of the proof of Theorem 3.4.13.

The proof of Theorem (3.4.14) can be almost repeated. From (3.161) and (3.166) we get
instead of (3.148) the estimate

15 = Fall oy < ch™™ZV/2FAZE 10 o3/ (|y|wg§(QR) + |y|Wﬁg,gC(QR)> : (3.167)
a, .0

Moreover, instead of the estimates (3.152) and (3.155) we get

190 = all 2y < ™27 37 1Dy + iz | (3.168)
=1 a,
1y = Yill oy < chm™mE2A7 <|y w220p) T |vv§;°(fz)> ' (3.169)

if the global estimate in LQ(Q) for quasi-uniform meshes from Theorem 3.3.1 is applied. From
(3.147), (3.167), (3.168) and (3.169) we finally conclude the assertion of Theorem 3.3.2. [

Looking carefully at the assumption (3.145), we observe that the refinement parameter depends
solely on the number X defined in (3.80). From this we conclude the following simplified version
of Theorem 3.4.14.

Corollary 3.4.15. Assume that f € C%9(Q) for arbitrary o € (0,1), and g = 0. The error
estimate
ly = wallizry < clInh*/2H?

holds, if one of the following assumptions is satisfied:

1. The family of triangulations {Tp}n>o Iis quasi-uniform (i.e. u = 1), and there holds

A>3/2.
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2. The family of triangulations {Tp}p>o is refined according to (3.56) with parameter

Lo 12
3~k Ty

Here, the constant ¢ > 0 depends also on f.

Remark 3.4.16. One observes that the refinement condition necessary for an optimal conver-
gence rate in L?(I")-norm is a different one than for an optimal rate in the H*(Q)- or L?(Q2)-norm
(see Corollary 3.4.9). Due to X > 1/2 there holds 1/4 + X\/2 < X. Thus, the mesh grading
condition required for optimal error estimates on the boundary from Corollary 3.4.15 implies the
condition required for the estimates in the domain from Corollary 3.4.9.
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CHAPTER 4

Neumann boundary control problems in L2(I")

The aim of this chapter is to discuss and prove error estimates for the numerical approximation
of the Neumann boundary control problem

1 a :
Jy. u) = 5”)’ —)’d”%z(g) + §||U||%2(r) — min! (4.1)
subject to
—Ay+y=f1 in €2,
yTy I (4.2)
Ony =u on T,
U€E Uy ={uel?MN:us<u<upa.e onl} (4.3)

Initially, we demand that f € [HY(Q)]* and vy € L?(), but we will require higher regularity of
the input data for the error estimates derived in this chapter. The control bounds v, and up, are
assumed to be constant, and that u; < up.

Roughly speaking, the aim is to find a Neumann datum — the control — u € L?(T") such that
the corresponding solution of the state equation y € H*(Q) is as close as possible to the given
desired state yy4. The additional regularization term is in many applications modeled as control
cost which results in a penalization of high control values. The regularization parameter o > 0
can be chosen arbitrarily.

As almost all estimates we derive here have already been proved for polygonal domains we con-
sider in this chapter only polyhedral domains Q C R3. In Section 4.1 we will discuss existence
of a solution of (4.1)—(4.3), derive necessary optimality conditions and prove regularity results
of its solution. These optimality conditions are discretized in order to compute an approximate
solution and we will discuss three possible discretization approaches and error estimates in Sec-
tion 4.2. At the end of this chapter in Section 4.3 we will also confirm the predicted convergence
rates in numerical experiments.



78 CHAPTER 4. NEUMANN BOUNDARY CONTROL PROBLEMS IN L2(T)

4.1 Analysis of the optimal control problem

Before we investigate the numerical solution of the optimization problem (4.1)—(4.3) we discuss
the continuous problem in detail. The statements about existence of solutions and optimality
conditions can be also found in the text books [52, 88].

Analysis of the state equation

The weak formulation of the state equation (4.2) reads
a(y,v) =(f,v)g+ (u,v)r Vv e HY(Q), (4.4)

as already derived in Section 2.1.2. Note, that u € L?(I") allows us to use the inner product
in L2(I") on the right-hand side. As this equation is linear we can decompose its solution into
y = yr + vy such that yr, v, € HY(Q) solve

3y, v) = (. Vg wv e HY(Q), (4.5)
a(yu, v) = (u,v)r Yv € HY(Q). (4.6)

The solution yr € HY(Q) of (4.5) does not depend on the control, but only on the input datum
f, and is hence not a quantity which has to be optimized. Hence, by a slight abuse of our
definitions we will say that y,, is the state corresponding to the control u. The solution operator
of (4.6) also being referred to as control-to-state mapping is denoted by

S L2 — L2(Q), ur Su:=y,.

The substitution y = yr+Su allows us to eliminate the state variable in (4.1). As a consequence,
(4.1)—(4.3) is equivalent to the optimization problem with reduced target functional

, 1 o ,
J(u) = E||Su + yr —yd||f2(Q) + §Hu||f2(|—) —min! s.t. u€ Uy, (4.7)

which depends only on the control wu.

Existence of solutions and optimality conditions

In order to solve problem (4.7) we derive necessary optimality conditions. In the present case
we have a quadratic target functional which is Fréchet differentiable. This directly implies the
first-order optimality condition presented in the following Theorem.

Theorem 4.1.1. The function i € U,q is the unique solution of (4.7) if and only if it satisfies
the variational inequality

(ST+yr—yq,S(u—10))+a(d,u—a)r >0 Vu € Uyg. (4.8)

Proof. The unique solubility is proven in [88, Section 2.5.3] and the first-order optimality con-
dition in [88, Theorem 2.22]. O
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To avoid the presence of the control-to-state mapping in the optimality condition (4.8) the
adjoint state p € H*(Q) is introduced which is defined as the solution of the adjoint equation

a(v,p) = (u+yr—vav)  VveH(Q). (4.9)

As a consequence we obtain an optimality system consisting of two coupled partial differential
equations and a variational inequality.

Theorem 4.1.2. The function i € U,y solves problem (4.7), if and only if a related state
V. € HY(Q) and a related adjoint state p € H'(Q) exist such that (y,, i, p) fulfills the system

a(Yu,v) = (4, v)r Vv € HY(Q),
a(v,p) = (Yu+yr—Ya.v) Vv e HY(Q), (4.10)
(P+ab,u—d)r>0 Vu € Uyg.

Moreover, the variational inequality is equivalent to the projection formula
_ 1_
0=MNag (=PI (4.11)

where Mag: L?(T) — Us,qg Is the L?(T")-projection onto U,y which possesses the pointwise repre-
sentation

[Magv](x) := max{us, min{up, v(x)}}.

Proof. This result follows from the substitution ¥ = yf + S as well as the equations (4.4) and
(4.9). The first term in (4.8) is then simplified to

(Vu+yr —ya, S(u—10)) = a(S(u—u),p) = (p,u— ).

The equivalence of the variational inequality and the projection formula is proved e.g. in [52,
Corollary 1.2]. O

Let us now introduce the solution operator of the adjoint equation P : L?(Q) — HY(Q). In
the following we write p = P(y, + vr — yq) if p solves (4.9). It is well-known that the adjoint
operator of the control-to—state mapping can be expressed by S* := 7o P : L2(Q) — L2(I),
where 7: HY(Q) — L?(I) is the trace operator onto . Hence, the gradient of the target
functional can be represented by means of

Vj(u) = S*(Su+yr — yq) + au.
In the following we denote the active and inactive sets by
At ={xel: ax)=uw}, A ={xecl:ax)=u}, IT:=T\(ATUuAd),

and write AT := AT U A~. A pointwise discussion of the variational inequality in (4.10) leads
to
=0, ae onZ,

Vj(u)4 <0, ae. on AT, (4.12)
>0, ae.onA,

compare also the technique applied in [52, Lemma 1.12].
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Regularity

Before discussing discretization error estimates we investigate the regularity of the solution of
the optimal control problem (4.1)—(4.3). In Lemma 4.1.3 we will prove a regularity result in
classical Sobolev spaces. More accurate results in weighted Sobolev spaces are summarized in
Theorem 4.1.4.

Lemma 4.1.3. Assume that the input data satisfy f,yq € L2(2), and denote by X := minjec A,
the smallest singular exponent. Let sy € (3/2,1+ X) and o € (0, min{1/2,x\ —1/2}). Then,
the solution (y,, U, p) of the optimality system (4.10) and yr from (4.5) possess the regularity

Vu, e P € H(Q)NC27(Q),
ae HY ),

for arbitrary s < min{2, sp}.

Proof. From Theorem 4.1.1 we know that a unique solution & € L?(I") exists and hence y, €
H(2). The assumption f € L?(Q) implies yr € H(Q2) which is proved e.g. in [45, Corollary
2.6.7] or [33, Corollary 23.5], and in the same way yr + 7, — vg € L2(Q) implies p € H5(Q).
From the trace theorem we get that p|r € H'(I") as sy > 3/2. Due to the projection formula
(4.11) this regularity is transferred to @. In particular, we have @ € HY/2(T"). This implies
Vu € H?(€2) which is also proved in the references mentioned above. The Holder-continuity is a
consequence of the embedding H5(Q2) — C%9(Q) stated in Lemma 2.1.1. O

In order to outline the regularity of the optimal control more accurately we introduce the following
definitions. For some triangulation 7, of €2, and its corresponding boundary triangulation £, we
define the sets

Ki=cdU({E€&:EnAT#0and ENT#0}), Ko:=T\Ki.

On K1 the control & is switching from the active to the inactive region, and can have a kink.
Consequently, there holds @@ ¢ H?(K1). As a remedy one can use regularity results in W1 (/1)
instead. In the following theorem more accurate regularity results in weighted Sobolev spaces
are proven. These results are important for the discretization error estimates proved in Section
4.2,

Theorem 4.1.4. Assume that the input data satisfy f € L?(Q) and yq € C° U(Q) with some
o€ (0,1). Let e > 0 be a sufficiently small real number, and let &, G.7€R? and§, 5,7 € RY
be weight vectors defined by

1
o) = max{O,E—AJ-C—i-E}, Ok = max{0, 1 — g + &€},
B; := max{0,2 — A} + ¢}, ok = max{0,2 — A\ + ¢},

3
v = max{0,1 — A\f + ¢}, Tk = max{O,E—Ai—I—E},
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for all j € C and k € €. Then, the solution (y,, T, p) of the optimality system (4.10) and the
solution yf of (4.5) satisfy

D%y, D%yr € W1(Q).
a= 1,2 1,00 1,2
D*p € Wa,S(Q) N WE,E () NWz(T),
D%*i e Wfiy’;;O(/cl) NWz2(Ko),

for all |a| = 1.

Proof. From Theorem 2.3.7 and Theorem 2.3.8 we directly conclude with Lemma 4.1.3
D%y, D%y € Wa}:(%(Q), D%*p € Waié(Q) N Wé:;"(Q), V|a| = 1.
A trace theorem and the embeddings from Lemma 2.3.4 imply
a = 1,00 1,2 0,00
D%p e ij () = va,?(r) N Wq,g ().

Note, that in order to get the validity of the embeddings one has to take into account that € > 0
can be chosen arbitrarily but small. Due to (4.12) we moreover have

—a~1p, onZ,
=1 u,, on A~,
Up, on AT,

Consequently, the control & inherits the regularity of the adjoint state p and the control bounds
Uy and up. ]

4.2 Discretization error estimates

There exist a couple of discretization approaches for the optimal control problem (4.1)—(4.3)
that we will discuss in detail now. An overview of related contributions has already been given in
Chapter 1, and we are now in the position to improve these results for polyhedral domains when
taking into account the accurate regularity results from Chapter 2 and the sharp finite element
error estimates from Chapter 3.

4.2.1 Full discretization

A possible approach for the discretization of the optimal control problem (4.1)-(4.3) is, to
approximate the state and adjoint state variable with piecewise linear and continuous finite
elements, and the control with piecewise constant functions. More precisely, we search

Y Yuh Ph€Vh = {vh € C(Q): vy is affine linear on all T € 77,},
Up € Up ag :={up € L=(I"): up is constant on all E € £} N ULy, (4.13)

where Ty, is a conforming triangulation of 2 and &, the induced boundary mesh, i.e. each E € &
is also a face (if n=3) or edge (if n=2) of some T € 7.
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The discrete form of the optimality system (4.10) then reads
Find yy n, pn € Vi and up € Up:

a(Yu,ho va) = (U, vi)r Vvh € Vi,
a(vi, Pn) = Yun + Yeh — Yd. Vi) Vv € Vi, (4.14)
(aup + pn, wp — up)r >0 Vwh € Up,ad,

where the function yr , € Vj; can be computed in advance from
a(yr.n, vn) = (f, vp) Vv, € V.

We introduce the discrete versions of the operators S, S* and P, defined by

Sp L2(D) =V, = L2(Q), wWhp = Spu <= a(wp, vp) = (U, vp)r  Vvu € Vp,

Py L2(Q) = Vi, = HY(Q), wy=Py a(vp, wp) = (v, vn) Vv, €V,
and

Sii=ToPy: L2(Q) = V2 :={wj, € C(I): wj, = v4|r for some v, € Vj,} — L2(T).

That S} is indeed the adjoint operator to S, becomes clear by

(Spv.w)r = (Pav, w)r = a(Spw, Prv) = (v, Spw) Vv € L2(Q), we L2(I). (4.15)
Analogous to the continuous case one can show that the system (4.14) possesses a unique
solution (Vy p, Un, Pp) € Vi X Up.ag X Vi, and, that (¥, p, Op) is also the unique solution of the
related discretized optimal control problem

_ 1
min =

2 a 2
- -y
(Vurh Un)EVi X Up ag 2 yun+ yen yd||L2(Q) + 2 | h||L2(|—)

subject to
a(Yup Vo) = (Un, vi)r Vv € V)

Recall that the optimal continuous and discrete state variable can be decomposed by means of
Y =Yu+yr, Yh = Yun+ Y.

We will derive an a priori error estimate for the discrete solution (¥, Tp) in the next theorem.
The proof is similar to the one in [26], but we can improve the results using the sharp error
estimates on the boundary from Theorem 3.3.2 and Theorem 3.4.14.

Theorem 4.2.1. Assume that the input data satisfy f € L?(Q) and yq € C%9(Q) with some
o € (0,1). Then, the error estimates

val|d = bpll 2y < chn (4.16)
and { :
hmin 1,XA—¢ n, ifp, =1,
V=Y +1p—p <c
1V = Pallpr) + 12 = Pallm) < {hn. i<
hold, where
n = fliz@ + 1l + ez + 2 10wz + 3 I1D*Bllwy(o) + 1Bllix(@).
a, a, Q

la|=1 la|=1

with the weight vectors defined in Theorem 4.1.4 and sufficiently small € > 0.
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Proof. As the error estimate for the control cannot be improved with mesh refinement, we
prove the stated estimate on quasi-uniform meshes only. Testing the optimality condition of
the continuous problem (4.10) with the discrete solution, and the optimality condition of the
discrete problem (4.14) with the L2(I)-projection P,‘?U of the continuous solution onto Up a¢
yields

(i + p, Oy — @) > 0,
(adih + pp, PPT— T+ T — Gy) > 0.
Summing up both inequalities implies
—al|@ — Gyl 72y + (B = Ph, Gh — D)r + (allp + Pr, PPT — D)r > 0.
Reordering this inequality and exploiting that (&, PhaU — 0)r = 0 yields
all@ = Gl 2y < (B = B, Gy — D) + (P, PYT — D)r. (4.17)

In the following the two terms on the right-hand side are discussed separately. For the first term
we insert the representations

plr = S*(SU+yr —yq) and  pplr = Sy(Shin + Yen — Yd), (4.18)

introduce several intermediate functions, apply the Cauchy-Schwarz inequality, exploit the bound-
edness of St as operator from L2(Q2) to L2(I'), and get

(P — Pn, tp — O)r
= (S*(ST+ yr — Ya) — Sp(Shilln + ye.n — Ya), Un — O)r
= ((S* = Sp)(SU+ yr — Ya) + SH(S = Sp) i + Sp(yr — Yr.n) + SESn(T — Tn), Up — U)r
< c(I6S* = ST = ya)llezgry + 1S = Sn)ill 2y + lve — venlliz)) 1T = Tall 2y, (4.19)
where we exploited in the last step that

(SkSp(d — ), Oy — O)r = —||Sp(d — U,,)||f2(m <0.

Inserting the already known error estimates for elliptic problems from Theorem 3.3.1 and The-
orem 3.3.2 into (4.19) and applying Young's inequality yields

_ o _ . _ 2 o, _
(B =B, Gy — D) < ¢ (K212 i p22) 4 Za = GlZay. (4.20)

For the second part on the right-hand side of (4.17) we take into account the error orthogonality
of the L?(I")-projection Pf?, apply the Cauchy-Schwarz and the Young inequality with arbitrary
v >0, and get
(Bh, Pyl = @)r = (Bp — p. Pyl = B)r + (B — PYp. 0 — )r
< c (18 = Ball 2y hllall gy + h2||5HH1(I')HU||H1(I'))
o _ _ 2
<v|p— Ph||f2(r) + ch® (|al ey + 11BN ery) - (4.21)

VAN
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Moreover we can derive an estimate for the adjoint state using the representation from (4.18)
which implies after insertion of several intermediate functions

Plr = Palr = (8% = SE)(Vu + ¢ = ya) + Sh(S — Sn) T + S (vr — yrn) + SpSn(d — ).
Then we obtain using the triangle inequality and error estimates for elliptic problems from The-
orem 3.3.1 and Theorem 3.3.2

18— Bllizqry < € (I(S* = S+ yr = yallzgry + (S = S)illiay
+1lyr = yenlliz) + 1T — Uh||L2(r)>
< ¢ (A2 1n 32 4 |6 - @yl o ) (422)

Inserting (4.22) into (4.21) and choosing v = a/3c leads to

. 2
(B, P,?U —O)r<c <hm|n{2,1/2+>\76}‘ In h|3/277 + h”ﬁHHl(F) + hHUHHl(F)) + %HL_I — UhHiQ(l—).
(4.23)
Now we insert (4.20) and (4.23) into (4.17), apply a kick-back argument to the terms a /3|7 —
Uh||f2(r), extract the root, and obtain

valli = byl 2y < chn,

where we exploited that 1/2 + X — ¢ > 1 for arbitrary polyhedral domains, when € > 0 is
sufficiently small.

