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Abstract
The relations between the actual flame curvature probability density function (PDF) evalu-
ated in three-dimensions and its two-dimensional counterpart based on planar measure-
ments have been analytically derived subject to the assumptions of isotropy and statistical 
independence of various angles and two-dimensional curvature. These relations have been 
assessed based on Direct Numerical Simulation (DNS) databases of turbulent premixed (a) 
statistically planar and (b) statistically axisymmetric Bunsen flames. It has been found that 
the analytically derived relation interlinking the PDFs of actual three-dimensional curva-
ture and its two-dimensional counterpart holds reasonably well for a range of curvatures 
around the mean value defined by the inverse of the thermal flame thickness for differ-
ent turbulence intensities across different combustion regimes. The flame surface is shown 
to exhibit predominantly two-dimensional cylindrical curvature but there is a significant 
probability of finding saddle type flame topologies and this probability increases with 
increasing turbulence intensity. The presence of saddle type flame topologies affects the 
ratios of second and third moments of two-dimensional and three-dimensional curvatures. 
It has been demonstrated that the ratios of second and third moments of two-dimensional 
and three-dimensional curvatures cannot be accurately predicted based on two-dimensional 
measurements. The ratio of the third moments of two-dimensional and three-dimensional 
curvatures remains positive and thus the qualitative nature of curvature skewness can still 
be obtained based on two-dimensional curvature measurements. As the curvature skewness 
is often taken to be a marker of the Darrius-Landau instability, the conclusion regarding 
the presence of this instability can potentially be taken from the two-dimensional curvature 
measurements.
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1 Introduction

The statistics of flame curvature are fundamentally important for the physics of turbulent 
premixed flame propagation (Poinsot and Veynante 2001) and from the point of view of 
the development of models (Bradley et  al. 2003; Hawkes and Cant 2000; Chakraborty 
and Cant 2007). It is well-known that the flame curvature affects the local flame displace-
ment speed in turbulent premixed combustion (Peters et al. 1998; Chakraborty and Cant 
2004; Chakraborty 2007). Moreover, the presence of the flame curvature induces addi-
tional stretch rate which plays a key role in determining the evolutions of Flame Surface 
Density (FSD) (Chakraborty and Cant 2007, 2009) and Scalar Dissipation Rate (SDR) 
(Chakraborty et al. 2011a) in the context of turbulent premixed combustion modelling. It 
was suggested in the premixed combustion literature that the negative skewness of the cur-
vature probability density function (PDF) can be a marker of the Darrieus-Landau type 
instability in turbulent premixed flames (Creta et al. 2016; Klein et al. 2018a). From the 
foregoing it can be appreciated that the distribution of curvature is an important quantity 
for experimental measurements (Shepherd and Ashurst 1992; Shy et  al. 2000; Shepherd 
and Cheng 2001; Chen and Bilger 2002; Lachaux et al. 2005; Gashi et al. 2005; Anselmo-
Filho et  al. 2009; Renou et  al. 1998). In experimental diagnostics of turbulent premixed 
combustion, flame location and flame wrinkling are usually measured by Rayleigh scatter-
ing, Planar Laser Induced Fluorescence (PLIF) and tomography of small vaporising drop-
lets (Shepherd and Ashurst 1992; Shy et al. 2000; Shepherd and Cheng 2001; Chen and 
Bilger 2002; Lachaux et  al. 2005; Gashi et  al. 2005; Anselmo-Filho et  al. 2009; Renou 
et al. 1998). However, to date, most experimental measurements of curvature depend upon 
two-dimensional measurements (Shepherd and Ashurst 1992; Shy et  al. 2000; Shepherd 
and Cheng 2001; Chen and Bilger 2002; Lachaux et al. 2005; Gashi et al. 2005; Anselmo-
Filho et al. 2009; Renou et al. 1998). Although it has been demonstrated through previous 
Direct Numerical Simulation (DNS) data that even though the flame surface predominantly 
shows two-dimensional cylindrical curvature, the relative alignment of the approximately 
cylindrical surface with the measurement plane at the time of measurement cannot be 
ascertained. As a result, two-dimensional measurements of curvature may not offer true 
reflection of the actual flame curvature evaluated in three-dimensions, and this was dem-
onstrated previously based on DNS data (Chakraborty et al. 2011b). It is now possible to 
conduct three-dimensional measurements of the relevant quantities at the intersection lines 
of two intersecting planes (Steinberg and Driscoll 2009; Chen et al. 2007; Shy et al. 1999), 
and from liquid autocatalytic reaction fronts (Knaus et al. 2005). These methods are still 
extremely expensive, and two-dimensional measurements are expected to be the widely 
used methodology in the foreseeable future. For this purpose, a correction methodology 
which approximates the probability density functions (PDFs) of the actual flame curva-
ture in three-dimensions from the PDFs of curvature measured in two-dimensions will be 
beneficial for the purpose of application of experimental measurements from the point of 
view of model development and assessment (Bradley et al. 2003; Hawkes and Cant 2000; 
Chakraborty and Cant 2004, 2007; Echekki and Chen 1996; Peters et al. 1998; Chakraborty 
2007). This aspect has been addressed in this paper by deriving an analytical expression 
which relates the PDFs of two-dimensional curvature with the PDFs of actual flame curva-
ture under certain assumptions (e.g., isotropy of the flame normal vector). The applicabil-
ity of the analytically derived expression to relate the PDFs of two-dimensional and three-
dimensional (i.e.,  actual) curvatures has been assessed by considering three-dimensional 
Direct Numerical Simulation (DNS) databases of turbulent premixed statistically planar 
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and axisymmetric Bunsen flames. This DNS data has been utilised to directly evaluate the 
flame curvature in three-dimensions, whereas the two-dimensional curvature is evaluated 
based on scalar distributions on two-dimensional planes containing the mean direction of 
flame propagation. In this regard, the main objectives of this paper are: (1) to present a 
theoretical framework which enables extraction of the PDFs of actual curvature evaluated 
in three-dimensions from the PDFs of the curvature extracted from two-dimensional meas-
urements, (2) to assess the applicability of the theoretical framework by extracting flame 
curvatures in both two- and three-dimensions from DNS data of statistically planar flames 
and Bunsen flames for a range of different turbulence intensities and combustion regimes.

