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Kurzfassung

In der vorliegenden Arbeit wird ein Materialmodell für die Beschreibung der Aushär-
tung und der damit einhergehenden Phänomene von Photopolymeren in additiven
Fertigungsprozessen mit Hilfe von kontinuumsmechanischen Methoden entwickelt.
Die darin enthaltenen Gleichungen werden anhand von experimentellen Untersuchun-
gen motiviert, die an einem kommerziell verfügbaren Photopolymer durchgeführt
werden. Das Materialmodell ist in der Lage, die viskoelastischen und viskoplastis-
chen Eigenschaften des Photopolymers in Abhängigkeit des Aushärtegrads und der
Temperatur abzubilden. Zunächst werden in einer Diskussion des aktuellen Stands
der Forschung und Technik der additiven Fertigung von Photopolymeren etablierte
Verfahren vorgestellt. Das DLP™-Verfahren wird aufgrund des einfachen Geräteauf-
baus und der erhöhten Druckgeschwindigkeit im Vergleich zu anderen Verfahren zur
Fertigung der Proben ausgewählt.
Die daran anschließenden Experimente untersuchen den Übergang des Photopoly-
mers vom flüssigen in den festen Zustand und die damit verbunden Änderung
der Materialeigenschaften. Hierzu werden vorhandene Messgeräte (DSC, Rheome-
ter) mit einer Lichtquelle erweitert, um die für den Start der Aushärtungsreak-
tion notwendige Bestrahlung im Messaufbau zu ermöglichen. Die maßgeblichen
Parameter des DLP™-Verfahrens können mit den modifizierten Messaufbauten vari-
abel eingestellt werden. Dynamisch-mechanische Analysen werden zur Charakter-
isierung der temperaturabhängigen viskoelastischen Eigenschaften von gedruckten
Proben mit verschiedenen Aushärtegraden durchgeführt, wohingegen die viskoplas-
tischen Eigenschaften anhand von Zugversuchen mit verschiedenen Temperaturen,
Aushärtegraden und Dehnraten untersucht werden.
Das Materialmodell wird für die Implementierung in das Finite-Elemente-Programm
LS-DYNA® numerisch aufbereitet, um dreidimensionale Berechnungen durchzuführen.
Die Parameter des Materialmodells werden mit innovativen Optimierungsalgorith-
men identifiziert und liefern zusammen mit dem Modell eine gute Übereinstim-
mung mit den Versuchsdaten. Die Validierung der entwickelten Modellgleichungen
und identifizierten Parametersätze wird anhand von simulierten Zugversuchen unter
zyklischer Be- und Entlastung durchgeführt, um die Prognosefähigkeit des Materi-
almodells zu zeigen.





Abstract

In the present thesis, a material model is developed to describe the crosslinking
progress and the associated phenomena of photopolymers in additive manufacturing
processes. The model equations therein are motivated by experimental investiga-
tions conducted on a commercial photopolymer and formulated by means of the
methods of continuum mechanics. The material model can represent the viscoelas-
tic and viscoplastic properties of the photopolymer depending on the degree of cure
and temperature.
First, established additive manufacturing processes for photopolymers are presented,
and their benefits and limitations are discussed. Digital Light Processing™ is se-
lected for the fabrication of the specimens due to its simple design and increased
printing speed compared to other processes.
The subsequent experiments investigate the transition of the photopolymer from
the liquid to the solid state and the associated change in the material properties.
For this purpose, existing experimental setups (DSC, rheometer) are modified with
a light source enabling the irradiation necessary to start the crosslinking reaction
in the photopolymer. The decisive parameters in Digital Light Processing™ can
be variably adjusted with the modified measurement setup. Dynamic mechanical
analyses are performed to characterize the temperature-dependent viscoelastic prop-
erties of printed specimens with different degrees of cure, whereas the viscoplastic
properties are investigated using tensile tests with different temperatures, degrees of
cure, and strain rates. The material model is numerically discretized for the imple-
mentation into the finite element program LS-DYNA® to perform three-dimensional
simulations. The parameters of the material model are identified using innovative
optimization algorithms, and provide, in combination with the model, a good agree-
ment with the experimental data. The validation of the developed model equations
and identified parameter sets is performed using simulated tensile tests subjected to
cyclic loading and unloading in order to demonstrate the predictive quality of the
material model.
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1 Introduction and State of the Art

1.1 Motivation

In 2016, the Organisation for Economic Co-operation and Development (OECD)
classified additive manufacturing (AM) as one of the 40 key and emerging tech-
nologies for the future [OECD, 2016]. Unlike conventional manufacturing based on
subtractive or formative technologies, additive manufacturing is principally charac-
terized by the layerwise generation of three-dimensional structures. This innovative
manufacturing paradigm allows for novel designs that cannot be achieved through
conventional manufacturing processes. For example, unexploited lightweight po-
tentials can be achieved by lattice structures generated by additive manufacturing
[Plocher and Panesar, 2019].

Nowadays, several material types can be processed as feedstock in different addi-
tive manufacturing processes. Among others, polymers and metals are most com-
monly processed. The complementary technologies have rapidly developed from
prototyping to small and medium-sized production, especially for polymers. Since
the development of the first additive manufacturing technology for polymers in the
1980s, various additive manufacturing processes have found their way into commer-
cialization. In general, these processes can be divided into three categories depending
on the state of the feedstock [Gibson et al., 2015]:

• processes for the fusion of materials in the powdery state,

• processes for the fusion of materials in the solid state, and

• processes for the polymerization of materials in the liquid state.

The first mentioned can be divided into Selective Laser Sintering (SLS) and the
proprietary Multi Jet Fusion (MJF) technology provided by HP Inc. The thermo-
plastic powder is selectively melted in both processes. Considering SLS, a laser beam
directly fuses the polymer particles. Different from that, a heat-sensitive binding
agent is jetted on the powder bed in the MJF process. Subsequently, the built-in
infrared lamp activates the binding agent, and the wetted polymer particles melt
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Figure 1.1. Additive manufacturing processes for the fusion of polymers in the pow-
dery and solid state [Mesago Messe Frankfurt GmbH, 2021]

together.
Thermoplastic materials in the solid state are melted by means of a heated extruder
head in the fused filament fabrication (FFF/FDM1) process. Therein, the thermo-
plastic filament is pulled into the extruder head and deposited on the build plate in
the melted state. Additionally, the ARBURG Plastic Freeforming (APF) utilizes a
similar approach. Compared to the filament-based process, the thermoplastic ma-
terial is in granular shape and melted by a screw extruder. Then, tiny droplets are
deposited on the build plate. Thereby, a piezoelectric actor controls the drip rate.
Fig. 1.1 shows an overview of the additive manufacturing processes for polymers in
the powdery and solid states.

Photoreactive resins, also denoted as photopolymers, are principally used in addi-
tive manufacturing processes for polymers in the liquid state2. Photopolymerization
is the radiation-induced process of crosslinking reactive monomers and oligomers to
form a solid polymer network. Moreover, this type of polymerization is subdivided
into free-radical and cationic photopolymerization [Pappas, 1992; Nakamura, 2015].
Considering free-radical photopolymerization, the incident radiation decomposes the
photoinitiator in the photopolymer resin. Then, the resulting free radicals connect
with the monomers and oligomers [Scranton et al., 1997]. Comparatively, consider-
ing cationic photopolymerization, the reaction is started by carbenium ions [Kaiser,

1Fused deposition modeling (FDM) is a trademark owned by Stratasys, Ltd.
2Additionally, the Liquid Additive Manufacturing (LAM) technology provided by innovatiQ

GmbH & Co. KG processes a two-component liquid silicone rubber (LSR) whose polymerization
is started by heat.

2
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2006].

According to [Pappas, 1992], several advantages and limitations arise from pho-
topolymerization in additive manufacturing processes. Among others, the rapid for-
mation of the polymeric network represents an excellent property for being processed
in additive manufacturing because a typical print job consists of several hundreds of
layers, and every layer must be crosslinked. The most significant drawback results
from the limitation of the glass transition temperature if the curing temperature is
too low.

Xu et al. stated that additive manufacturing processes employing photopolymer-
ization have the fastest build speed and allow for the best surface quality among all
other additive manufacturing processes for polymers [Xu et al., 2020]. Additionally,
Gibson et al. emphasize the accuracy of additively manufactured parts using pho-
topolymers [Gibson et al., 2015]. However, the final mechanical properties of printed
parts turn out to be a disadvantage compared to MJF and SLS. In 2019, systems
based on photopolymerization served for ≈ 25 % of 97000 installed additive manu-
facturing systems for polymers in total. Furthermore, a compound annual growth
rate of 10 % is expected through 2024 in terms of sales of additive manufacturing
machines using photopolymerization [Xu et al., 2020].

If the number of worldwide installed AM machines using photopolymers continu-
ously increases, the demand for novel materials increases as well. Additionally, these
novel materials must be qualified for the desired application. The resulting qualifi-
cation process is usually accompanied by extensive testing procedures that provide
insight into the suitability of the material. Thus, existing devices for standardized
experiments may have to be extended.
In order to predict the material properties of printed parts, one has to develop suit-
able model equations to describe the material behavior based on the experimental
investigations mentioned above. Considering the photopolymerization process, de-
scribing the transition from the liquid state to the solid state is of great interest. As
a result, optimized printing parameters deducted from model-based simulations can
serve for the reduction of the tedious trial and error process that goes along with the
identification of the correct printing parameters. Moreover, analyzing the capability
of novel photopolymeric materials is facilitated for printing existing parts.

3
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1.2 Additive manufacturing processes for
photopolymers: state of the art and current
research activities

Until now (2022), several processes exist for the additive manufacturing of pho-
topolymers exhibiting different characteristics. However, all of them have one thing
in common. The generated CAD file of the structure to be fabricated must be sliced
into the resulting layers in a preprocessing step. Additionally, support structures are
potentially added to the CAD file in order to stabilize the printing process. Usually,
this procedure is automatically conducted through optimization algorithms by the
supplied print job preparation software.

The first additive manufacturing technology using photopolymers was developed
by 3D Systems in the 1980s and denoted as stereolithography (SLA). Therein, the
photopolymer is filled into the vat of the machine and selectively cured by radiation
emitted by a laser. Principally, the laser operates at wavelengths in the ultraviolet
spectrum. For example, the printer Form 3L provided by Formlabs operates at 405
nm, whereas the ProX 950 provided by 3D Systems uses an Nd:YVO4 laser operat-
ing at 354.7 nm [3D Systems, Inc., 2017; Formlabs, 2021]. The wavelength of the
radiation emitted by the laser must always be chosen accordingly to the absorp-
tion spectrum of the employed photopolymer resin. Otherwise, the photoinitiators
may not react to the incident radiation. Generally, the layer thickness can be ad-
justed down to several microns. However, reducing the layer thickness increases the
print job duration. Thus, choosing the right layer thickness is always subject to the
tradeoff between a sufficient vertical resolution and a reasonable print job duration.
Comparatively, the horizontal resolution mainly depends on the spot size of the
laser. The irradiance I of the laser ([I] = mW/cm2) is attenuated while passing
through the photopolymer layer and follows the Beer-Lambert law:

I (z) = I0 exp (−αz) . (1.1)

Herein, I0 is the incident irradiance at the surface of the photopolymer layer, and α
is denoted as the attenuation factor. Hence, if the layer thickness is too large, the
irradiance at the bottom of the layer may not be sufficient to cure the photopolymer
at this depth. Once the laser has finished the trajectory in the present layer, the
build plate is lowered by the layer thickness. Then, the cured layer is wetted with
fresh resin by means of a wiper. Fig. 1.2 (right) shows a schematic of the SLA pro-
cess using a top-down configuration. The laser is positioned above the photopolymer

4
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current research activities

Figure 1.2. Schematics of material jetting and stereolithography [Mesago Messe
Frankfurt GmbH, 2021]

vat in this configuration. Comparatively, using the bottom-up approach, the laser
is positioned below the vat and irradiates the photopolymer through a transparent
window. After finishing the print job, the printed structure is in the green state and
cleaned in an ultrasonic bath filled with isopropanol to remove the excessive resin.
Afterward, the printed structure is post-cured in a UV light chamber to achieve the
final material properties.

PolyJet is a proprietary additive manufacturing technology using material jet-
ting provided by the company Stratasys and primarily used for rapid prototyping.
Therein, the photopolymer is jetted on the build plate layer by layer and simulta-
neously cured by a UV lamp, see fig. 1.2 (left). In order to achieve the necessary
viscosity of the photopolymer, the print heads are heated to a specific temperature
above ambient temperature. The combination of differently colored resins allows for
multicolor printing. Additionally, photopolymers with different hardnesses can be
combined to achieve a broad spectrum of material properties in the final printed ob-
ject. Unfortunately, the photopolymeric material is contained in sealed cartridges.
Thus, no third-party resins can be used, and the amount of possible applications is
restricted by the provided photopolymers.

Reconsidering the SLA process, following a trajectory in the photopolymer layer
through a laser is a significant drawback. This procedure is highly time-consuming
because every layer has its trajectory to be irradiated. Therefore, irradiating the
whole photopolymer layer at once can tremendously reduce the print job duration.

5
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Figure 1.3. Cross-sectional schematic of a DLP™ additive manufacturing device

The Digital Light Processing (DLP™) technology, originally developed by Texas
Instruments, enables the simultaneous irradiation of the photopolymer layer. Fig.
1.3 shows a cross-sectional schematic of the corresponding additive manufacturing
device. Following the bottom-up approach, the light source and the Digital Mi-
cromirror Device™ (DMD™) are positioned below the resin tray. The light source
emits the necessary radiation, which is reflected by the DMD™ and directed to the
transparent window of the resin tray. The DMD™ consists of many tiny quadratic
mirrors that can be tilted by ±12° in order to redirect or deflect the incident radi-
ation [Brennesholtz and Stupp, 2008]. Most commonly, the light source is a LED,
which is doped in the desired wavelength. Typical wavelengths are 405 nm (atum3D
DLP Station 5-405) or 385 nm (Stratasys Origin® One) [atum3D, 2022; Stratasys,
Ltd., 2021].

The slicing process results in monochrome images of the cross-sections of the CAD
model perpendicular to the z-axis. Then, the light source projects the first image on
the transparent window of the resin tray for a predefined exposure time. The radia-
tion passes through the window and irradiates the photopolymer layer. It crosslinks
and adheres to the build plate and the non-stick coating. Subsequently, the trans-
lation stage moves upwards and peels off the crosslinked photopolymer layer from
the coating. New resin flows into the resulting gap and wets the coating. Following
this, the translation stage moves downwards and adjusts the gap to the desired layer
thickness. Afterward, the light source projects the following image on the transpar-
ent window, and the process continues until the print job has finished. Principally,
the exposure times of the first layers are higher than those of the following layers in
order to maintain sufficient adhesion between the printed part and the build plate.
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first layer middle layer last layer

Figure 1.4. Images of selected slices of the printed sphere in fig. 1.3 (support struc-
tures are neglected). The stair-like approximation of the edges is caused
by the resolution of the DMD™.

After finishing the print job, the printed structure is in the so-called green state.
Hence, the printed part is additionally irradiated in a curing chamber to achieve the
final material properties.

As mentioned above, the slicing process results in rectangles, which approximate
the curvature of the sphere’s surface. Considering the printed sphere in fig. 1.3, the
surface quality of the sphere significantly depends on the chosen layer thickness. If
the layer thickness decreases, the quality of the approximation increases, but the
print job duration increases tremendously.
Fig. 1.4 shows selected monochrome images resulting from the slicing process for
the printed sphere in fig. 1.3. The projected cross-section is indicated by white
pixels, and the unexposed pixels remain black. The first layer is identical to the last
one, whereas the middle layer exhibits a larger diameter.
The cross-sections of the printed sphere are circles. Since each mirror of the DMD™
represents one pixel of the projected image, the reproduction of arbitrary-shaped
edges is limited by the number of arrays. Hence, the curvature is approximated by
the pixels of the DMD™. Principally, all images with edges that are not parallel to
the x- and y-axis are approximated. The resulting dimension of the image, i.e., the
printing dimension in the x-y-plane, is calculated by multiplying the size of the mir-
rors with the number of employed mirrors. For example, the atum3D DLP Station
5-405 utilizes 1920 mirrors in the x-direction and 1080 mirrors in the y-direction
with an edge length of 100 µm. Thus, the printing dimension in the x-y-plane is 192
mm x 108 mm. Comparatively, the Stratasys Origin® One provides a resolution of
3840 x 2160 pixels with the same printing dimension. Hence, the edge length of the
mirrors is 50 µm.

Compared to SLA, the print job duration is strongly reduced by irradiating the
whole layer at once. However, since the exposure time of each layer is only sev-
eral seconds, the print job duration mainly depends on the repetitive movement of
the translation stage. In order to eliminate this drawback, Carbon® developed the
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Figure 1.5. Schematic diagram of the working curve equation

Continuous Liquid Interface Production™ technology (CLIP™) [Tumbleston et al.,
2015]. Therein, the transparent window is made of Teflon™ AF 2400, which enables
the permission of oxygen. Oxygen inhibits the crosslinking reaction of photopoly-
mers [Ligon et al., 2014]. Consequently, a dead zone forms up between the Teflon™
window and the crosslinked photopolymer. Hence, the crosslinked photopolymer
does not adhere to the transparent window, and the printed structure can be con-
tinuously elevated out of the resin tray. The CLIP™ technology allows for print
speeds greater than 1000 mm/h. However, increasing the print speed deteriorates
the vertical resolution of the printed structure.

Furthermore, efficiency gains can be achieved by increasing the temperature of the
photopolymer resin during the manufacturing process. Elevating the temperature
of the resin yields a higher reactivity of its constituents [Dall’Argine et al., 2020].
Thus, the conversion of the photopolymer can be accelerated. For example, the dou-
ble bond conversion of dimethylacrylates can be increased by 21 percentage points
if the temperature of the photopolymer is increased from 23 °C to 70 °C [Steyrer
et al., 2018]. Additionally, the viscosity of the photopolymer decreases. This behav-
ior enables the processing of resins exhibiting a high viscosity at room temperature
[Dall’Argine et al., 2020]. The Austrian-based company Cubicure GmbH developed
the hot lithography technology to process high viscosity photopolymers at operating
temperatures up to 120 °C [Pfaffinger, 2018]. Thereby, a heated coating unit applies
the photopolymer layer to the resin tray.

Since the research activities in terms of additive manufacturing of photopolymers
continuously increase along with the general market growth, the experimental char-
acterization, the modeling of the accompanying phenomena, and the simulation of
the processes and fabricated parts are of particular interest.
One of the most established methods to predict the crosslinking progress in the
photopolymer layer is the working curve model, which was developed by Jacobs

8



1.2 Additive manufacturing processes for photopolymers: state of the art and
current research activities

at the beginning of the commercialization of 3D System’s Stereolithography pro-
cess [Jacobs, 1992]. Precisely, the relationship between the cured depth Cd of the
photopolymer layer and the exposure dose E0 = I0 · t is derived from the Beer-
Lambert law in eq. (1.1) and described by

Cd = Dp ln
(
E0

Ec

)
. (1.2)

The penetration depth Dp is the slope of the working curve in a semi-logarithmic
Cd-E0 plot. The critical exposure dose Ec represents the necessary amount of irra-
diation to solidify an infinitesimally thin photopolymer layer (Cd → 0). Thus, Ec

corresponds to the gel-point of the photopolymer [Jacobs, 1992].
In order to generate the required data points for identifying the working curve
parameters Dp and Ec, several exposure doses E0i are chosen to create photopoly-
mer layers with different thicknesses. Then, the thicknesses Cdi of the layers are
measured through calipers, profilometers, or confocal microscopes [Bennett, 2017].
Subsequently, the resulting data points, indicated as gray dots in fig. 1.5, are visual-
ized in the semi-logarithmic Cd-E0 plot. Next, Dp and Ec are identified by applying
linear regression to the data set. Since the data points are created for finite layer
thicknesses, the critical exposure dose Ec is the intersection of the extrapolated
working curve with the abscissa.

Furthermore, calorimetric measurements conducted by a Differential Scanning
Calorimetry (DSC) device provide a deep insight into the crosslinking progress of
photopolymers. Therefore, the DSC device must be modified to allow for the consid-
eration of radiation-induced crosslinking reactions (photo-DSC). Since the crosslink-
ing reaction is an exothermic process, heat is generated and measured by the DSC
as the rate of heat flow. As a result, the exothermic rate of heat flow corresponds
to the rate of the degree of cure. During the last four decades, photo-DSC measure-
ments have been extensively applied for the experimental characterization of pho-
topolymers [Tryson and Shultz, 1979; Maffezzoli and Terzi, 1998; Rusu et al., 2012].
Most recently, this experimental method is also applied to characterize photopoly-
mer resins processed in additive manufacturing [Kim et al., 2017; Obst et al., 2020;
Rehbein et al., 2020; Bachmann et al., 2021]. Moreover, the crosslinking progress
of photopolymers can also be measured by Raman spectroscopy [Martin et al., 2018].

The progressing crosslinks in the photopolymer layer go along with the reduction
of the volume of the photopolymer, which is denoted as chemical shrinkage. The
chemical shrinkage can lead to undesired warpage and residual stresses of the printed
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Figure 1.6. Adidas® 4DFWD running shoe with additively manufactured midsole
[Carbon, Inc., 2021]

structure. In order to record the chemical shrinkage depending on the progressing
crosslinks, Koseki et al. developed an in situ measuring system based on a confocal
displacement meter [Koseki et al., 2013]. Comparatively, the axial strain of the pho-
topolymer layer resulting from the shrinkage can be measured by a linometer [Park
et al., 2016]. Unfortunately, density measurements only allow for the determination
of the chemical shrinkage at selected conversion states.

In order to predict the chemical shrinkage, the residual stresses, and the material
properties of photopolymers in additive manufacturing through simulations based
on the finite element method, Bartolo, Wu et al., and Westbeek et al. de-
veloped material models capturing these phenomena [da Silva Bartolo, 2007; Wu
et al., 2018; Westbeek et al., 2020, 2021]. Additionally, they set up simulation
frameworks considering the incident radiation as a spatially distributed boundary
condition. Moreover, the simulation of the macroscopic material response of printed
photopolymeric parts using the methods of continuum mechanics is the subject of
the investigations in [Weeger et al., 2019; Hossain and Liao, 2020; Hossain et al.,
2020].