The error estimate for the state follows from the triangle inequality

1V = Vnllii) < S = Sh)allpiq) + 1Sh(T = Gn)ll ) + lve — yenll v, (4.24)

the error estimates from Theorem 3.3.1 if & = 1 or Theorem 3.4.8 if & < A, the boundedness
of Sy, as operator from L?(I") to H'(Q) and the already shown estimate (4.16). In the same
way we get an estimate for the adjoint state when writing p = P(¥ — y4) and pp = Pn(Vh — Ya)-
With the triangle inequality this leads to

15 = Bl ey < ¢ (1P = Pa)(7 = ya) lwr (o) + I1Pa(¥ — 7n) )
< c([(P=Pa)(7 =)l + 17 = Znll ) - (4.25)

where we exploited the stability of P, as operator from H(Q) to H'(Q). Inserting the finite
element error estimates from Theorem 3.3.1 in case of u = 1 and Theorem 3.4.8 if u < A, as
well as the estimate already derived for the state variable yields the assertion. ]

Estimates for the state in L2(Q)

In the remainder of this section we derive an error estimate for the state variable in the L2()-
norm. While estimates for the state variables in H1(Q) are very easy to show (compare (4.24)
and (4.25)), estimates in weaker norms require advanced techniques. The basic strategy we will
use is not new. A proof for distributed control problems can be found in [67] and an extension
to Neumann control problems in [62]. Improved error estimates using weighted Sobolev spaces
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are presented in [9] for two-dimensional polygonal domains and in the following, we will show
how these results can be extended to polyhedral domains.

Let R‘,?: L>°(") — Uy denote the midpoint interpolant defined in Section 3.2.4. Using the
triangle inequality we obtain an estimate for the state by

155 = Vunllizi) < IS = Sn)ill 29y + 1Sa(d — RAD) || 12(q) + ISh(ROT — )|l 12(q)- (4.26)

For the first term we only have to insert the finite-element error estimates from Theorem 3.3.1
for quasi-uniform meshes or Theorem 3.4.8 for locally refined meshes. In the following lemmata
we discuss the two other terms on the right-hand side of (4.26).

For technical reasons we require an assumption upon the active set.

Assumption 2. The set g := AT N 7T consists of a finite number of curves having finite length.

From this assumption one could also conclude the assumption Mateos and Rosch used in [62].
They demanded that |U{E € K1}| < ch. This is not sufficient for our purposes when g goes
through some locally refined region. However, what we apply in Lemma 4.2.2 is some local
version of this assumption. More precisely, we will benefit again from the decomposition of
the boundary {I';}!_, already introduced in (3.82) that we used to show a finite element error
estimate in L2(T).

For the second term in (4.26) one can exploit that the operator Sy, realizes a smoothing of the
interpolation error i — RfU and it is possible to show convergence with a rate higher than one.

Lemma 4.2.2. Assume that f € L?(Q) and yg € C%9(Q) with some o € (0,1), and let
Assumption 2 be satisfied.

a) If u =1, there holds the estimate
1Sh(@ — RD)|| 120 < ch®n, (4.27)
with s = min{2,1/2+ X — €},
b) and if the refinement parameter satisfies u < % + % there holds
1Sh(T@ = RED)2() < ch?|In hln, (4.28)
where
n:= |U|H1(r) + |U|Ww‘2f7g-(’<2) + |U|Wy~1f§o(’€1)

with the weight vectors defined in Theorem 4.1.4 and € > 0 chosen sufficiently small.

Proof. We will first prove the estimate (4.28) and mention at the end of the proof where
modifications are necessary to show also (4.27). Let v, := S;:Sp(id — R20) € V2. This allows
us to write

1Sn(@ — RED)1 2y = (T — RO, vi)r = (@ — PYT, vi)r + (P70 — RT, vin)r, (4.29)
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where P,‘? denotes the L2(I")-projection onto Uy as already defined in Section 3.2.3. With
orthogonality properties of P,‘? and standard estimates we get
(L_l — P;?L_I, Vh)l’ = (L_I — P,?U, Vh — P;?Vh)r < Ch2|L_I|H1(|—)|Vh|H1(|—)
< ch?|a@l () 1Sh(a — RD)| 2(). (4.30)
For the second term in (4.29) we distinguish between boundary elements £ C K1 and E C Kos.

On K, the solution possesses the regularity D*0 € W,;"?_(ICQ) for all |a| = 1, as stated in
Theorem 4.1.4, where the largest weight is defined by

o ) _ _ 3¢ _ye _ -
K.—jerg%g{'yj,n} je@,%g{o’l Af +€,3/2—= X +¢e} =max{0,3/2 — X\ +¢€}.

Using the element-wise definition of the L2(I")-projection and the fact that Rgﬁ is constant on
each element we get

2
IPf0~ Rty = X [ (1617 [[atv)as - Ria) as,

ECK>

G ( /E (aly) - Rﬁa)dsy>2. (4.31)

ECK>

Now the local estimates from Lemma 3.2.10 can be inserted. In case of re > 0 we get from
(3.43) using the mesh condition hg ~ hré_“

2 2
|EI7! (/E(U(y) — ROn) dsy> <c (h2r,§_(1*“)*“|a|ww_2¢(5)) , (4.32)

and in case of re = 0 we get with hg = hi/H

2 2
B ( / (a(y) - Rj0) dsy) < c (KM al g ) (4.33)
E 37
Moreover, the assumption u < 1/4 + X\/2 implies u < 1 — k/2, since
1
1-k/2=1- 5 max{0,3/2 =X +¢€} =min{l,1/4+ X2 —€} > u, (4.34)

where the last step is valid when € is chosen sufficiently small. Hence (4.32) and (4.33) become

2 2
E|! (/E(U(y) - nga)dsy> < ¢ (Plalnzze) (4.35)
for arbitrary E € &, E C Ks. Inserting this into (4.31) yields
1PPT — Ry 2y < Ch2|U|W§V-g(;c2)-

With the Cauchy-Schwarz inequality and the stability estimate [|vj [ 2(r) < [[Sh(0 — R?U)HL2(Q)
we thus arrive at

(PT — RO, Vi) 12(kcy) < Ch2|U|WA?2‘§()C2)||Sh(U — ROl 120 (4.36)
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On the set K; the solution satisfies only D*0 € W$'§°(IC1) for all |a] = 1. We denote the
largest weight by

o . — — )¢ — ¢
hoo = e (97,66} = max {0.1- 2] 41— M Fe) (437

Exploiting the definition of P2 yields the estimate

(PO — REG, i) izeyy = 3 / (P — ROT)vi(x) s
Eck,”E

<Ileey 3 ‘|E|—1 [ o) s, - Ao
ECK; E E
/E(U(y)—Rﬁa) ds,

< Ivalloo(ry Z
ECKy

< alleery D = ROl (e EL. (4.38)

ECK;

ds,

To obtain a sharp error estimate, we recall the decomposition of the boundary already used in
Section 3.4, namely

Crini={x €T :r(x) <R/n}, fR/n =T \Tgr/n
with sufficiently small R > 0 that we set without loss of generality equal to one, and use the

dyadic decomposition

el:dg1 < <dj}, fori=0,..., /-1 _ .
r,--—{{x # <) <dj, fori with d; =2 (4.39)

Tl {xer: o<r(x)<d}, fori=I,

The inner-most domain has radius d; = c,hl/“ with some ¢; > 1 independent of h, and hence,
I ~ |In h|. The patch with the neighboring sets is denoted by

r: = int (rmax{O,i—l} UFI'U I_min{l,i-‘rl}) .

Within theset I;, i =0, ..., [, all elements E have diameter hg ~ hd,lf“. Assumption 2 then

implies that
> 1<t S 1<cen g UM, (4.40)
ECKy ECk
ENf p#0 ENT;#0

forall i=0,..., l.
With the decomposition (4.39) we obtain

/
> = RYdlleg)|EI <D > la— Rl =g)lEl. (4.41)
ECKy =1 ECK;
EmFR/2¢V> ENT;#0

From Lemma 3.2.10 we conclude the local estimate

18 — R0 ()| E] < ch®dP 7 a] gy VE C K1, ENT; 40, (4.42)
4,0
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foralli=1,..., I, where we used the properties hg ~ hd,-lf“, |E| ~ hZ, and in particular if
3—Koo _ 13+(3—3u—Koo 3 3(1—u)—Keo
WEree = p3TE=Sumrx)/k < cp3q, .

Inserting (4.40) and (4.42) into (4.41) yields

/
_ _ 2(1—p)—Koo | =
> a - Rl e El < ch? D g2 [P re— (4.43)
ECKy i=1 3.0
EnrR/2¢(IJ

Next, we observe that the condition u < 1 — K /2 holds. Taking (4.37) and the assumption
upon W into account yields

Koo 1 .
1—7 =1- Ejerg%g{O,l— Frel—=X+e} >min{l, 1/4+X/2—¢} > p.

As a consequence, (4.43) leads together with / ~ |In h| to

> 118~ Rl ey ] < i Allaly i (4.49)
ECK; v
EmFR/z#O)

The extension to elements contained in or intersecting FR/Q is easy as rg ~ ¢ and hg ~ h.
Exploiting also (4.40) yields

> 7= RRdl~e)|El < chlilypauey D 1ELS ch?llyree,), (4.45)
ECKy ' ECKy '
ENfr n#0 ENfr/o#0

Consequently, we deduce from (4.44) and (4.45) that

Z 10— ROl = (g)|E| < ch?|In hilalpyree e, (4.46)
ECK: 7o

Inserting (4.46) into (4.38) yields together with the stability estimate [|S;v|| =y < |[vlli2(q)
(Pa — RO, Vi) 12xc,y < ch?|In h||U|W_1§O(;c1)||5h(L7 — RIDl2(0)- (4.47)
Y

Together with (4.36), (4.30) and (4.29) we arrive at the desired estimate (4.28).

To show the estimate (4.27) without mesh refinement, only a few modifications of the proof
are necessary. First, note that (4.30) remains valid with 4 = 1. Moreover, instead of (4.32)
and (4.33), we obtain

2 2
El™t 7(y) — R%a) d <c(h|a
|E| (/E(U(Y) na) 5y> = C( |“|W§;§(E))

with
spi=min{2,1/2+ X —¢}.

As a consequence we get

(Pa — R, Vi) 2(kcy) < ch* | b2z, l15n(a — RODI2()- (4.48)
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The convergence rate for the estimate on Ky is also reduced and the proof is even simpler.
We do not need the dyadic decomposition (4.39) as the mesh is globally quasi-uniform and
hence, Assumption 2 implies |IC1| < ch. As a consequence, we get with the local estimate from
Lemma 3.2.10 and =1

Z o — REU||L°°(E)|E| < Chl_'{“mw}?(/q) Z |E| < Ch52"7|w}§°()cl)v
ECK: v ECK: v

where

55 =2 =Ko = min {2, 14+X—¢, 1+ —¢€}.
2 e jeC,keE{ J kel

Inserting this into (4.38) leads to
(PR — RAT )iy < ch* 18l ) 158 = RED 2y (4.49)
v,

Inserting the estimates (4.30), (4.48) and (4.49) into (4.29) yields the estimate (4.27) taking
into account that s := 51 < . ]

It remains to derive an estimate for the third term on the right-hand side of (4.26), and we
exploit a principle which is called supercloseness in the literature. This principle relies on the
fact that the interpolant of the continuous solution & is closer to the discrete solution &, than
i itself.

Lemma 4.2.3. Assume that f € L?(Q) and yg € C%9(Q) with some ¢ € (0,1), and let
Assumption 2 be satisfied.

a) If uw =1 there holds the estimate
ISh(RT — Gn) |l 12() < ch®|In h|*?n, (4.50)
with s := min{2,1/2+ X — ¢},
b) and if u < % + % there holds
I1Sh(RRE = Gn)ll 120y < ch?|In h[*/2n, (4.51)
where
n = |flli2e) + |Gy + |U|W§y$(l<:2) + |L_"W71’§C(;c1) + |)7u|W§§(Q)

+ 1Plwzzie) + 2 10%Plwrzy + 2 10%Blwi) + I1Pll)

la|=1 la|=1

with the weight vectors defined in Theorem 4.1.4 and € > 0 chosen sufficiently small.

Proof. We show the error estimate (4.51) and discuss at the end of this proof at which point the
convergence rate is reduced for quasi-uniform meshes. Firstly, one confirms that the variational
inequality in (4.10) holds also pointwise and hence

(aRY0 + RYp, Oy — R3T)r > 0,
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where we used &y, as test function. Secondly, if we test the discrete variational inequality (4.14)
with R2@ we get
(ady + pp, R3d — Gp)r > 0.

Summing up both inequalities yields
allan — R?UHfz(r) < (R§P — Pn. n — RED)r.
Once we have shown an estimate for the right-hand side the assertion follows as Sy, is bounded in
the sense that [|Spv||2(q) < [[v| 2¢ry for all v € L2(T). Introducing the intermediate functions
p and S,*;(ShR"ZU — Yq) leads to
allan — RYlF>(ry < (ROP— B, G — RO

+ (P — SH(ShRET+ Yen — Ya). T — RyO)r

+ (SH(ShRYT + yen — Ya) — Pr. n — RYD)r, (4.52)
and it remains to discuss the three terms on the right-hand side. Up to here, the proof coincides
with the proof of [62, Proposition 4.5].

Taking into account the decomposition &, of [ and exploiting that &, and R‘,?H are constant on
each boundary element E € &, leads to

(RPB =P, h— RRDr = /E(R?ﬁ — p(x))(8n — R} @) ds,

Ecé&y
= 3" (@ - RIle [ (RI— p(0)ds. (4.53)
Ee€é&y E

For the adjoint state we know from Theorem 4.1.4 that D%p € W;f?(r) for all |a| = 1. We
define the number

3
K ::J‘e@,%g{%' Tk} :jerg;?ég{o, 1—X +e, 5 A+ e} =max{0,3/2 = X +¢},

and insert the local estimate (3.43) from Lemma 3.2.10 to arrive at

WM e > 0,

9~ = 1/2( =
/E(th p(x))dsx < c|E| ‘p|W'72,$(E) {h(z_“)/“, if re = 0. (4.54)

Inserting the assumption u < 1 — k/2 which follows analogous to (4.34) from u < 1/4+ \/2,
yields

/E(R(Eﬁ — p(x))dsy < ChQ‘E|1/2|,5|W$$(E) VE € &p.
The estimate (4.53) then becomes

(R9p — p, i, — RO0)r

IA

¢ > |(@n — R7@)|e| hP|EI2IBly22 (e
Eecé&y v

IN

c> W |Blyzz(g13h — RGN 2(e)
Ecé&y v

Ch2|l3|wy§v§(r)”5h — Ryl 2(ry. (4.55)

IN
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For the second term in (4.52) we insert the representation p|r = S*(S0 + yr — ygq) and with
appropriate intermediate functions we get

15 = Sh(ShRAT + yr.n — ya)llizry = (5" = ST = ya)ll oy + 155(S = Sn)all2(ry
+1Sn (e = ve) 2y + 155.Sn(d — RED| 2y
< ch?|In h|*/?n.

In the last step we inserted the finite element error estimate from Theorem 3.4.14 for the first
term, the stability of S as operator from L?(Q2) to L?(I") and the estimate of Theorem 3.4.8
for the second and third term, and the result of Lemma 4.2.2 for the fourth term. With an
application of the Cauchy-Schwarz inequality we then obtain

(P— SH(ShRQT+ Yen — Ya). Tn — RSD)r < ch?|In h[*n||@, — RG] 12(r). (4.56)
For the third term in (4.52) we insert the representation of the discrete adjoint state, namely
Pnlr = S;(Shiin + yr,n — ya), and observe that it is non-positive by

(SH(ShRYT+ ye.h — Ya) — Ph, Uh — RG0)r = (Sh(ROT — @), Sh(dn — RY)) < 0,

and hence, we can neglect this term. From the estimates (4.52), (4.55) and (4.56) we conclude
the estimate (4.51) for locally refined meshes.

The estimate (4.50) can be shown with the following modifications. From (4.54) we get in case
of u =1 the local estimate

/E (RRP — P(x)) ds < ch®|E[V2|Bly22ey  VE €&,
and hence, analogous to (4.55) we deduce
(ROp— P, ip — RO)r < Chs|5|W$va%(r)HL_’h — Rl 2(ry. (4.57)

Instead of (4.56) we get with the error estimates for elliptic problems on quasi-uniform meshes
from Theorem 3.3.1 and Theorem 3.3.2 the estimate

(P — Si(ShRYT+ yen — Ya). Tn — ROD)r < ch®[In h|*2n||ay — R 12(ry. (4.58)

Inserting (4.57) and (4.58) into (4.52) yields the estimate (4.50) when exploiting the a-priori
estimate
ISwvlliz < clvlizy  Wv e L2(D). (4.59)

]

With the two lemmata above we can conclude an estimate for the state and adjoint state in the
L2(Q)- and L?(I)-norm, respectively.

Theorem 4.2.4. et Assumption 2 be satisfied, and assume that f € L?(Q) and yq € C%9(Q)
with some o € (0,1).

a) If w =1 there holds the estimate

17 = nlli2) + 1P — Pall2qry < ch™M2 L2027} 10 p|3/2, (4.60)
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b) and if p < § + % there holds
17 = Pnllizg@y + 1B — Pallizry < ch?|In h[*/?n, (4.61)
where
= [l + 1) + 10wz, + |U|WW3§<>(,<1) +Pulwezq)

+ |ﬁ|Wﬁ2§(r) + Z ||Daﬁ||W;§(Q) + Z ||Dal3||wﬁiyv;c(§z) + ||13||L0<>(Q).

lor|=1 lor|=1

with the weight vectors defined in Theorem 4.1.4 and € > 0 chosen sufficiently small.