2  Mathematical background

The mean value of two principal curvatures (i.e., �1 and �2 ) is commonly referred to as 
flame curvature, which is defined as:

where N⃗ is the flame normal vector. The flame normal vector N⃗ is defined as: 
N⃗ = −∇c∕|∇c| , where c is the reaction progress variable which increases monotoni-
cally from 0.0 in the unburned gas to 1.0 in fully burned products. The reaction pro-
gress variable c can be defined in terms of a suitable species mass fraction Ym as: 
c =

(
Ym0 − Ym

)
∕
(
Ym0 − Ym∞

)
 with subscripts 0 and ∞ representing the values in pure reac-

tants and fully burned products, respectively. The evaluation of �m depends on the evalua-
tion of all three components of ∇c (i.e. �c∕�x1 , �c∕�x2 , �c∕�x3 ) but all of these components 
are not available in two-dimensional measurements. For the subsequent discussion, it is 
important to refer to Fig. 1 where the brown surface is considered to represent the flame 
surface, whereas the measurement surface and tangent plane passing through point A are 
shown in blue and grey colours, respectively. The angles and coordinate systems without 
the obstruction of the flame surface are shown in Fig. 1b.

The laboratory coordinate system (shown with red arrows) is represented by the 
orthogonal system b⃗ such that the b1 − b2 plane is the measurement plane and   ���⃗b3 is the 
out of plane direction. The distances in ���⃗b1 and ���⃗b2 directions are given by yb1 and yb2 and 
� is the angle between the flame normal vector N⃗ and the measurement plane. Based on 
�c∕�yb1 and �c∕�yb2 , it is possible to obtain the two-dimensional curvature in the following 
manner:

Consider a second point A′ within a small distance of A located on the magenta 
intersecting line. If  h3 is the height of A′ above the tangent plane (see Fig.  1b), it can 
be shown that (Hawkes et al. 2011; Veynante et al. 2010; Chakraborty and Hawkes 2011; 
Chakraborty et al. 2013; Wang et al. 2021):

(1)𝜅m = 0.5
(
𝜅1 + 𝜅2
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= 0.5∇ ⋅ N⃗
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where ye1 and ye2 are distances in the principal directions  ��⃗e1 and ��⃗e2 corresponding to 
principal curvatures �1 and �2 in the tangent plane at the point A . Figure 1 suggests that the 
measured height h2 above the tangent t1 in the two-dimensional plane can be expressed as 
(Hawkes et al. 2011; Veynante et al. 2010; Chakraborty and Hawkes 2011; Chakraborty 
et al. 2013; Wang et al. 2021):

Here t1 and t2 is an orthogonal coordinate system in the tangent plane such that t1 lies 
both in the measurement and tangent plane. If the angle between t1 and e1 is taken to be 

(4)h2 cos� = h3

Fig. 1  a Flame surface, tangent 
plane and measurement plane b 
Coordinates and reference frames 
used in this analysis
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� , it is possible to write the distances ye1 and ye2 as (Hawkes et al. 2011; Veynante et al. 
2010; Chakraborty and Hawkes 2011; Chakraborty et al. 2013; Wang et al. 2021):

where yt1 and yt2 are the distances in the t⃗  coordinate system. Using Eqs. (2)–(5), it is pos-
sible to write the following relation for k2 = 0.5�2h2∕�y

2
t1
 (Hawkes et al. 2011; Veynante 

et al. 2010; Chakraborty and Hawkes 2011; Chakraborty et al. 2013; Wang et al. 2021):

Taking derivative on both sides yields:

By considering �, � and k2 statistically independent, it is possible to express the joint 
PDF of �, � and k2 (i.e. P

(
�, �, k2

)
 ) as P

(
�, �, k2

)
= P(�)P(�)P

(
k2
)
 , which upon multi-

plying both sides of Eq. (7) yields:

It is possible to assume an isotropic distribution of � if the probability of finding 
an angle � within the differential change of angle d� is assumed to be proportional 
to the area swept on a unit sphere defining all possible orientations of flame normal 
vector N⃗ . Therefore, the PDF of � is assumed as (Hawkes et al. 2011; Veynante et al. 
2010; Chakraborty and Hawkes 2011; Chakraborty et  al. 2013; Wang et  al. 2021): 
P(�) = (cos�)∕2 . A uniform distribution was assumed for � in previous studies (Hawkes 
et  al. 2011; Veynante et  al. 2010; Chakraborty and Hawkes 2011; Chakraborty et  al. 
2013; Wang et al. 2021), which alongside Eq. (8) yields:

It is worth noting the other terms on the right hand side of Eq. (8) do not appear in 

Eq.  (9) because 
�=�∕2∫

�=−�∕2

(sin� cos�)d� = 0 and 
�=�∫

�=−�

(sin 2�)d� = 0 . It is worth noting 

that the expressions of P(�) = (cos�)∕2 and P(�) = 1∕2� are used here based on the 
assumed isotropic distribution of the flame normal vector N⃗ for the purpose of 
simplification of the mathematical derivation. These assumptions were made in several 
previous studies (Hawkes et  al. 2011; Veynante et  al. 2010; Chakraborty and Hawkes 
2011; Chakraborty et al. 2013; Wang et al. 2021) which proposed correction factors for 
the planar measurements of the FSD and scalar dissipation rate transport equations to 
obtain their actual three-dimensional counterparts. On top of these assumptions, 

(5)ye1 = yt1 cos � + yt2 sin � and ye2 = −yt1 sin � + yt2 cos �

(6)2k2(cos�) = �1(cos
2 �) + �2(sin

2 �)

(7)2dk2(cos�) =
[
d�1(cos

2 �) + d�2(sin
2 �) + 2k2(sin�)d� +

(
�2 − �1

)
(sin 2�)d�

]

(8)

2(cos�)P(�)P(�)P
(
k2
)
dk2 =[d�1(cos

2 �) + d�2(sin
2 �)

+ 2k2(sin�)d� +
(
�2 − �1

)

(sin 2�)d�]P(�)P(�)P
(
k2
)

(9)

∞

∫
−∞

�=�
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cos2 �P(�)P
(
k2
)
d�d�dk2 =
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∞

∫
−∞
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statistical independence is assumed for �, � and k2 (i.e. P
(
�, �, k2

)
= P(�)P(�)P

(
k2
)
 ) for 

the sake of obtaining a derivation of a simple analytical expression relating P
(
k2
)
 and 

P
(
�m

)
.