Additive manufacturing of photopolymers has found its way into several appli-
cations. Among others, Adidas® has collaborated with Carbon® in order to de-
velop an additively manufactured midsole with an anisotropic lattice structure us-
ing Carbon®’s proprietary Digital Light Synthesis® (DLS®) technology and an elas-
tomeric photopolymer resin, see fig. 1.6. In order to achieve the desired macro-
scopic mechanical properties, the design of lattice structures is subject to solving an
optimization problem [Nika and Constantinescu, 2019; Agnelli et al., 2020, 2021].
Principally, the resulting polymeric lattice structure exhibits viscoelastic behavior
on the macroscopic scale [Krödel et al., 2017].
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Furthermore, clear orthodontic aligners are increasingly fabricated using additive
manufacturing technologies for photopolymers [Tartaglia et al., 2021]. Photopoly-
mers also serve as matrix material for the fabrication of short fiber reinforced com-
posites using additive manufacturing processes [Cheah et al., 1999; Schlotthauer
et al., 2021]. Naturally, these applications do not represent the full spectrum of
possibilities of photopolymers processed in additive manufacturing and are only
mentioned as illustrative examples.

1.3 Objectives and structure of work

The main objective of the present doctoral thesis is the continuum-mechanical mod-
eling of photopolymers in additive manufacturing processes based on experiments
conducted with a representative and commercially available photopolymer. Pre-
cisely, DLP is chosen as the underlying process due to its benefits compared to SLA,
PolyJet, or other additive manufacturing processes for photopolymers. The mate-
rial model is intended to describe the phenomena that occur during the crosslinking
of the photopolymer depending on the process parameters, namely irradiance, the
temperature of the photopolymer, and exposure time.
The results of the conducted experiments serve as basis for the development of the
constitutive model. In detail, the experiments comprise the measurement of the
crosslinking progress and its effects on the material properties of the photopolymer
depending on the process parameters mentioned above. Therefore, the existing ex-
perimental devices (DSC, rheometer) must be extended in order to implement the
radiation. Most of the experimental investigations in the references discussed in
the preceding section do not consider the spectral power distribution of the em-
ployed light source. Hence, appropriate filters must be selected in accordance with
the wavelength of the utilized DLP device. Additionally, the description of the ex-
perimental methods is supposed to serve as a guidance for researchers in order to
characterize novel photopolymers efficiently.
Finally, the developed model equations and the associated parameters are validated
by comparing three-dimensional finite element simulations with the experimental
data.

In order to conduct the investigations in terms of the objectives mentioned above,
this thesis is split into three parts. First, the experimental characterization of a pre-
selected photopolymer is conducted in ch. 2. Therein, the material properties of the
photopolymer are determined in the liquid and solid state by means of sophisticated
experimental methods. Additionally, special attention is paid to the transition from
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the liquid to the solid state.
Following this, the material model is developed and numerically discretized in ch. 3
using a continuum-mechanical framework for the reproduction of the experimental
phenomena. The associated model parameters are identified in ch. 4 by means of
established optimization techniques. Moreover, the proposed material model and
the identified parameters are validated by simulations of cyclic tension tests.
Last but not least, the thesis concludes with a summary of the most important find-
ings of the conducted investigations and a presentation of open questions for future
considerations in ch. 5.
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This chapter comprises the experimental characterization of photopolymer resins
using several experimental methods. Therefore, the general applicability of the
presented experimental methods is shown using a commercial photopolymer resin.
The findings of this chapter serve as a basis for the material modeling following
after.

2.1 Investigated material and employed DLP printer

Due to the rapid increase of different additive manufacturing processes that use pho-
topolymer resins as the feedstock, many companies extended their product portfolio
with suitable resin formulations aiming towards various areas of application.
The following reasons mainly drive the selection of an appropriate resin for the
subsequent investigations:

• The resin should distinctly exhibit elastic-plastic behavior at small deforma-
tions in the tensile tests. According to sec. 3.3, this behavior can be repre-
sented by hypoelastic material models, which are also suitable for modeling
curing processes.

• The glass transition temperature θg of the resin should be significantly above
room temperature but also below θ = 100 °C for the fully cured state. At lower
degrees of cure, the glass transition temperature is smaller. Consequently,
tensile tests of printed specimens will show a completely different behavior
compared to the fully cured state if the temperature of the specimen is slightly
changed.

• The resin should be acquirable in small containers (< 1000 ml) with resealable
closures. Comparatively, the cartridges for the proprietary PolyJet® process
are sealed and cannot be opened without damaging the container. Therefore,
proprietary resins are not suitable for the investigations in this thesis.

A suitable resin according to the requirements mentioned above is the Loctite®

3D 3818 photopolymer resin, which is selected for the investigations in this thesis
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[Henkel Corp., 2019]. This photopolymer is an acrylic resin primarily used for pro-
totyping applications. Furthermore, pigments are added to the resin for a black
appearance. The findings of this thesis can also be transferred to other additive
manufacturing systems using the same photopolymer resin.

The Loctite® EQ PR10.1 DLP 3D printer is used to fabricate the specimens for
the DMA and tensile tests following later1. Its print dimension is 192 mm x 108 mm
x 250 mm. Moreover, the projector emits radiation with a resolution of 1920 x 1080
pixels at 405 nm. The maximum irradiance can be set to 15 mW/cm2. The open
system allows for the processing of all third-party photopolymer resins that cure at a
wavelength of 405 nm. All relevant printing parameters (layer thickness, irradiance,
and exposure time) can be adjusted. However, the minimum layer thickness is 6
µm. Unfortunately, the temperature of the resin tray cannot be controlled during
the printing process.
Furthermore, the EQ CL36 LED cure chamber provided by Loctite® is employed
to post-cure the specimens and to achieve their fully cured state. The LEDs of
the device also operate at 405 nm and can provide a maximum irradiance of 205
mW/cm2. Furthermore, the table on which the printed parts are placed can be
rotated while the printed parts are irradiated.

2.2 Differential Scanning Calorimetry (DSC)

Caloric measurements using a differential scanning calorimetry (DSC) device provide
insight into the different characteristics of polymers. In particular, these include

• the glass transition temperature,
• the melting,
• the crystallization,
• the isobaric specific heat capacity, and
• the crosslinking of polymers [Menczel and Prime, 2009].

The characteristics mentioned above are derived from the DSC signal, the mass-
specific differential heat flow2 q̇ calculated between the investigated specimen stored
in the specimen crucible and an empty reference crucible. Both crucibles are then
exposed to a predefined temperature program in a controlled atmosphere [Höhne
et al., 2003]. Several inert gases can be used to maintain this atmosphere. Gaseous

1This device is idential to the DLP STATION 5-405 provided by atum3D.
2Precisely, q̇ actually denotes the specific heat flow rate.
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nitrogen is frequently used due to its lower costs compared to argon or helium [Frick
and Stern, 2013].
In the following, the TA® Instruments Q2000 DSC is employed to investigate the
calorimetric properties of the selected photopolymer. Special attention is paid to
the crosslinking behavior of the photopolymer.

2.2.1 Experimental setup and governing equations

Different from disk-type or cylinder-type heat flux DSC measuring systems, turret-
type systems provide several benefits. Principally, higher sensitivity and larger heat-
ing and cooling rates can be achieved. Moreover, only a small sample volume is
necessary to achieve satisfactory results [Höhne et al., 2003]. In order to account for
these benefits, Danley developed the Tzero™ sensor with turret-type platforms.
Therefore, the following considerations are motivated and inspired by [Danley, 2003].

Fig. 2.1 shows the cross-sectional view of the Tzero™ sensor. The reference and
sample platforms have the shape of thin-walled circular turrets and are made of
constantan. Chromel disks are welded to the bottom of each platform. Addition-
ally, chromel wires are connected to the disks. Two wires made of constantan and
chromel are located in the middle of the constantan base. Likewise, they are also
welded to the constantan base.
A pair of chromel and constantan wires form a thermocouple. Therefore, the temper-
ature at the reference platform θr is measured between the chromel wire located at
the reference platform and the constantan wire located in the middle of the constan-
tan base. Similarly, the temperature at the sample platform θr is measured between
the chromel wire located at the sample form and the constantan wire located in
the middle of the constantan base. The temperature θ0 controls the temperature
program of the measurement and is measured between the chromel and constantan
wires located in the middle of the constantan base.

Employing the lumped capacitance method3, the sample and reference specific
heat flows are expressed by

Q̇s = θ0 − θs
Rs

− Csθ̇s (2.1)

Q̇r = θ0 − θr
Rr

− Crθ̇r . (2.2)

3See [Holman, 2010; Bergman and Lavine, 2017] for detailed explanations.
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Figure 2.1. Cross-sectional view of the Tzero™ sensor of the TA® Instruments Q2000
DSC (derived from and inspired by [Danley, 2003])

Therein, Rr and Rs are the thermal resistances of the reference and sample platforms.
Cr and Cs are the reference and sample heat capacities, respectively.
Consequently, the differential heat flow Q̇ calculated between the heat flows at the
sample and reference platforms reads as

Q̇ = Q̇s − Q̇r

= −θs − θr
Rr

+ (θ0 − θs)
( 1
Rs
− 1
Rr

)
+ (Cr − Cs) θ̇s − Cr

(
θ̇s − θ̇r

)
,

(2.3)

which is also denoted as the T4 heat flow equation. The first summand represents
the general DSC heat flow signal, which is also measured by conventional disk-
type measuring systems. The second summand accounts for imbalances between
the thermal resistances of the sample and reference platforms, which improves the
baseline signal. Furthermore, the third summand considers imbalances between the
reference and sample heat capacities, which also improves the baseline signal. In
contrast, the fourth summand takes into account differences between the measured
sample and reference heating or cooling rates, enhancing the overall measurement
resolution. The latter one goes along with transitions of the sample (e.g., glass
transition, melting, crystallization, and crosslinking). The measured differential
heat flow in eq. (2.3) is divided by the specimen mass in order to obtain mass-
specific quantities:

q̇ = Q̇

mspecimen
. (2.4)

In order to determine the constants Rr, Rs, Cr, and Cs, a two-step calibration pro-
cedure must be conducted for the desired temperature range before starting the
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measurement. First, considering an empty cell, the heat flows Q̇s and Q̇r in the eqs.
(2.1) and (2.2) are zero. Hence, the products CsRs and CrRr can be calculated by
means of the measured temperatures. Next, sapphire disks are placed on the sample
and reference platforms. Since sapphire melts at temperatures above 2000 °C and
its temperature-dependent specific heat capacity is known over a broad temperature
range, the sample and reference heat flows in the eqs. (2.1) and (2.2) can be calcu-
lated by the products of the individual sapphire disk mass, specific heat capacity,
and the sample and reference heating rates. Thus, the four necessary equations are
determined to calculate the four constants. Additionally, the measurement inac-
curacy of the temperature is taken into account by comparing the theoretical and
actual melting temperatures of standard materials (e.g., indium, tin, and zinc).

The explanations mentioned above are limited to standard analyses of calorimetric
properties of substances. In order to investigate the crosslinking properties of pho-
topolymer, the DSC must be extended to convey the radiation into the measuring
cell.

2.2.2 Extension with the OmniCure® S2000 curing system for
photo-DSC measurements

Fig. 2.2 shows the experimental setup of the TA® Instruments Q2000 DSC ex-
tended by the photocalorimetric accessory. In order to generate the necessary ra-
diation in the desired wavelength range, the OmniCure® S2000 curing system pro-
vided by Excelitas Technologies® Corp. is connected to the DSC via a serial cable.
The OmniCure® S2000 curing system contains a high-pressure mercury-vapor lamp,
which emits the radiation required to start the crosslinking reaction of the pho-
topolymer.

Fig. 2.3 shows the spectral flux diagram of the high-pressure mercury-vapor lamp
(gray). Therein, the wavelength-specific power of the lamp is plotted versus the
wavelength. Three distinct peaks are visible at 365 nm, 405 nm, and 435 nm, which
are typical for this type of gas-discharge lamp. Additionally, the OmniCure® S2000
curing system is equipped with an internal bandpass filter that restricts the emit-
ted radiation to the wavelength range 320 . . . 500 nm. Hence, the smaller peaks at
wavelengths below 320 nm or above 500 nm are omitted.

In order to investigate the crosslinking properties of photopolymers that are pro-
cessed by DLP printers operating at λ = 405 nm, the spectrum of the mercury-vapor
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405 nm filter

DSC Q2000

light guides

light guide adapter

Figure 2.2. Experimental setup of the photo-DSC

lamp must be further restricted. Hence, a filter adapter in conjunction with a band-
pass filter operating at λ = 405 ± 20 nm is plugged into the output socket of the
OmniCure® S2000 curing system, as depicted in fig. 2.2. The relative transmit-
tance of the additional bandpass filter is depicted in fig. 2.3 (orange). Eventually,
multiplying the spectral flux diagram of the mercury-vapor lamp with the relative
transmittance of the additional bandpass filter yields the resulting spectral flux di-
agram, which is visualized in fig. 2.4. Depending on the employed semiconductor
material, standard LEDs operating in the wavelength range of UV Light typically
have a half-power bandwidth ranging from 6 nm to 20 nm [Pedrotti et al., 2005;
Dr. Hönle AG, 2020]. Thus, the resulting spectral flux in fig. 2.4 can be considered
equivalent to the spectrum of the UV led in the DLP printer. If the bandpass filter
is not used, the crosslinking reaction may be accelerated because some constituents
of the photopolymer react on irradiation operating at wavelengths below or above
405 nm. This scenario would influence the measurement.

Two glass fiber light guides transport the emitted radiation into the DSC measur-
ing cell. They are held in position by the light guide adapter base, mounted on top
of the DSC measuring cell. A schematic cross-sectional view of the DSC measuring
cell with the installed photo-DSC extension is depicted in fig. 2.5 with the light
guides, the quartz glass plate, and the inner and outer silver lids.
The calibration of the constants in the eqs. (2.1) and (2.2) is conducted with two
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Figure 2.3. Diagram of the spectral flux (grey) of the high pressure mercury va-
por lamp of the OmniCure® S2000 curing system without the internal
320 - 500 nm bandpass filter (derived from [Excelitas Technology Corp.,
2014b]) and relative transmittance of the additional 405 ± 10 nm band-
pass filter (orange)

closed silver lids. Thus, the perforated silver lids and the quartz glass plate in fig.
2.5 are employed so that the experimental setup is most consistent with the cali-
bration constants while passing the incident radiation. Neutral density filters are
placed at the end of the light guides in order to reduce the irradiance of the incident
radiation. Since the absolute power of the mercury-vapor lamp causes a compar-
atively high irradiance on the platform surfaces of the DSC sensor4, the neutral
density filters reduce the incident radiation to 1 % of its initial value. It should be
noted that the irradiance is further reduced due to the air gaps between the neutral
density filter and the quartz glass plate, as well as between the inner silver lid and
the crucibles in the measurement cell. Furthermore, the iris of the shutter of the
OmniCure® S2000 curing system can be opened in relative steps of 1 %. Thus, the
irradiance can be adjusted to reasonable values concerning the DLP printing process.

According to [Pedrotti et al., 2005], optical radiation can be measured by means
of the following two detector types:

• thermal detectors and

• quantum detectors.

The first mentioned include thermocouples and thermopiles, whereas the latter ones
comprise photodiodes, among others. Principally, thermal detectors are insensitive
to the wavelength of the emitted radiation. Comparatively, quantum detectors are

4The platforms have a diameter of ≈ 5 mm.
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Figure 2.4. Resulting diagram of the spectral flux of the high pressure mercury vapor
lamp of the OmniCure® S2000 curing system using the additional 405
± 20 nm bandpass filter

limited to a narrow wavelength range and must be selected with respect to the
wavelength of the source of the emitted radiation.
Before conducting the crosslinking measurement, one must calibrate the irradiance
at the sample and reference platforms. The reference and sample platforms each
form a thermocouple with the chromel disks and wires welded to the bottom of each
platform. As a consequence, the incident radiation is absorbed by the platforms and
causes a rise in the temperatures of the platforms θs and θr. Then, the eqs. (2.1)
and (2.2) determine the resulting heat flows by means of the previously calibrated
constants. The heat flows are divided by the surface area of the platforms leading to
the irradiances I at each platform ([I] = mW/cm2) [TA® Instruments, 2019]. One
should note that the mentioned calibration steps are carried out with an empty DSC
cell. Hence, no crucibles are placed on the platforms. The measured irradiances are
displayed on the screen of the DSC in real-time, so that they can be adjusted to the
desired value by changing the iris setting of the OmniCure® S2000 curing system.
Moreover, the vertical alignment screws allow for the balancing of slight deviations
between the displayed values of the irradiance on the reference and sample platforms.

2.2.3 Crosslinking

The characteristic shape of a crosslinking measurement by means of photo-DSC is
depicted in Fig. 2.6. Each photo-DSC measurement comprises two subsequent runs.
In the first run, the specimen is cured by the incident radiation, which yields the
orange curve in Fig. 2.6. Afterward, the cured sample is irradiated a second time
using the same measurement procedure to measure the specific heat flow generated
by the incident radiation (grey curve).
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Figure 2.5. Schematic cross-sectional view of the DSC measurement cell with in-
stalled photo-DSC extension and vertically aligned light guides

Upon opening the shutter, a steep increase of the exothermic specific heat flow is
visible in the first seconds. After reaching the peak value q̇max, the crosslinking
speed strongly decelerates, and the signal of the specific heat flow tends towards the
baseline generated by the second measurement.
Particular attention should be paid to the enlarged section in fig. 2.6. Theoreti-
cally, the measurements of the first and the second run perfectly overlap after all
reacting molecules of the photopolymer have been crosslinked. Since this is only a
hypothetical scenario, a slight deviation is visible between the two runs.

Principally, a strong dependency on the temperature of the photopolymer resin
can be expected. This dependency considerably influences the overall conversion
rate and the the amount of released specific heat at the end of the exposure.
Thus, the resulting measurement procedure is split into three segments and reads
as follows:

1. Equilibrate the specimen at a constant temperature and maintain the temper-
ature for the predefined duration t1.

2. Open the shutter and irradiate both crucibles at a constant and precalibrated
irradiance for the predefined duration t2. The crosslinking reaction starts
and the DSC measures the exothermic signal generated by the crosslinking
specimen.
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Figure 2.6. Schematic diagram of a typical photo-DSC measurement using two sub-
sequent runs (inspired by [Menczel and Prime, 2009])

3. Close the shutter and maintain the constant temperature for the predefined
duration t3.

This procedure is applied to both runs of each measurement. After finishing the
second run, the signal of the specific differential heat flow of the second run is
subtracted from the first run to evaluate the exothermic specific differential heat
flow corresponding to the crosslinking reaction of the photopolymer:

∆q̇ (t) = q̇1 (t)− q̇2 (t) . (2.5)

The slight deviation between the first and the second run at the end of the irradiation
may cause bias. Avoiding this, a termination criterion must be defined to evaluate
the measurements. Consequently, the data are neglected when the difference of the
specific differential heat flows reaches one percent of its peak value:

∆q̇ (t) < 0.01 · (q̇max,1 − q̇max,2) . (2.6)

Otherwise, the small deviation between the specific heat flows of the first and the
second run would significantly contribute to the computation of the degree of cure,
which is not physically sound and only caused by the inaccuracy of the device.
Other techniques, such as considering equal exposures for different irradiances as a
termination criterion, are also proven methods [Maffezzoli and Terzi, 1998].
Eventually, the time-dependent degree of cure c (t) is computed through the cumu-
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lative integral of the specific differential heat flow:

c (t) =

t∫
0

∆q̇ (s) ds

htot
. (2.7)

Herein, htot denotes the total specific heat of a reaction for the fully crosslinked pho-
topolymer, i.e., c = 1. It must be determined independently using a non-isothermal
temperature profile while simultaneously irradiating the sample.
Previous investigations show that an oxygen atmosphere decelerates the crosslink-
ing reaction [Rusu et al., 2012]. Considering DLP, the photopolymer layer does not
stay in contact with the atmosphere. Hence, the DSC measuring cell is flooded with
gaseous nitrogen to prevent limiting effects caused by oxygen.

Before presenting the results of the photo-DSC measurements under the influence
of different temperatures and irradiances, the influence of the specimen mass is
investigated in the photo-DSC measurements.

Influence of the specimen mass and guidelines for the dosage of the pho-
topolymer According to the Beer-Lambert law, see eq. (1.1), the irradiance is
a function of the vertical position in the photopolymer layer and decreases. Hence,
significant attention should be paid to the layer thickness of the photopolymer spec-
imen in the crucible and its dosage.
The bottom of the chosen Tzero™ crucibles is circular and has an area of approx-
imately 19.63 mm2. Given the density of the uncured resin (ρ = 1.1 mg

mm3 ), the
following height-specific mass is defined:

m = 21.593 mg
mm . (2.8)

The specimen has a cylindrical, poker chip-like shape if a uniform distribution of
the photopolymer resin is assumed. Specimen masses can be calculated using this
specific mass for a predefined layer thickness in the sample crucible. The typical
layer thickness in DLP is in the range of 50 µm to 100 µm, which leads to the
following lower and upper boundaries for the specimen mass:

m (50 µm) = 1.07965 mg and m (100 µm) = 2.1593 mg . (2.9)

Compared to standard DSC measurements of the crosslinking process of thermoset-
ting epoxy resins or adhesives, see [Wenzel, 2005; Menzel, 2011; Liebl, 2014], the
typical specimen mass in photocalorimetric measurements is significantly lower. In
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Figure 2.7. Diagrams of the specific differential heat flow depending on the specimen
mass

order to investigate the influence of the specimen mass on the results of the photo-
DSC measurements, several crucibles are prepared with increasing specimen mass.
Six crucibles are prepared with photopolymer specimens ranging from 0.41 mg to
9.177 mg. The photopolymer is drawn up using a pipette, and a small drop is filled
into the crucible. Then, using a wooden toothpick [Menczel and Prime, 2009], the
photopolymer drop is distributed across the crucible’s bottom area, forming a homo-
geneously distributed layer. Then, the crucible with the specimen is weighed using
a high-precision scale. Prior to that, the mass of the empty crucible is determined
to calculate the resulting specimen mass. All preparation steps are conducted with
minimal room lighting. The purge gas flow rate is set to 50 ml/min.
The measurements are conducted isothermally (θ = 20 °C). Before opening the shut-
ter, the DSC measuring cell is equilibrated for three minutes. The exposure time is
set to ten minutes. After closing the shutter, the temperature is held constant for
another three minutes, and the measurement is repeated.
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2.2 Differential Scanning Calorimetry (DSC)

Table 2.1. Evaluated specific reaction heats depending on the specimen mass

Specimen mass in mg Specific heat of Resulting degree
reaction in J/g of cure in -

0.410 223.9 0.817
0.870 217.1 0.792
1.219 218.1 0.796
1.533 217.7 0.794
2.855 225.2 0.822
9.177 228.5 0.834

Fig. 2.7 shows the results of the measurements in the first 55 seconds after opening
the shutter. Increasing the specimen mass leads to the following phenomena:

• The peak of the reaction of the first run decreases. Increasing the specimen
mass from 0.41 mg to 9.177 mg reduces the reaction peak by more than 50 %.

• Additionally, the associated abscissa value of the reaction peak is slightly
shifted to the right. Hence, the crosslinking is slower.

• Furthermore, the first run’s heat flow signal approaches the second run’s signal
more slowly. However, the influence of the specimen mass on the second run
is less pronounced.