Proof. The estimates for the state variable follow from the decomposition

1V = Pl ) < 15 = Vunllize) + I1ve = yenll2iy,

the further decomposition (4.26), Theorem 3.3.1 for u = 1 or Theorem 3.4.8 for u < 1/4 +
A/2 < X, and the Lemmata 4.2.2 and 4.2.3.

From the representations plr = S*(¥ — vg) and pulr = S;(¥n — ya), as well as the triangle
inequality we get an estimate for the adjoint state

1P = Pull2gry S I(S™ = ST — Tl 2y + ISR — )|l c2(ry-

It remains to insert the error estimate on the boundary from Theorem 3.3.2 for u = 1 or
Theorem 3.4.14 for u < 1/4 + /2, the stability of S from L2(Q2) to L2(T"), and the estimate
already derived for the state. O

4.2.2 Variational discretization

Another possibility to discretize the optimal control problem (4.1)—(4.3) is the variational ap-
proach first introduced by Hinze in [50] and extended to Neumann control in [51]. In contrast
to the choice in (4.13) we do not discretize the control and search the triple

(Yu,h T, Pr) € Vi X Usg X Vi,

as the solution of the optimality system

a(Yu,h, va) — (Un, vp)r =0 Vvp € Vi,
a(vh, pn) — Yun Vi) = (Ve.h — Yd, Vi) Vv € Vi, (4.62)
(aup + pp,u—up)r >0 Yu € Usq.

The variational inequality is equivalent to the projection formula

_ 1 _
p = MNaqg <—aPh|r>

and hence, Uy is piecewise linear, but it is not a finite-element function from Vha. However,
we have an implicit discretization of the control by means of the discrete adjoint state and the
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control bounds. According to [50] this finite-dimensional system forms a necessary and sufficient
optimality condition of the infinite-dimensional optimization problem

1 5 a, o
ur&'j;d §||Shu +Yfh— yd||L2(Q) + §||u||L2(|-),
where only the control-to-state operator S was replaced by the corresponding finite-element

solution operator, but the control remains continuous.

In what follows we show how the convergence rates are improved using this approach. The basic
idea of the proof for the following theorem has first been presented in [50], but we repeat it in
order to outline the similarity to the proof of Theorem 4.2.1. Moreover, we are in the position to
improve the results in [51] due to the sharp finite-element error estimates derived in Chapter 3.

Theorem 4.2.5. Assume that f € L2(Q) and yy € C%9(Q) with some o € (0,1).

a) If u =1, the error estimates

Val|i = dyll 2y + 17 = Tnll 2@y + 1B — Pull 2y < ch™M2/2FAZEN |n p3/2n,
17 — Fnll iy + 15 = Pl < chmnitA—ely,

b) and if u < %+ 3, the estimates

Val|i = dyll 2y + 17 = Tnlli2eqy + 16— Pull 2y < ch?|In hl*/?n,
17 = Pl + 1P = Prll i) < chm,

hold, where

N = flla@) + Vulwezq) + > 1% Bllw2zq) + > 1D% Pl + 1Pll=(2).

lal=1 la|=1

with the weight vectors defined in Theorem 4.1.4 and € > 0 chosen sufficiently small.

Proof. Testing the variational inequality from the system (4.10) with the solution @, of the
discretized problem, and the variational inequality from (4.62) with the continuous solution &
leads to

(aU—i— [3, Uh — U)r > 0,
(alp + pp, 0 — Uh)r > 0.

This is possible, since @ is also feasible for the discretized problem. Summing up both inequalities
leads to

allo - L_Ih||fz(r) < (P — Pn, G — O)r.

We have already derived an estimate for this term in the proof of Theorem 4.2.1. Recall estimate
(4.19), which yields

Va|d— a2y < c (5 = ST = ya)llzgry + 11(S = Sn)ill 2y + lve — venlliz)) -
(4.63)
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Inserting the finite element error estimates from Theorem 3.3.1 and Theorem 3.3.2 leads to
\/&Hg N UhHL?(I') < Chmin{2,1/2+>\fe}| In h|3/277-

To obtain the estimates for the state we consider the estimate (4.24), exploit the stability of Sp,
as operator from L?(I") to H'(), insert the finite element error estimate from Theorem 3.3.1
as well as the estimate derived for the control, and get

17 = Fnll ey < ¢ (IS = Sn)allnr ey + Ilvr = Yenllnr) + 1T = Tl i2(r)) (4.64)
c (hmin{l)\fs} + hmin{2,1/2+>\}76> n

IN

and since min{1, A} < min{2,1/2+ A} we arrive at the desired estimate. To obtain an estimate
in the LQ(Q)—norm we apply the same technique and can improve the estimate using

1(S = Sw)all 2 + lyr — Venlliz@) < ch™M22 =€y,
The convergence rate is now dominated by min{2,1/2 4+ X —¢}.

The error estimates for the adjoint state follow in a similar way from (4.25), the estimates for
elliptic problems from Theorem 3.3.1 and the estimate already derived for the state variable.
From this we conclude

15— Prllar) < ¢ (I(P = P)(7 = Ya)llir(ey + IV = Phllingqy) < ch™tA=¢n (4.65)

To obtain an estimate in L2(Q2) we replace the H(2)-norm by the L2?()-norm, and with

I(P = Pu)(7 = Ya)ll 2(qy < ch™M{222=ely,
which follows from Theorem 3.3.1, and the estimate derived for the state in L?(Q), we conclude
the estimate for the adjoint state in L?().

Deriving the error estimates when local mesh refinement is used, is easy. The arguments of the
proof can be widely repeated, and we only have to insert the error estimates for elliptic problems
on refined meshes from Theorems 3.4.8 and 3.4.14 into (4.63), (4.64) and (4.65). O

4.2.3 Postprocessing approach

Another approach which also exploits the higher regularity of the control variable is the post-
processing approach which was first considered by Meyer and Résch in [67] and extended to
Neumann control problems in [62]. The idea is to compute a fully discrete solution of the sys-
tem (4.14) and to get an improved control by means of the projection formula (4.11), more

precisely
. 1_
ip = MNag <_Ph|l'> :
a

The function iy is finite-dimensional and feasible, but not an element of the discrete control
space Up aq-

Our aim is to show that &, converges to & with a higher rate than iy,.

Theorem 4.2.6. Assume that f € L?(Q) and yq € C%°(Q) with some o € (0,1) and let
Assumption 2 be satisfied.
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a) If u =1 there holds

HH . ahHLQ(F) < Chmin{2,1/2+>\fe}| In h|3/277,

b) and if u < %+ % there holds

18 — Gnll 2y < ch?|In A*n,

where
n-.= ||f||L2(Q) + |U|H1(l‘) + |U|W§y’$(l€2) + ‘U|Wa}:§°(/(1) + |J7U|W;:§(Q)
+ 1Pz + > 1D%Pllrz() + > ||Dal3||WBygo<Q) + 1Pl (@)
. ‘a‘:]- a, ‘a‘:]- 0

with the weight vectors defined in Theorem 4.1.4 and € > 0 chosen sufficiently small.

Proof. Inserting the projection formula (4.11) and exploiting the non-expansivity of the projec-
tion operator 1,4 onto the convex set U,q4, see e.g. [96, Proposition 46.5], leads to

L 1_ 1_ 1= =
- Gl = e (~57) = M (=2 ey < ca 6= Bz,

The assertion then directly follows from the error estimate for the adjoint state derived in
Theorem 4.2.4. O

4.3 Numerical experiments

In order to confirm the results proven in this chapter we consider a slightly modified problem
which allows us to construct an analytic solution. The difficulty is to find a solution which
possesses the regularity stated in Theorem 4.1.4 and which satisfies the Neumann boundary
conditions of state and adjoint equation. As a remedy, we follow the construction used already
in [62]. In this paper functions g1, g» € L?(I") were introduced and the optimization problem

1 a .
Jy. ) = 51y = yallbamy + Gl + [ $x)92(x) d = mint
r
subject to
—Ay+y="FfinQ, Ohy =u+gpronl,
UEUsg ={uel?®N):u;<u<upaeonl},
was considered. The corresponding first-order optimality system reads
—-Ay+y=f —Ap+p=y—yq in Q,
Oy =Uu+ a1 Onp = g2 onT,

1
u="Tlaqg <—ap|r> :

The optimal state y and adjoint state p can be chosen arbitrarily, and the input data f, y4, 91, 9>
as well as the optimal control & can be calculated by means of the optimality system.
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Figure 4.1: The optimal control & of the problem in Example 4.3.2.

Remark 4.3.1. In the experiments the primal dual active set strategy was used to compute a so-
lution of the discretized problem. This algorithm has been discussed in [49], [88, Section 2.12.4].
An extensive description of implementation details can be also found in [83]. Some further re-
marks regarding the implementation using the variational discretization approach can be found
in [50]. To compute a solution of the unconstrained problems a CG or GMRES method was
applied to the reduced form of the discretized optimality condition. The linear equation sys-
tems coming from the finite element formulation of state and adjoint equation were solved with
the direct solver MUMPS and the computed Cholesky factorization was reused as all equation
systems involve only the system matrix corresponding to —A + .

Example 4.3.2. The computational domain is the three-dimensional L-shaped domain Q2 =
(—1,1)2\[0,1]? x (0,1). We introduce cylindrical coordinates (r, @, z) around the x3-axis such
that ¢ = 0 and ¢ = 3m/2 coincide with the two faces which intersect each other in the singular
edge. The optimal state and adjoint state are chosen as

7(r.¢,2) = b(r, ¢, z) := r* cos(Ap),

and by some calculations the input data and the optimal control, which is illustrated in Figure 4.1,
are obtained. In this example only the upper control bound u < 1.5 is considered. Moreover,
the reqularization parameter o« = 1 has been chosen. It is important that the solution we
construct contains the same singularities one would expect for general problems. This is in our
example indeed the case with A = 2/3. However, we neglected the corner singularities since a
construction of an exact solution would be very difficult on the one hand, and on the other hand
it is known that the corner singularities are mild in comparison to the edge singularities in the
L-shaped domain [87].

For a decreasing sequence of mesh parameters {hx}xen we computed the corresponding se-
quence of discrete solutions {(ux, Yk, Px) }ken with the full discretization approach discussed in
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h # DOF 4 DOF BD 1T = nll 2y 1V = 7l o) 17 = Vnll 20
1/20 26901 11200 0.023972 (1.00) 0.066934 (0.66) 0.002004 (1.39)
1/30 87451 25200 0.015964 (1.00)  0.05130 (0.66) 0.001147 (1.38)
1/40 203401 44800 0.011964 (1.00) 0.042456 (0.66) 0.000773 (1.37)
1/50 392751 70000 0.009565 (1.00) 0.036652 (0.66) 0.000570 (1.37)
1/60 673501 100800 0.007967 (1.00) 0.032498 (0.66) 0.000444 (1.37)
1/70 1063651 137200 0.006825 (1.00) 0.029353 (0.66) 0.000360 (1.36)
1/80 1581201 179200 0.005969 (1.00) 0.026874 (0.66) 0.000300 (1.37)
1/90 2244151 226800 0.005304 (1.00) 0.024860 (0.66) 0.000256 (1.35)

Table 4.1: Numerical experiments using the full discretization approach on quasi-uniform meshes.
The numbers in parenthesis indicate the corresponding experimental convergence rate.

Section 4.2.1, and determined the experimental convergence rate by the well-known formula

llexll
log <H€k71||) k>0
log (%)

The measured error and corresponding convergence rate on a family of quasi-uniform meshes is
presented in Table 4.1. The results confirm the convergence rate from Theorem 4.2.1 predicted
for the control in L?(I') and the state in H(Q). However, we observe a better convergence
rate than predicted for the state in L?(Q), for that we have proven the rate 1/2 + X\ = 7/6 in
Theorem 4.2.4, but obviously we obtain the rate 2\ = 4/3. Indeed, it is easy to confirm that
the estimate for the state in L2(Q) is not even sharp as we applied suboptimal a-priori estimates
in the proofs of Lemmata 4.2.2 and 4.2.3, more precisely in the steps (4.30), (4.36), (4.47) and
(4.59). Similar results were obtained in computations on the two-dimensional L-shaped domain
in [74, Table 4.4].

In this example the quite large regularization parameter o = 1 has been used which is an unusual
choice in applications. However, when computing this experiment with smaller reqularization
parameters one would observe a much better convergence rate for the state. This is a conse-
quence of the fact that the control is scaled according to a~! and has large values. In order to
illustrate this recall the estimate

eoc(||exll) ==

1V = Vel ar) < NS = Sh)allp) + 1T — Gull oy + lye — venllaio) (4.66)
from (4.24). For small a the second term is, for the mesh parameters we chose, the dominating
one and converges with rate one. Thus, it would require computations on much finer grids to
observe the desired convergence rate for the state as well.

Let us now check whether the results derived in Section 4.2.3 for the postprocessing approach
are sharp. We have proven that the sequence of functions (i, = I’L-,,d(—oz_1 pk) possesses better
convergence properties and converges with the best-possible rate under the refinement condition

L AT
HS7375 710
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Figure 4.2: Local refinement of a very coarse grid.
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Figure 4.3: Error ||T — dpl| 2(¢r), solid lines: measured error; dotted lines: expected behavior.

To confirm that this criterion is sharp we computed the solution of our model problem on
quasi-uniform meshes (u = 1), on slightly refined meshes (u = 0.7777), on meshes which
guarantee optimal convergence of the finite element error in L2(Q2)-norm but not in L?(I")-norm
(u = 0.6666), and on meshes satisfying the assumption u < 1/4 + \/2 which is required in
Theorem 4.2.6 (u = 0.5). In this experiment the regular refinement strategy from [21] already
described in Section 3.4.2 was used. The resulting mesh from this technique with refinement
parameter u = 0.5 and R = 0.2 is illustrated in Figure 4.2.

Figure 4.3 confirms that the measured error coincides with the theoretically predicted behavior
which is illustrated by the dotted lines. The results widely coincide with experiments for two-
dimensional problems in [9].



CHAPTER D

Neumann boundary control problems in H=1/2(T)

In this chapter we consider the energy regularization approach that was already used in the
book of Lions [60]. Similar investigations for Dirichlet control problems have been presented in
[70, 71]. The motivation of this approach is to demand merely as much regularity for the control
as it is needed to guarantee that the corresponding state variable is in H1(€). This means, that
we search the solution of a Neumann control problem in the space H=/2(T"). The problem we
are going to investigate reads

1 o' :
I 1) = 5l = yalagmy + 5 NulByaogry = min (5.1)
subject to
—Ay+y=f in €,
yry (5.2)
Ony = u onl,
u€ Uy = {u eHY2(MN:u,<u< ub} : (5.3)

Initially, we demand that £ € [H}(Q)]* and yy € L?(R), but will assume higher regularity later
in order to derive our error estimates. For simplification we assume that the control bounds are
constant, i.e. u,, up € R with u, < up. The regularization parameter o > 0 can be chosen
arbitrarily.

For the analysis of the optimal control problem discussed in Section 5.1 one can widely reuse
the techniques applied in case of L?(I")-regularization in Chapter 4. The fundamental difference
regarding the analysis in relation to the L2(I")-regularization is that the regularization term
appears in a negative norm which we replace by an equivalent quadratic functional involving an
inverse Steklov-Poincaré operator. This representation allows us to derive an optimality system
which has the structure of a Signorini problem. In Section 5.2 we investigate a finite element
approximation of the optimality condition and observe that an additional stability condition
for the discrete control and state spaces is required to get unique solubility of the discretized
problem as well. For simplification purposes we thus consider only two-dimensional domains
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Q2 € R? having polygonal boundary. The first main result in this chapter is the error estimates for
unconstrained problems that are sharp as we will see in the numerical experiments in Section 5.4.
We moreover observe that the control exhibits a similar behavior like the optimal control of a
Dirichlet control problem with L2?(I")-regularization, meaning that as a general rule, the control
is drawn to zero at convex corners and tends to infinity at reentrant corners. This motivates
to consider problems involving control-constraints where the control is automatically active in a
vicinity of reentrant corners, and is hence regular. Thus, as a second main result improved error
estimates are derived in Section 5.3.

5.1 Analysis of the optimal control problem

In this section we discuss the continuous optimal control problem (5.1)—(5.3) in detail, inves-
tigate a possible realization of the regularization functional, and derive optimality conditions.
Note that feasible controls are not necessarily functions and this is the reason why the control
constraints (5.3) in the space H~/2(T") are defined by duality, more precisely we say that the
relation u; < u < up holds if and only if

{(u—ub,v>r§0

Vv e HY2(M) with v >0 a.e. on .
(U—us, v)p >0

Analysis of the state equation

As the state equation (5.2) is linear it is possible to decompose its solution according to y =
Yu + ¥r where y, and yr satisfy the equations

—Ay,+yu=0 —Ayr+yr=1f in Q, (5.4)
Onyu = U Onyr =0 on . '
We consider the weak formulations of these equations using the bilinear form
a.v) = [ (9460 Fv() + yGv() d
corresponding to the operator —A + /, which read
a(yu, v) = (u, v)r Vv e HY(Q), (5.5)
a(yr,v) = (f,v)q Vv € HY(Q). (5.6)

Moreover, we define the control-to-state mapping by
S: HY2(I) = L2(Q), ur Su:=y,.