Using 
�=�∕2∫

�=−�∕2

cos2 �d� = �∕2 ,  
�=�∫

�=−�

(cos2 �)∕2�d� = 1∕2 and 
�=�∫

�=−�

(sin2 �)∕2�d� = 1∕2 , it is possible to obtain:

Equation (10) suggests:

A correction factor for the two-dimensional curvature PDF similar to Eq. (11) was pre-
viously empirically used in Refs. (Chakraborty et al. 2011b; Wang et al. 2021) but no theo-
retical justification was provided. The above derivation provides the theoretical justifica-
tion for a relation between the PDFs of actual flame curvature and its two-dimensional 
counterpart for the first time. Moreover, it is worth investigating if Eq.  (11) is sufficient 
to predict the higher moments of curvature based on two-dimensional measurements. In 
order to assess this aspect, Eqs.  (6) and (11) are used along with P(�) = (cos�)∕2 and 
P(�) = 1∕2� to yield:

Equations (12i) and (12ii) can be rewritten as:

where 
∞∫

−∞

�2
m
P
(
�m

)
d�m = �2

m
 and 

∞∫
−∞

�3
m
P
(
�m

)
d�m = �3

m
 . It has been demonstrated in 

previous analyses (Chakraborty and Cant 2006; Cifuentes et al. 2019; Chakraborty et al. 
2020) that the premixed flame surface shows significant probability of saddle type (i.e., 
𝜅1𝜅2 < 0 ) flame topology and thus k2

2
∕�2

m
 and k3

2
∕�3

m
 are expected to assume values greater 

than 9∕16 = 0.5625 and 5∕3� = 0.5305 , respectively.

(10)

∞
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3  Numerical implementation

The validity of Eq. (11) is assessed in this paper based on existing three-dimensional DNS 
databases of statistically planar (Ahmed et  al. 2019a, b, 2021) and statistically axisym-
metric Bunsen (Klein et al. 2018a, b; Chakraborty et al. 2019) turbulent premixed flames. 
A single step Arrhenius type irreversible chemical reaction is considered for these simu-
lations. This simplification of chemistry allows for an extensive parametric analysis. As 
the mathematical derivation in Sect.  2 is independent of the choice of chemical mecha-
nism, the simplification of chemistry is not expected to play a key role in the assessment 
of the expressions given by Eqs. (11) and (13). It was demonstrated in a recent analysis 
(Keil et al. 2021) that the PDFs of tangential diffusion component of displacement speed 
(i.e. St = −2D�m where D is the reaction progress variable diffusivity) for both simple and 
detailed chemistry DNS are both qualitatively and quantitatively similar. As D does not 
vary significantly for a given value of c , the qualitative and quantitative similarities of St 
PDFs imply the same for the PDFs of curvature �m . Therefore, the outcomes of simple 
chemistry DNS based assessments of curvature statistics are expected to hold for detailed 
chemistry simulations.

The simulations have been conducted using the compressible DNS code 
SENGA + (Klein et al. 2018a, b; Ahmed et al. 2019a, b, 2021; Chakraborty et al. 2019; Keil 
et  al. 2021; Jenkins and Cant 1999) where the conservation equations of mass, momen-
tum, energy, and species are solved in non-dimensional form. All the spatial derivatives in 
SENGA + are approximated using a 10th order central difference scheme for the internal 
grid points, but the order of accuracy gradually drops to a one-sided 2nd order scheme at 
the non-periodic boundaries. The temporal advancement is carried out using an explicit 
3rd order Runge–Kutta scheme. The Navier–Stokes Characteristic Boundary Conditions 
(NSCBC) (Poinsot and Lele 1992) have been used to specify turbulent inflow and partially 
non-reflecting outflow boundaries in the direction of mean flame propagation (here taken 
to be the x1-direction) and transverse boundaries (i.e., x2 and x3 directions) are considered 
to be periodic for statistically planar turbulent premixed flames. The mean inlet veloc-
ity  Umean for statistically planar flames is gradually modified to match the turbulent flame 
speed to ensure a statistically stationary state of the flame. The simulation domain for sta-
tistically planar turbulent premixed flames is taken to be 79.5�th ×

(
39.8�th

)2 , which is dis-
cretised by a uniform Cartesian grid of 800 × 400 × 400 with �th =

(
Tad − T0

)
∕max |∇T|L 

being the thermal flame thickness where T , T0 and Tad are the dimensional temperature, 
unburned gas temperature and the adiabatic flame temperature, respectively. The root-
mean-square turbulent velocity fluctuation normalised by the unstrained laminar burn-
ing velocity u�∕SL , integral length scale to thermal flame thickness ratio l∕�th are listed in 
Table 1 along with the values of Damköhler number Da = lSL∕u

��th and Karlovitz number 
Ka =

(
u�∕SL

)3∕2(
l∕�th

)−1∕2 . The statistically planar flame cases considered in this analysis 
are shown on the Borghi-Peters diagram (Peters 2000) in Fig. 2, which reveals that these 
cases range from the corrugated flamelets regime to the thin reaction zones regime and rep-
resent a wide range of turbulence intensities. A bandwidth filtered forcing method (Klein 
et al. 2017) in physical space has been employed for the unburned gas forcing ahead of the 
flame, which maintains the prescribed turbulence intensity u�∕SL and the desired value of 
l∕�th . The total simulation time for all statistically planar flame cases remains greater than 
one throughpass time and at least 10 eddy turnover times (i.e., 10l∕u� ) to ensure a statisti-
cally steady state in all cases. Interested readers are referred to Chakraborty et al. 2020; 
Ahmed et al. 2019a) for further information on this dataset.
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For the turbulent premixed Bunsen flame configuration, the axial direction is taken 
to align with x1-direction. All the boundaries apart from the inlet are taken to be par-
tially non-reflecting and are specified using the NSCBC technique (Poinsot and Lele 
1992). A mean velocity distribution with a hyperbolic tangent like profile is specified 
on the inlet. Turbulent velocity fluctuations are then superimposed on this mean profile 
by generating velocity fluctuations using a modified version (Chakraborty et al. 2019) of 
the method suggested in Klein et al. (2003), replacing the Gaussian filter with an autore-
gressive AR1 process in the axial direction. The reacting scalars have been initialised 
with an unstrained premixed laminar flame solution having the form of a hemisphere 
with its centre coinciding with that of the inlet. The reaction progress variable c within 