Consequently, increasing the specimen mass decelerates the crosslinking reaction
caused by the inhomogeneous distribution of the irradiance in the specimen.

Table 2.1 shows the specific heat of reaction of the conducted measurements and
the corresponding degrees of cure. The specific heat of reaction is calculated using
the numerator in eq. (2.7) for the exposure time corresponding to the termination
criterion in eq. (2.6). Similarly, the degrees of cure are calculated through eq. (2.7)
and htot = 274.04 J/g5.
Fortunately, the chosen specimen mass only influences the crosslinking speed and
has a minor influence on the specific heat of reaction and the resulting degree of cure.
The maximum relative deviation calculated between the maximum and minimum
degrees of cure is approximately 5 %. Therefore, it can be considered a general
deviation of the DSC device. Hence, the specimen mass is set to values between 1.0
mg and 1.5 mg for the following measurements.

5The total specific heat of reaction is determined in the following measurements.
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Results of the crosslinking measurements The crosslinking properties of the
chosen photopolymer are investigated by means of photo-DSC measurements using
different irradiances and constant temperatures. According to the preparation steps
mentioned above, the specimen crucibles are prepared with tiny photopolymer drops
weighing between 1.0 mg and 1.5 mg. The purge gas flow rate is again set to 50
ml/min.
The constant temperatures and irradiances are set to

• 10 °C, 20 °C, 30 °C, 40 °C, 50 °C, and 60 °C and

• 5 mW/cm2, 10 mW/cm2, 15 mW/cm2, and 20 mW/cm2 .

The irradiance is calibrated before starting the individual measurement (cf. subsec.
2.2.2). Then, the specimen is held isothermally for three minutes at the selected
constant temperature. In the next step, the specimen is irradiated for ten minutes
to form all possible crosslinks. Finally, the specimen is again held isothermally for
three minutes.
The results of the measurements are displayed in fig. 2.8. The abscissa is reduced
to the first 30 seconds of the irradiation segment. Principally, the peak of the
exothermic reaction, as visible in the first run of each measurement, increases with
increasing temperature and irradiance. Increasing the temperature of the resin in-
creases the molecular mobility of the photopolymer. Thus, the crosslinking speed
increases and more crosslinks can form at the selected temperature. Otherwise, the
number of crosslinks in the specimen is limited if the temperature is too low.

In order to calculate the degree of cure as function of the exposure time, the total
specific heat of reaction must be determined. Hence, another specimen is prepared
for a non-isothermal test. First, the specimen is equilibrated at θ = 70 °C for three
minutes and irradiated for ten minutes with I = 20 mW/cm2. Then, the DSC mea-
suring cell temperature is increased to 130 °C with 20 °C/min while the specimen
is still irradiated. Afterward, the procedure is repeated in a second run in order to
detect residual crosslinking reactions.
Consequently, the crosslinking is not limited by the temperature of the measuring
cell, and the fully cured state of the photopolymer is achievable. Moreover, this pro-
cedure allows for identifying the minimum required curing temperature to achieve
the fully cured state.
The corresponding specific differential heat flows are visualized in fig. 2.9. For-
tunately, no residual crosslinking reaction is visible in the heating segment of the
irradiation. Hence, the total specific heat of reaction can be identified through this
measurement. Evaluating this measurement through the numerator of eq. (2.7) and
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upon opening the shutter. Right: heating segment after ten minutes of
isothermal irradiation. The slight decrease of the heat flow signal at
t = 600 s is caused by the temperature control of the device.

eq. (2.6) leads to the total specific heat of reaction htot = 274.04 J/g.
Finally, fig. 2.10 shows the processed experimental data of fig. 2.8 using eq. (2.7).
Apparently, the termination criterion in eq. (2.6) is reached earlier if the tempera-
ture of the specimen is increased. In summary, the temperature influences the final
degree of cure at the end of the irradiation, whereas the irradiance influences the
crosslinking speed.
The experimental results serve to identify the parameters of the model equation
describing the degree of cure in sec. 4.1.

2.2.4 Glass transition temperature

The glass transition temperature is an essential property of every polymer. There-
fore, the glass transition temperature of the chosen photopolymer in the fully cured
state is determined through a modulated DSC (MDSC®) measurement. MDSC®

allows for the precise determination of different phenomena [Menczel and Prime,
2009]. Compared to standard DSC measurements, the constant heating rate is su-
perimposed by a sinusoidal temperature signal. Hence, the resulting heat flow signal
is divided into reversing and non-reversing parts. Therein, the glass transition tem-
perature can be identified in the reversing part of the heat flow signal.

For this purpose, another specimen is prepared. Initially, the specimen is irradi-
ated in the same way as for the determination of the total specific heat of reaction
to achieve its fully cured state. Then, in a second measurement, the specimen is
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Figure 2.10. Computed curves of the degree of cure depending on temperature and
irradiance

heated up from 0 °C to 120 °C with a heating rate of 2 °C/min. The temperature
modulation has an amplitude of 1 °C and a period of 60 s.
Fig. 2.11 shows the measured reversing specific differential heat flow of the MDSC®

measurement to identify the glass transition temperature in the fully cured state.
The characteristic step of the glass transition is visible in the chosen temperature
range. The start and endpoints of the step are set to 20 °C and 100 °C, respectively.
Employing the DSC analysis software provided by TA® Instruments, the glass tran-
sition temperature is identified at the inflection point of the step and reads θg = 65.7
°C. However, the glass transition does not occur at a specific temperature but rather
over a broad temperature range.

Naturally, the glass transition temperature of photopolymers increases with pro-
gressing degree of cure [Ye et al., 2011]. Thus, the glass transition temperature in
the fully cured state represents the ultimate value. Furthermore, Kloosterboer
and Lijten discovered that the crosslinking reaction could stop if the current glass
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Figure 2.11. Reversing specific differential heat flow of the MDSC® measurement for
the identification of the glass transition temperature in the fully cured
state. The glass transition is indicated by the orange circle.

transition temperature exceeds the curing temperature of the photopolymer [Kloost-
erboer and Lijten, 1990].
Comparatively, no further crosslinking reaction is visible in the heating segment of
the measurement for the determination of the total specific heat of reaction. There-
fore, irradiating the specimen at 60 °C is sufficient to achieve the fully cured state.

2.2.5 Isobaric specific heat capacity

The exothermic crosslinking reaction of the photopolymer generates heat, which
can substantially increase the temperature of the photopolymer. This relation is de-
scribed by the isobaric specific heat capacity, which specifies the necessary amount
of energy to increase the temperature of 1 g of a given substance by 1 K.
The determination of the glass transition temperature takes into account the rela-
tive change in the heat flow signal. Equivalently, the time-dependent degree of cure
of the specimen is evaluated through the difference in the specific heat flows of two
subsequent measurements. Thus, both evaluations do not provide any information
about the absolute values of the heat flow signal. Generally, all measurements are
biased by deviations caused by the DSC device, which can be neglected in quali-
tative measurements (determination of the glass transition) or measurements using
relative changes of the heat flow signal (investigation of the crosslinking properties).

In order to determine the temperature-dependent isobaric specific heat capacity,
one has to precisely evaluate the absolute values of the heat flow signal. Therefore,
the following three-step procedure is applied [Höhne et al., 2003]:
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Figure 2.12. Isobaric specific heat capacity depending on the temperature for the
uncured and fully cured state of the photopolymer

• The first measurement is conducted with empty crucibles. Before that, the
temperature range of interest and the corresponding heating rate are defined.
This measurement describes the baseline heat flow q̇crucible and accounts for
intrinsic measurement errors of the DSC device.

• Next, a substance with known values of its temperature-dependent isobaric
specific heat capacity cp,sapphire (θ) and mass msapphire is put into the empty
specimen crucible. The measurement is conducted using the same experimen-
tal procedure. Principally, sapphire is used due to its stability over a wide
temperature range.

• Finally, two measurements are conducted with uncured and fully cured speci-
mens leading to the heat flow q̇specimen.

Hence, according to [Menczel and Prime, 2009], the temperature-dependent isobaric
specific heat capacity cp,specimen (θ) of the specimen is computed as

cp,specimen (θ) = (q̇specimen (θ)− q̇crucible (θ))msapphire

(q̇sapphire (θ)− q̇crucible (θ))mspecimen
cp,sapphire (θ) . (2.10)

The temperature range is set to 0 . . . 100 °C, whereas the heating rate is 20 °C/min.
Initially, the temperature is held constant for ten minutes before heating the speci-
men.
The evaluated results of the measurements are depicted in fig. 2.12. The heat ca-
pacity of the photopolymer in the uncured state is substantially higher than in the
fully cured state and increases linearly with increasing temperature. At 0 °C, the
specific heat capacity of the uncured specimen is ≈ 50 % higher than the specific
heat capacity of the fully cured specimen. The difference between these two values
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Figure 2.13. Setup of the DHR-30 rheometer incorporating the OmniCure® S2000
curing system

reduces to ≈ 12 % at the end of the measurement.
In the fully cured state, the specific heat capacity increases nonlinearly with increas-
ing temperature, which is mainly caused by the glass transition located in the region
60 . . . 70 °C. Comparatively, the glass transition temperature of the uncured speci-
men must be below 0 °C because no transition is visible in the chosen temperature
range.

2.3 Rheometric measurements during crosslinking

After finishing the measurements of the crosslinking properties of the photopolymer
by means of photo-DSC, the change in the mechanical properties is investigated
during the transition from the liquid to the solid state of the photopolymer. To
this end, rheometers can principally record the stiffness increase due to progressing
crosslinks while oscillating the irradiated photopolymer layer. However, the exper-
imental setup must be adapted first to apply the radiation to the photopolymer
layer. In the last decades, the suitability of conventional rheometers extended by
proper light sources has been successfully proven to investigate the change of the
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Figure 2.14. Cross-sectional view of the UV light guide assembly motivated by [TA®

Instruments, 2021]

mechanical properties of crosslinking photopolymers [Watanabe et al., 1984; Khan
et al., 1992; Lange, 1999; Lee et al., 2000; Claesson et al., 2002; Darsono et al., 2011;
Higham et al., 2014].

The DHR-30 rheometer provided by TA® Instruments is used for the following
investigations. Fig. 2.13 shows the experimental setup of the rheometer to record
the change in the mechanical properties of crosslinking photopolymers. The envi-
ronmental test chamber (ETC) is unnecessary for the UV rheometry measurements,
but it is used for the DMA measurements following later in sec. 2.4.
The OmniCure® S2000 curing system generates the incoming radiation in order to
compare and link the results with the photo-DSC measurements performed in the
preceding section. The radiation is transported by a single liquid light guide instead
of the dual fiber light guide (see fig. 2.2). Additionally, the same adapter and the
405 ± 10 nm filter as used in the photo-DSC measurements are plugged into the
device. In order to better understand the experimental setup, the cross-sectional
view of the UV light guide assembly and the transport of the radiation are depicted
in fig. 2.14.
The end of the light guide is mounted into the UV light guide assembly and fixed
with a locking screw, whereas the UV light guide assembly is magnetically fixed on
the smart swap™ base of the rheometer. Inside the assembly, the incident radiation
is collimated by a lens and vertically deflected by 90° using an internal mirror sys-
tem. Thus, the light beam diameter is increased from ≈ 5.5 mm to 20 mm. Then,
the radiation passes through the transparent quartz glass plate and irradiates the
photopolymer layer, which is applied to the top surface of the quartz glass plate.
Principally, quartz glass (SiO2) exhibits an excellent transmission (nearly 100 %)
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Figure 2.15. Detailed view of the UV rheometry setup

for radiation in the ultraviolet range depending on its purity and additives [Scholze,
1998]. Moreover, a steel ring is screwed onto the UV light guide assembly to keep
the quartz glass plate fixed through an x-ring. In addition, the x-ring prevents the
liquid photopolymer from flowing into the gap between the steel ring and the quartz
glass plate.

Fig. 2.15 shows the detailed view of the UV rheometry setup. The upper dis-
posable plate (∅ 20 mm) is made of aluminum and connected to the heat spreader
of the electrically heated plates (EHP) accessory. In contrast, the heat spreader is
connected to the rotating steel rod of the rheometer. The temperature of the cas-
ing of the EHP accessory is controlled by the internal heating coils and the cooling
pipe at the top of the casing. The cooling pipe is flooded with vaporized liquid
nitrogen, which flows out the storage dewar (gas cooling accessory/GCA) standing
next to the rheometer. The casing surrounds the heat spreader and transfers its
temperature via convection. Hence, the temperature control of the upper aluminum
plate is highly accurate. Comparatively, the temperature of the quartz glass plate
is not directly controlled. The EHP, in conjunction with the UV curing accessory,
can control the temperature of the upper aluminum plate in the range−70 . . . 150 °C.

Last but not least, after establishing the desired layer thickness by lowering the
upper aluminum plate, the gap between the heat spreader and the UV light guide
assembly is flooded with gaseous nitrogen used as the purge gas. To this end,
the cover of the EHP casing is lowered. Although only the lateral surface of the
cylindrical photopolymer layer is surrounded by the oxygen in the atmosphere of
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Figure 2.16. Spectral sensitivity of the UVA+ sensor and the emission spectrum of
the OmniCure® S2000 curing system in conjunction with the 405± 10
nm filter

the laboratory, using purge gas is recommended to ensure comparability with the
photo-DSC measurements. Additionally, lowering the EHP cover prevents direct eye
contact of the radiation with the experimenter.

Irradiance calibration A critical step before using the UV curing accessory is the
calibration of the irradiance of the light source on the top surface of the quartz glass
plate. The iris setting of the OmniCure® S2000 curing system can be adjusted in
steps of one percent to obtain different irradiances on the top surface of the quartz
glass plate. A portable radiometer is supplied with the UV curing accessory for
the DHR-30 rheometer provided by TA® Instruments. Unfortunately, it only allows
the measurement of the irradiance on the top surface of the quartz glass plate in
the wavelength range 230 . . . 410 nm. In order to correctly measure the incident
irradiance on the top surface of the quartz glass plate, the RMD radiometer, in
conjunction with the UVA+ sensor provided by Opsytec Dr. Gröbel GmbH, is ap-
plied for the calibration of the irradiance [Opsytec Dr. Gröbel GmbH, 2021]. The
radiometer provides the measurement of irradiances in the range 0 . . . 10 W/cm2.
The sensitivity of the radiometer is 10−3 µW/cm2. Fig. 2.16 shows the spectral
sensitivity of the UVA+ sensor and the emission spectrum of the OmniCure® S2000
curing system in conjunction with the 405 ± 10 nm filter. One can easily see that
the UVA+ sensor can appropriately measure the radiation in the wavelength range
380 . . . 420 nm. The spectral sensitivity is reduced at wavelengths lower or higher
than this range. Thus, the measured irradiance must be corrected by the reciprocal
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Table 2.2. Measured irradiances of the OmniCure® S2000 curing system using the
405± 10 nm filter at the end of the light guide and on the top surface of
the quartz glass plate

Irradiance in mW/cm2

Iris setting in % . . . at the end of . . . on the top surface Relative loss in %the light guide (395. . . 415 nm)
1 14.6 0.662 95.5
2 28.4 1.131 96.0
3 44.0 1.790 95.9
4 58.8 2.401 95.9
5 69.2 2.849 95.9
6 79.9 3.279 95.9
7 87.6 3.766 95.7
... ... ... ...
16 229.5 10.120 95.6

of the corresponding spectral sensitivity at wavelengths lower than 380 nm or higher
than 420 nm. Fortunately, this procedure does not have to be conducted for the
following measurements.

Furthermore, the irradiance at the end of the light guide is measured by the
OmniCure® R2000 radiometer, which is calibrated in the wavelength range 280 . . . 520
nm [Excelitas Technology Corp., 2014a; Bizjak-Bayer, 2021]. Table 2.2 shows the
measured irradiances at the end of the light guide and on the top surface of the
quartz glass plate, depending on the iris setting. In addition, the relative loss for
each iris setting is calculated in the fourth column. The increase of the diameter of
the radiation beam mainly causes the tremendous loss of irradiance, see fig. 2.14.

2.3.1 Mechanical properties

In order to measure the change in the mechanical properties of the photopolymer,
the rheometer applies a harmonic excitation described by the twist ϕ(t) = ϕ0 sin (ωt)
through the upper aluminum plate to the photopolymer layer while irradiated as
depicted in fig. 2.17. Considering the kinematic relations between the height H and
the radius R of the layer, the corresponding shear strain at r = R reads as

γ (t) = ϕ (t) R
H

. (2.11)
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Figure 2.17. Left top: kinematic relation between the twist ϕ (t) and shear strain
γ (t) of the photopolymer layer. Left bottom: graphical visualization
of the phase shift between the shear strain γ (t) and the shear stress
γ (t). Right: progress of crosslinking in the photopolymer layer.

At the same time, the rheometer measures the reaction torque M (t) in the pho-
topolymer layer. Assuming small strain torsional analysis and linear elastic or linear
viscoelastic material behavior, the corresponding shear stress linearly increases over
the radius r and reaches its maximum value at the lateral edge of the layer. Hence,
the maximum shear stress reads as

τ (t) = 2M (t)
πR3 . (2.12)

Since the photopolymer principally exhibits viscoelastic material behavior, the stress
response is phase-shifted by the angle δ to the harmonic shear strain, see fig. 2.17:

τ (t) = τ0 sin (ωt+ δ) . (2.13)

The rheometer continuously evaluates the shear strain and shear stress signals during
the measurement. Transferring the signals into the frequency domain,

γ∗ = γ0 exp (iωt) and τ ∗ = τ0 exp (i (ωt+ δ)) , (2.14)
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yields the frequency-dependent complex shear modulus

G∗ = τ ∗

γ∗
= τ0

γ0
cos (δ)︸ ︷︷ ︸
G′

+i τ0

γ0
sin (δ)︸ ︷︷ ︸
G′′

. (2.15)

G′ denotes the shear storage modulus, and G′′ is the shear loss modulus. The
measured phase shift δ generally depends on the set angular frequency and the pho-
topolymer’s current temperature and degree of cure.

As explained above, the irradiation of the photopolymer starts at the bottom of
the layer. Hence, the crosslinks also start at the bottom of the layer and verti-
cally progress with increasing time. Fig. 2.17 shows the crosslinking progress in
the photopolymer layer at four different states. At the time t0, the shutter of the
OmniCure® S2000 curing system has just opened, and the photopolymer is still
liquid. Then, at the time t1, the first crosslinks form at the bottom of the layer.
The crosslinks progress in the vertical direction, and the crosslinking speed depends
on the chosen irradiance (t = t2). Finally, at the time t3, the crosslinks reach the
upper aluminum plate. At this point, the rheometer recognizes the stiffness increase
of the photopolymer layer caused by the progressing crosslinks. At the states a) -
c), the rheometer only measures the properties of the photopolymer in the liquid
state. The time t3 mainly depends on the chosen irradiance and temperature of the
photopolymer. Obviously, the time needed to reach the upper plate increases if the
layer thickness increases. Since the irradiance exponentially decreases through the
layer according to the Beer-Lambert law (see eq. (1.1)), the degree of cure is a
function of the vertical location in the layer.

The following parameters are chosen to measure the change of the shear storage
and loss moduli during the crosslinking of the photopolymer layer:

• Temperatures: 10 °C, 20 °C, 30 °C, 40 °C, 50 °C, and 60 °C

• Angular frequencies: 0.628 rad/s, 6.28 rad/s, 62.8 rad/s, and 628 rad/s

The iris of the OmniCure® S2000 curing system is set to 10 %, which corresponds
to the irradiance I = 10.12 mW/cm2. The layer thickness is set to H = 500 µm6.

6The setting of the layer thickness is always subject to a trade-off. Since the upper aluminum
plate and the lower quartz glass plate are not perfectly parallel to each other, the measurement
error dramatically increases if the layer thickness is too small. Comparatively, the distribution of
the degree of cure in the photopolymer layer becomes more inhomogeneous if the layer thickness
is too large. Having conducted several preliminary tests with different layer thicknesses, H = 500
µm provided the most stable results.
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Figure 2.18. Increase of the shear storage modulus G′ as a consequence of progress-
ing crosslinks in the photopolymer layer at different constant temper-
atures and angular frequencies

The shear strain amplitude is dynamically adjusted in the range 10−3 % . . . 10 %
by the rheometer and its software. If the photopolymer is in the liquid state, the
amplitude must be higher to achieve a stable signal. The normal force is controlled
at 0± 0.1 N to prevent excessive tensile stresses caused by the chemical shrinkage.

Prior to applying the photopolymer layer on the quartz glass plate, the tempera-
ture of the upper aluminum plate is set to the desired value. Then, the photopolymer
is applied to the quartz glass plate using a pipette, and contact is established be-
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tween the upper and lower plates. Usually, the excessive resin flows down the lateral
surface of the quartz glass plate due to its low viscosity in the liquid state.

Before starting the measurement, one has to wait five minutes so that the pho-
topolymer achieves the temperature of the upper aluminum plate. Subsequently,
the EHP cover is lowered, and the purge gas cylinder valves are opened. After 60
seconds of oscillating the photopolymer layer in the liquid state, the shutter of the
OmniCure® S2000 curing system is opened, and the crosslinking reaction starts. Af-
ter five minutes of irradiation, the shutter is closed, and the measurement ends.
Fig. 2.18 shows the increase in the shear storage modulus of the photopolymer layer
using the experimental conditions mentioned above. Evidently, the short delay is
visible between the opening of the shutter and the start of the rise of the shear stor-
age modulus. Apparently, the delays of the individual measurements do not show
any deviation from each other, which can be concluded as good repeatability. All
measurements show a strong dependency on the chosen angular frequency. Higher
angular frequencies lead to a steeper increase and higher final values of the shear
storage modulus at the end of the irradiation.

Increasing the temperature of the photopolymer layer leads to two contrary phe-
nomena. On the one hand, increasing the temperature accelerates the crosslinking
process of the photopolymer and allows for a higher degree of cure at the end of
the irradiation. As a result, the photopolymer layer achieves a higher shear storage
modulus at the end of the measurement. On the other hand, the photopolymer be-
comes softer if the temperature increases along with a lower shear storage modulus.
These two mechanisms take place in parallel and cannot be separated from each
other. Comparing the measurements at 10 °C and 20 °C, the stiffness reduction has
a more substantial impact than the higher final value of the degree of cure caused
by the higher temperature.
The frequency dependency of the measurements increases at higher temperatures.
Moreover, especially at the highest angular frequency, the final value of the shear
storage modulus increases accordingly. However, the measurement at 60 °C with
ω = 628 rad/s seems to show a non-physical behavior.