With the Lax-Milgram Theorem we easily verify that the images of S belong even to H*(Q),
and that S is bounded in the sense [|Sullyi(q) < cllull y-12(ry-
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Optimality conditions

The first question which arises is, how the regularization term can be realized. Therefore, the
inverse Steklov-Poincaré operator defined by

N H7Y2(M) = HY2(), U Nu=y,r (5.7)

is taken into account. Using this operator we obtain several equivalent formulations for a norm
in H=1/2(I") by

Wl = | V900 T dx+ [ 1u00% d
= [ 9005 = (0 N = Dol (58)

One can show that this definition of the H~/2(I")-norm is equivalent to the definition we used
in (2.5). From the Lax-Milgram Lemma we immediately get

lullg-22(ry = yull @) < cllullg-1r2(ry.

and from the definition (2.5) as well as the harmonic extension B: H/2(I') — H(Q) which is
known to be continuous, i.e. [|Bv||y1(q) < cl[v|l 2y for all v e HY2(T), we get

U,V a .BV
Ny = sup —oWr gy, 2w BY)

< clyullire) = cllull y-v2(ry.
veH/2(r) ||V||H1/2(r) veH1/2(r) ||V||H1/2(|') ! @) H (")
vZ0 vZ0

where ¢ is the norm of the extension operator. In the following we will not distinguish between
the two equivalent definitions of norms in H=1/2(I") and will use || - | =172y only.

Taking the norm representation (5.8) and the substitution y = Su+ yr into account leads to an
equivalent formulation of the optimal control problem (5.1)—(5.3) in the reduced form, namely

o1 5 a
urQlIJDdJ(U) = SISu+yr = yalliz @) + 5 (W Nupr (5.9)
In order to derive optimality conditions, we discuss the differentiability properties of the regular-
ization term.

Lemma 5.1.1. The operator N' : H=Y2(I") — HY2(T") is linear, continuous and self-adjoint.
Moreover, the functional

R: HY2(I') - R, R(u) := = (u, Nu)r

N —

is Fréchet differentiable with derivative

[R'(u)] h = (h, Nu)r for all h € H=Y/2(T).

Proof. The linearity and continuity follow from the structure of the underlying boundary value
problem. In order to show the self-adjointness we introduce functions yi, y» € H(Q) which
solve in the weak sense
—Ay1 +y1 =0 —Ay> +y> =0 in €2,
Ony1 = n Onyo = U on T,
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with arbitrary uy, up € H=Y/2(I'). Exploiting the weak formulations of both boundary value
problems leads to

(U, Nuo)r = (u1, yalr)r = a(y1, y2) = a(y2, y1) = (2, valr)r = (o, Nu1)r .

The properties of A/ then imply the differentiability of R which is a consequence of
1
R(u+v)=R(u)+ (v, Nu) + 5 (v, N'v)r

and the norm definition (5.8) which yields (v, N'v)r ~ ||v|| O

2
H-1/2(r)"

From this lemma we deduce that the target functional of problem (5.9) is Fréchet-differentiable
and with standard techniques we can derive the necessary optimality condition

(u— L_I,_j/(lj)>r =(ST+yr—yg, S(u—0))+a{u—0T,Nb)y >0 Vuée Uyg. (5.10)

Let us summarize the linear and constant part of the optimality condition by introducing the
operator T : H=/2(I") — HY2(T") and the element g € HY/2(T") defined by

T :=S5"S+aN, g = S"(yr — Ya)- (5.11)

Here, S*: L2(Q) — HY/2(I') is the operator defined by S*v := [PVv]|r where P: L2(Q) — H(Q)
is the solution operator of the adjoint equation, i.e.

w=Pv <= a(z,w)=(v,2z) Vz € HY(Q).
That S* is the adjoint operator of S can be confirmed by
(Su,v)=a(Su,Pv) =(u,Pv)r = (u,S*v) Yue HY2(I), v e L3(Q). (5.12)
Using the definition of T and g the optimality condition can be written in a compact form as
Find 7 € Uyg: (u—a, T*0)r > (u—1,9)r Yu € Us,g. (5.13)
The operator T possesses the following properties:

Lemma 5.1.2. The bilinear form defined by (-, T®:)p : H=Y/2(I") x H=Y/2(I") — R is continuous
and H=/2(T")-elliptic, i. e. some constants M,y > 0 exist such that

(u, T*v)r < M||U||H*1/2([‘)H VHH*l/Q(F)'

(W, T W) = Al

hold for all u,v € H=Y/2(I).

Proof. The continuity follows directly from the definition of T%, the continuity of A and S, and
the norm equivalence ||Sv||yi(q) ~ [[VI[-1/2(ry stated in (5.8). This implies

(u, T*V)p = (Su,Sv) + a{u, Nv)r

< ¢ (ISullinc@ ISVl + 6l gz IVil-vzry)

< cllull g2y VIl =12y



5.2. ERROR ESTIMATES FOR THE UNCONSTRAINED PROBLEM 103

To show the H~1/2(I)-ellipticity we express the H~1/2(I")-norm by the representation (5.8)
which leads to

(u, T*u)r = (Su, Su) + a{u, Nu)r
= ||YU||%2(Q) + aHUH/z_/—l/z(r) > O‘H”Hi[—lp(r)-
O

Corollary 5.1.3. The variational inequality (5.13) possesses a unique solution i € H=1/2(T").

Proof. The assertion follows directly from Lemma 5.1.2 and a standard theorem on existence
and uniqueness of a solution for variational inequalities, e. g. from [96, Proposition 54.1]. ]

In order to find a representation of the optimality condition (5.10) which does not involve the
operators S and S* explicitly, we introduce the adjoint state p := P(Su + yr — yq) € HY(Q).
Due to the representation p|r = S*(y — yg4) the optimality condition (5.10) can be written in
the following form.

Theorem 5.1.4. The tuple (¥, i) € HY(Q) x U,q solves the problem (5.1)—(5.3), if and only if
some p € HY(Q) exists with

a(yu, v) — {0, v)r =0 Vv e HY(Q),
a(v.p) — (Fu.v) = (¥r —¥a.v) Vv e HY(Q), (5.14)
(u—td,ay,+p)r=>0 Yu e U,y.

Note, that we already used the decomposition ¥ = y, + yr and Ni = y,|r.

5.2 Error estimates for the unconstrained problem

In this section we neglect the control constraints and set U,y 1= Hfl/z(l'). This simplifies the
proof of error estimates significantly. Estimates with additional control constraints are considered
in Section 5.3.

As the variational inequality in the optimality system (5.14) becomes a variational problem when
no constraints are present we conclude that

1
Vu(x) = —aﬁ(x) fora.a. xeT.
Consequently, there exists some yg € Hé(Q) such that the state can be decomposed into
_ 1_
Vu(x) = ywo(x) — ap(x) fora.a. x € Q. (5.15)
Inserting this decomposition into the state equation (5.4) then yields the differential equation

1 1 .
—Ayo+yo=a(—Ap+p)= Vu+Yr—Yya) inQQ,

E(
Yo=20 onT.

(5.16)
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Regularity of the solution

Before we are in the position to derive error estimates for the numerical approximation of the
optimality system (5.14) we collect some regularity results of its solution. In the following lemma
we use results in classical Sobolev spaces.

Lemma 5.2.1. Let f € LI(Q), yg € L™>2.91(Q) for some q satisfying

1,2/(2—=X)), ifa<2,
c JL2/@=X) . (5.17)
[1,00), otherwise,
and
2-2/q# Nym =mmj/w;  VjeC meN. (5.18)

Then, the solution of the optimality system (5.14) possesses the regularity

gewrVaariy viecC, g,y e W29Q), peW2Q).

Proof. From Theorem 5.1.3 it is known that a unique optimal control @ € H™/2(T") exists.
Then, the Lax-Milgram lemma guarantees the existence of a unique state ¥ € H1(Q) and hence
y € L9(Q2) for arbitrary g € [1,00). Under the assumption that ¢ satisfies (5.17) and (5.18)
Theorem 2.2.2 implies p € W?9(Q). With the decomposition (5.15) this regularity is transferred
to the state variable ¥, as standard results imply yo € W29(Q), because the right-hand side of
(5.16) belongs to L9(S2). Moreover, yr € W?29(QQ) follows in case of f € L9(Q2) and we thus
have ¥ = ¥, +yr € W29(Q). With a standard trace theorem we obtain that 7 € W!=/a.9(1())
for all j € C. O

In the numerical experiments we observe that the control exhibits a similar behavior like the
optimal control of a Dirichlet control problem with L?(I)-regularization (see e.g. [63, 71]).
More precisely, the control is drawn down to zero at convex corners and tends to oo or —oco at
concave corners. In the following we will study this behavior in detail. Let (r, ) denote polar
coordinates centered at some corner xU) and let B be a neighborhood of xUY) containing no
other corners. Since p is the solution of a Neumann problem it admits a decomposition as in
Theorem 2.2.2, namely

_ A ™
p(x) = pr(x) + cr* cos(Ayp), for x € B, A= o

g

with a regular part pr in H?(B). Note that we omitted the cut-off function n as introduced
in (2.12) which is possible due to local considerations. Further singular terms with exponents
Ak := km/wj for k > 2 are neglected since the corresponding singular functions belong to H?(B).
Due to the homogeneous Neumann conditions we have

0 = 0,5 = Oppr £ cAr*Lsin(Ap). (5.19)

Since sin(Ap) = 0 for ¢ = 0 and ¢ = w; we have 9,pr = 0. As the auxiliary function yp
introduced in (5.16) is the solution of a Dirichlet problem it can be decomposed into a regular
part yo.r € W29(B) with g € (2, (1—=X)"1) if X< 1orqge€ (2,00)if A > 1, and a singular part

Yo(x) = yo.r(x) + cr*sin(\p), x € B.
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Exploiting this decomposition and & = 0,¥y, = 0,yp we obtain by some calculations

Ulp=0 = OnYo.R — CA A1 cos(0),

Ulp=w;, = OnYo,R + CA 2L cos(m),

and consequently,
0(x) = Bnyo r(X) — A1, x€dBNT. (5.20)

As we are able to choose g > 2 the regular part of the state is differentiable due to the
embedding yo.r € W29 — C1(B), and hence, the normal derivative is piecewise continuous,
i.e. Oyor € C(TY) N B) for j € C. Due to ypr = 0 on I the tangential derivatives on the
boundary vanish and since the normal vector in a corner can be represented as linear combination
of the tangential vectors, this implies that

lim O,y r(r, @) =0 for ¢ € {0, w;}.
r—0

However, the term Ar*~1 in (5.20) could either grow unboundedly or could tend to zero, which
depends on A. If xU) is a reentrant corner we have A < 1 and in case of a convex corner A > 1.
Consequently, there holds

lim a(r, @) —
r—0

0, ifw; <,
{ =T for ¢ € {0, w;}.

+o0, ifLUj>7T,

Note that in case of w; > 7 the control tends either to +o00 on both legs, or to —oo, but the
case that it tends to +oo on the one leg and to —oo on the other one can never occur.

Let us collect some regularity results in weighted Sobolev spaces.

Theorem 5.2.2. Let f € L%(Q) and yq € C%9(Q) with some o € (0,1). Moreover, denote by
e > 0 a sufficiently small real number, and let &, 3,5 € R? be weight vectors defined by

aj :=max{0,1—X; + €},
Bj == max{0,2 — X\; + €},
v :=max{0,3/2 — \; + €},

for all j € C. Then, the solution (¥,, @, p) of (5.14) with U,y = HY/2(I") and ys from (5.6)
satisfy
Vu P € WZ2(Q) nWZ(Q) nW33(T),

v € WZ2(Q),
7€ Wy?(r).

Proof. Due ¥, yq € L2(Q) Theorem 2.3.5 implies that the adjoint state belongs to Wag'z(Q) as
& satisfies its assumptions by construction. The Wg.'OO(Q)—reguIarity of p follows from Theo-

rem 2.3.6 and Lemma 5.2.1 using the fact that y € W29(Q) — C%9' () which holds for some
o' €(0,1/2) as g € (4/3,2/(2 = X)) # 0.
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The regularity of p can be transferred to y,, with similar arguments used already in the proof of
Lemma 5.2.1. We may apply the regularity results from [54] and [11, Theorem 2.2] and obtain

2,2 2,00
Yo € V& (Q) N \/B- (Q),
where

V29UQ) = veD(Q): Y [r Dl gq) < o0
jal<2

However, as 2 — |a| > 0, there holds the embedding
\/5?’6’(9) — W;qm), Vg e [1,x], § R,
and taking the decomposition (5.15) into account implies

Vu € WE2(Q) NWE(Q).

Moreover, the assumption f € L2(Q2) and Theorem 2.3.5 imply the desired regularity of yr.

2
Furthermore, we have V, € <Wé'°°(§2)> and thus 7 € Wé’oo(r). Finally, from the embedding
stated in Lemma 2.3.3 we conclude

Tu B EWZS(Q) > WET),  §e WE(T) = WE(D),

Note that € > 0 can be chosen arbitrarily but sufficiently small, which is required to get the
validity of the embeddings. ]

Discretization and general convergence results

In the following we construct a conforming finite element discretization of the optimality system
(5.14) from Theorem 5.1.4. Let us introduce some notation. A family of admissible and quasi-
uniform finite element triangulations 7, with mesh size h > 0 is considered. We approximate
the state and adjoint state variable with continuous and piecewise linear functions, i. e. we seek
vn and pp in the finite-dimensional subspace

Vi i= {vh € C(Q): vy is affine linear on all T € Ty} (5.21)

with dim(V},) = Ng. We further seek an approximation of the control up, in the finite-dimensional
space Uy, € H=Y2(I") with dim(Ux) = Nr. Since multiple choices of Uy, are possible, we want to
keep the analysis here as general as possible and investigate certain choices later in detail. The
discretized optimality system of Theorem 5.1.4 reads now

a(Yu,h vh) — (Un, va)r =0 Vv € Vi,
a(va, Pn) = Yune vin) = (Ye.h — Y, Vi) Vv € Vp, (5.22)
(Wh, ayun+pn)r =0 Ywy € Up,

where yr j can be computed in advance from

a(ye.n vn) = (f, vh)q Vv € V.
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Solving the system (5.22) leads to the approximate solution (¥, n, Un, pp) and we obtain the
discrete state variable from

Y= Yun+ Yen

Existence and uniqueness of a discrete solution is discussed later as additional assumptions upon
the choice of U, are necessary.

We introduce the finite-element solution operators Sy, and P, defined by
SpiHY2(M) =V = L2(Q),  yn=Swu <= alynvy) = (U va)r Vv, € Vi,
Po:L2(Q) = Vi = HY(Q), ph=Py < alvhpn)=(.va) Vv, €W
The adjoint operator to Sj, possesses the representation S;y := [Pyy]|r which follows from the

arguments used in (5.12). The discrete Steklov-Poincaré operator can be written in terms of
Npu = [Spu]lr. Similarly to (5.10) we may write the system (5.22) in the compact form

0= <Wh, T,?‘Llh + gh>r VYwp € Up (5.23)
with
T =S;Sh+aNy, and  gn = S;(Vrh — Yd)-

The operator Tf* is an approximation of the operator T* defined in (5.11). As the properties
of T presented in Lemma 5.1.2 cannot be directly transferred to TS we require an additional
assumption.

Assumption 3. The spaces Uy, and V}, satisfy the Ladyshenskaya-Babuska-Brezzi condition, i. e.
some ¢ > 0 exists such that

Up, V|
bllyvoqry < € sup ¥l

for all up € Uy,.
vREVH ||VhHH1(Q)

This is a natural assumption for mixed finite element discretizations. As a consequence the
discrete counterpart to Lemma 5.1.2 follows:

Lemma 5.2.3. Let Assumption 3 be satisfied. Then, the bilinear form (-, TZ). : H=Y/2(I') x
H=/2(I") — R is continuous and Up-elliptic.

Proof. The continuity can be proven in analogy to Lemma 5.1.2 since the stability properties of
S and S* also hold for their discrete versions. In order to show the Up-ellipticity we take into
account Assumption 3 which leads to

(Up, va) a(Spup, vp)
lunll y-12¢ry < € sup m—"— = ¢ sup T < || Spupll (e
ey [ VallH1(Q) wevy VallH )

The definitions of S, and N}, then imply
lunllZ-2/2ry < cliShunllFn(qy < ca(Sntn, Shun) = ¢ (un Natp)r < ¢ (up, Ti up)r -
The last step follows from

<Uh, sthuhh— = (ShUh, Shuh) > 0.
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Theorem 5.2.4. Let Assumption 3 be satisfied. Then, the discrete optimality system (5.22)
possesses a unique solution (¥, p, Un, Pp) € Vi X Up XV}, and the tuple (¥, p, Gp) is the unique
solution of the problem

1 a :
In(Vu,n, up) = §Hyu,h + Ve — YdHiZ(Q) +t3 (up, Npup) — min! (5.24)
subject to (yy,p, up) € Vih x Up and
a(Yu,n Vh) = (Un, Vn)r Vv, € Vi (5.25)

Proof. The existence of a unique optimal control &, follows from the Lax-Milgram Lemma and
the properties of T/* stated in Lemma 5.2.3. The corresponding state y,,  := Spip and adjoint
state pp = Ph(Vu.n + Yr.n — Yaq) are also unique since Sy, and Py, are well-defined. Showing that
(5.22) forms an optimality system for the optimization problem (5.24)—(5.25) is easy since the
arguments we used to derive the continuous optimality system (5.14) can be repeated. O

In the next theorem we derive a general error estimate for the solution of the discrete optimality
system (5.14).