Table 1  The attributes of the DNS databases considered for this analysis

The first character to the names used in previous papers (Klein et  al. 2018a; Ahmed et  al. 2019a; 
Chakraborty et al. 2019) and P and B refer to statistically planar and Bunsen premixed flames, respectively

Statistically planar flame cases

Cases u�∕S
L

l∕�
th

Da Ka Regime

AP ( P∕P
0
= 1.0) 1.0 3.0 3.0 0.58 Corrugated flamelets

CP ( P∕P
0
= 1.0) 5.0 3.0 0.6 6.5 Thin reaction zones

EP 
(
P∕P

0
= 1.0

)
10.0 3.0 0.3 18.3 Thin reaction zones

Bunsen burner cases with U
B
∕S

L
= 6.0

Cases u
�

inlet
∕S

L
l∕�

th
Da Ka Regime

AB 
(
P∕P

0
= 1.0

)
1.0 5.20 5.0 0.45 Wrinkled/Corrugated flamelets

CB 
(
P∕P

0
= 10.0

)
1.0 16.13 16.13 0.25 Wrinkled/Corrugated flamelets

DB 
(
P∕P

0
= 1.0

)
3.10 5.20 1.67 2.40 Thin reaction zones

Fig. 2  The cases considered 
on the Borghi-Peters regime 
diagram
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the nozzle is taken to be 0.0, whereas the reaction progress variable c outside the noz-
zle on the inlet boundary plane is taken to be 1.0. No pilot flame is explicitly simulated 
and can be considered to be placed upstream of the nozzle. The same approach was 
previously adopted by Poinsot et  al. (1992) and Sankaran et  al. (2007) for their DNS 
of premixed Bunsen flames. The computational domain is taken to be a cube with each 
side equalling to 2dn where dn is the diameter of the nozzle, which is discretised using a 
uniform Cartesian grid of dimension 250 × 250 × 250 for Bunsen flames at atmospheric 
pressure (i.e. P∕P0 = 1.0 ), whereas a grid of size 795 × 795 × 795 is used for the Bun-
sen flame at the elevated pressure (i.e. P∕P0 = 10.0 ). For the thermochemistry used for 
Bunsen flame configuration, the domain size for P∕P0 = 1.0 ( P∕P0 = 10.0 ) cases cor-
responds to 50�th × 50�th × 50�th ( 159�th × 159�th × 159�th ). The normalised mean inflow 
velocity UB∕SL , normalised root-mean-square inlet velocity u�

inlet
∕SL and normalised 

integral length scale of turbulence ( l∕�th ) are listed along with inlet values of Damköhler 
number Da = lSL∕u

�

inlet
�th and Karlovitz number Ka =

(
u
�

inlet
∕SL

)1.5(
l∕�th

)−0.5 in Table 1. 
These cases are also shown in Fig. 2, which reveals that these Bunsen flame cases also 
range from the corrugated flamelets regime to the thin reaction zones regime on Borghi-
Peters regime diagram (Peters 2000). The flame height remains smaller than 2dn for all 
cases (e.g. the highest flame height is obtained for case AB, which is about 1.5dn ) and 
all boundaries other than the inlet plane are taken to be partially non-reflecting so the 
domain length is not expected to influence the results considered here. All statistics pre-
sented in this paper for Bunsen flames are recorded after at least two flow through and 
two initial eddy turnover times. Interested readers are referred to Klein et al. (2018a, b); 
Chakraborty et al. (2019) for further information on this database.

For all cases, the heat release parameter is taken to be � =
(
Tad − T0

)
∕T0 = 4.5 . 

Standard values are taken for Prandtl number (i.e., Pr = 0.7 ), Zel’dovich number (i.e., 
� = Tac

(
Tad − T0

)
∕T2

ad
= 6.0 with Tac being the activation temperature) and the ratio of 

specific heats (i.e., � = 1.4 ). The grid spacing ensures resolution of both �th and the Kol-
mogorov length scale � . It has been found that both the laminar burning velocity and 
thermal flame thickness did not change appreciable (< 1%) by reducing the grid spacing 
by a factor of 2. Therefore, it can be expected that the curvature statistics are adequately 
resolved in these simulations. It has also been ensured that the flames in all cases remain 
sufficiently away from the domain boundaries, so no uncertainty/error affects the curvature 
statistics extracted from DNS data due to the domain size.

4  Results and discussion

The instantaneous isosurfaces of c for all cases in Table  1 are shown in Fig.  3, which 
indicates that the flame morphology changes, and the flame becomes increasingly wrin-
kled with increases in turbulence intensity u�∕SL (for both statistically planar and Bunsen 
flame cases) and thermodynamic pressure (for Bunsen flame cases). This is reflected in the 
increases in both turbulent burning velocity and flame surface area and these variations 
have been presented elsewhere (Ahmed et al. 2019a; Chakraborty et al. 2019) and thus are 
not repeated here. The PDFs of the normalised curvature �m × �th for the c = 0.8 isosur-
face for cases AP, CP and EP are exemplarily shown in Fig. 4, respectively along with the 
PDFs of the corresponding normalised two-dimensional curvature k2 × �th . The maximum 
reaction rate for the present thermo-chemistry is obtained for c ≈ 0.8 and thus the c = 0.8 
isosurface can be taken to be the flame surface. In this paper, the values of curvature from 