Overall, the conducted measurements serve to model and identify the associated
parameters of the degree of cure-dependent viscoelastic properties in sec. 3.5 and
subsec. 4.2.2, respectively.
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2.3 Rheometric measurements during crosslinking

2.3.2 A new method to determine temperature-dependent
working curves

The photocalorimetric measurements conducted in the previous section exhibit one
important fact. The temperature of the resin is an essential parameter during the
crosslinking of the resin. Higher temperatures lead to faster resin conversion even if
the irradiance is constant. Thus, besides photocalorimetric measurements, the fea-
sibility of experiments to determine temperature-dependent working curves seems
to be an interesting question.
Generating working curves is a fast and versatile tool for the correct setting of the
exposure times in the printing process. Additionally, due to the faster conversion of
the resin at elevated temperatures, a significant reduction of the printing time per
layer can be achieved. In the following, a new method is presented for determining
temperature-dependent working curves using the rheometer above.
The rheometer at hand cannot be only employed for oscillating measurements but
also axial measurements. If the normal force of the upper plate is controlled at 0 N,
the rheometer can measure the change in the thickness of the photopolymer layer
caused by the crosslinking upon irradiation.
Upon opening the shutter of the light source, the crosslinking progresses to the up-
per side of the layer. When the curing front reaches the upper aluminum plate,
the curing resin drags the upper aluminum plate downwards due to the chemical
shrinkage. The upper aluminum plate follows the curing resin because the normal
force is controlled at 0± 0.1 N.

At this point, the difference between conventional working curve measurements
and this new method becomes clear. Instead of measuring the cured depth of a
photopolymer layer for a given exposure time, more specifically, exposure dose, the
time needed for the curing front to reach the upper aluminum plate is measured for
a given layer thickness. Previous investigations show that choosing the right instru-
ment to measure the cured depth of a photopolymer layer is not trivial, as shown
in Bennett [2017]. Again, the temperature of the photopolymer layer is controlled
by the EHP accessory and the additional usage of liquid nitrogen.
Fig. 2.19 shows a schematic of the measurement to determine temperature-dependent
working curves. Additionally, the change in the photopolymer layer is depicted in a
cross-sectional view. Generally, the measurement is divided into three different steps
labeled by the numerals 1 - 3 . Prior to the first step, the photopolymer resin is
applied to the top surface of the quartz glass plate, and the thickness of the layer
is set to the chosen value Cd, which represents the curing depth. Subsequently, the
upper aluminum plate is heated or cooled to achieve the predefined temperature and
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Figure 2.19. Schematic of the measurement for the determination of temperature-
dependent working curves and the different states of the photopolymer
layer

kept constant for five minutes to establish a homogeneous temperature distribution
in the photopolymer layer.
In step 1 , which acts as additional conditioning for one minute, the photopolymer
layer remains liquid (a). Furthermore, minor deviations from the layer thickness
are visible. These deviations are generally caused by the normal force control of the
rheometer and are a few hundredths of a micrometer. Thus, they can be neglected
because the geometrical change caused by the chemical shrinkage is in the range of
several micrometers.
The shutter of the light source opens at the beginning of step 2 and irradiates
the bottom of the photopolymer layer leading to the first crosslinks indicated as the
grey bullets (b). As the irradiation progresses, more crosslinks form up and cause a
shrinkage strain in the radial direction because the movement in the radial direction
of the photopolymer layer is not restricted ((c)). The duration for the progressing
crosslinks to reach the top of the photopolymer layer is specified as ∆t. Eventually,
multiplied by the given irradiance, it results in the exposure dose for a specific curing
depth and temperature of the resin.

The described method allows for the determination of temperature-dependent
working curves and the analysis of the chemical shrinkage during the curing process
of a photopolymer layer, which is elaborated in subsec. 2.3.3.

Results In order to determine the temperature-dependent working curves, three
measurements are conducted for each temperature and curing depth leading to a
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Figure 2.20. Experimentally determined exposure doses and identified working
curves. The critical exposure doses are identified by the intersection of
the extrapolations (dotted lines) with the abscissa.

total of 108 measurements. The photopolymer layers with curing depths of 200 µm ≤
Cd ≤ 400 µm are irradiated with 1 % iris setting, whereas the layers with curing
depths of 500 µm ≤ Cd ≤ 700 µm are irradiated with 2 % iris setting.
Fig. 2.20 shows the results of the measurements. The mean value of the three
measurements and the resulting standard error are calculated at each curing depth
Cd, which is depicted as the horizontal bar at each curing depth. In addition, the
identified working curves for each temperature are also displayed in each subfigure
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Table 2.3. Parameters of the identified working curves in fig. 2.20 including standard
errors

10 ◦C 20 ◦C 30 ◦C
Dp in µm 250.973± 17.47 232.351± 20.46 206.186± 18.26
Ec in mJ/cm2 6.642± 0.886 4.357± 0.794 3.029± 0.625

40 ◦C 50 ◦C 60 ◦C
Dp in µm 214.397± 13.35 203.994± 8.544 205.139± 2.957
Ec in mJ/cm2 2.923± 0.4085 2.34891± 0.2321 2.263± 0.079

as straight lines7.
Two main conclusions can be derived from the working curves in fig. 2.20 and the
associated parameters in table 2.3:

• Higher temperatures of the resin yield a lower critical exposure dose Ec. There-
fore, significant efficiency gains regarding the printing time can be obtained by
increasing the resin temperature before irradiation. In this study, a reduction
of ∼ 65.9% regarding the critical exposure dose Ec is achieved by increasing
the resin temperature from 10 ◦C to 60 ◦C.

• The identification of the second parameter of the working curve equation,
the penetration depth Dp, shows a less significant decrease with increasing
temperature. Lower penetration depths lead to a more substantial incident
irradiance decrease when the light passes through the photopolymer layer.
One possible explanation is the faster conversion of the liquid resin in the
vicinity of the quartz glass plate at elevated temperatures, which yields in a
stronger gradient in the degree of cure between the (partially) cured part and
the still liquid part of the photopolymer layer.
Nonetheless, this assumption remains hypothetical and must be validated by
further experiments.

It should be noted that the degree of cure is inhomogeneously distributed across
the vertical direction of the photopolymer layer because the irradiance decreases
exponentially according to the Beer-Lambert law. Calculating an effective degree
of cure depending on the vertical location in the photopolymer layer allows for
the precise determination of the degree of cure of the photopolymer layer. This
method is applied in sec. 4.2.2 for the analysis of the viscoelastic properties of the
photopolymer during curing.

7The identification of the working curve parameters Ec and Cd is conducted by the program
gnuplot and its built-in Levenberg-Marquardt algorithm.
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2.3 Rheometric measurements during crosslinking

2.3.3 Chemical shrinkage

The rheometric measurements using the UV accessory give insight into the viscoelas-
tic properties and the curing speed, but they can also quantify the curing induced
shrinkage of the photopolymer.

Recalling fig. 2.19, the curing front reaches the upper aluminum plate at the
beginning of step 3 . After that point, the resin also begins to shrink in the verti-
cal direction. The rapid formation of new crosslinks causes a decrease in the layer
thickness due to the chemical shrinkage (d).
Taking into account the predefined layer thickness Cd, the linearized chemical shrink-
age strain in the vertical direction of the photopolymer layer is defined by

εch (t) = −Cd (t)− Cd (0)
Cd (0) . (2.16)

Therein, Cd (t) denotes the temporal evolution of the layer thickness. Although
the chemical shrinkage reduces the volume of the photopolymer layer, the chem-
ical shrinkage strain is considered as a positive value. This is mainly motivated
by introducing the multiplicative decomposition of the deformation gradient in sec.
3.3. Therein, the maximum attainable chemical shrinkage is considered as a model
parameter with a positive value.
In order to track the temporal evolution of the chemical shrinkage, the measurements
for the determination of the temperature-dependent working curves in the preceding
section are not stopped after the curing front has reached the upper plate. Thus,
the following figures are associated with step 3 in fig. 2.19.
Fig. 2.21 shows the temporal evolution of the chemical shrinkage strain depending
on the temperature of the photopolymer for Cd (0) = 200 µm. Higher temperatures
of the photopolymer lead to a faster increase in the shrinkage strain. The shrinkage
strain reaches its highest value for θ = 60 °C, which corresponds to the findings of
the photo-DSC measurements that too low temperatures limit the curing of the pho-
topolymer. Unfortunately, several measurements fail due to the axial force control
of the rheometer. The rapid conversion of the photopolymer impedes the rheometer
from adjusting the axial force to 0 N. For example, at θ = 50 °C, two measurements
failed at t ≈ 190 s and t ≈ 300 s, respectively. Nonetheless, all measurements of the
same temperature show similar behavior. Therefore, sufficient repeatability can be
assumed.

If the initial layer thickness is increased to higher values, see figs. 2.22 - 2.26,
the same phenomena are observable as in the measurements with Cd (0) = 200 µm.
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Figure 2.21. Experimentally determined chemical shrinkage strain for Cd (0) =
200 µm
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Figure 2.22. Experimentally determined chemical shrinkage strain for Cd (0) =
300 µm
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Figure 2.23. Experimentally determined chemical shrinkage strain for Cd (0) =
400 µm
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Figure 2.24. Experimentally determined chemical shrinkage strain for Cd (0) =
500 µm
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Figure 2.25. Experimentally determined chemical shrinkage strain for Cd (0) =
600 µm
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Figure 2.26. Experimentally determined chemical shrinkage strain for Cd (0) =
700 µm
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Again, higher temperatures lead to a faster conversion of the photopolymer, but
it takes more time for the chemical shrinkage to emerge after the shutter opening.
Additionally, the shrinkage strain reaches its highest value for θ = 60 °C, but this
value decreases with increasing initial layer thickness. This phenomenon is caused by
the transverse strain in the radial direction of the cylindrical-shaped photopolymer
layer. Hence, the chemical shrinkage strain cannot be considered one-dimensional
if the layer thickness increases,. Even though several measurements fail again, re-
peatability is proven in principle.

As a result, the chemical shrinkage in the vertical direction strongly depends on
the chosen initial layer thickness and temperature:

• Higher temperatures lead to a higher chemical shrinkage at the end of the
measurement. This phenomenon is caused by the limiting effects of too low
curing temperatures.

• Smaller layer thicknesses also lead to a higher chemical shrinkage at the end of
the measurement. Even in the fully cured state, the upper aluminum plate and
the lower quartz glass plate are much stiffer than the photopolymer. Thus, if
the layer thickness is small enough, the chemical shrinkage in the radial direc-
tion is hindered because the curing front reaches the upper plate immediately
upon opening the shutter.

2.4 Dynamic-mechanical analysis of printed
specimens

Dynamic-mechanical analysis (DMA) is a well-established experimental method to
analyze the temperature-dependent viscoelastic properties of polymers and has been
applied for the experimental characterization of polymers for decades [Schwarzl,
1990; Jones, 2001; Menard and Menard, 2020]. Instead of performing tensile or re-
laxation tests, one can minimize the required time for experiments by determining
the viscoelastic properties in the frequency domain. For this purpose, the speci-
men is excited by an oscillation within a fixed experimental angular frequency range
ωexp =

[
ωmin
exp , ω

max
exp

]
at constant temperatures. Then, by applying time-temperature

superposition, the experimental angular frequency range can be extended to a more
extensive shifted angular frequency range ωshift = [ωmin

shift, ω
max
shift].
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Figure 2.27. Schematic visualization of the time-temperature superposition

Fig. 2.27 shows the general principle of the time-temperature superposition prin-
ciple by considering the experimentally derived shear storage modulus G′ of an ar-
bitrary polymer. If the temperature increases, the specimen becomes softer, which
results in a decreasing shear storage modulus. The frequency dependency is less
pronounced at low and high temperatures. Particular attention should be paid to
the fact that the vertical distances between the individual isothermal curves are not
too large. Otherwise, the superposition procedure may not be accomplished because
the individual isothermal curves do not overlap. To apply the shift principle, the
frequency axis has to be logarithmically scaled.
After choosing a reference temperature θR, the isothermal curves with constant tem-
peratures θ < θR are shifted to higher angular frequencies, whereas the isothermal
curves with constant temperatures θ > θR are shifted to lower angular frequencies.
The shift factors sθ generally range over several decades. Hence, they are usually
visualized on a logarithmic scale. The rheometer employed in the preceding sections
is used in conjunction with steel clamps for the torsional DMA tests of rectangular
specimens. Compared to cylindrical specimens, rectangular-shaped specimens offer
an enormous benefit. Since the thickness of the rectangular specimen is principally
much smaller than its length and width, a temperature gradient is less likely to arise
in the specimen. Moreover, better comparability to the tensile tests performed af-
terward is possible. The same print orientation, layer thickness, and exposure times
can be used for the fabrication of the tensile specimens.

Fig. 2.28 shows the schematic representation of the rectangular specimen with
length l, width w, and thickness t. The lower end is kept fixed by the steel
clamps, whereas the steel clamps at the upper end apply the harmonic twist ϕ (t) =
ϕ0 sin (ωt) to the specimen. Additionally, the rheometer applies a self-adjusting ten-
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Figure 2.28. Left: schematic representation of the rectangular specimen used in the
DMA tests and its boundary conditions applied by the steel clamps.
Right: shear stress distribution in the cross-section of the specimen
(inspired by [Szabo, 2001]).

sile force to the specimen to keep the specimen straight during the measurement.
Otherwise, due to the thermal expansion and contraction of the material when
passing through a broad temperature range, the specimen would bend, or excessive
tensile forces would arise.

In contrast to the torsion of a cylindrical specimen, the cross-sectional warping is
not generally hindered. In [Szabo, 2001], Szabo deducts the fundamental equations
for the stress analysis of rectangular bodies with arbitrary aspect ratios a = w

t
subjected to torsion based on the considerations of de Saint-Vénant, see also
[Diani and Gilormini, 2017]. Thereby, in contrast to cylindrical specimens subjected
to torsion, the shear stresses do not linearly increase with increasing distance from
the axis of rotation. The maximum shear stress, which is utilized to calculate the
complex shear modulus, is found in the middle of the long edge (x = 0, y = t

2), cf.
fig. 2.28.

2.4.1 Specimen fabrication

Several rectangular specimens with t = 2 mm, w = 10 mm, and l = 40 mm are
fabricated using different exposure times and post-curing treatments to achieve dif-
ferent degrees of cure in the specimen. Due to the printing process, all specimens
have a layer thickness of 50 µm leading to 40 layers in total. The first two layers are
considered as initial layers to achieve sufficient adhesion to the build plate. Hence,
the initial layers receive a higher exposure (16 s per layer). The subsequent default
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layers are exposed for 1 s, 2 s, and 8 s. Additionally, some specimens irradiated for 2
s are subsequently post-cured for 15 minutes per side to achieve the material’s fully
cured state. The irradiance of the projector is set to I = 15 mW/cm2 for all print
jobs. The irradiance of the post-curing chamber is set to I = 205 mW/cm2, which
is the maximum irradiance of the post-curing chamber.
Using orientation 1 , see fig. 2.35, all layers are printed parallelly to the build
plate and resin tray. In order to further investigate the state of the material prior
to the DMA test, the degree of cure of the specimens is determined in the following
section.

2.4.2 Determination of the degree of cure

One big challenge arises from printing the DMA specimens parallel to the build
plate. Although the number of layers to be printed is reduced to the minimum by
printing in the xzy-orientation, a gradient regarding the degree of cure could develop
along the z-axis during the printing process. Photo-DSC measurements may give an
insight into this possible gradient formation by using poker chip-shaped specimens
with varying heights hi. Consequently, individual values ci for the degree of cure
of each specimen are determined by measuring the residual specific heat of reaction
hres,i in the photo-DSC measurement:

ci = 1− hres,i
htot

. (2.17)

Again, htot denotes the total heat of reaction for the fully cured material (c = 1) as
previously determined in subsec. 2.2.3. However, one needs to calculate an effective
degree of cure to assign an individual value for each combination of the printing
parameters:

ceff = 1
H

H∫
0

c (z) dz . (2.18)

Since only distinct values ci are determined for each individual height of the speci-
men, one has to approximate eq. (2.18), for example, by the trapezoidal rule

ceff ≈
1
H

(
h1c1 +

N∑
i=2

(hi − hi−1) ci−1 + ci
2

)
. (2.19)

The parameter N stands for the number of specimens considered for the measure-
ments. Moreover, the value c1 is only taken into account by the rectangular rule
because no specimen can be printed for h = 0 mm. Generally speaking, an increase
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Figure 2.29. Poker chip-shaped specimens with different heights for the determina-
tion of the degree of cure of the specimens used in the DMA tests. The
hatching in each specimen indicates the individual layers.

in the number of specimens will lead to a better resolution of the gradient forma-
tion. Comparatively, it will cause a higher effort by conducting more measurements,
which will probably show only a slight deviation from each other.

Fig. 2.29 shows the chosen specimen heights for the photo-DSC measurements.
Five different heights are chosen, ranging from nearly zero thickness to the overall
thickness H = 2 mm of the DMA specimens. The diameter of the specimens was
set to d = 3.5 mm to fit perfectly into the Tzero crucibles, with δ = 50 µm chosen
as the layer thickness. The exposure time of the two initial layers was 16 s. For the
subsequent default layers, various exposure times are chosen in accordance with the
exposure times of the specimens for the DMA tests.
After finishing the print job, the specimens are cleaned for two minutes in a hyper-
sonic isopropanol bath to remove excessive resin on the surface of the specimens. In
the next step, the specimens are dried using pressurized air. Then, each specimen
is placed into the Tzero crucible to start the photo-DSC measurement. Prior to
that, the irradiance of the OmniCure® S2000 curing system is calibrated to I = 20
mW/cm2. In order to measure the necessary residual specific heat of reaction to
achieve a fully cured specimen and avoid limiting effects, the specimens are equili-
brated at θ = 70 °C for three minutes.
Subsequently, the shutter opens, and the specimen is exposed to the incoming irradi-
ation. The DSC registrates the crosslinking of the residual molecules in the (partly
cured) specimen leading to the well-known exothermic peak as a phenomenon of
crosslinking processes. Since only a small amount of unreacted molecules is left in
the specimen, the exothermic peak is much smaller than the peaks of the photo-
DSC measurements using the uncured resin in sec. 2.2.3. Then, after ten minutes
of exposure, the shutter closes, and the specimen is again kept isothermally at 70
°C for three minutes.

The results of the conducted photo-DSC measurements are visualized in fig. 2.30
for each exposure time of the default layers (columns) and each specimen height

53
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(rows). As expected, the measured specific heat flows of the two initial layers are
nearly independent of the chosen exposure time for the default layers (first row).
Only a slight deviation is visible, which can be addressed to the general inaccuracy
of the DSC device.
For the subsequent specimens (h = 0.5 mm), the exothermic peaks are more signif-
icant for the exposure times t = 1 s and t = 2 s of the default layers. Considering
the exposure time t = 8 s, the exothermic peak is smaller. All subsequent measure-
ments exhibit a decreasing exothermic peak with increasing specimen height. The
increasing number of layers leads to a higher overall exposure dose for the specimen.
Hence, the residual heat of reaction turns out smaller.
After subtracting the signal of the second run from that of the first run for each
specimen, one can calculate the residual heat of reaction hres for each specimen by
integrating the subtracted curve over time. Then, the individual values for hres are
employed to calculate the degree of cure of each specimen and for the overall ef-
fective degree of cure according to the eqs. (2.18) and (2.19). The resulting values
of the degree of cure of each specimen and the corresponding effective degrees of
cure for each combination of exposure times are listed in table 2.4. As expected,
higher exposure times of the default layers lead to higher degrees of cure of each
specimen and a higher effective degree of cure. Furthermore, the mean squared de-
viation calculated between each degree of cure and the effective degree of cure for a
combination of exposure times is not very pronounced. Thus, employing an overall
effective degree of cure for each specimen is an appropriate method.
The individual effective degree of cure for each combination of exposure time is then
assigned to the specimens for the torsional DMA tests, which are presented in the
next section.

2.4.3 Results of the torsional DMA tests

After finishing the print jobs for the rectangular specimens with the chosen combi-
nations of exposure times, the specimens are subsequently cleaned in a hypersonic
isopropanol bath and then dried with pressurized air to remove excessive resin on
the surface of the specimens. Then, each specimen is clamped into the lower fixture
of the rheometer one by one. In the next step, the upper fixture is lowered to the
upper edge of the specimen. In order to avoid buckling or excessive tensile forces
in the specimen, the normal force control of the rheometer is activated before the
screws of the upper fixture are tightened. According to the user guidelines of the
rheometer for stiff thermoplastic materials whose glass transition temperature θg is
higher than room temperature, the normal force control is set to 2 ± 1.75 N. Ap-
plying the normal force guarantees that the specimen is kept straight at any time
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Figure 2.30. Measured specific heat flows q̇ of the poker chip-shaped specimens
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Table 2.4. Resulting degrees of cure of the pokerchip-specimens depending on the
individual exposure time

Exposure time: 1/16 s
Height hi in mm 0.1 0.5 1.0 1.5 2.0
Degree of cure ci in - 0.8687 0.8365 0.8221 0.8310 0.8433
Effective degree of cure ceff in - 0.8372
Mean squared deviation in - 2.59 · 10−4

Exposure time: 2/16 s
Height hi in mm 0.1 0.5 1.0 1.5 2.0
Degree of cure ci in - 0.8568 0.8430 0.8464 0.8592 0.9277
Effective degree of cure ceff in - 0.8606
Mean squared deviation in - 1.01 · 10−3

Exposure time: 8/16 s
Height hi in mm 0.1 0.5 1.0 1.5 2.0
Degree of cure ci in - 0.8620 0.8980 0.9333 0.9422 0.9521
Effective degree of cure ceff in - 0.9193
Mean squared deviation in - 1.11 · 10−3

of the measurement. The specimen becomes stiffer at low temperatures and softer
at high temperatures. Hence, at low temperatures, the normal force is controlled at
the upper limit and vice versa. On the one hand, the specimen most probably does
not start to bend. On the other hand, the applied normal force does not damage
the specimen while being tested at high temperatures. The screws of the lower and
upper fixture of the rheometer are tightened to 0.6 Nm using a torque wrench while
the normal force control is active.
Then, the environmental test chamber of the rheometer is closed. Subsequently,
liquid nitrogen is vaporized and streamed into the test chamber to cool down the
specimen to the desired temperature, which is set to θlow = −100 °C. The specimen
is kept at this constant temperature for five minutes to avoid temperature gradients
in it. Since the specimen contracts due to the cooling, the screws might be loos-
ened. To avoid insufficient contact pressure between the clamps and the specimen,
the test chamber is opened, and the screws are retightened. When the torque in the
screws reaches the desired value, the test chamber is closed, the specimen is again
cooled down, and the temperature is kept constant for five minutes before the actual
measurement starts.
Starting at the lowest temperature θlow = −100 °C, the twist ϕ (t) is set such that
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Figure 2.31. Excerpt of the isothermal curves of the DMA tests of the investigated
specimens

the harmonic shear oscillation

γ (t) = γ0 sin (ωt) (2.20)

is applied to the specimen. During the measurement, the amplitude γ0 is dynam-
ically adjusted in the range γ0 = [10−3 %, 10−1 %]. The following challenges arise
from choosing either a too small or too large amplitude for the shear oscillation:

1. If the amplitude γ0 is too large, the specimen will likely leave the admissible
region of linear-viscoelastic behavior. Since the principle of time-temperature
superposition is only admissible in the linear-viscoelastic region of thermorhe-
ological simple materials, avoiding the nonlinear-viscoelastic response of the
material is essential.