Theorem 5.2.5. Let the Assumption 3 be satisfied. For the solutions i € H=/2(T") and &, € U,
of (5.10) and (5.23), respectively, the error estimate

18 = Gnll g-1r2(ry < C(II(S = Sn)alli2) + 105" = Sp = Ya)llre(ry

+all(N = Nu)all gz + llye = venlliz) + ot o — XHH—l/Z(F))

(5.26)
holds.
Proof. We introduce the auxiliary function iy € Uy as the unique solution of
(Vh, T*Tn+9)r =0 Yv, € Up. (5.27)
Due to U, € H=¥2(T") we get with (5.13) the orthogonality equation
(v, T*(0 — dp))r =0 Vv, € Up. (5.28)

As a consequence of the H~1/2(T")-ellipticity and boundedness of (-, T®:); (see Lemma 5.1.2)
and equation (5.28), the Céa-Lemma leads to

T — L7h||H—1/2(r) < CXiQEh T — X||H—1/2(r)- (5.29)

Next, an estimate for wy := i — @ Is derived. We may now apply the Up-ellipticity of T/* as
well as (5.23), (5.27) and (5.13) which leads to
||Wh’|%+1/z(r) < AWh, T (n — Tp))r = (Wh, T3l + gn)r

= (wp, (T = T*) i — g+ gn)r
= (wp, (T = T%) (Gn — 0))r +(wn, (TR = T*) T — g+ gn)r- (5.30)
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The boundedness of T and T;* together with (5.29) imply

(wh, (T = T%) (G = @) < cllwnllg-arzry inf 113 =Xl -vr2ry- (5.31)

Exploiting the definition of 7% and T yields for the second term in (5.30)
(wp, (T =T*) T+ 9~ 9gn)r
= (wn, Sj(Sp — S)T + (S} = ™) ST+ a(Ny = N)i + (S, — S*)(vr — va) + Sp(ven — ¥e))r
§C||Wh||/-/71/2(r) (HSZ(Sh - 5)U||H1/2(r) +11(Sh = S - Yd)||/-/1/2(r)
+ allWh = M)all ey + 1S3 = ¥l ) (5:32)
Note, that the operator S} is bounded from L2(Q2) to H'/2(T"), and thus
155(Sn = S)all ey + 1IShen = Ye)l iz
< c(I(Sn = S)all 2y + Ivr.n — Yelli2@)) - (5.33)
Inserting the estimates (5.31), (5.32) and (5.33) into (5.30) and dividing by [|wh|[y-1/2(ry vields

[Wall g-1/2¢ry < C<||(5 = Sp)all 2@ + (5™ = S = Ya)l gy
+al[(N = Np)all gy + Jnf. 17 = Xl 12y + Iy — )/f,hHLZ(Q))-
This estimate, as well as (5.29), and the triangle inequality

||U - L_/h||/—/—l/2(r) < HU - ahHH—l/Z([‘) + th - Uh||H—1/2(I')

imply the assertion. O

Actually we have already derived estimates for almost all terms on the right-hand side in Chapter
3 as these terms depend only on the finite element error of the state and adjoint equation. Only
the last term on the right-hand side of (5.26) has to be treated. Note that this is the only term
which depends upon the choice of the discrete control space Uj,.

Approximation and error estimates for the control variable

We can now construct some finite-dimensional spaces for the control which satisfy Assumption 3.
This is mandatory because otherwise, no unique solution of the variational problem (5.23) exists.
The choice of approximating the control with piecewise constant functions on the boundary mesh
& of Tp is known to be not inf-sup stable, and as a consequence, numerically computed solutions
exhibit oscillations. An overview over possible pairs V}, and Uy which satisfy Assumption 3 can
e.g. be found in [94, Section 1.2]. In the following we discuss three possible choices in detail.

First, we consider an approximation by piecewise constant functions, which is indeed possible
but on another boundary mesh £ having maximal element diameter H > 0. More precisely, we
set Uy = U? defined by

U,? = {Vh S LOO(F): VhiE € Py VE € 5/-/}

However, further assumptions are necessary to obtain the validity of Assumption 3. Our analysis
covers the following two choices:
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Figure 5.1: Possible choices for the discretization of the control.

a) The boundary mesh &4 is assumed to be coarser than the boundary mesh of 7j, i.e. there

b)

holds H/h > «y with some sufficiently large v > 0. A proof of Assumption 3 for this choice
can be found in [85, Section 11.3]. Certainly, it is not known how large -y has to be, but in
the numerical experiments we observed, that v = 2 is sufficient in our case. This setting
occurs for instance when we refine a given initial mesh k — 1 times globally to obtain £y,
and refine uniformly once more to obtain 75 (see Figure 5.1a).

We can also choose £ as the dual mesh of the boundary mesh induced by 7j. Therefore,
assume that the boundary edge M), j € C, coincides with the x-axis and that the n; + 1,
n; € N, boundary nodes of 7; on () are numerated such that

XD =xp <xp < ... < xp = xUTD,

Then, the elements of the dual mesh {Ek}zf:_ll lying on T() are defined by
1 1
Ey = conv{2(xk_1 —|—xk),2(xk+xk+1)}, fork=2,..., nj— 2,

1 1
Eq ;= conv {xo, E(Xl + XQ)} . Ep—1:=conv {2(xn12 + Xn,—1), xn/} ,

which is also illustrated in Figure 5.1b. A proof of Assumption 3 for this choice can be
found in [94, Section 1.2]. Due to H ~ h we do not distinguish between h and H in the
following.

We prove a best-approximation property of these spaces in order to get an estimate for the last
term in (5.26).

Lemma 5.2.6. Let some function u € WA;'Q(F) be given, where v is defined as in Theorem 5.2.2,

and denote by P2: L2(T) — U? the L2(I')-projection onto the space UY. Then, the error
estimate

_ PB . < hmin{l,)\—l/2—€}+s
|u nUllh-sry < ¢ ‘”|W;v2(r)

holds for s € {0,1/2} and sufficiently small € > O.
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Proof. With the definition of negative norms by duality and the standard estimate
lo — PPoll2(ry < ch'2llollzry
we obtain

HU - PhaU”H*lﬂ([_) =cC sup <U - 'D/?Ur (,0>|— /H(p||H1/2(r)

peHY2(IN)
=c sup (u—="Plu, 0= Po)/lloll e
peHY2(I)
< ch*? |lu— PPull 2y (5.34)

Note, that the global projection coincides with the local projection on each boundary element
E € &, and it remains to insert the local estimates from Lemma 3.2.8. For all E € &, with
re = 0 we get the estimate

%) 1—
lu—PRulli2gy < ch WJ|U|W71]'2(E)' for E C U;.
In case of rg > 0 we arrive at the same estimate exploiting rgnyf < ch™ which follows from
v = 0. Summation over all E € & yields

u—PPu < chY=M@5% )12y
| wullizry < U2y

Inserting now the definition of 4 yields the assertion for s = 0, and together with (5.34) we
conclude the assertion for s = 1/2. O]

Another possibility is to approximate the control with specific piecewise linear functions which
are continuous on each boundary edge I'(), j € C. We denote by &, the boundary mesh induced
by 7,. Hence, the boundary edge ris decomposed into boundary elements

Ex = conv{xx_1, Xk} € Ep, k=1,..., n;,

where
XD =xg<xg<...< Xp, = x (1)

are again the boundary nodes on (") for some i € C. We introduce the spaces
UErDy = {v, e C(TD): vplg, € P1, k=2,. .., ni—1, and vplg,, vnlE, € Po},
for all i € C, and define the discrete control space by
Up o= {vy, € L2(N): vilpoy € UR(TD) for all i € C}. (5.35)

Note, that we allow discontinuities at corner points, and demand that the slope of functions
in U,% Is zero on edges touching a corner. This property is necessary to ensure the stability
condition in Assumption 3. A proof can be found in [19], we refer also to [75]. In the following
W:j=1,..., n; — 1} is the nodal basis of UL(T'?)), i€ C, i.e.

Vi) =0k Vik=1,..., ni—1,
which is illustrated in Figure 5.1c.

We can show a best-approximation property of U}, similar to the one from Lemma 5.2.6.
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Lemma 5.2.7. Let some u € W;Q(r) be given with 4 defined as in Theorem 5.2.2, and denote
by P2: L2(I") — U} the L%(T)-projection onto the space U. Then, the error estimate

lu— P2 ullpy-s(ry < Chmm{l'k_l/z_eHs\U|W_1v2(r)
:

holds for s € {0,1/2} and sufficiently small € > 0.

Proof. Analogous to the proof of Lemma 5.2.6 we can show that

lu—=PRullyrory < ¢ sup  lu=Plullizrylle = Pellzqry /el ry. (5.36)
EH/2(T)

Since P;? is the best—approximation in L2(F) we replace Pf? by an appropriate Ioca_l interpolatic_m
operator onto U}(M)), i € C. Therefore, we introduce the operator C2: L*(r)) — U}(r(®)
defined by

I'l,'—l

[CPul(x) := Z[”akV](Xk)?/Jk(X), Ok = Ex or Exq, Wx el
k=1

where 1, denotes the L2-projection onto the constant functions on o. This quasi-interpolation
operator is similar to the operator introduced by Clément [28] and has the advantage that the
stability property

||C,a,u||Lz(Ek)§C||u\|L2(5Ek), with  Sg, = int(Ex UGk_1 UTK), (5.37)

holds for all k =1, ..., n;, which would not hold for the usual Lagrange interpolation operator.

For arbitrary p € Po(Sg,) we have the property p = C,‘?p. Using the triangle inequality and
(5.37) we get

lo — CRulli2(g,) < cllo — Plliacse,) < ch?l@lps(se, ). s € (0,1], (5.38)
forall k=1,..., n;, where the last step follows from Theorem 4.2 (for s = 1) and Proposition

6.1 (for s € (0,1)) in [38]. An estimate in weighted Sobolev spaces can be deduced from (3.40)
and we get

o} 1—ny;
lu—Chull2,y < cllu— P||L2(sEk) <ch ’YJ|U|Wle,2(5Ek)- (5.39)
From (5.38) for s = 1/2 and (5.39) we conclude for all i € C the global estimates
HU — C?,UHLQ(F([)) S Chl_maxfecw|U|W$'2(F(’))'
llo - C/?(pHL?(I'(/)) < Ch1/2|<P|H1/2(r(/)),

where the first estimate yields the assertion for s = 0 after summation over all / € C together
with the definition of 4. The assertion for s = —1/2 follows after insertion into (5.36). ]
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Error estimates for the optimal control problem on quasi-uniform meshes

Now we are in the position to formulate a convergence result for the discrete solution of the
optimal control problem. Inserting the finite element error estimates from Section 3.3 and the
estimate for the L?(I")-projection from Lemma 5.2.6 in case of a piecewise constant control
approximation, or Lemma 5.2.7 in case of continuous and piecewise linear controls, into the
estimate of Theorem 5.2.5 yields an error estimate for the control approximation in the H—1/2(r)-
norm. It is also possible to prove a convergence result in other norms as well as for the state
variable.

Theorem 5.2.8. Let {Tn}n~0 be a family of quasi-uniform meshes. Assume that the input data
satisfy f € L2(Q) and yg € C%9(Q) with some o € (0,1). Let (¥, 1, p) € L2(Q) x H™Y/2(I") x
L2(Q) and (¥, Gn, Pr) € Vi x Uf x Vi, k = 0,1, denote the solutions of (5.14) and (5.22),
respectively. Then, the a priori error estimates

1T = Gnll g-rr2(ry + B211T = Gnll 2y < ™32 10 b3/, (5.40)

17 = Fnll ey < cmax{h, *€[In h|*/?}, (5.41)
hold, where

n-.-= ‘U|W$v2(r) + |Yu|W$v2(r) + ||)7u||W§~2(Q) + ||)7u||\/|/§’°0(9) + ||yf||W§'2(Q)

+ |5|W§v2(r) + ||/3||W§~2(Q) + ||/3||WB%°°(Q)'

with the weight vectors &, 3,7 € R? defined in Theorem 5.2.2 and € > 0 chosen sufficiently
small.

Proof. To obtain the desired estimate for the control in H=/2(I") we insert the estimates for
the best-approximation in U,’; from Lemma 5.2.6 if k = 0, or Lemma 5.2.7 if k = 1, as well
as the finite-element error estimates from Theorems 3.3.1 and 3.3.3, into the estimate from
Theorem 5.2.5. The regularity which is necessary for these estimates has been discussed in
Theorem 5.2.2.

Next, we show the error estimate in L2(I"). We will need the inverse estimate
||Wh||L2(|'(/>) < Ch_1/2||WhHH—1/2(r(f)) Ywy, € U;f, k=0,1, ieC (5.42)

which is e.g. proven in [85, Lemma 10.10] for kK = 0, but the arguments used in the proof can be
repeated also for k = 1. We introduce the L2(I")-projection onto U,’; as intermediate function,
apply the triangle inequality and the inverse estimate (5.42), and get

IN

1a — PPall2qry + I1PPT — Gnll 2y

c (||L7 — PP 2y + h 2 (HU — PRall 12y + 11T — Uh||H—1/2(r))> :
(5.43)

1T — nll c2(ry

IN

Furthermore, we apply Lemma 5.2.6 (for piecewise constant controls) or Lemma 5.2.7 (for
piecewise linear controls that are continuous on each ")) which leads to

17— PRIl 2y + h~ 21T — PRl 12y < chmi“{m—l/z—e}|a|W$,2(r). (5.44)
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Inserting now (5.44) together with (5.40) into (5.43) implies the estimate for the controls in
L2(I).

The error estimate for the state variable follows from the triangle inequality

ST = Shinll ) + lve — yenllpo)
< c(I6S = Sl + 1Sa(@ = Tn)llmi(q)) + Ilve — Yol o)

¢ (022 (17, lyazy + 1¥rllwzegy ) + H/227H in p2/2n)
(5.45)

1V = Vnll )

IN

where we inserted the finite element error estimate stated in Theorem 3.3.1 for the first and
third term, and the boundedness of S, as operator from H=/2(T") to H'(Q) as well as the
estimate derived already for the control for the second term. L]

Remark 5.2.9. As already observed for optimal control problems in L2(F) discussed in Chapter 4,
we have also in this case an optimal convergence rate for the controls provided that X\; > 3/2
for all j € C. This is the case when the interior angles of all corner points in the domain are less
than 120°. If one angle is larger than 120° we have to apply local mesh refinement to restore
the optimal convergence rate.

Error estimates for the optimal control problem on refined meshes

In the following we will derive improved error estimates taking local mesh refinement into account.
The investigations are based again on Theorem 5.2.5. The terms on the right-hand side of
(5.26) depending on the finite element error of a single boundary value problem have already
been discussed in Section 3.4. Hence, we merely have to show a best-approximation property
of the discrete control space.

Throughout this section we prove the results only for the space U,?. The proof of the following
lemma cannot be directly extended to discrete control space U,l7 introduced on page 111 as
the related L2(I")-projection is not defined locally. Using the locally defined Clément interpolant
instead as we did in the proof of Lemma 5.2.7 would also lead to a suboptimal result because the
interpolation error does not provide the orthogonality property which is required to show optimal
estimates in negative norms. As a remedy, one could use the Carstensen interpolant which
provides the advantages both operators. Corresponding interpolation error estimates in negative
norms on quasi-uniform meshes have been proven in the Appendix of [7], and an extension to
refined meshes is possible. However, this is not considered in the present thesis and we merely
discuss the choice Uy, = U,

Lemma 5.2.10. Let u € W;Q(r) with the weight vector 4 € RY defined in Theorem 5.2.2,

and denote by PJ: L2(T') — UP the L?(T)-projection onto the space U. Assume that the
mesh criterion (3.57) holds with refinement parameters uj <1 — 2v;/3 for all j € C. Then, the
estimate

lu = PPully-rr2(ry < ch*2lulyar

holds.
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Proof. To obtain a global estimate we exploit the definition of || - || 4-1/2(ry and the orthogonality
property of the L2(I")-projection P,?, which leads to

u—P2u,
lu— P/?U||H71/2(r) = sup —< h >r
wenrzry  ellmem

(u=Pluo—Plo)r

<c sup
@EHL/2(T) H‘PHHU?(F)

<c sup Ilel;,i/z(r) > llu=Plullizgylle — PRollizey.  (5.46)
(PGHI/Z([_) EEE;,

[t remains to insert local error estimates. We take the standard estimate

1/2
le = Pl < ch2lolmee
from [85, Theorem 10.1] and the local estimates in weighted spaces from Lemma 3.2.8 into
account. In case of rg > 0 we get

3/2 —;
|u— PI?UHB(E)H(P - P/?‘PHB(E) < ChE/ rE’YJ|U‘W%;2(E)’(P|H1/2(E)' vECcuynr,

and using the mesh property hg ~ hfé—_ﬂj

obtain

as well as the assumed condition p; <1 —27,/3 we

h?é/QrEWJ' < Ch3/2rz_/2(l—uj)—'vj < ch3/2.

In case of re = 0 we use instead the estimate
3/2—;
lu— Pf?U||L2(E)||<P - P/?<P||L2(E) < chg VJ|U|W711;2(E)|(P|H1/2(E): VECUunr,

whereas we can show
hZ/Z*VJ < ch®/2=M)/k < cp3/2

exploiting hg ~ h/Hi and the property wj < 1 —2v;/3 again. Inserting these local estimates
into (5.46) yields together with the discrete Holder inequality

Ju— Pf?U”H—lD(r) < ch*?  sup )H(PH,:/}p(r) Z |U|W$x2(5)|‘P|H1/2(E)

(pEHl/Q(r Eeéy
1/2 1/2

<ch*? sup el > lul | D lel:
= H/2(T Wi2(E H/2(E

weHY2(T) (N fes, 5 (E) £ (E)

3/2
< ch® [ulwaz(ry-
O]

As a consequence we obtain an error estimate for the solution of the discrete optimality system
(5.22).

Theorem 5.2.11. Let {T,}n~0 be a family of triangulations that are refined locally according to
(3.57) with refinement parameters satisfying

/.LJ'<2>\J'/3 VjeC.
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Assume that the input data satisfy f € L?(Q) and yy € C%9(Q) with some o € (0,1). Then,
the solution T of (5.13) with Us,g = H™Y/2(I"), and 0, € UY of (5.23) satisfy the estimate

1T — | 10y < ch®?|In h3/?, (5.47)
H=L/2(T)
where

n= |U|W71~2(r) + ||f||L2(Q) + |)7u‘W$v2(r) + ||)7U||W§v2(Q) + ||)7u||W§°°(Q)

+ |5|W§'2(|') + ||[3||W§v2(§z) + Hﬁ”v\/gm(mr
with weights &, g, ~ € RY as defined in Theorem 5.2.2 and € > 0 chosen sufficiently small.