800 Flow, Turbulence and Combustion (2022) 109:791–812

1 3

the neighbourhood grid points of the c = 0.8 isosurface are interpolated to obtain �m and k2 
values at c = 0.8 and about 50 bins are kept within the range given by 1 ≥ �m × �th ≥ −1 
and 1 ≥ k2 × �th ≥ −1 for constructing the PDFs. The two-dimensional curvature k2 for the 
statistically planar flames is evaluated using the contours of c = 0.8 in x1 − x2 and x1 − x3 
planes using Eq.  (2), and the results obtained in x1 − x2 and x1 − x3 planes are ensemble 
averaged because these two planes are statistically equivalent. In fact, the PDFs of k2 × �th 
obtained from x1 − x2 planes are almost identical to that evaluated using x1 − x3 planes and 
thus are not explicitly shown here. The two-dimensional curvature statistics for cases AB, 
CB and DB are taken from midplanes containing the x1-direction, which are statistically 
equivalent to each other. It is worth noting that the mean value of two-dimensional cur-
vature in the statistically equivalent midplanes for cases AB, CB and DB remains small. 
Therefore, the statistics for the Bunsen cases AB, CB and DB are shown in Fig. 4 for nor-
malised curvature fluctuations with respect to the mean values (which are evaluated by 

Fig. 3  Isosurfaces of c in a–c cases AP, CP, EP and d–f AB, CB, DB under quasi-stationary state
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averaging in time and also in the azimuthal direction) for the purpose of comparison with 
the statistically planar flame cases. Therefore, �m and k2 will henceforth be understood as 
the three-dimensional curvature fluctuations and its corresponding two-dimensional evalu-
ation only for turbulent Bunsen flame cases (i.e., cases AB, CB and DB).

It can be seen from Fig. 4 that the PDFs of �m × �th and k2 × �th peak around zero val-
ues and exhibit significant skewness for small values of u�∕SL in the planar flame case 
(e.g., case AP) and also for the high pressure Bunsen fame case (e.g., case CB), but the 
PDFs become increasingly symmetric with increasing turbulence intensity and also with a 
decrease in thermodynamic pressure for the Bunsen flame cases. The negative skewnesses 
in cases  AP  and  CB arise due to Huygens propagation and Darrieus-Landau instability 
respectively, and interested readers are referred to Klein et al. (2018a); Chakraborty et al. 
(2019) for further information. However, the PDFs of both �m × �th and k2 × �th  indi-
cate vanishingly small mean values for all cases, which is consistent with the geometry 
of the statistically planar flames and curvature fluctuation definition for Bunsen flames. 
It is evident from Fig. 4 that the PDFs of normalised two-dimensional curvature k2 × �th 
exhibit sharper peaks and smaller spread in comparison to the corresponding PDFs of the 

Fig. 4  PDFs of �m × �th , k2 × �th and k3D × �th = k2 × �∕2 × �th on the c = 0.8 isosurface for all cases in 
linear scale
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normalised three-dimensional curvature �m × �th , which is consistent with previous find-
ings (Chakraborty et al. 2011b). These results are also valid for other c isosurfaces across 
the flame front for all cases considered (not shown here). In order to explain this behaviour, 
it is useful to consider the statistical distribution of the curvature shape factor sh , which is 
defined as �min∕�max , where �min is the smaller of �1 and �2 by magnitude and  �max is the 
other. The shape factor sh = 1.0 corresponds to spherical curvatures, whereas sh = −1.0 
indicates spherical saddle points. The shape factor of sh = 0.0 corresponds to locally cylin-
drical two-dimensional surfaces. It is worth noting that the joint PDFs of �m = 0.5

(
�1 + �2

)
 

and Gauss curvature �1�2 for c isosurfaces have been found to be qualitatively similar to 
that presented elsewhere (Cifuentes et al. 2019) and thus are not repeated here.

The PDFs of sh for the c = 0.8 isosurface for the selected cases are shown in Fig.  5, 
which shows that the probability of finding spherical curvature (i.e., sh = 1.0 ) is vanish-
ingly small in all cases. Moreover, the PDFs of sh in all cases peak at sh = 0.0 indicating 
the predominance of the two-dimensional locally cylindrical surfaces. There is a significant 
probability of finding saddle type flame topologies (i.e. sh < 0 ), which is also consistent 
with previous findings based on simple (Chakraborty and Cant 2006) and detailed chem-
istry (Chakraborty et al. 2020) DNS. Considering the predominance of locally cylindrical 
flame surface, it can be expected that the intersection of the measurement plane with a 
cylindrical surface gives rise to elliptic sections with radius of curvatures larger than the 
radius of the cylinder, which ultimately yields a higher probability of finding small curva-
ture magnitudes for two-dimensional measurements. This, in turn, yields a higher maxi-
mum value of the PDF of k2 than that of �m , as demonstrated in Fig.  4. However, it is 
possible to have large magnitudes of k2 in the limit of � = ±�∕2 , and therefore the PDFs 
of k2 show both long positive and negative tails (see later in Fig. 6). Thus, the actual distri-
bution of the flame curvature �m  cannot be obtained from the two-dimensional curvature 
measurements. Based on Eq. (11) it is possible to define a transformed three-dimensional 
equivalent curvature k3D from k2 as:

Figure  4 shows that the PDFs of k3D = k2 × �∕2 satisfactorily capture the maximum 
values of the PDFs of �m according to the transformation suggested by Eq. (11) and cap-
ture the general shape of the PDFs of �m better than the PDFs of k2 . The same behaviour 
is obtained for different c isosurfaces across the flame for all cases considered here (not 
shown for brevity). However, there are some mismatches between the widths of the PDFs 
of k3D and �m . It can be seen from Fig. 6 that there is a considerable mismatch at the tails of 

(14)k3D = k2 × �∕2

Fig. 5  PDFs of curvature shape 
factor sh on the c = 0.8 isosurface 
for all cases
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the PDFs of k3D and �m , which cannot be ignored. This behaviour is not completely unex-
pected because of assumptions (e.g., P