2. If the amplitude γ0 is too small, the torque measured by the rheometer to
sustain the shear oscillation will be in the range of the general inaccurracy of
the rheometer device. Hence, the measured torque and the computed output
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Figure 2.32. Resulting master curves of the DMA tests of the investigated specimens

signals may be too noisy.

The specimen first leaves the linear-viscoelastic region earliest at the lowest temper-
ature and highest measurement frequency because the specimen is stiffest under this
combination. With increasing temperature, the specimen becomes softer and, thus,
leaves the linear-viscoelastic region at a larger amplitude. Several pretests of the
specimens have shown that the upper limit (γ0 = 10−1 %) should not be exceeded.
Therefore, keeping the shear oscillation amplitude in the above range seems reason-
able. The chosen experimental angular frequency range is ωexp = [2π s−1, 40π s−1],
linearly divided into 20 frequency points. The specimen is conditioned for five cy-
cles at each frequency, and the signals are evaluated over the following five cycles.
Afterward, the harmonic shear oscillation frequency increases until the upper limit
is reached.
Subsequently, the temperature of the test chamber is increased by 5 °C and again
kept constant for five minutes to equilibrate the specimen. The frequency sweep is
again applied to the specimen, and the output signals are saved. This procedure is
repeated until the temperature reaches the upper limit, which is set to 100 °C for
the measurements in this thesis. The rheometer calculates the shear storage and
loss moduli G′ and G′′ based on the measured torque and applied shear oscillation
amplitude for each constant temperature.

Fig. 2.31 shows individual excerpts8 of the isothermal curves of the shear stor-
age modulus G′ as a function of the experimental angular frequency for all tested
specimens with the corresponding effective degree of cure. At low temperatures, all
specimens exhibit nearly the same value. At high temperatures, the shear storage

8Plotting all isothermal curves would be too confusing.
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Figure 2.33. Shift factors sθ for the generation of the master curves in fig. 2.32

modulus decreases more rapidly with decreasing degree of cure. Additionally, the
equilibrium modulus at the highest temperature (θup = 100 °C) decreases as well.
Moreover, all measurements exhibit indistinct softening behavior at high tempera-
tures and angular frequencies ω > 100 s−1. This phenomenon could be caused by
actual damage in the specimen, or the upper limit of the chosen shear oscillation
amplitude range is too small at high temperatures. However, since this phenomenon
only arises at the highest temperature, no further attention is paid.

The isothermal curves at θR = 20 °C are chosen as the reference for the subsequent
master curve generation. Isothermal curves at higher temperatures are shifted to
lower angular frequencies and vice versa. The master curve generation is automati-
cally performed by the analysis software of the rheometer, taking into account only
the curves of the shear storage modulus.
The resulting master curves of all specimens are visualized in fig. 2.32 for the ref-
erence temperature θR = 20 °C. As expected, the values of the master curve of
the most compliant specimen (ceff = 0.8372) are significantly lower than the val-
ues of the master curve of the fully cured specimen. Furthermore, the equilibrium
shear storage modulus, which is identified at low angular frequencies, decreases with
decreasing degrees of cure. Fortunately, all master curves are smooth and thus rep-
resent a reasonable basis for the parameter identification in ch. 4.
The corresponding shift factors for the generation of the master curves are depicted
in fig. 2.33. Interestingly, no explicit dependency on the effective degree of cure
is visible, which allows for the separation of temperature and degree of cure in the
modeling of the shifting mechanisms.
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2.5 Tensile tests

The DMA tests in the preceding section sec. 2.4 exhibit a strong influence of the
degree of cure on the viscoelastic properties of the specimens. Since only the vis-
coelastic properties of the deviatoric response of the material can be determined by
torsional DMA tests incorporating the one-dimensional approach, cf. sec. 3.5, other
tests are required for the complete experimental characterization of the mechanical
properties of the material.
To this end, tensile tests are performed to identify the model parameters that can-
not be directly identified by means of the previously introduced measurements and
simplifications by using one-dimensional and homogeneously distributed deforma-
tion states. Hence, using several temperatures, strain rates, and degrees of cure, a
broad range is created covering the response of the material as force-displacement
curves at different states.
The following experimental design was chosen according to the previously described
phenomena and the DMA tests of printed specimens in sec. 2.4:

• Temperatures: 10 °C, 20 °C, 30 °C, 40 °C

• Strain rates: 10−6 s−1, 10−5 s−1, 10−4 s−1, 10−3 s−1

The exposure times are set to the same values as for the specimens for the DMA
tests, see subsec. 2.4.19. Again, the irradiance of the DLP projector is set to I = 15
mW/cm2. The specimen geometry is depicted in fig. 2.34 and is chosen with re-
spect to the type 1 BA of [DIN EN ISO 527-2:2012, 2012]. Fig. 2.35 shows the
possible orientations of the printed specimens aligned to the build head, including
the global and local coordinate systems. Since the loading direction of the tensile

30 mm

1
0

m
m

58 mm

4
0
.4

5
m

m

77 mm

2 mm

5
m

m

Figure 2.34. Geometry of the printed tensile specimens according to [DIN EN ISO
527-2:2012, 2012]

9The specimens whose default layers are irradiated for 1 s are omitted.
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Figure 2.35. Schematic of the orientation of the printed specimens on the build
plate. The individual hatching indicates the layer orientation in each
individual specimen.

specimen is generally denoted as the z-direction, whereas the same applies to the
normal direction of the build plate, different definitions arise from the possible spec-
imen orientations. The definitions of the specimen orientation are deducted from
the mapping of the individual local coordinates on the global ones. For example, by
looking at specimen orientation 1 , the specimen is printed in the xzy-orientation
with respect to the global coordinate system of the build plate. On the other hand,
considering specimen orientations 2 and 3 , the specimen is printed in the xyz-
and zyx-orientation, respectively.
Considering the tensile specimen’s dimensions and the chosen layer thickness (δ = 50
µm), the slicing process results in 40 layers for orientation 1 , 1540 layers for ori-
entation 2 , and 200 layers for orientation 3 .
In order to reduce the printing time and the number of layers to be printed, specimen
orientation 1 is chosen for the fabrication of the tensile specimens. Furthermore,
consistency with the DMA tests in sec. 2.4 is guaranteed. Additionally, the spec-
imens are rotated by 90° and 45° around the global z0-axis after each print job to
prevent the non-stick coating from damaging. Changing the contact area of the cur-
rent layer after each print job leads to a more homogeneously distributed abrasion
of the non-stick coating.

The tensile tests are performed on the tensile testing machine Z020 equipped with
the XForce HP 2.5 kN load cell, both provided by ZwickRoell GmbH & Co. KG. In

61



2 Experimental Characterization

0

100

200

300

400

500

600

700

R
e
a
c
ti
o
n
 f
o
rc

e
 i
n

 N

10 °C 20 °C

0

50

100

150

200

250

300

350

0 1 2 3 4 5 6 7 8 9 10 11 12

R
e
a
c
ti
o
n
 f
o
rc

e
 i
n

 N

Global displacement in mm

30 °C

0 1 2 3 4 5 6 7 8 9 10 11 12
Global displacement in mm

40 °C

10
−3

 s
−1

 exp.

10
−4

 s
−1

 exp.

10
−5

 s
−1

 exp.

10
−6

 s
−1

 exp.

Figure 2.36. Experimental force-displacement curves of the tensile specimens with
ceff = 1.0 subjected to monotonic loading. The ordinate values are
bisected in the plots of the second row.

addition, a temperature chamber is mounted to the testing machine to control the
temperature during the measurement. Considering fig. 2.34, the lower and upper
rectangular ends of the specimen are mounted to the clamps of the machine, but
only the upper clamp is tightened. Then, the temperature is set to the desired value,
and the chamber is closed. After ten minutes of equilibrating the specimen at the
predefined temperature, the temperature chamber is opened, and both clamps are
tightened. At the same time, the measured reaction force is controlled to 0 N by the
testing machine. Otherwise, the specimen would bend while fastening the clamps.
The traverse of the testing machine measures the deflection of the specimen. The
following subsections discuss the results of the tensile tests subjected to monotonic
loading and cyclic loading and unloading.
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Figure 2.37. Experimental force-displacement curves of the tensile specimens with
ceff = 0.9193 subjected to monotonic loading. The ordinate values are
bisected in the plots of the second row.

2.5.1 Monotonic loading

The tensile tests subjected to monotonic loading are conducted using the parameters
above (temperature, strain rate) and conversion states. The velocity of the traverse
is set to a constant value that corresponds to the predefined global strain rate. The
tensile test is conducted five times for the two highest strain rates, whereas the
measurements for the lowest strain rates are performed four times and three times,
respectively. The maximum strain calculated by the deflection of the traverse and
the initial length of the specimen is set to 20 %. This value is chosen in order to
capture potential plastic deformations. At the same time, even when applying the
lowest strain rate, the measuring time is acceptable.

Fig. 2.36 shows the results of the tensile tests performed using the specimens with
a degree of cure of ceff = 1.0. The mean value of the measured reaction force of all
conducted measurements is plotted versus the global displacement of the traverse.
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Figure 2.38. Experimental force-displacement curves of the tensile specimens with
ceff = 0.8606 subjected to monotonic loading. The ordinate values are
bisected in the plots of the second row.

Additionally, the standard deviations are displayed as vertical bars.
Especially in the measurements at 10 °C, softening behavior is observable at dis-
placements greater than 2 mm, which is most pronounced at the highest strain rate.
At the lowest strain rate, no softening is visible. Considering the measurements
at the higher temperatures, the amount of softening decreases, and the specimens
presumably show viscoelastic-viscoplastic behavior.

The tensile tests conducted using the specimens with ceff = 0.9193 are displayed
in fig. 2.37. Since the lower degree of cure leads to softer material behavior, the
measured reaction forces are significantly lower than in fig. 2.36. Furthermore, the
repeatability of the measurements is worse, as indicated by the higher standard devi-
ations. However, the softening behavior is less pronounced at 10 °C and 20 °C. The
same conclusions apply to the tensile tests using the specimens with ceff = 0.8606, see
fig. 2.38. Even though the degree of cure is only ≈ 14 % lower than the fully cured
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state, the measured reaction forces are more than 50 % lower. Moreover, the re-
peatability of the measurements is better than that of the measurements in fig. 2.37.

Overall, the tensile behavior of the investigated photopolymer is strongly influ-
enced by the chosen strain rate, temperature, and the degree of cure of the material.
Therefore, the conducted measurements allow for the development of suitable model
equations in ch. 3 and the identification of the corresponding parameters in ch. 4.

2.5.2 Cyclic loading and unloading

As previously discussed, the tensile tests under monotonic loading presumably show
viscoplastic deformations. In order to further investigate potentially arising residual
strains that are not only induced by viscoelasticity, tensile tests are performed sub-
jected to cyclic loading and unloading. These tests are carried out by means of the
global strain rate ε̇global = 10−4 s−1 because they only serve for the validation of the
proposed constitutive model and identified parameters following later. In addition,
the assumption of viscoplastic deformations can be confirmed if residual strains are
visible. The temperatures of the specimens are the same as those of the specimens
subjected to monotonic loading. Each configuration is only tested once.

Again, the deflection of the specimen is controlled by the traverse with a constant
strain rate. The strain rate is calculated by the ratio between the velocity of the
traverse and the initial length of the specimen between the upper and lower clamps.
The total strain of 10 % is applied to the specimen step by step. After each increase
in strain by 1 %, the specimen is unloaded until the reaction force reaches 0 N while
the strain rate is held constant.

The results of the measurements are visualized in figs. 2.39 - 2.41. The diagrams
show the measured reaction force plotted versus the global displacement of the
specimen and the global displacement plotted versus the time of the measurement.
Unfortunately, the specimen at 10 °C in fig. 2.39 fails at the end of the eighth
loading cycle. The other measurements show similar phenomena compared to the
specimens subjected to monotonic loading:

• The specimen becomes softer if the temperature increases or the degree of
cure decreases. Additionally, the hardening behavior of the material is more
pronounced at higher temperatures.

• The measurements clearly show hysteresis loops caused by the viscoelastic or
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Figure 2.39. Left column: experimental force-displacement curves of the tensile
specimens with ceff = 1.0 subjected to cyclic loading and unloading
(ε̇global = 10−4 s−1). Right column: corresponding global displacement
plotted versus time. The ordinate values of the plots in the left column
are bisected in the lower two rows.
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Figure 2.40. Left column: experimental force-displacement curves of the tensile
specimens with ceff = 0.9193 subjected to cyclic loading and unloading
(ε̇global = 10−4 s−1). Right column: corresponding global displacement
plotted versus time. The ordinate values of the plots in the left column
are bisected in the lower two rows.
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Figure 2.41. Left column: experimental force-displacement curves of the tensile
specimens with ceff = 0.8606 subjected to cyclic loading and unloading
(ε̇global = 10−4 s−1). Right column: corresponding global displacement
plotted versus time. The ordinate values of the plots in the left column
are bisected in the lower two rows.
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2.5 Tensile tests

viscoplastic properties of the material.

• The residual displacements at the end of each unloading cycle proportionally
increase in fig. 2.39. Comparatively, the measurements at 30 °C and 40 °C
in figs. 2.40 and 2.41 do not exhibit the same proportional increase of the
residual displacement. For example, considering the measurement at 40 °C in
fig. 2.41, the residual displacement nearly remains constant after the seventh
unloading cycle, which indicates that (visco-)plastic deformations do not cause
the residual displacement.

As a result, the assumption of viscoplastic deformations based on the tensile tests
subjected to monotonic loading is verified by the tensile tests subjected to cyclic
load and unloading.
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3 Material Modeling

In general, the main objective of material modeling is the description of the ex-
perimentally observable material behavior through mathematical equations. These
model equations are developed concerning the investigated material properties in
ch. 2. Although the modeling approaches are based on the measurements for the
Loctite® 3818 resin, the general applicability is given for other photopolymer resins.
Additionally, wavelengths deviating from 405 nm can be considered. In that case,
all measurement devices incorporating the OmniCure® S2000 curing system have
to be equipped with an appropriate filter, and the parameters have to be identified
again.
Being the critical parameter for the overall material properties of photopolymer
resins, special attention is paid to the modeling of the degree of cure. The correct
representation of the experimental data in sec. 2.2.3, which are influenced by the
resin temperature, irradiance, and exposure time, is essential for the modeling of the
mechanical properties, chemical shrinkage, and thermal expansion and contraction,
respectively.
Afterward, using the fundamentals of continuum mechanics, a suitable material
model is formulated representing the following phenomena identified in the experi-
mental investigations of ch. 2:

• viscoelasticity for the rate-dependent reversible domain,

• viscoplasticity with isotropic hardening for the rate-dependent irreversible do-
main, and

• isotropic deformations for the chemical shrinkage as well as the thermal ex-
pansion and contraction.

For this purpose, the theoretical framework of continuum mechanics is applied in
this thesis. Since the associated methods and principles are employed only as a tool,
detailed derivations are omitted. Therefore, reference is made to the established
textbooks [Malvern, 1969; Holzapfel, 2001; Haupt, 2002; Truesdell and Noll, 2004].



3 Material Modeling

3.1 Degree of cure

3.1.1 Internal variable

In this thesis, curing is synonymously used with the crosslinking reaction of poly-
mers. The crosslinking reaction of polymer systems causes the transition of the
liquid material into a solid. In order to describe this process, the scalar, dimension-
less state variable c is introduced, which is referred to as the degree of cure. Thereby,
the uncured and fully cured states correspond to c = 0 and c = 1, respectively. The
variable describing the degree of cure is introduced as an internal variable [Haupt,
2002].
Modeling the curing process of polymers has been the subject of research for sev-
eral decades. In particular, the modeling of the curing of adhesive joints is of great
interest because the prediction of the curing process as function of varying process
parameters (temperature, curing time) is indispensable for the reliability of the ad-
hesive joint.

A frequently used approach is the model equation proposed in [Kamal, 1974] for
the description of the crosslinking of thermosets1:

ċ = (k1 + k2c
n) (1− c)p . (3.1)

This model equation exhibitis the following properties:

• The rate of conversion ċ is a function of the degree of cure itself, which is ex-
pressed by an ordinary, nonlinear, and non-homogeneous differential equation
of first order.

• The rate of conversion increases with increasing degree of cure, which is de-
noted as autocatalytic. However, the rate of conversion starts to decrease at
the inflection point of the diagram representing the degree of cure versus time.
Thus, the rate of conversion tends towards zero.

• The autocatalytic behavior and the deceleration of the crosslinking reaction
are controlled by the parameters n and p.

In addition, the parameters k1 and k2 are temperature-dependent and are described

1A comprehensive discussion of several models describing the crosslinking reaction of polymers
is given in [Hossain, 2010].
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3.1 Degree of cure

by Arrhenius equations:

ki = Ai exp
(
− Ei
RT

)
, i = 1, 2 . (3.2)

Therein, A1 and A2 are pre-exponential factors ([Ai] = s−1) and the parameters E1

and E2 are denoted as activation energies ([Ei] = J/mol). R = 8.314 J/(mol K) is
the universal gas constant.

In general, the photo-DSC measurements conducted for the characterization of
the crosslinking reaction in fig. 2.10 show the characteristics of eq. (3.1) mentioned
above. As previously discussed in subsec. 2.2.3, the maximum attainable degree of
cure strongly depends on the surrounding temperature of the photopolymer resin.
The model eq. (3.1) always leads to c = 1 for t → ∞, regardless which tempera-
ture program is imposed on the crosslinking substance. Thus, the influence of the
surrounding temperature on the photopolymer resin and its maximum attainable
degree of cure must be considered.
Therefore, eq. (3.1) is extended by the additional, temperature-dependent function
cmax (T ) for the maximum attainable degree of cure:

cmax (T ) = 1
1 + exp (−c0 (T − Tcmax)) . (3.3)

This function depends on the thermodynamic temperature T in order to be consis-
tent with the Arrhenius equations, see eq. (3.2). The parameters c0 and Tcmax are
adapted to the experimentally determined ultimate values of the degree of cure de-
pending on the surrounding temperature, see sec. 4.1. Considering sufficiently high
surrounding temperatures, the maximum attainable degree of cure tends towards
its ultimate value cmax = 1.
Fournier et al. [Fournier et al., 1996] introduced the function

fD (cmax (T )) = 2
1 + exp (c− cmax (T )) − 1 (3.4)

based on [Cole, 1991] to capture diffusion controlled mechanisms during the crosslink-
ing process of epoxide-amine polymer systems, which decelerate the reaction. For
c→ cmax (T ), the diffusion function fD tends towards zero, and thus stops the reac-
tion (ċ = 0). The reaction cannot continue until the surrounding temperature of the
photopolymer resin is increased. Hence, eq. (3.4) is suitable to describe the limiting
effects of too low temperatures in the photo-DSC measurements.
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3 Material Modeling

Taking into account eq. (3.4), the modified differential equation describing the
evolution of the degree of cure reads as

ċ = (k1 + k2c
n) (1− c)p fD (cmax (T )) . (3.5)

The equations introduced so far can only describe the crosslinking of polymers in-
duced by heat. In order to describe crosslinking reactions induced by radiation as
present in additive manufacturing processes using photopolymerization, the irradi-
ance I must be integrated into the eq. (3.5). Therefore, the following assumptions
are made being based on the crosslinking in the additive manufacturing processes
of photopolymers:

• In order to start the crosslinking reaction, the photopolymeric layer must be
irradiated. According to this, the rate of conversion is equal to zero if the
irradiance vanishes.

• The crosslinking reaction is stopped if the light source of the additive man-
ufacturing device is turned off. The crosslinking reaction progresses upon
continuing the irradiation.

By looking at eq. (3.5) one can easily conclude that the two assumptions mentioned
above are ensured if the Arrhenius factors k1 and k2 are equal to zero for I = 0.
Hence, these are extended by the consideration of incoming irradiation I following
the approach in [Maffezzoli and Terzi, 1998]:

ki = Ai exp
(
− Ei
RT

)( I
Iref

)bi

, i = 1, 2 . (3.6)

The reference value Iref = 1 mW/cm2 is only introduced to guarantee unit consi-
tency. Moreover, the dimensionless parameters b1 and b2 allow for the consideration
of a nonlinear dependency on the chosen irradiance during the crosslinking reac-
tion. Furthermore, by introducing two exponents instead of one, the influence of
the irradiance is separated and individually contributed to the start and the au-
tocatalytic acceleration of the crosslinking reaction. Compared to previous works
[Tryson and Shultz, 1979; da Silva Bartolo, 2007], using two individual exponents
is a new approach to capture the dependency on the irradiance of the crosslinking
reaction. Additionally, Tryson and Shultz assumed that the rate of conversion is
proportional to the square root of the incident irradiance.

In total, the model for the description of the degree of cure has eight parameters.
The identification of the parameters by means of the experimental results in subsec.
2.2.3 is conducted in sec. 4.1.
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Figure 3.1. Identified critical exposure doses and penetration depths of the working
curves as shown in table 2.3

3.1.2 Modified working curve model

As already seen in fig. 2.20, the curing behavior of the photopolymer is highly
temperature-dependent in the working curve measurement. Hence, a modification
of the working curve model given by eq. (1.2) should be applied taking into account
the dependency on the temperature of the penetration depth and critical exposure
dose:

Cd (θ) = Dp (θ) ln
(

E0

Ec (θ)

)
. (3.7)

Fig. 3.1 shows the previously identified critical exposure doses and penetration
depths as a function of temperature (cf. table 2.3). A strong decrease in both
parameters with increasing temperature is visible, which can be represented by the
following exponential approaches:

Ec (θ) = Ec0 exp (−Ec1θ) (3.8)
and Dp (θ) = Dp0 exp (−Dp1θ) . (3.9)

Therein, the parameters Ec0 and Dp0 describe the critical exposure dose and the
penetration depth at θ = 0 ◦C. The scaling parameters Ec1 and Dp1 are introduced
to guarantee unit consistency and to ensure enough flexibility in the identification
process following later.

75
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3.2 Kinematic and kinetic quantities

The modeling of the material properties of the crosslinking photopolymer based on
the methods of continuum mechanics requires the introduction of several kinematic
and kinetic quantities. Hence, the quantities required for the formulation of the
material model are introduced in the following based on the textbooks [Malvern,
1969; Holzapfel, 2001; Haupt, 2002; Truesdell and Noll, 2004].

The crosslinking photopolymer is considered as a material body B. Principally,
the material body consists of an uncountable set of material points P , which are
connected to each other and cannot be located at two positions simultaneously. Ad-
ditionally, physical properties are assigned to the material points.