Proof. It suffices to estimate the terms on the right-hand side of (5.26) separately. We apply
Theorem 3.4.5 and exploit the regularity of ¥, and p stated in Theorem 5.2.2 which leads to

15 = ST = Yl kra(ry + N = Nw)ll ey < ch®[in h*?n

One easily confirms that the assumption u; < 2X;/3 together with the definition of a,ps, ¥ imply
the assumptions of Theorem 3.4.5.

The error terms in L?(Q) of (5.26) can be estimated using Theorem 3.4.1 and the refinement
condition u; < 2X;/3 which obviously implies u; < A;. Hence, we obtain

1(S = Sw)all o) + v = Yrnll2) < ch? (||)7u||W§.2(Q) + HnyWéQ(Q)) :

For the last term in (5.26) we insert the result of Lemma 5.2.10 and arrive at the assertion. [

Note that the refinement condition u;j < 2X;/3, j € C, guarantees only optimal convergence for
the control in the H=1/2(I")-norm, but not in L?(I"). As we observed in numerical experiments
this would require a much stronger refinement condition. However, deriving such a condition
requires advanced techniques and will not be investigated in this thesis.

5.3 Error estimates for the constrained problem

Let us now investigate how the results of the foregoing sections change in case of additional
control constraints. We consider the model problem (5.1)—(5.3) when control constraints are
present. An optimality system has been presented in Theorem 5.1.4 which is equivalent to the
variational inequality

(u—0, T*a+g)r >0 Yu € U,y. (5.48)

Apparently, we can expect better regularity for the optimal control. For unconstrained problems
we had e.g. lim,_, ) u = Foo for concave corners xU). This is certainly not possible when
control constraints are present. Instead, the control is in general active in a vicinity of reentrant
corners and is hence regular which allows us to improve error estimates.



5.3. ERROR ESTIMATES FOR THE CONSTRAINED PROBLEM 117

In what follows we abbreviate by C and C the index sets of concave and convex corners, respec-
tively. As the error estimates we derive in this section depend on the singular exponent of the
largest convex angle we introduce the quantity

X = min Aj.
jel
The active and inactive sets are denoted by
AT ={xel: (T*u+ g)(x) <0},

A" ={xel: (T + g)(x) > 0}, T:=N\(ATUA). (5.49)

Obviously, we cannot define active and inactive sets via the solution & as it is not measurable,
but via the Lagrange multiplier which is in H/2(I"). First of all we need a structural assumption
upon the active set which is in most cases satisfied.

Assumption 4. Assume that the control bounds are strictly active in the vicinity of all reentrant
corners xU), j € C, i. e. there exist some constants R, T > 0 such that

(TG4 g)(x)| > T for a.a. x € T N Br(xY).
Moreover, the number of transition points x;j), jeT =A{1,..., dr}, between active and
inactive set is finite, and transition points can only occur in the interior of a boundary edge r,

ieC.

For technical reasons we introduce balls around each corner or transition point, namely

= {x e Q: |x — x| < R} jec, (5.50)

Ok = {xeQ: |x— x| < R} keT, (5.51)

Qrd =0\ [[J2%kulJak|. (5.52)
jec keT

and assume that R > 0 is chosen sufficiently small such that QéR contains only the corner xt)
and QSR only the transition point x7(-k), but no other corners or transition points. The outer

boundaries are denoted by
[p=0QrNT,  [g:=008nr,  TR9:=0Qx9NT

forjeCand ke T.

Before deriving error estimates we will investigate in the following that the regularity is better in
comparison to the unconstrained case as the control cannot tend to infinity at reentrant corners
when control constraints are present. However, we also have to show that singularities occurring
in the vicinity of the transition points are comparatively weak such that the convergence rate
is not affected by these points. We show in the next Lemma that & will be indeed active on
AT and that the leading singularity at the transition points vanishes. The proof of the following
Lemma is motivated by a similar observation for Dirichlet control problems in HY/2(T") [71].
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Lemma 5.3.1. Let Assumption 4 be satisfied and assume that f € L%(Q2) and yq € C%?(Q)
with some o € (0,1). Then, the solution of (5.14) satisfies

Ve Vb € Hmin{2,1+>\—5}(Q)’
ae L),

for arbitrary € > 0. Moreover, there holds i1 = u, a.e. on A~ and i1 = up a.e. on AT.

Proof. The stated regularity of yr follows directly from Theorem 2.2.2. Without loss of gener-
ality we assume that only upper control bounds are present, i.e. u, = —oo. We abbreviate the
Lagrange multiplier by

§:=T%0+9g=aylr+plr € HY/?(T).

Note that due to the definition (5.49) there holds ¢ =0 a.e.onZ and £ <0 a.e. on AT. The
variational inequality (5.48) tested with u = up, yields (up — T, &) > 0. In contrast to this the
control constraints and the fact that £ < 0 a.e. on I lead to (T — up, &) > 0. This results in
the complementarity condition

0< upin HY2(1), £<0, a.e.on', (T — up, &) = 0. (5.53)

Taking into account that € =0 on Z and £ < 0 on AT leads to a boundary value problem with
Signorini conditions on AT, namely

—Ay,+y,=0 in Q,
Vo=—a"lp onZ, (5.54)
Vu <= P, OnYu < up, (Vu+ & P)(BnFu — up) =0 on A"
In the following we will use the decomposition
Vu=%o—a 'p, (5.55)

with some function i solving a problem with homogeneous Dirichlet conditions on Z, namely

Ao+ =a (7 —y4) inQ,
%o =0 on T, (5.56)
Yo <0, 0o < up, %0(Onio —up) =0 on AT.

With appropriate embeddings we one can show that y — y, € LP(S2) for arbitrary p € [1, o) as
y € HY(Q) and yy € C%9(Q). The solution yo can hence be decomposed into a regular part
yr € W2P(Q) and some singular parts that restrict the regularity in the vicinity of corners x4,
J € C, and transition points X7(—k), k € T. Away from these points we have higher regularity
Yo € W2P(QST) which is stated e.g. in [45, Theorem 2.1.4], see also Section 2.7 in this

R/2
reference.

In the vicinity of corners xU), j € C, the leading singularities have the form

rNcos(\jp) and  rNsin(\p), A = 1,
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where (r, @) are polar coordinates centered in xU) such that ¢ = 0 and % = w; coincide with
the edges M) and U+, The second singular functions belong to WZ"’(QJR) when we choose

pell,(1-X)"Y) if N\<1, peloo) if X\ >1.

If I’J,'? belongs to the Dirichlet boundary Z this can be deduced from [45, Theorem 2.4.3], and
otherwise, if Signorini boundary conditions are present, the singular solutions are stated in [68].
Taking into account the regularity of the singular functions which can be computed analytically,
and, that the choice p = 2 is possible for arbitrary corners we obtain 5 € HMM21+X—€}(QL)
forall j € C and € > 0.

Finally, we investigate the regularity in the vicinity of the transition points X;k), k e T. Let

(r, ) denote polar coordinates centered at x%k), and without loss of generality let ¢ = 0 belong
toZ and ¢ = 7 to AT. From Theorem 2.4.3 in [45] it is known that the solution j admits the
decomposition
7o(r, ) = yr(r, @) + Brrsin(\p)

with a certain coefficient B € R. Due to Assumption 4 transition points can only occur in the
interior of a boundary edge, and hence, the exponent of the leading singularity is A = 1/2. The
regularity of yg is restricted by the singularity corresponding to the exponent 3/2 and hence,
YR € W2'P(§~2’,§,) for arbitrary p € [1,4). We demonstrate in the following that the singular part
must vanish as it fails to satisfy the Signorini boundary conditions. The normal derivative of i
on the boundary part Z can be computed using the chain rule and we obtain the representation

Onio(r, 0) = Bpyr(r,0) — BAL.

As the solution has to fulfill the control constraints & = 0,y < up there must hold B > 0 as
r»~1 (XA = 1/2) grows unboundedly towards infinity for r — 0. Moreover, we have for ¢ = 7
the inequality

!
Volr, ) = yr(r,m) + Br* < 0.
With the choice p € (2,4) we get from the trace theorem [44, Theorem 1.5.1.2] (note that the
boundary part I",; is smooth) and the Sobolev embedding theorem

YR, B € W2P(Q) s W2L/PP(FRY — CH(TH). (5.57)

Thus, we can perform a Taylor expansion of yg(r, ) —|—of1p(r, ) in the point r = 0 with some
intermediate point s € [0, r]. Exploiting the fact that yg(0, 7) = —a~1p(0, 7) leads to
yr(r, ) +a 1p(r, M)+ Br* <0
<= yr(0,m)+a p(0,m) + rd, (yr + a7 1p) (s, m) + Br* <0
— & (yr+a'p)(s,m)+ Bl <o.
The term 9, (yR —i—oc_lﬁ) (s, ) is bounded as yr and p are regular, see (5.57), and thus the
inequality can hold in case of B < 0 only. We already stated the condition B > 0 and conse-

quently, the boundary conditions of problem (5.56) can only be satisfied in case of B =0. The
singular part corresponding to A = 1/2 hence vanishes and thus

- 3 -
Br3/2sin <2<p> , B eR,
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is in general the leading singularity and belongs to H2(SN?’,§,).

We have shown that p, 7o € H™M2142=€}(Q)) and conclude that ¥, = ¥ — a1/ also belongs
to this space. A trace theorem finally implies 7 € L2(T).

As @i is a measurable function we can express the complementarity condition (5.53) by means
of the inner product in L?(I") and find from

0= (T~ up,&)r = (T~ up, &) a+
that T =up a.e. on AT as € <0 on AT. O
We are now in the position to formulate more accurate regularity results in weighted Sobolev
spaces. As singularities can also occur in the vicinity of the transition points xy(), k€T, we

additionally introduce the weighted Sobolev spaces Wé'q(ﬁ’,;) with £ € Ny, g € [1,00] and
B € R, defined as the set of functions with finite norm

1/q
Z/ ok (X)PID(X)|9dx | . if g€l ),
Ak
IVllwea@) =4 \lalse” (5.58)
Z esssup pk(x)5|D°‘v(x)|, if g = o0,
o <2 XEQ",%

where px(x) = |x — x7(-k)|. The trace space Wé_l/q’q(lz’,‘?) is defined in analogy to (2.22). In
order to simplify the notation we use the globally defined spaces Wé',Z(Q) for£ € Ng, g € [1, 0],
a € RY, k € R, equipped with the norm

1/q

o q q q
V|1t = v ot v U 1%
Mg = | Mooy 2 Mgy * M e
if g < oo, and otherwise
I¥llyyee g = max {r}‘eacx 1oy 2 IVlhe ||v||Wem(QrRe;2)} .

In the usual way the trace spaces Wé_Kl/q’q(F) can be defined.

Lemma 5.3.2. Let Assumption 4 be satisfied. Assume that f € L2(Q) and yg € C%?(Q) with
some o € (0,1). The weight vectors &, 3,5 € RY are defined as in Theorem 5.2.2. Moreover,
6 > 0 is an arbitrary number and 4 € R? is defined by

. Jo. ifjec
%= vy, ifjeC.
Then, the solutions (y,, T, p) of (5.14) and yr of (5.6) satisfy
yr € WZ2(Q),
p € WZ(Q) nWE(Q) nwz (1),
- 2,2 2,00 2,2
Yu € WZ()N WB’,l/z(Q) NWs (),
- 12
ie Wié (M.
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Proof. The regularity of yf follows directly from Theorem 2.3.5. The stated regularity of p
follows from Theorems 2.3.5 and 2.3.6 as well as the embedding

ng(Q) — \/\/gm(r) — WZ(I) (5.59)

stated in Lemma 2.3.3. Note that Theorem 2.3.6 requires Holder continuity of the state variable
which follows from Lemma 5.3.1 and the embedding

Vo, yr € HMM21H2A=ek () <y €09(Q), o e (0,min{1, X —¢}).

To transfer the shown regularity of p to y, we use again the decomposition (5.55), and show
only regularity results for the auxiliary function ¥y solving the mixed problem

—Ayo+yo=a (7 — ya) in Q,
=0 onZ,
Yo B (5.60)
OnYo = Ua on A,
Onyo = Up on AT,

Note that this boundary value problem follows from (5.56) taking into account that d,yg = @
on A* and @ = u, on A~ as well as T = up on AT which is stated in Lemma 5.3.1.

Taking into account that y — yy € C%9(Q) and u,, up € C19(I") we get from [44, Theorem
6.4.2.5] that the solution of (5.60) can be decomposed in a vicinity of the corner xU), j € C,
into

Holr.©) =yr(r.@)+ Y. cnr O\ me).

meN

)\j’m<2+0'

with a regular part yg € C29(), certain constants ¢, € R, and ®(-) = sin(-) if xU) belongs to
the Dirichlet boundary Z, and ®(-) = cos(-) if xU) belongs to the Neumann boundary A*.

The regular part belongs trivially to W2'°°(Qf,%,) and the regularity of j; is restricted only by the
first singularity corresponding to the singular exponent X;; := m/w;. By a direct calculation and
the embeddings (5.59) one easily confirms that

Yo € W2 (@) N ng(@,;) NW22(MR)  Vjec. (5.61)

Let us investigate the regularity of the state jg in the vicinity of transition points x%k), keT.

By a slight abuse of notation (r, ¢) are now polar coordinates centered in x;k) such that ¢ =0
corresponds with that part of the edge belonging to Z and ¢ = 7 with the part belonging to
AT . From the already shown regularity of p we conclude p € Wz’“(fz’,;) for all k € T as the
domains Q’,; exclude the corner points due to Assumption 4. In the vicinity of the transition

point x%k) the solution of (5.60) possesses the decomposition

Yo(r, @) = yr + c1r¥/?sin(3p/2) + cor®?sin(5¢9/2), .o €R, (5.62)
with a regular part yr € C>9(S). Note that the singularities belonging to the exponents
7/2,9/2, ... are regular enough and belong also to yg. By a direct calculation we can show
again that

Vo € HA(QR) NWES(QE)NWG2(TE)  VkeT. (5.63)
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The regularity results (5.61), (5.63) and the fact that the singularities are of local nature lead
to the desired result for ¥, taking also the regularity of p and (5.55) into account. The stated
regularity of i follows from embedding and trace theorems. In the vicinity of concave corners
we obtain even higher regularity. Due to Assumption 4 and Lemma 5.3.1 we have i = u, or
o = up in the vicinity of concave corners, and hence i € Hl(QJR) for j € C. Furthermore, by
means of (5.62) the control variable can be decomposed in the vicinity of the transition points
x%k), k €T, into

art/?, onZ,

0= ur+us, with ug:=0,(yr+ r*?sin(5¢/2)) e HX(I), us =
0, on AT.

A simple calculation moreover vyields us € W51'2(f’,§,) for arbitrary 6 > 0 which leads to the

desired regularity result for . ]

Analogous to the unconstrained case we discretize the optimality condition (5.48) and search a
solution in the discrete spaces Vj, and Up. In this section we restrict our considerations to the
case that Uy = U,? introduced on page 109. The choice of piecewise linear controls U, = U,%
considered on page 111 is in principal possible, but the proof of Lemma 5.3.4 cannot be extended
to this choice.

The discretized optimality system reads:

Find Gy € Up ag := Un N Uaq and vy p, Pr € Vi such that

a(Yu,n, va) — (On, Vp)r = 0 Vv, € Vi,
a(Pn. va) = (Fu.ns vin) = (Ve.h — Yd, Vi) Yy, € Vi, (5.64)
(Wh — Tn, Fup + Pn)r >0 VYwy € Up ad,

where yr p € V), can be computed from the equation
a(yr.n vh) = (f, vh)q Yvh € Vi
in advance. This system can be rewritten in a rather compact form as
(Up — Tp, T O + g)p > for all up € Up ag- (5.65)

Analogous to the proof of Theorem 5.2.5 we introduce the auxiliary function iy € Up 2g which
solves
<Uh — b, T®0p + g>r >0 for all up € Up aq- (5.66)

Note that we only approximate the ansatz and test space, but not the operator T%. We begin
with an initial estimate for the discrete approximation of the control.

Lemma 5.3.3. Let [ D {x € I": ip(x) # Tu(x)}. Then the estimate
10 = Tnll gar2(ry < C(H(S = Sn)ill2) + (5™ = S = Ya)llpra(ro)
+ al|[(NV = Np)all gragryy + lye = venlliz) + 11T — gh||H*1/2([')> (5.67)

holds.
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Proof. The arguments applied in the proof of Theorem 5.2.5 widely coincide with the control-
constrained case and we just outline the differences. We apply again the triangle inequality and
get

1T = Tnll g2y < N T = Gnllg-12(ry + Ndn = Tnll g2y, (5.08)
where i, is the solution of (5.66). One easily confirms that (5.30) with wy, := @, — &y also
holds in the control-constrained case when we replace all “=" by “<". This yields

Wil 2y < (Wi, (TR = T) (@ = D) + (Wh, (TR = T*) T~ g+ gh)r - (5.69)

The estimate (5.31) remains the same and we have
(Wi, (T = T*)(h — 0))r < cliwnll g-r2ry 1T = Tl =172y (5.70)
Moreover, (5.32) becomes
(wn, (TR =T*) T+ 9= gn)r
< cllwnll sy (I55(Sh = Sl gy + 1S = S = Vadll ooy
+ 1SH e = Yol + @l N = Nl iy ) (5.71)

Dividing by [|wh || 4-1/2(ry and exploiting stability properties of S} yields the assertion. ]

Deriving error estimates for the term ||d — dpl|y-1/2¢ry requires more effort in the control-
constrained case than in the unconstrained case where we merely applied the Céa-Lemma (5.29)
and inserted the best-approximation properties from Lemma 5.2.6.