(
�, �, k2

)
= P(�)P(�)P

(
k2
)
 and the presumed distri-

butions of P(�) and P(�) ) made while deriving Eq. (11). In order to assess these assump-
tions, the PDFs of � and � are compared to their presumed distributions for the c = 0.8 
isosurface in Fig. 7a and b, respectively, exemplarily for cases AP and EP. It can be seen 
from Fig. 7a and b that the PDFs of � and � (i.e. P(�) and P(�) ) show reasonable agree-
ment with the presumed distributions (i.e. P(�) = (cos�)∕2  and P(�) = 1∕2� ) for iso-
tropic distribution of the orientation of N⃗  in case EP. By contrast, P(�) and P(�) extracted 
from DNS data exhibit significant quantitative differences from the presumed distributions 
(i.e. P(�) = (cos�)∕2  and P(�) = 1∕2� ) in case AP. This suggests that the isotropic rela-
tions given by P(�) = (cos�)∕2  and  P(�) = 1∕2� hold more satisfactorily for higher val-
ues of u�∕SL , which is consistent with previous findings (Chakraborty and Hawkes 2011; 
Chakraborty et al. 2013) and the distributions of P(�) and P(�) reported by Wang et al. 
(2021). The same qualitative behaviour has been observed for other c-isosurfaces in cases 
AP and EP. The Bunsen cases mostly resemble with case AP and thus these results are 

Fig. 6  PDFs of �m × �th , k2 × �th and k3D × �th = k2 × �∕2 × �th on the c = 0.8 isosurface for all cases in 
semi-log scale
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not explicitly shown here, but the level of agreement with the presumed distributions of 
P(�) and P(�) with DNS data increases from AB to DB. A monotonic trend from case 
AP to EP is observed for the statistically planar flame cases, as u�∕SL increases. The joint 
PDF contours of � and � (i.e. P(�, �) ) for the c = 0.8 isosurface are shown in Fig. 7c and 
d for cases AP and EP, respectively. It can be seen from Fig. 7c and d that the correlation 

Fig. 7  PDFs of a � and b � along with their presumed distributions (i.e. P(�) = (cos�)∕2  and 
P(�) = 1∕(2�) for the c = 0.8 isosurface. Distributions of P(�, �) , P(�) ⋅ P(�) and P(�, �)∕[P(�) ⋅ P(�) ] for 
the c = 0.8 isosurface for cases c AP and d EP
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between � and � remains weak (e.g. correlation coefficient is of the order of 0.01), which is 
consistent with previous findings of Veynante remains weak (e.g. correlation coefficient is 
of the order of 0.01), whichis consistent with previous findings of Veynante et al. (2010); 
Hawkes et al. (2011) and Wang et al. (2021). Figure 7c and d also show the correspond-
ing distributions of P(�) ⋅ P(�) and P(�, �)∕[P(�) ⋅ P(�) ], which exhibit that P(�) ⋅ P(�) 
reasonably captures the qualitative behaviour of P(�, �) . Moreover, P(�, �)∕[P(�) ⋅ P(�) ] 
remains of the order of unity at most locations within the � − � space and this situation 
is more prevalent for higher turbulence intensity cases. These findings are consistent with 
previous findings of Veynante et al. (2010); Hawkes et al. (2011) and Wang et al. (2021). 
Once again, the findings from Fig. 7c and d also hold for other c isosurfaces and also for 
other cases with an increasing probability of obtaining P(�, �)∕[P(�) ⋅ P(�)] ≈ 1.0 with 
an increase in u�∕SL . Finally, the joint PDF contours of k2�th,� and � (i.e. P(�, �, k2�th ) 
for the c = 0.8 isosurface for cases AP and EP are shown in Fig. 8 for � = 0o alongside 
the distributions of P(�) ⋅ P(�) ⋅ P

(
k2�th

)
 and P

(
�, �, k2�th

)
∕
[
P(�) ⋅ P(�) ⋅ P

(
k2�th

)]
 . It 

is worthwhile to note that these distributions are qualitatively similar for other c-isosur-
faces for not only cases AP and EP but also for other cases. Figure 8 suggests that �,� and 
k2�th are weakly correlated with each other (i.e. correlation coefficients are of the order 
of 0.001) and P(�) ⋅ P(�) ⋅ P

(
k2�th

)
  captures the qualitative behaviours of P

(
�, �, k2�th

)
 . 

Moreover, it is evident from Fig.  8 that P
(
�, �, k2�th

)
∕
[
P(�) ⋅ P(�) ⋅ P

(
k2�th

)]
 remains 

close to unity at most locations in the k2 − � − � space. It is worthwhile to note that a weak 
correlation does not necessarily guarantee statistical independence but the order of unity 
values of P(�, �)∕[P(�) ⋅ P(�)] and P

(
�, �, k2�th

)
∕
[
P(�) ⋅ P(�) ⋅ P

(
k2�th

)]
 inspire confi-

dence in terms of validity of statistical independence between k2,� and � , as a first-order 
approximation.

It is worthwhile to note that the joint PDFs P(�, �) and P
(
�, �, k2�th

)
 are often 

noisy (not only in this study but also in Chakraborty et  al. (2013); Wang et  al. (2021)), 
which can also potentially affect the distributions of P(�, �)∕[P(�) ⋅ P(�)] and 
P
(
�, �, k2�th

)
∕
[
P(�) ⋅ P(�) ⋅ P

(
k2�th

)]
 presented in Figs.  7 and 8. The information 

extracted from Figs. 7 and 8 reveals that the inaccuracy in the parameterisation of P(�) and 
the local discrepancies between P(�, �) and P(�) ⋅ P(�) , and also between P

(
�, �, k2�th

)
 

and P(�) ⋅ P(�) ⋅ P
(
k2�th

)
 contributes to the discrepancies between the prediction of 

Eq. (11) and �m PDFs extracted from DNS data. More information in different configura-
tions will be needed to propose better parameterisations of P(�),P(�, �) and P

(
�, �, k2�th

)
 , 

which is beyond the scope of the current analysis but will need further work.
The differences between the PDFs of �m and k3D can lead to differences between 

k2
3D

= (�∕2)2 × k2
2
  and �2

m
 , and also between k3

3D
= (�∕2)3 × k3

2
 and �3

m
 . The ratios 

p2 = k2
2
∕�2

m
  and p3 = k3

2
∕�3

m
 for c = 0.1, 0.5 and 0.9 are shown in Fig. 9 for all cases con-

sidered here. It is important to note that the mean values (i.e., first moments) of k2 and �m 
assume individually vanishingly small values, and thus their ratio does not offer any physi-
cal information and only shows numerical noise. Thus, the ratio of the mean values (i.e., 
first moments) of k2 and �m will not be discussed further in this paper. It is evident from 
Fig. 9 that p2 = k2