In order to describe the motion of the material body, the reference configuration
and the current configuration are introduced at the beginning of (t = t0) and during
the movement (t > t0), respectively. Fig. 3.2 shows the motion of the material body
going from the reference to the current configuration. The corresponding states of
the material body are referred to as B0 and Bt, respectively. The individual positions
of an arbitrary material point are defined by the vectors X in the reference config-
uration and x in the current configuration. Taking into account the Lagrangian
description, the relation between the positions of the material point in the reference
and current configuration is described by the vector field φ:

x = φ (X, t) . (3.10)

Thus, the motion of the material body is expressed by the positions of the material
points in the reference configuration. Following this, the displacement vector u is
given by

u (X, t) = x (X, t)−X . (3.11)

In order to describe the deformation of the material body, the deformation gradient
F is introduced:

F = ∂φ (X, t)
∂X

= ∂x

∂X
. (3.12)

The deformation gradient and its derived quantities allow for the transformation of
line, surface, and volume elements from the reference into the current configuration.
For example, reconsidering fig. 3.2, the deformation gradient directly communi-
cates between the line elements in the corresponding configurations described by
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B0

Bt

e1

e2

e3X

x

u

reference configuration current configuration

dX

dx

Figure 3.2. Motion of the material body B

the tangential vectors dX and dx:

dx = FdX . (3.13)

Moreover, the transition of volume elements from the reference to the current con-
figuration is described by

dv = det FdV . (3.14)

The determinant of the deformation gradient is also called the Jacobian J (det F =
J). Equivalently, combining eqs. (3.11) and (3.12) leads to the representation

F = 1 + ∂u (X, t)
∂X

. (3.15)

Therein, the partial derivative of u with respect toX is denoted as the displacement
gradient H:

H = ∂u (X, t)
∂X

= Grad (u (X, t)) . (3.16)

In the following section, the spatial velocity gradient is also required for the for-
mulation of the material model. Therefore, the spatial velocity gradient is defined
by

L = ∂v (x, t)
∂x

= ḞF−1 , (3.17)
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3 Material Modeling

whereas v (x, t) is the spatial velocity field. The spatial velocity gradient can be
additively decomposed into

L = d + w . (3.18)

Herein, d is the symmetric strain rate tensor and defined by

d = 1
2
(
L + L>

)
. (3.19)

Comparatively, w is the skew-symmetric spin tensor and accounts for rotations:

w = 1
2
(
L− L>

)
. (3.20)

In order to calculate the stresses of the material body that arise from the acting
internal and external forces, the Cauchy stress T is introduced by the Cauchy
theorem

t = Tn . (3.21)

Herein, t is the traction vector acting on the surface element in the current con-
figuration and n is the corresponding normal vector. Hence, the Cauchy stress
operates on the current configuration and is denoted as the true stress. Moreover,
the Cauchy stress tensor is symmetric (T = T>).
Correspondingly, the first Piola-Kirchhoff stress TR given by

TR = det (F) TF−1 (3.22)

relates the resultant force in the current configuration to the surface element in the
reference configuration. Commonly speaking, the first Piola-Kirchhoff stress is
denoted as the engineering stress.

3.3 Multiplicative decomposition of the deformation
gradient

Material models based on a hypoelastic approach allow for the simulation of the
stress-free conversion of crosslinking polymers. Both small [Hossain et al., 2009b]
and finite strains [Hossain et al., 2009a, 2010] can be considered using this type of
stress rate formulation. The original formulation relates any type of objective rate
of the Cauchy stress T̊ with the present stress T and the elastic part of the strain
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3.3 Multiplicative decomposition of the deformation gradient

rate tensor del [Truesdell and Noll, 2004; Belytschko et al., 2014]:

T̊ = f (T,del) . (3.23)

The most simple approach is given by

T∇ = Cel · del . (3.24)

Therein, Cel is the fourth-order elasticity tensor, T∇ denotes the Jaumann rate of
the Cauchy stress

T∇ = Ṫ−wT + Tw , (3.25)

and w is the spin tensor.

In order to model the curing progress of photopolymers and calculate the cor-
responding stresses given by the rate formulation in eq. (3.24), one has to com-
prehensively analyze the deformation mechanisms that influence the transition of
the photopolymer from the liquid state to the solid state. In detail, the following
phenomena generally accompany the transition of the photopolymer resin:

• Chemical shrinkage due to progressing crosslinks

• Thermal expansion or contraction induced by temperature variations

• Viscoelastic deformations depending on the current transition state and tem-
perature

• Viscoplastic deformations in case of exceeding the yield condition

A milestone for the continuum mechanical modeling of curing processes of polymers
in general was presented by Lion and Höfer by introducing the multiplicative split
of the deformation gradient F into mechanical, thermal, and chemical parts [Lion
and Höfer, 2007]:

F = FmFthFch . (3.26)

Considering adhesives that cure by heat, it should be noted that the parts repre-
senting the chemical shrinkage and thermal expansion or contraction are often sum-
marized as one thermochemical part Fθc [Yagimli, 2013; Landgraf, 2015; Kolmeder,
2016]. This approach is mainly motivated by the idea that the crosslinking poly-
mer’s chemical shrinkage and thermal expansion influence each other.
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Taking into account the assumptions given by the theory of hypoelasticity, one needs
to compute the spatial velocity gradient L by means of the multiplicative decompo-
sition of the deformation gradient presented in eq. (3.26). First, the material time
derivative of the deformation gradient is calculated:

Ḟ = ḞmFthFch + FmḞthFch + FmFthḞch . (3.27)

Second, the inverse of the multiplicative decomposition of the deformation gradient
reads as

F−1 = F−1
ch F−1

th F−1
m . (3.28)

Combining eq. (3.27) with eq. (3.28) leads to the following equation for the spatial
velocity gradient:

L = ḞF−1

=
(
ḞmFthFch + FmḞthFch + FmFthḞch

) (
F−1
ch F−1

th F−1
m

)
= ḞmFthFchF−1

ch F−1
th F−1

m + FmḞthFchF−1
ch F−1

th F−1
m + FmFthḞchF−1

ch F−1
th F−1

m

= Lm + FmLthF−1
m + FmFthLchF−1

th F−1
m .

(3.29)

For further simplifications, isotropic thermal expansion/contraction as well as isotropic
chemical shrinkage have to be assumed depending on the temperature θ and degree
of cure c:

Fth = (ϕth (θ))
1
3 1 (3.30)

and Fch = (ϕch (c))
1
3 1 . (3.31)

Herein, ϕth (θ) and ϕch (c) are scalar-valued functions describing the thermal expan-
sion/contraction and the chemical shrinkage, respectively. Since the experimental
observations could only be performed for the fully cured state of the photopoly-
mer, no coupling between the temperature θ and degree of cure c is assumed in the
function ϕth. Likewise, this additional phenomenon, i.e., a thermal expansion/con-
traction behavior depending on the degree of cure, could easily be introduced [Lion
and Höfer, 2007; Yagimli, 2013; Kolmeder, 2016].

To further evaluate eq. (3.29), one has to compute spatial velocity gradients Lth

and Lch. To this end, the material time derivative of the thermal and chemical parts
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3.3 Multiplicative decomposition of the deformation gradient

of the deformation gradient given by the eqs. (3.30) and (3.31) read as

Ḟth = 1
3 (ϕth (θ))−

2
3
∂ϕth

∂θ
θ̇ 1 (3.32)

and Ḟch = 1
3 (ϕch (c))−

2
3
∂ϕch

∂c
ċ 1 . (3.33)

Analogously, the inverses of the thermal and shrinkage parts of the deformation
gradient are given by

F−1
th = (ϕth (θ))−

1
3 1 (3.34)

and F−1
ch = (ϕch (c))−

1
3 1 . (3.35)

As a result, combining eqs. (3.32) and (3.33) with eqs. (3.34) and (3.35) lead to
thermal and chemical parts of the spatial velocity gradient:

Lth = ḞthF−1
th = 1

3ϕth (θ)
∂ϕth

∂θ
θ̇ 1 (3.36)

and Lch = ḞchF−1
ch = 1

3ϕch (c)
∂ϕch

∂c
ċ 1 . (3.37)

Since the thermal and chemical parts of the spatial velocity gradient are assumed
to be isotropic, they are also symmetric. Therefore,

Lth = dth (3.38)
and Lch = dch (3.39)

hold.
The most simple approaches for the functions ϕth (θ) and ϕch (c) are given by linear
thermal expansion/contraction and linear chemical shrinkage, respectively:

ϕth (θ) = 1 + αth (θ − θ0) (3.40)
and ϕch (c) = 1− αchc . (3.41)

Therein, αth and αch are model parameters representing the coefficient of thermal
expansion and the chemical shrinkage constant, respectively. Accordingly, the cor-
responding parts of the strain rate tensor are governed by

dth = αthθ̇

3 (1 + αth (θ − θ0))1 (3.42)

and dch = − αchċ

3 (1− αchc)
1 . (3.43)
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B0

Bch

Bth

Bt
F

Fch

Fth

Fm

Figure 3.3. Graphical representation of the configurations corresponding to the mul-
tiplicative decomposition of the deformation gradient in eq. (3.26)

In fig. 3.3, the graphical representation of the configurations is shown correspond-
ing to the introduced multiplicative split of eq. (3.26). Starting at the reference
configuration (B0), the material body initially goes into the intermediate configu-
ration related to the chemical shrinkage (Bch), which is visualized by the isotropic
shrinkage (dotted lines). In the next step, the material body transforms into the in-
termediate configuration related to the thermal expansion/contraction. Again, this
deformation is visualized as an isotropic expansion. In the last step, the material
body goes into the current configuration by applying the mechanical part of the
deformation gradient Fm.

Reduction to small viscoelastic and large viscoplastic deformations In the
last step, all derived relations lead to the additive decomposition of the spatial
velocity gradient:

L = Lm + Lth + Lch . (3.44)

Equivalently, the following relations result from eq. (3.44):

d = dm + dth + dch (3.45)
and w = wm + wth + wch . (3.46)

In the following, the mechanical part of the spatial velocity gradient Lm is analyzed.
Before that, further multiplicative decompositions are introduced.
First, accounting for viscoelastic and viscoplastic deformations, the multiplicative
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Bth

Bt
Fm

Fve

Fvp

Bvp

Figure 3.4. Graphical representation of the configurations corresponding to the mul-
tiplicative decomposition of the deformation gradient in eq. (3.47)

decomposition of the mechanical part of the deformation gradient Fm into viscoelas-
tic and viscoplastic parts is employed based on the proposal in [Lee, 1969]:

Fm = FveFvp . (3.47)

Fig. 3.4 shows a schematic of the transition of the material body going from the
thermal intermediate configuration Bth over the viscoplastic intermediate configura-
tion Bvp to the current configuration Bt.
Usually, in the case of modeling metals, viscoelastic deformations are excluded.
Hence, the multiplicative decomposition is reduced to the elastic-viscoplastic case
(Fm = FeFvp). Unlike metals, polymers generally exhibit viscoelastic behavior,
which is also strongly temperature-dependent. Additionally, viscoplastic deforma-
tions should not be omitted. Consequently, the viscoelastic-viscoplastic decomposi-
tion comprises all possible phenomena. Certainly, based on the experimental inves-
tigations and the specific application, this generalization can be further reduced to
a simplified representation.

Experimental investigations have shown that the volumetric response of polymers
is much stiffer than their deviatoric response. Hence, separating these two mech-
anisms and accounting viscoelastic behavior only for the deviatoric response is a
well-established procedure, which can lead to a good representation of experimental
data. Moreover, one can significantly reduce the amount of model parameters that
are necessary to describe the viscoelastic deviatoric response and the purely elastic
volumetric response.
To accurately model this behavior by means of intermediate configurations, the
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volumetric-isochoric decomposition of the viscoelastic part of the deformation gra-
dient Fve is introduced, see [Flory, 1961]:

Fve = F̂veF̄ve . (3.48)

Therein, F̂ve stands for the volumetric part and F̄ve represents the isochoric part.
The volumetric part F̂ve is given by

F̂ve = (det Fve)
1
3 1 = J

1
3ve1 (3.49)

and the isochoric part reads as

F̄ve = (det Fve)−
1
3 Fve = J

− 1
3ve Fve . (3.50)

Motivated by the one-dimensional generalized Maxwell model, applying elastic
and inelastic intermediate configurations seems to be useful. In general, Thus, the
isochoric part of the viscoelastic part of the deformation gradient F̄ve is multiplica-
tively split into elastic and inelastic parts [Lubliner, 1985; Lion, 2000]. Taking into
account the number of individual Maxwell elementss, this procedure is carried
out N times [Hartmann, 2003]:

F̄ve = F̄elkF̄ink with k = 1, . . . , N . (3.51)

For a better understanding, the transition of the material body from the viscoplas-
tic intermediate configuration Bvp to the current configuration Bt is depicted in fig.
3.5. Depending on the individual Maxwell element, i.e., the ratio between elastic
and inelastic deformations, the corresponding part of the material body initially
goes into the inelastic intermediate configuration B̂ink. Then, after applying the
isochoric elastic part of the viscoelastic part of the deformation gradient F̄elk, the
corresponding part of the material body goes into the isochoric viscoelastic inter-
mediate configuration. The volume remains constant during these two transitions.
Finally, by means of the volumetric part of the viscoelastic part of the deformation
gradient F̂ve, the volume of the material body istropically changes, which is indi-
cated by the white dashed border of the material body in the current configuration
Bt.

After introducing all necessary decompositions of the deformation gradient, one
has to evaluate the mechanical part of the spatial velocity gradient Lm. Therefore,
the material time derivative and the inverse of the mechanical part of the deforma-
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3.3 Multiplicative decomposition of the deformation gradient

tion gradient Fm are calculated as

Ḟm = ḞveFvp + FveḞvp

= ˙̂FveF̄elkF̄inkFvp + F̂ve
˙̄FelkF̄inkFvp

+ F̂veF̄elk
˙̄FinkFvp + F̂veF̄elkF̄inkḞvp , k = 1, . . . , N

(3.52)

and as

F−1
m = F−1

vp F−1
ve

= F−1
vp F̄−1

inkF̄−1
elkF̂−1

ve , k = 1, . . . , N,
(3.53)

respectively. Combining eqs. (3.52) and (3.53) leads to the mechanial part of the
spatial velocity gradient

Lm = ḞmF−1
m

= ˙̂FveF̂−1
ve + F̂ve

˙̄FelkF̄−1
elkF̂−1

ve + F̂veF̄elk
˙̄FinkF̄−1

inkF̄−1
elkF̂−1

ve

+ F̂veF̄elkF̄inkḞvpF−1
vp F̄−1

inkF̄−1
elkF̂−1

ve , k = 1, . . . , N
= L̂ve + F̂veL̄elkF̂−1

ve + F̂veF̄elkL̄inkF̄−1
elkF̂−1

ve

+ F̂veF̄elkF̄inkLvpF̄−1
inkF̄−1

elkF̂−1
ve , k = 1, . . . , N .

(3.54)

According to eq. (3.49), the volumetric part of the viscoelastic part of the deforma-
tion gradient is isotropic. Hence, eq. (3.54) can be simplified to

Lm = L̂ve + L̄elk + F̄elkL̄inkF̄−1
elk

+ F̄elkF̄inkLvpF̄−1
inkF̄−1

elk , k = 1, . . . , N .
(3.55)

At this point, the individual deformations mutually influence each other. Conse-
quently, no additive decomposition of the mechanical part of the spatial velocity
gradient is explicitly possible.
As previously discussed in sec. 2.5.1, the tensile tests of the specimens subjected
to monotonic loading predominantly exhibit brittle fracture at small strains. More-
over, since the individual yield stresses are apparently low, the tensile behavior of
the photopolymer is mainly dominated by the viscoplastic deformations. Following
this, and using the linearization of the deformation gradient, the assumptions

F̄elk = 1 + H̄elk ≈ 1 , k = 1, . . . , N , ‖H̄elk‖ � 1
F̄ink = 1 + H̄ink ≈ 1 , k = 1, . . . , N , ‖H̄ink‖ � 1

(3.56)

for the elastic and inelastic parts of the deformation gradient are valid.
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Figure 3.5. Graphical representation of the configurations corresponding to the mul-
tiplicative decomposition of the deformation gradient in eq. (3.48)

Finally, inserting the assumptions in eq. (3.56) in eq. (3.54) provides the additive
decomposition of the mechanical part of the spatial velocity gradient

Lm,add = L̂ve + L̄elk + L̄ink + Lvp , k = 1, . . . , N , (3.57)

and naturally

dm,add = d̂ve + d̄elk + d̄ink + dvp , k = 1, . . . , N (3.58)
and wm,add = ŵve + w̄elk + w̄ink + wvp , k = 1, . . . , N . (3.59)

As a result, the additive decomposition of the mechanical part of the spatial velocity
gradient Lm is permissible for small viscoelastic and large viscoplastic deformations.
Since the thermal expansion/contraction and the chemical shrinkage are assumed
to be isotropic, no limitations are imposed on these deformations.
The method mentioned above was developed for hypoelastic-plastic material models
in [Healy and Dodds, 1992] and successfully applied in, for example, [Bröcker, 2013]
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and [Burbulla, 2015] for the modeling and simulation of metal forming processes
and for the crash analysis of structural adhesive joints, respectively. Now, as a
modification, the combination of viscoelastic and viscoplastic deformations and the
consideration of thermal expansion/contraction and chemical shrinkage is possible.

The increment of the mechanical part of the strain measure defined by

dχm = dm,adddt (3.60)

is identical to the true strain increment and is frequently referred to as the natu-
ral strain increment [Gross and Seelig, 2011; Betten, 2001]. Correspondingly, the
mechanical part of the total strain at the time t is computed by

χm (t) =
t∫

0

dm,add (τ) dτ. (3.61)

Additionally, each part of the total deformation contributes to the mechanical part
of the strain measure:

χm (t) =
t∫

0

d̂ve (τ) dτ +
t∫

0

d̄elk (τ) dτ +
t∫

0

d̄ink (τ) dτ +
t∫

0

dvp (τ) dτ

= χ̂ve (t) + χ̄elk (t) + χ̄ink (t) + χvp (t) , k = 1, . . . , N .

(3.62)

In the following, the structure of the volumetric and isochoric parts of the viscoelastic
part of the spatial velocity gradient are analyzed. The material time derivative of
the Jacobian J is given by2

J̇ = J tr (L) = J tr (d) , (3.63)

see [Holzapfel, 2001], which leads to the material time derivative of the volumetric
part of the viscoelastic part of the deformation gradient:

˙̂Fve = d
dt

(
J

1
3ve1
)

= 1
3J
− 2

3ve J̇ve1 = 1
3J

1
3ve tr (dve) . (3.64)

Again, multiplying eq. (3.64) with the inverse of the volumetric part of the viscoelas-
tic part of the deformation gradient leads to the volumetric part of the viscoelastic

2The diagonal elements of a skew-symmetric tensor are zero. Hence, tr (w) = 0 holds.
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part of the spatial velocity gradient:

L̂ve = ˙̂FveF̂−1
ve = 1

3tr (dve) 1 . (3.65)

Furthermore, the restriction to small viscoelastic deformations provides the additive
decomposition of the viscoelastic part of the spatial velocity gradient. Thus,

L̄ve = Lve − L̂ve = Lve −
1
3tr (dve) 1 (3.66)

holds and is equivalent to the deviator operator (•)D = (•) − 1
3tr (•) 1 of a second

order tensor. In conclusion, it is also possible to apply the deviator operator on
the isochoric and volumetric parts of the viscoelastic part of the introduced strain
measure:

χ̄ve = χve −
1
3tr (χve) 1 (3.67)

χ̂ve = 1
3tr (χve) 1 . (3.68)

Employing the same approach as in eq. (3.62), the parts of the strain measure
describing thermal expansion/contraction and chemical shrinkage are defined by

χth =
t∫

0

dth (τ) dτ (3.69)

and χch =
t∫

0

dch (τ) dτ (3.70)

by means of the eqs. (3.42) and (3.43).

3.4 Representation by rheological elements

Since the derived equations describing the individual parts of the deformation are
not easy to imagine, a graphical representation of the parts of the deformation would
be beneficial. Hence, one has to find a framework to put the set of equations into a
graphical representation.
Therefore, rheological networks are widely used to better understand and illustrate
developed material models. The introduced decomposition of the overall deforma-
tion into viscoelastic, viscoplastic, thermal, and chemical parts is visualized in fig.
3.6. The total strain χ spans over all single parts of the rheological network. As
presented in the preceding section, the mechanical, thermal, and chemical parts are

88



3.4 Representation by rheological elements
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χ
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Figure 3.6. Rheological network of the proposed decomposition considering vis-
coelastic and viscoplastic deformations as well as thermal expansion/-
contraction and chemical shrinkage

connected in series since they are additively decomposed. Starting with the vis-
coelastic part on the left side, several elements individually consisting of a spring
and a dashpot connected in series are parallelly arranged. These elements are de-
noted as Maxwell elements (k = 1, . . . , N) and represent fluid-like behavior. The
viscoelastic part of the strain measure divides into elastic and inelastic parts, whose
individual contributions are determined by the ratio between the shear moduli Gk

and the relaxation times τk. Only with the extension of the equilibrium stiffness
represented by the single spring above the Maxwell elements does the viscoelastic
part of the rheological network become a viscoelastic solid.
The viscoplastic part consists of a friction element, a spring, and a dashpot, which
are parallelly connected. The friction element describes the onset of plastic yield-
ing. After reaching the initial yield stress Y0, the yield stress increases with growing
plastic strains. This hardening behavior is characterized by the spring positioned
below the friction element. In order to capture viscoplastic behavior, the dashpot
with the relaxation time τvp is introduced.
The viscoelastic and viscoplastic parts only describe the isochoric deformations.
Thus, the spring with the bulk modulus K is introduced and connected in series to
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the viscoelastic and viscoplastic parts to describe the purely elastic and volumetric
bulk response. Additionally, since they are also volumetric, the thermal and chemi-
cal parts are connected in series to the spring representing the bulk response.
The stress-strain relationship corresponding to the introduced rheological network
is presented and discretized in the following sections.