Lemma 5.3.4. Let Assumption 4 be satisfied and assume that i € W%'j(r) withd € R? defined

in Lemma 5.3.2 and €' € (0,1). Then the error estimate
< Chmin{3/2,X}—E|L—I|W

Ek

1T = dnll -172¢ry
holds for sufficiently small 0 < €' < €.

Proof. The results of Lemma 5.1.2 allow us to apply the Céa-type lemma from [46, Lemma 7.16]
which reads

o, - . ~ _
EHU - Uh||/2_/—1/2(r) < vlenlzd <V — 0, T+ g>|—

+ inf {(vh—U,TO‘U+9>r+CI|U—vh||i,,1/2(r)}.

Vh€Uh ad

In the present situation the first term on the right-hand side vanishes for the choice v := i,
which is possible since i, € U,4. The second term vanishes if we choose

Vp € Uh,ad = {L_Ih S Uh,ad: b = Uy on .A_, U = up on .A+} ,
since v, — 1= 0 on AT and T®7 4+ g = 0 on Z. We consequently get

||L_I — gh||H—1/2(r) S c inf ||L_I — Vh”/—l*l/?(l')' (572)
Vh€Uh, ad
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We insert the L2?(I")-projection onto Uy, as intermediate function and obtain
_ _ 8- 8
1T = Vall g2y < 110 = PRall a2y + 1P T = Vall g-12(ry- (5.73)

The first term also occurs for unconstrained problems and an estimate is given in Lemma 5.2.6.
However, we can exploit that the term @@ — P2 vanishes in a neighborhood of concave corners
and obtain the improved estimate

= P/?UH/—/—1/2(F) < Chmin{?’/z_g,’x_&-}|U|W;v§,(r)' (5.74)

when exploiting the regularity stated in Theorem 5.3.2 . To derive an estimate for the second
term in (5.73) we use the modified L2(I")-projection

[PPullg, ifECT,
VhiE = { Ua, if ENA- #0, (5.75)
Up, if ENAY #0.

The idea of using such a modification has already been used in [86] for the nodal interpolant and
in [57] for the midpoint interpolant. Note that v, € Uh ad by construction, and that Pau — Vp
vanishes on all elements

E¢Kyn={Ec&:ENAT#0 A ENT #0}.

Due to Assumption 4 the set Kj contains a finite number of elements, independent of h.
Exploiting the orthogonality property of the projection Pha we get

IPR T — Vall y1r2(ry = > (PPT— v 0)e
H‘p||H1/2(|—)_1 Eeck,

= Z(Ph(U—Vh) Ph‘P)E

H(p||Hl/2(|—) 1 EeK:h

< > Na = vallze) I PRl 2ey. (5.76)
H(p||H1/2(I') lEeK:h

Note that each E € I, is contained in some I'k k € T, and hence, we can exploit the Wl 2(I' )-
regularity stated in Lemma 5.3.2. As v c0|nC|des with & at the endpoint of E which belongs to
A* we get with the Poincaré-Friedrichs inequality

|G — Vh||L2(E) < Ch176/|U|W1/,2(E), for E € Kp,
for arbitrary € € (0,1), where we exploited the regularity of @ stated in Lemma 5.3.2. For

the second term on the right-hand side of (5.76) we apply the Holder inequality and stability
properties of the projection Pf? and get for arbitrary g € [2, 00)

H'D/?<P||L2(E) < Chl/2_l/q||<P||Lq(E)-
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Hence, (5.76) becomes

1P2a — Vall g-1/2¢r
<c sup h3/278/71/q Z |U|W£1/,2(E)||(P||Lq(5)

||<P||H1/2(|—):1 Ee,
1/2 1/2-1/q
3/2—¢'—1 =12

<c sup h¥ /a Z 1Ty Z 1 ol Lacr

||(p||H1/2(|—):1 EeK, € Eek,

3/2—¢ = .
<ch’Fey A2

keT

where we exploited that the number of elements in Ky is independent of h, the embedding

||(,D||Lq(r) < C||(P||H1/2(I') =c

and we chose g sufficiently large such that e = 1/q+¢’. Inserting this together with (5.74) into
(5.73) completes the proof. O

The control &7 is in general active in the vicinity of concave corners. In the following lemma
we show that this property is transferred also to the discrete solution &y, and hence we get
o — o, = 0 near these corners. This is the key idea for the improved error estimates that we will
show in Theorem 5.3.6.

Lemma 5.3.5. Let Assumption 4 be satisfied. Then, some constants hg > 0 and R > 0 exist
such that _
On(x) =up or bp(x)=u, forall x € T, j€C,

provided that h < hg.

Proof. Without loss of generality we show the assertion for the case that the upper bound is
strictly active, i.e. T+ g < —T within I'JR. The key step is to show pointwise convergence of
Tgp + gn towards T+ g, i.e.

_ _ h—0
I(T*@+ g) = (T§Tn + gn)lLe(ry — O, (5.77)

which then implies T, + gp < 0 within I'Jé when h < hg. By element-wise consideration of the
discrete optimality condition (5.48) we conclude that &, = up and have shown the assertion.

From the definition (5.11) of T® and g as well as their discrete analogues (5.24) we get

(T*a+ g) — (T5tdn + gn)loory = l(Vu = Vu,n) + (B = Bl Loe(r)-

Let us first derive a pointwise estimate for the state variable. With the triangle inequality and a
trace theorem we get

17 = Vunlloory < 70 = Snill ooy + 1Sn(T = Tn) |l L (0)- (5.78)

The first term tends to zero as h — 0 due to the pointwise convergence of the finite element
method, see e. g. [74, Lemma 3.41]. For the second term, we get with the stability of Sy from
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L?(I) to L°°(Q), the triangle inequality, and the inverse inequality from [85, Lemma 10.10] the
estimate

1Sn(T — Tn)ll Loy < cllt — Tl 2(ry

<clla— PPl oy +h 2 <||l7 — PRl yrsory + 11T — Uh”/—/*l/?(l')) : (5.79)
With the estimates for the L2(I")-projection of Lemma 5.2.6 we immediately get
la = P2all 2y + h~Y211a — PRl y-1/2ry — O (5.80)

Moreover from the estimate of Lemma 5.3.3 for [ = I and the error estimates from Theorems
3.3.1, 3.3.3 and Lemma 5.3.4 which yield a rate higher than h*/2 on arbitrary domains, we get

W Y208 = Gl gy < Ch_1/2<||(5 = Sn)llz@) + (5™ = SOV = Ya)l oy

+ all (N = Niallury + Ive = vealiz@y + 13 = Gall )
—0. (5.81)

Consequently, we get with (5.78), (5.79), (5.80) and (5.81) the pointwise convergence of the
state, I.e.
||_)7u — )7u,h||L°°(r) —0 as h—0. (582)

It remains to show pointwise convergence of the discrete adjoint state. We use the represen-
tations plr = S*(¥u + ¥ — ¥4) and pulr = S;(Vu.n + Yr.n — Ya), introduce several intermediate
functions and get the equivalent formulation

Plr — Pulr = S* (ST + yr — Ya) — Sh(Shln + Yr.n — Yd)
= (5" =S/)(Sti+yr—yq)+ S;(S—Sp)u
+ SpSa(U — tn) + Sp(yvr — yen)- (5.83)

One easily confirms that

1(S* = S(ST+ yr = ya)llory < N(P* = PO)(ST+ yr — Ya)llLo) — 0,
ISH(S = Sp)ll ooy < I(S = Sp)ll2() — O,
1SHSh(T — Tn)ll Loo(ry < 1Sh(T — Tn) |l 1o() — O,
1SH(vr = Ye.)llery < lye = Yenlli2) — 0,

as h — 0, where we exploited that the finite element method converges in the L*°(Q2)- and
L?()-norm to show the first, second and fourth relation. The third relation has been discussed
already in (5.79). Together with the reformulation (5.83) and the triangle inequality we arrive
at

1P — PullLeery 0 as h—0.

Together with (5.82) the desired property (5.77) follows. O

We are now in the position to improve the error estimates from Theorem 5.2.8 exploiting the
fact that & — @, = 0 in the vicinity of concave corners.
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Theorem 5.3.6. Let 0 € U,g and T, € Up,aq be the solutions of (5.48) and (5.65), respectively.
Let Afsumption 4 be satisfied and assume that the input data satisfy f € L?(Q) and yy €
C%9(Q) with some o € (0,1). Then, the error estimates

1@ = Tall oy + W21 = Tall 2y < chmin{3/2A.22=1/2) =€y p|3/2p,
17 = Zall ey < cmax{h, B=¢[In h[*/}n
hold for sufficiently small 0 < €' < €, where
n.= |U|W$'f,(r) + [Ifll2@) + ”.Vu”\/\/;’Q(Q) + ||.)7UHW§’1°;’2(Q) + |YU|W$~2(r)

+ |’pHW§2(Q) + ||p”\/|/§’°°(§2) + |/-7|V\/722(r)v
with the weight vectors &,6,'7 € R? from Theorem 5.2.2, and'§ € R from Lemma 5.3.2.

Proof. Consider again the domains introduced in (5.50). Due to Assumption 4 and Lemma 5.3.5
there exists some R > 0 such that Gx(x) = G(x) € {ua, up} for all x € 5 and j € C. Since
{in behaves like the best-approximation of I (see (5.72)), we also get ip(x) € {ua, up} for all
X € I'JR, j €C. In the following we write

QF =0\ |J%|.  rk=oa%nr.
jeC

By construction the term iy — & vanishes on I \ F% and the assumptions of Lemma 5.3.3 are
satisfied. In order to show the estimate in the H=1/2(I")-norm we have to discuss the five terms
on the right-hand side of the estimate in Lemma 5.3.3.

First, we get from Theorem 3.3.1 that
1(S = Sw)all 2 + lyr — Venlli2@) < ch™n{222e) (||J7u|\wg’2(9) + ||fHL2(Q)) - (584)

For the second term on the right-hand side of (5.67) we write p|r := S*(V — y4) and p”|r =
Sp(¥ — ya) and an inverse inequality yields

P — thHl/?(I'%) <lp- //?15||H1/2(r5;) +h7? (||5— /l(?leLQ(I'??) + P = Ph||L2(r§;)) . (5.85)

The terms depending on the interpolation error have been discussed in Lemma 3.2.4 and with
v; = max{0,3/2 — \; + ¢} for j € C we get

||l3 - /hls”Hl/z(r%) + h_1/2||.5 - /h5||L2(r%) < Chmin{3/2'x_5}Hﬁ”w%%r)- (5-86)

We also exploited that F% excludes neighborhoods of concave corners. For the finite-element
error on the boundary we exploit Corollary 3.65 in [74] which states that if p € WBZJ’O"(Q’ZR) with
B = max{1/2,2 — \;j + €}, the error estimate

5_ ph . min{2,1/24X\,—¢} 3/2) = _ _h v
1P pHLZ(rJR)SC(h I AP Pl g+ 1P pHLZ(%R)) (5.87)
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holds for all j € C. In [74, Equation (3.130)] an estimate on the regular part of the boundary
=0\ |J%|.  R=00%nT,
jec
is proved which reads in our situation
Hp - ph||L2(ﬁ%) <c <h2| In h||ﬁ|w2,oo(§2%/2) + Hﬁ - ph|L2(Q)> . (5-88)
Furthermore, we use the finite element error estimate in L2(Q) from Theorem 3.3.1 to get

PR (1712 + 1Yall i) (5:89)

Combining the estimates (5.87), (5.88) and inserting (5.89) leads to

15— P2y < ¢

1/2
15 ="y < | 21— IZaey ) + 15 = 0220,
jeC
< Chmin{2,1/2+5\—£,2>\—8}| In h|3/2 <||5|W§2(Q) + ||p||W%°°(Q)> _ (5_90)
o B

Inserting now (5.86) and (5.90) into (5.85) leads to the estimate

1P — Ph”/-/l/z(ro) < ||5||W§-2(Q) + ”ﬁHWB%OO(Q) + |5|W§v2(r)
(5.91)
It remains to derive an estimate for the third term on the right-hand side of (5.67). Additional
singularities occur now in a neighborhood of the transition points. The optimal state possesses
the regularity y, € W2>(Qg?), and according to Lemma 5.3.2 in the vicinity of corner and

transition points only

Chmin{3/2,5\fs,2>\fl/276}| In h|3/2 (

v, € Wf/;O(Q’gR), keT, Yy € W[%'OO(QQR), jec,

with B; = max{1/2,2 — X\; + €}. Thus, the estimates (5.87) and (5.88) can be applied again
and we obtain for y,r = N and yL’]‘r = N0 the estimate

= h = h = h = h
19 = YiIEoqrey = D 170 = YilZaey ) + Z 170 = Vi lF ey + 170 = ¥5 I aqreesy
jec

2min{2,1/2+X—¢} ‘ 4 3
< C(h min € ||n h| Z|yu ngm(sz )+h ||n h| ;'yulw2m(9k )
jec €

40 015l gy + 19 = Y22
2min{2,1/2+X—€,2X—¢} 3/2 = 12 =12
< ch |In | (Ilyulws,z(m+||yu||W§v,32(Q)>. (5.92)

In analogy to (5.86) we also get

—1/2

1Vu = InVull prrzgrgy + 050 = Ihiull L2(ro) < Chmm{g'/z’)‘_g}||Yu||W§.2(r)



5.4. NUMERICAL EXPERIMENTS 129

and with an argument like (5.85) this implies
190~ Ve
< S/ A<D 2 02 (15, + Wl o + Iz ) (699
a B.1/2 v

The estimates (5.84), (5.91) and (5.93) together with Lemma 5.3.4 and Lemma 5.3.3 yield the
desired estimate in the H=1/2(I")-norm. The estimate for the control in L2(I") and for the state
in H1(Q) follow with the same arguments like in the proof of Theorem 5.2.8. O

5.4 Numerical experiments

In this section we want to confirm the theoretically predicted results with numerical experiments.
Therefore, we constructed a benchmark problem on the family of domains

QY= (—1,1)2\{(r cosp,rsingp): r>0, p€[0,21 —w]} forwe [g,Z'/r).

By construction w is always the largest interior angle of Q¥ if w > w/2. We want to compute
the solution of the optimal control problem

Iy, u) = 21y — Yol + o G, Ny — mind (5.94)
subject to
{ Ay +y=fF in Q, (5.95)
Opy = u on T,
UE Upyg i ={veH?(): u, <v<up), (5.96)
using the discretization discussed in Section 5.2 for unconstrained problems (i.e. u, = —oo and

up = 00), and Section 5.3 for problems involving control constraints.

Let us briefly discuss how the discrete problem (5.24) can be solved efficiently. We may represent
the unknown functions by means of a linear combination of basis functions. Therefore, introduce
the bases

N N
Vi = span {@;};2 | Up =span {9},
which allow us to define the isomorphisms
u < Up, J7u < Yuh 5 < Ph-

Let now A denote the standard finite element stiffness matrix related to the operator —A + /,
M the mass matrix and M := (m;;) € RNeXNr 3 transformation matrix, having entries

mj; = / (p/(X)’ij(X) dsy, i€ {1 ..... NQ}, JjE€ {1 ..... Nr}.
I

As a consequence the optimality system (5.22) reads in matrix-vector notation

0 A M p 0
A M 0 Val=1|F (5.97)
i 0

MT aMT 0 -
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The vector f corresponds to the right-hand side of the adjoint equation and its components
are defined by f; = \/‘Q(yf'h — va)pi. Note, that the system (5.97) can be transformed into
a symmetric one by adding o times the first row to the second one. Instead of solving the
discretized optimality system (5.97) directly, we computed the solution of the Schur complement
system. The resulting linear equation reads

(MTATIMATIM + aMTATIM) i = MT AT MF. (5.98)

As it is very inefficient to compute the system matrix explicitly, we solve (5.98) with an iterative
solver — in our experiments we used the GMRES method. In each iteration we have to solve
two linear equation systems governed by the system matrix A. Since the system matrix will not
change during the computation, one can compute a Cholesky factorization of A in advance. The
solution of the linear system Ax = b is then obtained by forward-backward substitution which
is comparatively cheap. To compute the Cholesky factorization we used the solvers UMFPACK
or MUMPS. The latter one runs even parallel using MPI (Message Passing Interface) which
shortens the runtime on a high-performance machine significantly.

In order to compute the error norms we computed a reference solution on a much finer grid
having mesh parameter h = 2710 for the convex domains Q™/2 and Q34 and h = 279 for
the non-convex domains Q54 Q37/2 and Q7™/4. To improve the accuracy of the reference
solution on the non-convex domains we refined the mesh also locally in the vicinity of the
reentrant corner according to the refinement condition (3.57). In the present experiments the
parameters . = 0.5 and R = 0.2 were used. As refinement strategy the newest vertex bisection
algorithm from [17] was applied. This strategy generates hierarchical meshes which allow us
to prolongate the solution from a coarse grid to a finer one. We denote by ygef the reference
solution and by y, some arbitrary finite element function prolongated to the reference mesh.
The corresponding vectors containing the nodal values are denoted by V,er and y, respectively.
Then, the H*(2)-norm of the difference between both functions can be computed by means of

v = Y iy = /(7 — 7N T A — 7<),

where A denotes the finite element system matrix on the fine mesh. If the matrix A is replaced
by the mass matrix Mpy € RV *Nr having entries mj; = fr P;y; we get a representation of the
L?(I)-norm for discrete functions on the boundary in U,.

Example 5.4.1. In the first experiment we compute the problem (5.94)—(5.96) without control
constraints, i.e. U,qg = H™1/2(I"). We choose the input data

f=1, a=01 y4(x.x)=x+x.

As described in Section 5.2 we discretize state and adjoint state with piecewise linear finite
elements. For the control we used either piecewise constant functions on the dual mesh (see
Figure 5.1b) or piecewise linear functions which are continuous on each boundary edge (see
Figure 5.1c). The optimal state and control are illustrated in Figure 5.2. For comparison the
solution of the model problem using L?(I")-regularization instead was also computed.