2
∕�2

m
  remains greater than 9∕16 = 0.5625 , which can be obtained accord-

ing to Eq. (12i) if there is a significant probability of obtaining saddle type curvatures (i.e. 
𝜅1𝜅2 < 0 or sh < 0 ). It has already been shown in Fig.  5 that there is a significant prob-
ability of obtaining saddle type curvatures (i.e., 𝜅1𝜅2 < 0 or sh < 0 ) and this contributes to 
p2 = k2

2
∕𝜅2

m
> 0.5625 . Conversely, a value of p2 = k2

2
∕�2

m
= 0.5625 is obtained if the flame 

only exhibits cylindrical curvatures (i.e., a delta PDF of sh with an impulse at sh = 0).
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Figure 9 also indicates that p3 = k3
2
∕�3

m
 assumes positive values in all cases, which sug-

gests that the skewness of the PDF of k3D = k2 × �∕2 will be able to provide the correct 
qualitative trend regarding the skewness of the curvature �m PDF. This aspect is particu-
larly important because the negative skewness of �m is often taken to be a marker of the 

Fig. 8  Distributions of P
(
�, �, k2�th

)
 , P(�) ⋅ P(�) ⋅ P

(
k2�th

)
 and P

(
�, �, k2�th

)
∕[P(�) ⋅ P(�) ⋅ P

(
k2�th

)
 ] for 

the c = 0.8 isosurface for � = 0o in cases AP (1st column) and EP (2nd column)
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Darrieus-Landau instability (Creta et al. 2016; Klein et al. 2018a). It is also evident from 
Fig.  9 that the value of p3 = k3

2
∕�3

m
 remains mostly greater than 5∕3� = 0.5305 for all 

cases. This behaviour can also be expected from Eq. (12ii) because of the significant prob-
ability of obtaining saddle type flame topologies (i.e., 𝜅1𝜅2 < 0 or sh < 0 ) and a value of 
p3 = k3

2
∕�3

m
= 0.5305 is realised for a purely cylindrical surface.

This behaviour of p2 = k2
2
∕�2

m
  and p3 = k3

2
∕�3

m
 also suggests that even though the 

approximation given by Eq.  (11) (i.e. P(k2) × 2∕� = P
(
�m

)
 and P

(
k2
)
dk2 = P

(
�m

)
d�m ) 

captures the general shape of the PDF of �m , the moments of �m may not be adequately 
captured by the corresponding moments of two-dimensional measurements of flame cur-
vature. However, positive values of p3 = k3

2
∕�3

m
 suggest that the skewness of the actual 

curvature PDF could at least be qualitatively captured by the corresponding value obtained 
from its two-dimensional equivalent, provided the measurement plane includes the mean 
direction of flame propagation. Although the ratio of second and third moments of cur-
vature in two- and three-dimensions can be estimated for pure cylindrical surfaces from 
Eqs. (12i) and (12ii) subject to the assumptions of isotropy, the actual ratios for premixed 
flame surfaces remain greater than the values for cylindrical surfaces due to the significant 

Fig. 9  Variations of a 
p2 = k2

2
∕�2

m
  and b p3 = k3

2
∕�3

m
 

for c = 0.1, 0.5 and 0.9 for all 
cases
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presence of saddle type (i.e., 𝜅1𝜅2 < 0 ) flame topologies. The performance of the approxi-
mation given by Eq.  (11) to predict the second moment of curvature within the ranges 
given by −1∕�th ≤ �m ≤ 1∕�th and −1∕�th ≤ k3D ≤ 1∕�th can be quantified by:

It can be seen from Fig. 10 that the ratio of 
1∕�th∫

−1∕�th

k2
3D
P
(
k3D

)
dk3D and 

1∕�th∫
−1∕�th

�2
m
P
(
�m

)
d�m 

(i.e. p2� =
1∕�th∫

−1∕�th

k2
3D
P
(
k3D

)
dk3D

/
1∕�th∫

−1∕�th

�2
m
P
(
�m

)
d�m with P(k3D) = 2∕� × P

(
k2
)
 ) remains 

close to unity and the probabilities of finding −1∕�th ≤ �m ≤ 1∕�th and 

−1∕�th ≤ k3D ≤ 1∕�th (i.e. 
1∕�th∫

−1∕�th

P
(
�m

)
d�m and 

1∕�th∫
−1∕�th

P
(
k3D

)
dk3D ) remain comparable and 

include at least 70% of the samples for the range of turbulence intensities considered here. 

The magnitudes of both 
1∕�th∫

−1∕�th

k3
3D
P
(
k3D

)
dk3D and 

1∕�th∫
−1∕�th

�3
m
P
(
�m

)
d�m remain at least one 

order of magnitude smaller than 
∞∫

−∞
k3
3D
P
(
k3D

)
dk3D and 

∞∫
−∞

�3
m
P
(
�m

)
d�m , respectively 

except for case AP where these values are comparable. Moreover, both 
1∕�th∫

−1∕�th

�3
th
k3
3D
P
(
k3D�th

)
dk3D and 

1∕�th∫
−1∕�th

�3
th
�3
m
P
(
�m�

3

th

)
d�m assume magnitudes much smaller 

(15)p2� =

1∕�th

∫
−1∕�th

k2
3D
P
(
k3D

)
dk3D∕

1∕�th

∫
−1∕�th

�2

m
P
(
�m

)
d�m with P(k3D) = 2∕� × P

(
k2
)

Fig. 10  Variations of a p2� , b 
1∕�th∫

−1∕�th

P
(
�m

)
d�m and c 

1∕�th∫
−1∕�th

P
(
k3D

)
dk3D for c = 0.1, 0.5 and 0.9 for all cases
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than 0.01 in other cases, and thus their ratio provides numerical noise instead of any physi-
cal insights and thus is not explicitly shown in Fig. 10. The findings from Fig. 10 suggest 
that the approximation given by Eq. (11) can be used to obtain the three-dimensional cur-
vature statistics in terms of its probability and second moment within the range given by 
−1∕�th ≤ k3D ≤ 1∕�th and the agreement between k3D and �m statistics improves with 
decreasing window size around the mean value (not shown here). It is worth noting that a 
log-normal PDF distribution is often used to approximate the PDF of the scalar dissipation 
rate in passive scalar despite well-known discrepancy between the actual distribution and 
log-normal distribution at the tails of the PDFs (Markides and Chakraborty 2013). By the 
same token, Eq. (11) is expected to approximate PDF of �m for the curvature range which 
includes at least 70% of the sample points for the range of turbulence parameters consid-
ered here.