3.5 Viscoelasticity

In order to develop the stress-strain relationship corresponding to the viscoelastic
part of the introduced rheological network, one has to analyze the dependencies be-
tween the individual parts of the deformation as introduced in the preceding section.
Since the stress is the same in both the spring and the dashpot of the individual
Maxwell element, the following equation describes the relation between the iso-
choric elastic part of the total strain and the isochoric inelastic part of the strain
rate tensor in the three-dimensional case:

T̄ = 2Gkχ̄elk = ηkd̄ink , k = 1, . . . , N . (3.71)

Gk are the shear moduli of the Maxwell elements and ηk are the viscosities of
the corresponding dashpots. Furthermore, the additive decomposition of the total
viscoelastic strain in each Maxwell element holds:

χ̄ve = χ̄elk + χ̄ink , k = 1, . . . , N . (3.72)

Combining eqs. (3.71) and (3.72) leads to the well-known evolution equation for the
inelastic strain in each Maxwell element:

d̄ink = 2Gk

ηk
(χ̄ve − χ̄ink) , k = 1, . . . , N . (3.73)

In order to simplify this equation, the relaxation time τk = ηk
2Gk

is introduced for
each Maxwell element. The relaxation times depend on the degree of cure and
the temperature. These dependencies are expressed by the shift functions sθ (θ) and
sc (c):

τk (θ, c) = τkRsθ (θ) sc (c) , k = 1, . . . , N . (3.74)

The relaxation times τkR are defined for the reference degree of cure cR and the
reference temperature θR, respectively. Lower temperatures than the reference tem-
perature increase the relaxation times. Analogously, lower degrees of cure than the
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reference degree of cure decrease the relaxation times. Hence, sθ > 1 for θ < θR

and sc < 1 for c < cR. It should be noted that the two shifting mechanisms are
independent from each other.
The evolution equations (3.73) must be individually solved for each Maxwell el-
ement. Several integration schemes are suitable to accomplish this task. Taylor
et al. proposed an integration scheme based on the integrating factor exp

(
t

τk

)
so

that

d
dt

(
exp

(
t

τk (θ, c)

)
χ̄ink

)
= 1
τk (θ, c) exp

(
t

τk (θ, c)

)
χ̄ve , k = 1, . . . , N ,

(3.75)

which is second order accurate [Taylor et al., 1970]. Since the derivation of the
algorithm presented by Taylor et al. is more elaborate, the Euler backward
scheme is applied to solve the evolution equations for the inelastic strains of each
Maxwell element. Hence, the discretized inelastic part of the total viscoelastic
strain at time n+1t reads as

n+1χ̄ink = nχ̄ink + ∆t · n+1d̄ink

= nχ̄ink + ∆t
τk (θ, c)

(
n+1χ̄ve − n+1χ̄ink

)
, k = 1, . . . , N .

(3.76)

This equation is directly solved for n+1χ̄ink :

n+1χ̄ink = τk (θ, c)
τk (θ, c) + ∆t

nχ̄ink + ∆t
τk (θ, c) + ∆t

n+1χ̄ve , k = 1, . . . , N .

(3.77)

For small relaxation times in comparison with the time scale of the process, the
inelastic strain of the Maxwell element k tends towards the total viscoelastic
strain3:

n+1χ̄ink → n+1χ̄ve for ∆t� τk , k = 1, . . . , N . (3.78)

Given that case and taking into account eqs. (3.71) and (3.72) yields the result
that no stress is contributed by the individual Maxwell element k. Figuratively
speaking, the dashpot does not block and the spring remains in the reference con-
figuration in the rheological network.
Employing the general definitions for combining rheological elements, see [Krawietz,

3In order to accurately capture the response of the specific Maxwell element k, the time step
size should be significantly lower than the corresponding relaxation time τk.
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1986], the contribution of the generalized Maxwell model to the overall stress is
computed by

n+1T̄ = 2G∞ n+1χ̄ve +
N∑
k=1

2Gk

(
n+1χ̄ve − n+1χ̄ink

)

= 2G∞ n+1χ̄ve +
N∑
k=1

2Gk

(
τk (θ, c)

τk (θ, c) + ∆t

)(
n+1χ̄ve − nχ̄ink

)
.

(3.79)

As previously discussed, the volumetric part of the viscoelastic part of the rheological
network is purely elastic and is computed by

n+1
T̂ = K (θ, c) n+1χ̂ve . (3.80)

One-dimensional model for small shear deformations in the frequency do-
main In order to identify the relaxation times and shear moduli of the general-
ized Maxwell model, the three-dimensional model must be reduced to the one-
dimensional case. Hence, simplifications are assumed based on one-dimensional
stress and deformation states to analyze the DMA test data, see [Findley et al.,
1976]. For this purpose, the resulting Cauchy stress tensor reduces to

T̄ =


0 τ 0
τ 0 0
0 0 0

 . (3.81)

Analogously, considering the Maxwell element k, the corresponding elastic part
of the total viscoelastic strain χ̄elk and the inelastic part of the viscoelastic strain
rate tensor of eq. (3.71) are defined by

χ̄elk =


0 γelk

2 0
γelk
2 0 0
0 0 0

 and d̄ink =


0 γ̇ink 0
γ̇ink 0 0
0 0 0

 . (3.82)

In the torsional DMA tests in sec. 2.4, the harmonic shear excitation γ (t) with an-
gular frequency ω and shear strain amplitude γ0 is applied to rectangular specimens:

γ (t) = γ0 exp (iωt) and γ̇ (t) = γ0iω exp (iωt) . (3.83)

Depending on the viscoelastic properties, i.e., whether the considered material is
more solid-like or fluid-like, the stress response also exhibits harmonic behavior but
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is delayed with the phase shift angle δ:

τ (t) = τ0 exp (i (ωt+ δ)) and τ̇ (t) = τ0iω exp (i (ωt+ δ)) . (3.84)

At this point, the main objective is to find suitable model equations consisting of
an arrangement of rheological elements capable of representing the experimental
data. Among the well-established compositions of rheological elements covering a
broad range of particular phenomena, such as creep and relaxation, the generalized
Maxwell model can capture the material response in the DMA test over a wide
frequency range.
Recalling the constitutive equations of a linear-elastic spring and a newtonian fluid
represented by a damper for the shear stress τ as a function of one-dimensional shear
deformation (cf. eqs. (3.81) and (3.82)), i.e.

τ (t) = Gγel (t) and τ = ηγ̇in (t) , (3.85)

and applying the additive composition of elastic and inelastic shear deformations

γ (t) = γel (t) + γin (t) , (3.86)

the composed differential equation for one Maxwell element consisting of a spring
and a damper connected in series reads as

τ̇ (t) + G

η
τ (t) = Gγ̇ (t) . (3.87)

Inserting of eqs. (3.83) and (3.84) into the differential eq. (3.87) yields to the
algebraic equation

τ0iω exp (i (ωt+ δ)) + G

η
τ0 exp (i (ωt+ δ)) = Gγ0iω exp (iωt) , (3.88)

which can be further simplified to

τ0

γ0
exp (iδ) = G

iω

iω + G
η

. (3.89)

By introducing the relaxation time τ = G
η
as a replacement for the shear stress, the

complex shear modulus is defined as

G∗ := G
iω

iω + 1
τ

= G

(
(ωτ)2

1 + (ωτ)2 + i
ωτ

1 + (ωτ)2

)
. (3.90)
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Herein, the real part is the storage modulus, whereas the imaginary part is the loss
modulus. For the best accordance between the experimental data and the model
equation based on the Maxwell element, identifying the shear modulus G and
the relaxation time τ is a challenging task. In general, one Maxwell element
is not sufficient to cover the whole experimental data set. Furthermore, because
the Maxwell element only represents a fluid and infinitely deforms when loaded
with a constant shear stress τ (t) = const., an additional spring characterized by
the equilibrial shear modulus G∞ is added to represent the stationary (equilibrium)
response. Thus, the overall shear storage G′ and loss moduli G′′ are given by

G′ (ω,G∞, G1, . . . , GN , τ1, . . . , τN) = G∞ +
N∑
k=1

Gk
(ωτk)2

1 + (ωτk)2 (3.91)

and

G′′ (ω,G1, . . . , GN , τ1, . . . , τN) =
N∑
k=1

Gk
ωτk

1 + (ωτk)2 . (3.92)

The combination of an arbitrary number of individual Maxwell elements in con-
junction with one additional equilibrium spring is also referred to as the generalized
Maxwell model. Subsequently, the main objective is to find the best values for the
shear moduliG1, . . . , GN and relaxation times τ1, . . . , τN of the individual Maxwell
elements. As a result, by measuring the mean squared error, the best parameter set
will reduce the deviation between the experimental data and the governed equations
of the generalized Maxwell model. Hence, sophisticated optimization algorithms
and modifications are applied to accomplish this task in sec. 4.2.
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3.6 Plasticity

Based on the observable residual plastic strains in the cyclic tensile tests, the von
Mises yield criterion is applied:

f (J2, ζ) =
√

2J2 −
√

2
3 (Y0 (θ, c) +H (ζ, θ, c)) = 0 . (3.93)

With the definition of the second invariant of the isochoric part of the Cauchy
stress tensor [Lubliner, 2008], i.e.4,

J2 = 1
2T̄ · T̄ , (3.94)

the yield criterion in eq. (3.93) can be visualized in the I1-
√
J2 space as displayed

in fig. 3.7 for a material without hardening effects. Since the plastic yielding only
depends on the isochoric part of the Cauchy stress, the yield surface is a horizontal
line and intersects the ordinate at

√
J2 = Y0√

3
. Given that case, hydrostatic com-

pression and dilatation are purely elastic.
The onset of plastic yielding is defined by the function Y0 (θ, c), which describes the
initial yield stress and depends on the temperature θ and degree of cure c. Addi-
tionaly, the isotropic hardening function H (ζ, θ, c) is introduced to cover hardening
effects of the material and to ensure enough flexibility in the parameter identifica-
tion process following later.
For the description of the temporal evolution of the plastic strains, the associated
flow rule

d̄pl = λ
∂f

∂T̄
= λ

T̄
‖T̄‖

(3.95)

is chosen, whose direction is defined by the normal

N = T̄
‖T̄‖

(3.96)

of the yield surface. Therein, the plastic part of the strain rate tensor d̄pl is isochoric.
The scalar plastic multiplier λ, [λ] = s−1, specifies the rate of plastic yielding during
plastic loading, which is always equal to or greater than zero in the case of plastic
yielding.
The isotropic hardening function H (ζ, θ, c), which characterizes the uniform expan-

4The operator (.) · (◦) defines the double scalar contraction between two second order tensors
(.) and (◦) (e.g., A ·B = AijBij).
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Figure 3.7. Schematic representation of the von Mises yield criterion in the I1-
√
J2

space without hardening effects. I1 is the trace (first invariant) of the
Cauchy stress tensor T.

sion of the yield surface in the stress space, is assumed to be nonlinear based on the
following exponential saturation [Simo and Hughes, 1998]:

H (ζ, θ, c) = H0 (θ, c) ζ + κ0 (θ, c) (1− exp (−κ1 (θ, c) ζ)) . (3.97)

Considering the representation in the I1-
√
J2 space, the yield surface vertically trans-

lates with increasing plastic deformations. The exponential saturation part in the
second summand declines with increasing accumulated plastin strain ζ. κ0 is a
stress-like value describing the additional amount of yield stress during the transi-
tion to the purely linear hardening behavior characterized by the slope H0. κ1 is a
strain-like parameter introduced to ensure enough flexibility during the parameter
identification process. All of the introduced parameters can depend on the degree of
cure c as well as on the temperature θ. Suitable equations describing these depen-
dencies are introduced in the following chapter based on the results of the parameter
identification process.
The accumulated plastic strain ζ is the driving force for the isotropic hardening func-
tion and evolves with increasing plastic deformations. Thus, the evolution equation

ζ̇ =
√

2
3λ =

√
2
3‖d̄pl‖ . (3.98)

is appropiate to represent this behavior in accordance to the yield function in eq.
(3.93). Additionally, the integral representation

ζ (t) =
t∫

0

√
2
3‖d̄pl (τ)‖dτ (3.99)
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holds.

The introduced equations for the consideration of plastic material behavior repre-
sent a system of algebraic and differential equations. In order to employ these model
equations for finite element analyses, one has to consistently integrate this system
of equations taking into account the model equations for the viscoelastic part of the
material model in the preceding section. Before that, however, the model equations
mentioned above are extended to cover viscoplastic behavior.

3.6.1 Consideration of viscoplastic effects

As previously discussed, the experimental force-displacement curves in sec. 2.5 ex-
hibit a strain-rate dependency in the yielding domain. Higher strain rates lead to an
offset of the reaction force in the plastic domain with increasing displacement, which
cannot be modeled by the nonlinear saturation term in eq. (3.97). One established
approach is the definition of a flow rule whose increment is not determined by the
yield condition f = 0. These models are denoted as viscoplastic and allow for stress
states that leave the yield condition f = 0, i.e., f ≥ 0 is possible.
A common approach is based on the proposal in [Perzyna, 1963] and has the follow-
ing structure [Haupt, 2002]:

d̄vp = 1
τvp (θ, c)

〈
f

f0

〉mvp(θ,c)

N . (3.100)

In contrast to eq. (3.95), d̄vp is now the viscoplastic strain rate tensor and is also
assumed to be purely isochoric. The direction of the viscoplastic flow is again deter-
mined by the normal of the yield surface N via an associative flow rule. The time
constant τvp (θ, c) accounts for strain-rate effects and leads to similar behavior as the
relaxation times of the viscoelastic part of the model. Ensuring unit-consistency, the
constant f0 = 1 MPa is introduced. The parameter mvp (θ, c) is introduced to en-
sure enough flexibility during the parameter identification process. The Macaulay
brackets 〈.〉 ensure that the viscoplastic strains can only remain constant or increase.
The accumulated viscoplastic strain is now defined by the evolution equation

ζ̇ =
√

2
3

1
τvp

〈
f

f0

〉mvp

. (3.101)

Viscoplastic material models are usually applied to simulate forming processes of
metals because the material behavior of metals exhibits a strong strain-rate depen-
dency in the inelastic domain at high temperatures [Lührs, 1997; Bröcker, 2013].
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Considering polymers, one may also identify the same strain-rate dependency in the
inelastic domain. Other than metals, this phenomenon is more pronounced because
slight temperature changes give rise to changes in the material behavior even in the
vicinity of room temperature.

3.6.2 Consistent discretization

The introduced model equations represent a system of tensor and scalar valued dif-
ferential and algebraic equations. In order to put them into the framework given
by the finite element method, these equations must be consistently discretized [Be-
lytschko et al., 2014].
The commercial program LS-DYNA® and its programming interface for user de-
fined material models are employed for the finite element simulations in this thesis5.
Therein, the stress update is computed by the Jaumann stress rate given by eq.
(3.24) [Livermore Software Technology Corp., 2017].
The strain increment

n+1∆χ =
(
n+1dm + n+1dth + n+1dch

)
∆t (3.102)

is the input variable for the computation of the stress update. Thus, considering
the presented material model, one has to compute the stress increment based on

n+1∆T = Cve · n+1∆χve

= Cve ·
(
n+1∆χ− n+1∆χvp − n+1∆χth − n+1∆χch

)
,

(3.103)

whereas Cve is the fourth order constitutive tensor describing viscoelastic material
behavior6. Algorithms based on elastic predictor-plastic corrector procedures are
an established method to solve this system of equations [Simo and Hughes, 1998;
Wriggers, 2008; de Souza Neto et al., 2008]. In the following, the general procedure
is presented for the viscoelastic-plastic case (χ̄vp = χ̄pl). In a second step, the
consistent discretization is derived for the viscoplastic material behavior. For the
sake of clarity, all quantities that depend on the time-dependent temperature n+1θ

and degree of cure n+1c are abbreviated. For example, the hardening function at
the time n+1t is abbreviated as n+1H

(
n+1θ, n+1c

)
=⇒ n+1H.

Considering eqs. (3.42) and (3.43), the strain increments n+1∆χth and n+1∆χch are

5See [Belytschko et al., 2014; Zienkiewicz et al., 2013] for a comprehensive overview of the finite
element method.

6Again, the operator (.)·(◦) defines the double scalar contraction between a fourth order tensor
(.) and a second order tensor (◦) (e.g., A ·B = AijklBkl).
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computed as

n+1∆χth =
n+1αth∆θ

3
(
1 + αth

(
n+1θ − θ0

))1 (3.104)

and n+1∆χch = − αch
n+1∆c

3 (1− αch n+1c)1 . (3.105)

The quantities in these equations are required for the computation of the mechanical
part of the strain increment. In order to calculate the stress increment, the necessary
derivations can be reduced to the purely mechanical case. Thus, the thermal and
chemical parts of the strain increment are omitted.
First, at the time n+1t, the stress state is assumed to be purely viscoelastic (n+1χ̄pl =
nχ̄pl). Therefore, the individual parts of the mechanical part of the total strain and
the accumulated plastic strain at time n+1t are governed by

n+1χm = n+1χ̄ve + n+1χ̂ve + nχ̄pl
n+1χ̄ve = nχ̄ve + n+1∆χ̄ve
n+1χ̂ve = nχ̂ve + n+1∆χ̂ve

n+1χ̄ink,tr =
n+1τk

n+1τk + ∆t
nχ̄ink + ∆t

n+1τk + ∆t
(
n+1χ̄m − nχ̄pl

)
n+1ζtr = nζ .

(3.106)

The volumetric part of the Cauchy stress does not influence the plastic yielding.
Hence, it is updated by

n+1
T̂ = n

T̂ + n+1K n+1∆χ̂ve . (3.107)

Using the updated isochoric part of the viscoelastic part of the total strain, the
isochoric part of the trial state of the Cauchy stress at the time n+1t is incrementally
calculated with respect to eqs. (3.79) and (3.106) as

n+1T̄tr = nT̄ + n+1∆T̄tr

= nT̄∞ + 2 n+1G∞
(
n+1∆χ̄m − n∆χ̄pl

)
+

N∑
k=1

2Gk

(
n+1χ̄m − n+1χ̄ink,tr − nχ̄pl

)
.

(3.108)
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The corresponding trial state of second invariant of the isochoric part of the Cauchy
stress is governed by

n+1J2,tr = 1
2
n+1T̄tr ·

n+1T̄tr . (3.109)

Inserting the trial state of the second invariant given by eq. (3.109) leads to the
corresponding yield function of the trial state at the time n+1t:

n+1ftr
(
n+1J2,tr,

n+1ζtr
)

=
√

2 n+1J2,tr −
√

2
3
(
n+1Y0 + n+1Htr

)
n+1Htr = n+1H

(
n+1ζtr,

n+1θ, n+1c
) (3.110)

The timestep is considered as viscoelastic or plastic depending on the following
differentiation:

n+1ftr

 ≤ 0 → viscoelastic timestep
> 0 → plastic timestep

. (3.111)

If the timestep is viscoelastic, all quantities are determined by the trial state and
saved for the next timestep.
If the yield condition is violated by n+1ftr > 0, the plastic part of the total strain has
to be calculated to satisfy the yield condition. Therefore, considering the flow rule
given by eq. (3.95), the plastic part of the total strain at the time n+1t is numerically
integrated by the backward Euler method:

n+1χ̄pl = nχ̄pl + ∆t · n+1d̄pl = nχ̄pl + n+1∆λ n+1N . (3.112)

The increment of the plastic multiplier n+1∆λ charaterizes the amount of plastic
yielding in the timestep. Equivalently, the accumulated plastic strain is numerically
integrated by the backward Euler method, too:

n+1ζ
(
n+1∆λ

)
= nζ + ∆t · n+1

ζ̇ = nζ +
√

2
3
n+1∆λ . (3.113)

Without showing the proof, the normals of the yield surface n+1N and n+1Ntr =
n+1T̄tr

‖n+1T̄tr‖
point in the same direction7. Thus, n+1N = n+1Ntr holds. Accordingly,

7See [Simo and Hughes, 1998; Wriggers, 2008] for the proof of this relation.
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3.6 Plasticity

the inelastic strain in each of the Maxwell elements now reads as (cf. eq. (3.77))

n+1χ̄ink = n+1χ̄ink,tr −
∆t

n+1τk + ∆t
n+1∆λ n+1Ntr . (3.114)

Now, employing the trial stress state in eq. (3.108) and the updates of the inelastic
and plastic strains in eqs. (3.112) and (3.114), the isochoric part of the Cauchy
stress reads as

n+1T̄ = n+1T̄tr −
(

2 n+1G∞ +
N∑
k=1

2Gk

(
1− ∆t

n+1τk + ∆t

))
n+1∆λ n+1Ntr

(3.115)

and subsequently, by taking the scalar product on both sides with n+1Ntr = n+1N,

√
2 n+1J2 =

√
2 n+1J2,tr −

(
2 n+1G∞ +

N∑
k=1

2Gk

(
1− ∆t

n+1τk + ∆t

))
n+1∆λ .

(3.116)

Next, the isotropic hardening function must also be updated:

n+1H = n+1H0
n+1ζ + n+1κ0

(
1− exp

(
− n+1κ1

n+1ζ
))

. (3.117)

Inserting eqs. (3.116) and (3.117) into the yield condition eq. (3.93) gives the
equation for the determination of the increment of the plastic multiplier n+1∆λ:

n+1f =
√

2 n+1J2,tr −
(

2 n+1G∞ +
N∑
k=1

2Gk

(
1 + ∆t

n+1τk + ∆t

))
n+1∆λ

−
√

2
3
(
n+1Y0 + n+1H

) != 0 .
(3.118)

This equation cannot be directly solved for n+1∆λ. For this purpose, the Newton-
Raphson scheme

n+1
j+1∆λ = n+1

j∆λ+ n+1
j+1∆∆λ

n+1
j+1∆∆λ = −

 ∂ n+1f

∂ n+1∆λ

∣∣∣∣∣
j

−1
n+1

jf

∂ n+1f

∂ n+1∆λ

∣∣∣∣∣
j

= −2 n+1G∞ −
N∑
k=1

2Gk

(
1 + ∆t

n+1τk + ∆t

)

− 2
3

(
n+1H0 + n+1κ0

n+1κ1 exp
(
−κ1

n+1
ζ
(
n+1

j∆λ
)))

(3.119)
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3 Material Modeling

is applied. The local iteration is performed at every integration point of the finite
element model in the current timestep. In each iteration step, the convergence
criterion |n+1

j+1f
(
n+1
j+1∆λ

)
| < 10−8 is checked. If the convergence is achieved, the local

iteration is stopped and the increment of the plastic multiplier is determined.
Finally, all variables depending on the increment of the plastic multiplier according
to the eqs. (3.112) - (3.115) can be updated for the next timestep.

Viscoelastic-viscoplastic material behavior Based on the presented procedure
for the determination of the increment of the plastic multiplier in the viscoelastic-
plastic case, the computation of the Cauchy stress is executed in the viscoelastic-
viscoplastic case. In order to ensure a better clarity in the following derivations, the
time-dependent shear modulus at time n+1t is abbreviated as

n+1G = 2 n+1G∞ +
N∑
k=1

2Gk

(
1− ∆t

n+1τk + ∆t

)
. (3.120)

As previously discussed, the yield condition f = 0 is violated in the viscoelastic-
viscoplastic case allowing for stress states with f > 0. Thus, the increment of the
plastic multiplier is not the variable searched anymore. Recalling the viscoplastic
flow rule of eq. (3.100), the discretized form of the viscoplastic strain now reads as

n+1χ̄vp = nχ̄vp + ∆t · n+1d̄vp

= nχ̄vp + ∆t
n+1τvp

〈
n+1f

f0

〉n+1mvp
n+1Ntr .