Theoretically, we would expect that the error estimates

15 = Znlltneo) < cmax{h, ”*~¢|In h*/2},

||L_I N Uh||L2(Q) < Chmin{l,xfl/276}| In h|3/2,
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(a) H™Y2(T")-regularization (b) L?(I)-regularization

Figure 5.2: Optimal state (solid surface) and optimal control (boundary line) of the model
problem (5.94)—(5.96) for energy and L2(I")-regularization.

hold, as we have proven in Theorem 5.2.8. The singular exponent is defined by A = m/w where
w Is the largest interior angle of the corner points of Q2. We summarized the measured error
norms and the corresponding experimental convergence rates in Table 5.1 for piecewise constant
controls on the dual mesh and in Table 5.2 for piecewise linear controls. The computed rates
are always slightly better then the theoretically predicted rates which is a consequence of the
strategy we used to compute the error norms. However, on very fine grids we observe that
theory and numerics almost coincide which confirms the quasi-optimality of the results proven
in Theorem 5.2.8.

Example 5.4.2. In a second example additional control constraints are taken into account. We
bound the control by means of

UE Uy i={veH(): —2.0<v}.
For the remaining input data we choose
Vaxi, %) =x2 +x35, a=10"2 f=1.

A lower control bound is sufficient to achieve that the control is active in the vicinity of the
reentrant corner, compare also the behavior of the optimal control of the unconstrained problem
in Figure 5.2. In Figure 5.3 the optimal state and control of the constrained problem are plotted
and we observe that the control is active and hence constant near the reentrant corner. From
our theory we would expect that the error estimates

|G — Uh||L2(r) < Chmin{1,§ﬁ1/27£,2>\,1,6}| In h|3/277,
17 — Znll gy < c max{h, €[ In h[*/}n,

hold. For our family of domains Q“ with w € {5m/4,3m/2,7m/4} the convergence rate for the
control is dominated by 2\ — 1 since the largest convex angle is always 7/2 and hence X = 2.
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Table 5.1: Numerical results for the unconstrained problem, piecewise constant controls.

1V — ¥l (EOC)

1T — Tnll2¢ry (EOC)

Expected: 1.00

1.00

h # DOF  #DOF BD
Q™/2 — largest angle 90°
24 545 60
275 2113 124
276 8321 252
27 33025 508
28 131585 1020
279 525313 2044

2.42¢-02 (1.03)
1.16e-02 (1.06)
5.65¢-03 (1.04)
2.77e-03 (1.03)
1.34e-03 (1.04)
6.00e-04 (1.16)

7.53e-02 (0.85)
3.70e-02 (1.03)
1.69e-02 (1.13)
7.42¢-03 (1.19)
3.26e-03 (1.19)
1.56e-03 (1.06)

Q3™/4 — largest angle 135°

Expected 1.00

0.80

817
3169

49537
197377
787969

92
188
380
764

1532
3068

2.53e-02 (1.01)
1.24e-02 (1.03)
6.12¢-03 (1.02)
3.03e-03 (1.02)
1.47¢-03 (1.04)
6.60e-04 (1.16)

7.97e-02 (0.80)
4.32¢-02 (0.88)
2.32¢-02 (0.90)
1.26e-02 (0.88)
7.15e-03 (0.82)
4.48e-03 (0.67)

Q5™/4 — largest angle 225°

Expected 0.80

0.30

24 1345
25 5249
26 20737
27 82433
2-8 328705
279 1312769

123
251
507
1019
2043
4091

5.14e-02 (0.93)
2.74e-02 (0.91)
1.48e-02 (0.89)
8.05¢-03 (0.88)
4.41e-03 (0.87)
2.39¢-03 (0.88)

1.08e-01 (0.78)
7.14e-02 (0.60)
5.29¢-02 (0.43)
4.15e-02 (0.35)
3.31e-02 (0.33)
2.65e-02 (0.32)

Q3™/2 — |argest angle 270°

Expected 0.67

0.17

24 1601
25 6273
26 24833
27 08817
278 304241
279 1574910

122
250
506
1018
2042
4090

9.44¢-02 (0.78)
5.64e-02 (0.74)
3.43e-02 (0.72)
2.11e-02 (0.70)
1.30e-02 (0.70)
8.15¢-03 (0.88)

2.45¢-01 (0.44)
2.00e-01 (0.29)
1.72e-01 (0.22)
1.50e-01 (0.20)
1.31e-01 (0.21)
1.11e-01 (0.22)

Q7™/* — largest angle 315°

Expected 0.57

0.08

4 1873
5 7329
—6 28993
7 115329
8 460033
9 1837569

154
314
634
1274
2554
5114

1.26e-01 (0.66)
8.21e-02 (0.62)
5.41e-02 (0.60)
3.60e-02 (0.59)
2.40e-02 (0.59)
1.61e-02 (0.59)

5.82¢-01 (0.17)
5.33¢-01 (0.13)
4.92¢-01 (0.12)
4.54e-01 (0.12)
4.16e-01 (0.12)
3.80e-01 (0.13)
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1V — ¥l (EOC)

1T — Tnll2¢ry (EOC)

Expected: 1.00

1.00

h # DOF  #DOF BD
Q™/2 — largest angle 90°
24 545 60
275 2113 124
276 8321 252
27 33025 508
28 131585 1020
279 525313 2044

2.37e-02 (1.02)
1.15e-02 (1.04)
5.61e-03 (1.03)
2.76e-03 (1.02)
1.34e-03 (1.04)
5.99¢-04 (1.16)

8.31e-02 (0.85)
4.07e-02 (1.03)
1.85e-02 (1.14)
8.06e-03 (1.20)
3.41e-03 (1.24)
1.45¢-03 (1.23)

Q3™/4 — largest angle 135°

Expected 1.00

0.80

4 817
5 3169
-6 12481
7 49537
8 197377
9 787969

92
188
380
764

1532
3068

2.49¢-02 (1.01)
1.23e-02 (1.02)
6.09¢-03 (1.01)
3.02¢-03 (1.01)
1.47¢-03 (1.04)
6.59¢-04 (1.16)

9.27e-02 (0.81)
5.00e-02 (0.89)
2.65e-02 (0.91)
1.42¢-02 (0.90)
7.73e-03 (0.88)
4.34¢-03 (0.83)

Q5™/4 — largest angle 225°

Expected 0.80

0.30

24 1345
25 5249
26 20737
27 82433
2-8 328705
279 1312769

123
251
507
1019
2043
4091

5.11e-02 (0.92)
2.73e-02 (0.91)
1.48¢-02 (0.89)
8.04e-03 (0.88)
4.40e-03 (0.87)
2.38¢-03 (0.88)

1.18e-01 (0.79)
7.71e-02 (0.62)
5.66e-02 (0.45)
4.42¢-02 (0.36)
3.52¢-02 (0.33)
2.82e-02 (0.32)

Q3™/2 — |argest angle 270°

Expected 0.67

0.17

24 1601
25 6273
26 24833
27 08817
278 304241
279 1574910

122
250
506
1018
2042
4090

9.39¢-02 (0.77)
5.62¢-02 (0.74)
3.42¢-02 (0.71)
2.10e-02 (0.70)
1.30e-02 (0.69)
8.13¢-03 (0.69)

2.54¢-01 (0.46)
2.05e-01 (0.30)
1.76e-01 (0.23)
1.53e-01 (0.20)
1.32¢-01 (0.20)
1.14e-01 (0.21)

Q7™/* — largest angle 315°

Expected 0.57

0.08

4 1873
5 7329
—6 28993
7 115329
8 460033
9 1837569

154
314
634
1274
2554
5114

1.26e-01 (0.65)
8.19e-02 (0.62)
5.40e-02 (0.60)
3.59¢-02 (0.59)
2.40e-02 (0.58)
1.60e-02 (0.58)

5.99¢-01 (0.18)
5.48e-01 (0.13)
5.06e-01 (0.12)
4.67e-01 (0.12)
4.29¢-01 (0.12)
3.92e-01 (0.13)

Table 5.2: Numerical results for the unconstrained problem, piecewise linear controls.
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Figure 5.3: Optimal state (solid surface) and optimal control (boundary line) of the problem
from Example 5.4.1 with control constraints.

The numerically determined convergence rates are summarized in Table 5.3, and we observe
that the proven error estimates are not sharp. Both, the convergence rate for the discrete state
and the discrete control are approximately one, but the proven result from Theorem 5.3.6 is too
pessimistic.
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Convergence Rate

Table 5.3: Numerical results for the control-constrained problem from Example 5.4.2.

0.5

1V — Vullhi (o) (EOC)

|G — apll2ry (EOC)

Expected 0.80

0.60

h # DOF #DOF BD
Q°™/* — largest angle 225°
273 353 59
24 1345 123
25 5249 251
276 20737 507
27 82433 1019
28 328705 2043
279 1312769 4091

1.83e-01 (0.87)
9.67e-02 (0.92)
4.80e-02 (1.01)
2.35¢-02 (1.03)
1.15e-02 (1.03)
5.58e-03 (1.05)
2.49¢-03 (1.17)

4.34e-01 (0.37)
2.99¢-01 (0.54)
1.66e-01 (0.85)
8.30e-02 (1.00)
3.88e-02 (1.10)
1.79e-02 (1.12)
8.52¢-02 (1.07)

Q37/2 — largest angle 270°

Expected 0.67

0.33

-3 417
—4 1601
5 6273
6 24833
-7 98817
8 304241
9 1574913

58
122
250
506

1018
2042
4090

2.12e-01 (0.83)
1.13e-01 (0.91)
5.64e-02 (1.00)
2.77e-02 (1.03)
1.36e-02 (1.03)
6.57e-03 (1.05)
2.93e-03 (1.16)

4.73e-01 (0.33)
3.31e-01 (0.51)
1.91e-01 (0.79)
9.77¢-02 (0.97)
4.55¢-02 (1.10)
2.08e-02 (1.13)
1.03e-02 (1.02)

Q7™/4 — largest angle 315°

Expected 0.57

0.14

23 489
24 1873
25 7329
26 28993
277 115329
2-8 460033
279 1837569

74
154
314
634

1274

2554

5114

2.38¢-01 (0.83)
1.25¢-01 (0.92)
6.29¢-02 (1.00)
3.11e-02 (1.02)
1.54e-02 (1.02)
7.48¢-03 (1.04)
3.35¢-03 (1.16)

5.38¢-01 (0.35)
3.61e-01 (0.57)
2.02¢-01 (0.84)
1.01e-01 (1.01)
4.69e-02 (1.10)
2.17e-02 (1.11)
1.08e-02 (1.01)

o]

[o] D o

o] \\

g o T s
Theory Numerics e
unconstrained -
constrained =~ ---e-ee o
0.5 1 1.5
w/m

Figure 5.4: Theoretically predicted convergence rates from Theorems 5.2.8 and 5.3.6 compared
to the numerically computed rates obtained in Examples 5.4.1 and 5.4.2 in dependence of the
largest angle w of the domain 2.
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CHAPTER O

Outlook

The main results of this thesis are error estimates for the numerical approximation of both the
Neumann boundary value problem for the Yukawa equation, and Neumann boundary control
problems on domains having corners and edges. We have shown that the singularities that occur
reduce the convergence rate for the control approximation of the optimal control problems when
the corresponding singular exponents are smaller than 3/2. This is for instance the case when
the interior angle at an edge is larger than 120°. Moreover, we have observed that, as a remedy,
local mesh refinement can be applied and we derived bounds for the refinement parameter such
that optimal convergence is guaranteed.

The results obtained for three-dimensional problems are proven for the case that each edge
and corner is refined according to the same refinement parameter, i.e. we refined at each
singular point as strong as it is actually necessary for the singularity with the strongest influence.
Some edges and corners would be over-refined although it is not required. The reason why we
discussed only the very simple refinement criterion (3.56) is that the proof of the finite element
error on the boundary presented in Section 3.4 cannot be extended to more complex refinement
strategies without substantial modifications. An isotropic refinement strategy which allows to
use a different refinement parameter for each edge and corner is presented in [61] where error
estimates in H*(Q2) and L?(2) are proven. The local estimates derived Section 3.2 remain valid
for this strategy, but the proof of the error estimate in L2(I") requires major modifications. A
rather advanced strategy exploiting higher regularity of the derivative in the direction parallel
to singular edges is anisotropic mesh refinement. A construction of such meshes is presented
in [6] where error estimates in H'(S) are presented. Estimates in L2($2) using this strategy
are discussed in [5]. An extension of the results presented in this thesis seems to be more
complicated as some techniques we used to prove Theorem 3.4.14 are not valid when the family
of meshes is not locally quasi-uniform. In particular the local maximum norm estimate (3.106)
is an open problem for anisotropic meshes, but recently developed techniques which are used to
prove maximum norm estimates for parabolic partial differential equations from [59] could solve
this issue.
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In Chapter 5 we investigated the energy regularization approach for Neumann control problems
and restricted our considerations to two-dimensional polygonal domains. Possible extensions
of the results obtained in the present thesis are optimal error estimates for control-constrained
problems. In the numerical experiments we have observed a higher convergence rate than pre-
dicted in Theorem 5.3.6. When tracing through its proof we easily confirm that suboptimal
estimates were used in the steps (5.90) and (5.92). More precisely, instead of a local estimate
for the finite element error in LZ(QEQ) we used a global estimate in L2(Q) which is bounded by
h**—€. To the best of our knowledge it is not possible to derive an improved error estimate in
L2(Qp) on some subset Qg C €2, see also the inverse estimate in [39, Theorem 2.3].

Another open problem is the numerical analysis of the energy regularization approach for Neu-
mann boundary control problems on three-dimensional polyhedral domains. Possible choices for
the discrete control space which satisfy Assumption 3 are presented in [20, 22, 53]. The general
approach we used to prove estimates on polygonal domains can be applied also for polyhedral
domains when carefully outlining the influence of edge and corner singularities as we have done
for Neumann control problems in L2(I"). Moreover, it remains to derive error estimates for the
best-approximation of the discrete control space using the framework in weighted Sobolev spaces
developed in the present thesis.

In this thesis we considered only the case that the Laplace operator is the principal part of
the state equation. However, the techniques developed in this thesis are also applicable to
other types of partial differential equations where the structure of the singularities is known in
advance. Investigations on the asymptotic behavior of solutions already exist for problems of
linear elasticity where the Lamé operator is the leading differential operator, see e.qg. [77, 79].
The singular solutions in a vicinity of edges and corners are moreover known for the Stokes
problem [34] and the Maxwell equations [30]. For all these problems finite element error estimates
on the boundary have not been proved so far, but this is required in order to derive sharp error
estimates for the approximate solution of Neumann control problems involving these models.

Another interesting observation is that the refinement conditions we derived can be satisfied
for arbitrary singularities as A > 1/2 for the Yukawa equation with pure Neumann conditions.
However, in the presence of jumping coefficients or mixed boundary conditions there might also
occur singularities with smaller exponents A > 1/4. In the worst case the criterion u < 1/44+X/2
would then yield u = 3/8 which is a contradiction to the general assumption u > 1/3 we used
for the refinement of three-dimensional domains. Then, an optimal convergence with respect
to the number of degrees of freedom cannot be achieved. Investigating this behavior in detail
could also be subject of further research.
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L2(I") projection, 38

active set, 77, 115
adjoint equation, 77, 100
adjoint state, 77, 101
Aubin-Nitsche method, 43

Bramble-Hilbert-Lemma,
see Deny-Lions-Lemma

Céa-Lemma, 42, 53, 106

for variational inequalities, 121
Caccioppoli estimate

discrete, 71
Clément interpolant, 110
continuous operator, 100
control constraints, 75, 97
control-to-state mapping, 76, 98
convergence rate, 4

Deny-Lions-Lemma, 29
domain
polygonal, 12
polyhedral, 15
dual space, 8, 10
duality pairing, 10
dyadic decomposition, 55

embedding theorem
classical Sobolev spaces, 9

weighted Sobolev spaces, 20—-21

experimental convergence rate, 95

Fichera corner, 16
finite element
formulation, 26

mesh, 26
Fourier transformation, 13

Holder exponent, 8

Holder inequality, 8
discrete, 58

harmonic extension, 99

inf-sup condition,

see Ladyshenskaya-Babuska-

Brezzi condition
inner product, 8

Ladyshenskaya-Babuska-Brezzi condition, 105

Lagrange interpolant,

see nodal interpolant
Laplace operator, 2
Lax-Milgram-Theorem, 11

Mellin transformation, 12
midpoint interpolant, 39
multi index, 8

Neumann boundary condition, 7

Neumann boundary control problem, 75, 97

Neumann problem, 7
newest-vertex bisection, 46
nodal basis, 26
nodal interpolant, 30
norm
Sobolev-Slobodetskij, 9
weighted, 18, 19

operator norm, 10
optimal control problem, 75, 97
discrete, 80, 106
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optimality condition, 76, 100
optimality system, 77, 101
discrete, 80, 104

partial derivative, 8
postprocessing, 92

primal dual active set strategy, 94
projection formula, 77, 90, 92

quasi interpolant, 35

reference element, 27
reference transformation, 28
regular refinement, 52

Scott-Zhang interpolant,
see quasi interpolant
shape regular, 26

Signorini boundary conditions, 117

singular exponent, 42
corner, 14, 17
edge, 15
space
Holder, 8
Lebesgque, 8
Sobolev, 9
trace, 10
weighted Holder, 23
weighted Sobolev, 18
state equation, 75, 97
Steklov-Poincaré operator, 99
discrete, 105
strictly active, 116
supercloseness, 87

target functional, 75, 97
reduced, 76, 99
trace space of
classical Sobolev spaces, 10
weighted Sobolev spaces, 19
trace theorem, 10
triangulation, 26
graded, 45
locally refined, 46, 52—53
quasi-uniform, 42

V-elliptic, 100
variational discretization, 90

variational inequality, 76, 100, 114

weak derivative, 9
weak solution, 11

Young's inequality, 81

zero interpolant,
see midpoint interpolant
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