5  Conclusions

In the present analysis, a transformation, which relates the actual flame curvature PDF 
evaluated in three-dimensions with the curvature evaluated based on two-dimensional 
flame contours, has been derived based on the assumption of the isotropic distribution 
of � (the angle between the flame normal vector and the measurement plane) and sta-
tistical independence of various angles and two-dimensional curvature. The relation 
between the PDF of actual three-dimensional curvature and the PDF resulting from 
two-dimensional evaluation of curvature has been assessed based on DNS databases 
of turbulent premixed (a)  statistically planar and (b)  statistically axisymmetric Bun-
sen flames. It has been found that the analytically derived relation between the PDFs 
of actual three-dimensional curvature and the corresponding two-dimensional evalua-
tion of curvature holds reasonably well for a range of different turbulence intensities 
across different combustion regimes. It has been shown that the flame surface shows 
predominantly two-dimensional cylindrical curvature but there is a significant prob-
ability of finding saddle type flame topologies. The presence of saddle type flame 
topologies significantly affects the ratios of second and third moments of two-dimen-
sional and three-dimensional curvatures. It has been found that the ratios of second and 
third moments of two-dimensional and three-dimensional curvatures cannot be accu-
rately predicted by assuming only two-dimensional cylindrical curvature distribution. 
Moreover, it was demonstrated by Hawkes et  al. (2011); Veynante et  al. (2010) that 
the assumptions of isotropic distributions of � and � yield a relation between the sur-
face-averaged 3D curvature 

(
�m

)
s
= �m|∇c|∕|∇c|  and its two-dimensional counterpart 

(
k2
)
s2
= k2|∇c|2D∕|∇c|2D as: 

(
�m

)
s
= 2∕�

(
k2
)
s2

 where |∇c|2D is the 2D measurement of 

|∇c| based on the projection of scalar gradient on the measurement plane. The validity of 
the relation 

(
�m

)
s
= �∕2

(
k2
)
s2

 has been established based on DNS data (Hawkes et al. 
2011; Veynante et al. 2010; Wang et al. 2021), and a similar expression 

(
�m

)
= �∕2

(
k2
)
 

can be obtained using Eqs. (6) and (11) along with P(�) = (cos�)∕2 and P(�) = 1∕2� . 
This indicates that the assumptions of isotropy of � and � are sufficient for first-order 
moments of curvature, which is necessary for the FSD based turbulent premixed flame 
modelling (Hawkes et al. 2011; Veynante et al. 2010; Chakraborty and Hawkes 2011; 
Wang et  al. 2021). However, irrespective of the validity of these assumptions and the 
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statistical independence of �, � and k2 (i.e. P
(
�, �, k2

)
= P(�)P(�)P

(
k2
)
 ), the Gauss cur-

vature �1�2 plays a role in determining  k2
2
∕�2

m
 and k3

2
∕�3

m
 according to Eqs. (13i–13ii). 

This has important implications because the second-moment of curvature plays a key 
role in terms of determining the curvature stretch contribution to the FSD transport 
(Chakraborty and Cant 2007, 2009; Wang et  al. 2021), whereas the third-moment of 
curvature is often used for the purpose of characterising the Darrius-Landau instabil-
ity (Creta et al. 2016; Klein et al. 2018a). However, despite the quantitative differences 
between the third moments of two-dimensional and three-dimensional curvatures, their 
ratio remains positive and thus the qualitative nature of curvature skewness can still be 
obtained based on two-dimensional curvature measurements. As the curvature skewness 
is often taken to be a marker of the Darrius-Landau instability, the conclusion regard-
ing the presence of this instability can potentially be taken from the two-dimensional 
curvature measurements. Therefore, two-dimensional experimental measurements are 
expected to provide the correct qualitative behaviours in terms of curvature statistics 
and its application to the evaluation of the curvature contributions to the FSD transport 
and for the identification and characterisation of the Darrius-Landau instability.

The assumptions of isotropic distributions of � and � used to derive Eq. (11) have been 
utilised in the past to propose correction factors for the planar measurements of the FSD 
and scalar dissipation rate transport equations to obtain their actual three-dimensional 
counterparts (Hawkes et al. 2011; Veynante et al. 2010; Chakraborty and Hawkes 2011; 
Chakraborty et al. 2013; Wang et al. 2021). The approximation of the three-dimensional 
curvature distribution from 2D measurements and its associated limitations will enable 
experimentalists to estimate the Markstein length (e.g. curvature dependence of flame 
displacement speed Sd = |∇c|−1(Dc∕Dt ) (Peters et al. 1998; Chakraborty and Cant 2004; 
Chakraborty 2007) and flame stretch rate due to flame curvature (i.e. 2Sd�m ) (Wang et al. 
2021)) for the purpose of the development of new models and their assessments.

Although the transformation given by Eq.  (11) holds reasonably well for statistically 
planar flames and Bunsen burner flames, more analysis in other configurations will be nec-
essary. Moreover, the validity of Eq.  (11) needs to be assessed for a wider range of tur-
bulence intensity than the range considered in the present analysis. While the nature of 
thermo-chemistry is unlikely to affect the conclusions of the present analysis, the current 
findings need to be validated with respect to detailed chemistry DNS data. Finally, it will 
be ideal to have simultaneous both 2D and 3D measurements of curvature for an experi-
mental dataset to assess the relations derived here. Such information is rare in the existing 
literature but will serve as an ideal testbed for the relations derived here.
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