(3.121)

One can easily identify the apparent value of the yield function n+1f as the searched
variable for the determination of the viscoplastic flow. Again, one has to check the
yield condition employing the quantities of the trial step:

n+1ftr

 ≤ 0 → viscoelastic timestep
> 0 → viscoplastic timestep

. (3.122)

Again, if the timestep is viscoelastic, all quantities are already determined by the
trial state. In the case of viscoplastic yielding, one has to find the right value for
n+1f . For this purpose, the accumulated viscoplastic strain is now governed by

n+1ζvp
(
n+1f

)
= nζvp + ∆t

n+1τvp

〈
n+1f

f0

〉n+1mvp

, (3.123)
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3.6 Plasticity

which modifies the isotropic hardening function at time n+1t, cf. eq. (3.117).
Equivalently, the updated inelastic strain in each Maxwell element (cf. eq. (3.114)),
the updated isochoric part of the Cauchy stress (cf. eq. (3.115)), and the updated
second invariant of the isochoric part of Cauchy stress (cf. eq. (3.116)) are ex-
pressed by means of the discretized viscoplastic flow rule in eq. (3.121):

n+1χ̄ink = n+1χ̄ink,tr −
∆t

n+1τk + ∆t
∆t

n+1τvp

〈
n+1f

f0

〉n+1mvp
n+1Ntr (3.124)

n+1T̄ = n+1T̄tr − n+1G
∆t

n+1τvp

〈
n+1f

f0

〉n+1mvp
n+1Ntr (3.125)

√
2 n+1J2 =

√
2 n+1J2,tr − n+1G

∆t
n+1τvp

〈
n+1f

f0

〉n+1mvp

(3.126)

Inserting eq. (3.126) into eq. (3.93) and taking into account the isotropic hard-
ening function modified by the viscoplastic flow rule leads to the equation for the
determination of n+1f :

n+1f =
√

2 n+1J2,tr − n+1G
∆t

n+1τvp

〈
n+1f

f0

〉n+1mvp

−
√

2
3
(
n+1Y0 + n+1H

)
.

(3.127)

Again, as in the viscoelastic-plastic case, this equation cannot be directly solved for
n+1f due to the nonlinear isotropic hardening function. Rearranging of eq. (3.127)
yields

F
(
n+1f

)
=
√

2 n+1J2,tr − n+1G
∆t

n+1τvp

〈
n+1f

f0

〉n+1mvp

−
√

2
3
(
n+1Y0 + n+1H

)
− n+1f

!= 0 ,

(3.128)

whose zero is the searched value for n+1f .
Similarly to the viscoelastic-plastic case, the function F

(
n+1f

)
is iteratively solved
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for n+1f by a local Newton-Raphson scheme, which reads as

n+1
j+1f = n+1

jf + n+1
j+1∆f

n+1
j+1∆f = −

 ∂ n+1F

∂ n+1f

∣∣∣∣∣
j

−1

·
n+1

F
(
n+1

jf
)

∂ n+1F

∂ n+1f

∣∣∣∣∣
j

=
(
− n+1G− 2

3
(
n+1H0

+ n+1κ0
n+1κ1 exp

(
− n+1κ1

n+1ζ
(
n+1

jf
))))

·
n+1mvp∆t
n+1τvpf0

〈n+1
jf

f0

〉n+1mvp−1

− 1 .

(3.129)

This Newton-Raphson procedure is executed until
∣∣∣∣n+1

F
(
n+1
j+1f

)∣∣∣∣ < 10−8 holds.
As a result, all quantities depending on the non-zero value of n+1f can be updated
according to eqs. (3.121) - (3.125).

A summary of the consistent discretization of the stress computation in case of
viscoelastic-viscoplastic material behavior is provided in fig. 3.8. Therein, the main
steps for the correct calculation of the stress update depending on the input variables
are described for a straightforward implementation.

Consistent tangent modulus In order to guarantee the best convergence in the
implicit finite element simulations, the correct derivation of the consistent tangent
modulus is necessary with respect to the previously introduced viscoelastic predictor-
viscoplastic corrector procedure. In the following, the derivations are carried out
for the viscoelastic-viscoplastic case as it is the most general form. Naturally, the
derived equations can be reduced to the viscoelastic-plastic case by neglecting the
viscoplastic contribution of the material model. Principally, using the temporal
discretization of the hypoelastic relation between the Jaumann rate of the Cauchy
stress tensor and the elastic part of the strain rate tensor, the discretized consistent
tangent modulus at time n+1t is additively split into isochoric and volumetric parts:

n+1C = ∂ n+1∆T
∂ n+1∆χ

= ∂
n+1∆T̄

∂ n+1∆χ
+ ∂

n+1∆T̂
∂ n+1∆χ

. (3.130)

The following calculations are performed employing the basics of tensor analysis8.
The volumetric part, which is assumed to be purely viscoelastic, is easily derived by

8See [Itskov, 2015] for a comprehensive overview of tensor algebra and tensor analysis.
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1. Input: n+1∆χ, n+1θ, n+1c, nχvp, nχ̄m, nχ̄ink,
nT̄∞,

n
T̂, nζ

2. Viscoelastic predictor:
• Strains:

n+1∆χm = n+1∆χ− n+1∆χth − n+1∆χch

n+1∆χ̂ve = 1
3tr

(
n+1∆χm

)
1

n+1∆χ̄m = n+1∆χm −
n+1∆χ̂ve

n+1χ̄ink,tr =
n+1τk

n+1τk + ∆t
nχ̄ink + ∆t

n+1τk + ∆t
(
nχ̄m + n+1∆χ̄m − nχ̄vp

)
• Stresses:

n+1
T̂ = n

T̂ + n+1K n+1∆χ̂ve
n+1T̄∞,tr = nT̄∞ + 2 n+1G∞

n+1∆χ̄m

n+1T̄ov,tr =
N∑
k=1

2Gk

(
nχ̄m + n+1∆χ̄m − n+1χ̄ink,tr − nχ̄vp

)
n+1T̄tr = n+1T̄∞,tr + n+1T̄ov,tr

3. Check yield criterion:

n+1ftr
(
n+1J2,

nζ
){ ≤ 0 → viscoelastic timestep, save variables and exit

> 0 → viscoplastic timestep, go to step 4

4. Viscoplastic corrector:

n+1∆χ̄vp = ∆t
n+1τvp

〈
n+1f

f0

〉mvp
n+1Ntr

=⇒ Compute n+1f according to eqs. (3.123) - (3.129)
5. Update and save variables for the next timestep:

n+1χ̄vp = nχ̄vp + n+1∆χ̄vp

n+1χ̄ink = n+1χ̄ink,tr −
∆t

n+1τk + ∆t
n+1∆χ̄vp

n+1T̄ = n+1T̄tr −
(

2 n+1G∞ +
N∑
k=1

2Gk

(
1− ∆t

n+1τk + ∆t

))
n+1∆χ̄vp

Figure 3.8. Summary of the algorithm for the computation of the viscoelastic-
viscoplastic material model
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the following expression:

∂
n+1∆T̂

∂ n+1∆χ
= 1

3
n+1K

∂ tr
(
n+1∆χ− n+1∆χth − n+1∆χch

)
∂ n+1∆χ

= 1
3
n+1K1⊗ 1 .

(3.131)

The derivation of the deviatoric part, on the other hand, seems to require more
effort, which is mainly caused by the consideration of the viscoelastic and viscoplastic
effects. Analogously to the volumetric part, the general derivation of the deviatoric
part of the consistent tangent modulus is9

∂
n+1∆T̄

∂ n+1∆χ
= ∂

n+1∆T̄tr

∂ n+1∆χ
−

n+1G∆t
n+1τvp

∂

∂ n+1∆χ


〈n+1

f
(
n+1∆χ

)
f0

〉n+1mvp

n+1Ntr


= ∂

n+1∆T̄tr

∂ n+1∆χ
−

n+1G∆t
n+1τvp

n+1Ntr ⊗
n+1mvp

f0

〈
n+1f

f0

〉n+1mvp−1

· ∂
n+1f

∂ n+1∆χ
+
〈
n+1f

f0

〉n+1mvp ∂ n+1Ntr

∂ n+1∆χ

 .

(3.132)

Herein, the first summand describes the purely elastic behavior given by the vis-
coelastic trial stress state (cf. eq. (3.108)):

∂
n+1∆T̄tr

∂ n+1∆χ
= n+1G

(
I − 1

31⊗ 1
)
. (3.133)

I and 1 are the fourth order and second order identity tensors, respectively. Using
the implicit function theorem, see [Binmore and Davies, 2001], the following expres-
sion holds for the partial derivative of the yield function n+1f with respect to the
strain increment n+1∆χ:

∂ n+1F

∂ n+1∆χ
+ ∂ n+1F

∂ n+1f

∂ n+1f

∂ n+1∆χ
= 0. (3.134)

Rearranging this equation leads to

∂ n+1f

∂ n+1∆χ
= −

(
∂ n+1F

∂ n+1f

)−1
∂ n+1F

∂ n+1∆χ
(3.135)

9The operator (.) ⊗ (◦) defines the dyadic product between two second order tensors (.) and
(◦) (e.g., A⊗B = AijBkl).
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in which the partial derivative of n+1F with respect to n+1f is given by eq. (3.129)
and the partial derivative of n+1F with respect to n+1∆χ reads as

∂ n+1F

∂ n+1∆χ
=
∂
√

2 n+1J2,tr

∂ n+1∆χ
= ∂

∂ n+1∆χ
(
n+1T̄tr ·

n+1T̄tr

) 1
2

= ∂
n+1T̄tr

∂ n+1∆χ
·

n+1T̄tr√
2 n+1J2,tr

= n+1G
(
I − 1

31⊗ 1
)
n+1Ntr

= n+1G n+1Ntr .

(3.136)

In a last step, one has to derive n+1Ntr with respect to to n+1∆χ by means of the
eqs. (3.133) and (3.136):

∂ n+1Ntr

∂ n+1∆χ
= 1

2 n+1J2,tr

 ∂ n+1T̄tr

∂ n+1∆χ

√
2 n+1J2,tr −

n+1T̄tr ⊗
∂
√

2 n+1J2,tr

∂ n+1∆χ


=

n+1G√
2 n+1J2,tr

(
I − 1⊗ 1− n+1Ntr ⊗ n+1Ntr

)
.

(3.137)

If the timestep is considered as viscoelastic, n+1ftr ≤ 0 holds and the consistent
tangent modulus is reduced to the viscoelastic tangent modulus:

n+1C = n+1G
(
I − 1

31⊗ 1
)

+ 1
3
n+1K1⊗ 1 if n+1ftr ≤ 0 . (3.138)

The set of the derived equations mentioned above represents the framework for
the computation of the stress update and its consistent tangent modulus in every
timestep. They are implemented as user subroutines into the commercial finite
element program LS-DYNA® for the finite element analyses following in the next
chapter. For this purpose, the tensor-valued quantities are transferred into the
Voigt notation. Hence, all second order tensors become column vectors ∈ R6 and
the consistent tangent modulus becomes a matrix ∈ R6×6.

107





4 Parameter Identification and
Validation

This chapter connects the experimental results of ch. 2 with the modeling ap-
proaches of ch. 3 in order to show the suitability of the proposed equations. To this
end, nonlinear optimization programs and the according algorithms are applied. The
identified parameter sets serve for the calibration of the temperature- and degree of
cure-dependent equations of the material model.
The commercial optimization program LS-OPT® employs the sequential response
surface methodology (SRSM), which is well-suited for conducting parameter iden-
tifications in continuum mechanical problems. Since this method is neither investi-
gated nor is part of the research in this thesis, reference is made to [Myers et al.,
2016; Kok and Stander, 1999] for a better understanding of this method and its
application.
Additionally, the open-source program gnuplot can fit the parameters of algebraic
equations to experimental data using the Levenberg-Marquardt algorithm.
Hence, in the following sections, gnuplot is applied to identify the parameters of
the algebraic model equations following later.
After finishing the parameter identification, the identified parameters are used for
the validation of tensile specimens subjected to cyclic loading and unloading.

4.1 Crosslinking

Identifying the parameters of the one-dimensional evolution equation of the degree
of cure c is performed first because all subsequent properties of the photopolymer
strongly depend on this variable. Hence, the identification is accomplished through
the SRSM implemented in the commercial optimization program LS-OPT®. More-
over, the evolution equation of the degree of cure c is solved by the ode45 solver
implemented in MATLAB®.
Finishing the optimization process after twelve iterations yields the parameters listed
in table 4.1. Before conducting the optimization process, the parameters c0 and Tcmax

of eq. (3.3) are adapted to the mean values of the degrees of cure at the end of the
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Figure 4.1. Comparison between experimental curves generated by photo-DSC mea-
surements and simulated curves by means of eq. (3.5) and the parame-
ters enlisted in table 4.1

irradiation for each temperature. The comparison between the experimental results
of the photo-DSC measurements and the proposed model equation is shown in fig.
4.1. Generally, good accordance is achieved between the experimental results and
the proposed model equation.
Since the number of parameters used for this model equation is high, further im-
provements on the identification strategy can yield a better representation of the

Table 4.1. Parameters of the model equation of the degree of cure identified by
means of the experimental data of sec. 2.2.3
A1 A2 E1 E2 n

0.3 s−1 1.0008 s−1 17.58 kJ
mol 2.75 kJ

mol 0.4632
p b1 b2 c0 Tcmax

0.585 0.05664 0.3354 4.29 · 10−2 K−1 258.67 K
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Figure 4.2. Left: modified working curve model based on eq. (3.7). Right:
temperature-dependent critical exposure dose and penetration depth
based on eqs. (3.8) and (3.9).

experimental data. Furthermore, a more sophisticated analysis of the model equa-
tion, e.g., the direct identification of the Arrhenius coefficients k1 and k2, can lead
to better results and a reduced parameter set.
The identification of the parameters of the modified working curve model, see eqs.
(3.7) - (3.9), is also conducted using LS-OPT® in conjunction with SRSM. To do
this, the parameters of the modified working curve model are adapted so that the
error between the experimentally determined exposure doses for the considered cur-
ing depths and the evaluated working curves is minimized. Fig. 4.2 shows the
evaluations of the modified working curve model for the investigated temperatures
in subsec. 2.3.2 and the temperature-dependent functions for the critical exposure
dose and the penetration depth. The identified and applied values of the parameters
are listed in table 4.2. Using these values leads to an apparently linear relationship
between the penetration depth and the temperature of the photopolymer resin.
Comparatively, the function describing the critical exposure dose rather exponen-
tially decreases with increasing temperature.
Compared to the individual working curves in fig. 2.20, the resulting critical ex-
posure doses are smaller using the modified working curve model. Furthermore,
the deviation between the modified working curve model and the experimental data
seems to be larger than in fig. 2.20.

Table 4.2. Identified values of the parameters of the modified working curve model
Parameter Ec0 in mJ/cm2 Ec1 in °C−1 Dp0 in µm Dp1 in °C−1

Value 5.297 1.877 · 10−2 224.278 2.884 · 10−3
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4 Parameter Identification and Validation

4.2 Viscoelastic properties

First of all, the parameters representing the viscoelastic properties are identified.
Since the resulting master curves cover a broad range of angular frequencies, the
identification procedure cannot be directly conducted. In general, assuming linear
viscoelastic behavior, the resulting number of Maxwell chains is double-digit to
reduce the error between the experimental and simulated master curves to a sufficient
minimum [Jalocha et al., 2015].

4.2.1 Viscoelastic properties of printed specimens

The master curves of the storage moduli generated by the experimental data from
DMA tests in sec. 2.4 generally show an increase over several orders of magnitude
with increasing angular frequency. Hence, the main objective in the parameter
identification process for the relaxation times and shear moduli is to find suitable
parameter combinations that do not overweight large absolute differences between
the experimental and simulated values in the error measure. For example, standard
error measure such as the mean squared error (MSE) show that undesired behavior.
In contrast, error measures such as the mean squared logarithmic error that focus
more on relative differences between experimental and simulated values may be the
better choice in such cases.
In the case of the experimentally derived shear storage modulus G′exp as the objective
value, the MSLE reads as follows:

MSLE = 1
P

P∑
i=1

(
log10 G

′
i,sim (G∞ (c) ,G, τR)− log10 G

′
i,exp

)2
. (4.1)

The vectors G and τR include the shear moduli Gk and relaxation times τkR at the
reference temperature θR and reference degree of cure cR, respectively. The error
between the simulated and experimental values is computed at each regression point
i with a total number of P regression points. Especially in the identification process
of the parameters of viscoelastic material models on data sets based on master curves
obtained from DMA tests, the usage of error measures that focuse more on relative
than absolute changes is preferable. By looking at the master curve of the DMA
test, the increase of the shear storage modulus over several orders of magnitude is
visible thus leading to the reasonable usage of the MSLE.
Fig. 4.3 shows a schematic comparison between the MSLE and MSE for logarith-
mically distributed experimental values yexp and simulated values ysim. Accord-
ing to typical test data of DMA measurements of thermosetting or thermoplas-
tic polymers, the range of the chosen simulated and experimental values is set to
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Figure 4.3. Schematic comparison between the mean squared logarithmic error
(MSLE) and the mean squared error (MSE) for random, logarithmi-
cally distributed simulated values ysim and fixed experimental values
yexp = 101 . . . 104. For a better comparison, the absolute MSE and
MSLE values are divided by the maximum values MSEmax = 99902 and
MSLEmax = 9.

ysim = yexp = [101, 104]. For a better comparability, the error measures are normal-
ized. To do this, the individual MSE and MSLE values are divided by each each
maximum value MSEmax = 99902 and MSLEmax = 9, respectively. It is obvious that
using the MSLE leads to a more appropiate error for logarithmically distributed
ordinate values. The relative error nearly tends towards a linear relationship de-
pending on the deviation between the simulated value ysim and the experimental
value yexp. Considering the usage of the MSE, the relative error is more nonlinear
and overestimates the error between the simulated and experimental values if they
are high. Thus, large relative deviations between simulated and experimental values
would be underestimated if the values are small.
Using the MSLE for the identification of relaxation times and moduli of viscoelas-
tic material models is successfully conducted in [Rehbein and Matzenmiller, 2018]
and [Rehbein et al., 2021] and leads to satisfying results. Therefore, the MSLE is
preferred over the MSE for the following identification.
After implementing the MSLE into the optimization process of SRSM, the identifi-
cation of the shear moduli Gk and relaxation times τk can be conducted. To define
a suitable starting set of parameters, the shifted angular frequency range as visible
in fig. 2.32 is divided into 30 subdomains. Hence, the total number of Maxwell
chains is set to N = 30. At first, the optimization procedure is conducted for the
master curve belonging to the reference point (θR = 20 °C, cR = ceff = 1.0). The
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Figure 4.4. Comparison between the experimentally derived shear storage moduli
G′exp and the simulated shear storage moduli G′sim by means of the pa-
rameters enlisted in table A.1

individual relaxation times are initially set to a value corresponding to the reciprocal
of the mean angular frequency of the subdomain. The bounds of the relaxation time
are set to overlap the upper and lower bounds of each neighboring relaxation time.
All shear moduli are initially set to 10 MPa, whereas the lower bound is set to 1
MPa and the upper bound is set to 1000 MPa. The equilibrium shear modulus G∞
is also set to 10 MPa, and the bounds are set to 5 MPa and 15 MPa, respectively.
The identification procedure leads to the values enlisted in table A.1 for the shear
moduli and relaxation times at the reference temperature and reference degree of
cure.

In order to represent the master curves at lower effective degrees of cure, the re-
laxation times assigned to the reference degree of cure are equally shifted to find
the best accordance with the corresponding master curve. Additionally, since the
material becomes softer at low angular frequencies with decreasing degree of cure,
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Figure 4.5. Shift factors of the time-temperature superposition (cf. fig. 2.33) and
fit function according to eq. (4.2)

the equilibrium shear modulus is readjusted, too. This identification procedure is
performed for each master curve leading to individual shift factors and equilibrium
shear moduli for each effective degree of cure, see table 4.3. However, the shear mod-
uli Gk remain independent on the temperature and the degree of cure. Fig. 4.4

Table 4.3. Identified shift factors sc (c) and equilibrium shear moduli G∞ (c)
Effective degree of cure ceff in - 1.0 0.9193 0.8606 0.8372
Shift factor sc (c) in - 1.0 1.5 · 10−2 1.99 · 10−4 4.73 · 10−6

Equilibrium shear modulus G∞ in - 10.72 7.53 4.97 6.22

shows the comparison between the experimental and the simulated master curves.
In summary, a good accordance is achieved by means of the identified parameters.

If the temperature of the specimen deviates from the reference temperature θR =
20 °C, the relaxation times must be shifted. Consequently, a continuous function
has to be defined for the temperature-dependent shift factors in fig. 2.33. A suitable
approach is governed by

log10 (sθ (θ)) = sθ0 tanh (−sθ1 (θ − θR)) , (4.2)

which can describe the temperature-dependent shift factors over a broad tempera-
ture range with the two parameters sθ0 = 29.14 and sθ1 = 5.22 · 10−3 °C−1. Other
functions like the well-known WLF-equation [Williams et al., 1955] would also lead
to a satisfying result. Fig. 4.5 shows the comparison between the experimentally de-
termined shift factors of sec. 2.4.3 and the interpolation function given by eq. (4.2).
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As previously discussed, the shift factors do not exhibit a strong dependency on the
degree of cure. Hence, the approach proposed in eq. (4.2) seems to be reasonable.

4.2.2 Viscoelastic properties during crosslinking

The identification in the previous subsec. 4.2.1 only covers conversion states near
the fully cured state. In order to describe the change in the viscoelastic properties
over the whole transition of the photopolymer, the experimental results of the rheo-
metric measurements during crosslinking in sec. 2.3 must be taken into account.
The following procedure is inspired by [Eom et al., 2000] and is successfully applied
in [Rehbein et al., 2021] with regard to photopolymers. Therein, a novel approach
is presented using time-cure superposition to describe the change in the mechanical
properties of crosslinking polymers through rheometric measurements.

Recalling that the irradiance decreases exponentially with the layer thickness while
the radiation passes through the photopolymer layer, the degree of cure is inhomoge-
neously distributed in the photopolymer layer. Different from the photocalorimetric
measurements in sec. 2.2.3, the dimensions of the layer must be taken into account.
Given the model equation of the degree of cure (eq. (3.5)), the effective degree of
cure in the photopolymer layer is computed by

ceff (t) = 1
h0

h0∫
0

t∫
0

ċ (τ, z) dτdz . (4.3)

The decrease of the irradiance is described by the Beer-Lambert law in eq. (1.1)
and included in the Arrhenius factors in eq. (3.6). The attenuation factor α is
given by the reciprocal of the identified penetration depthsDp, see table 2.3. Accord-
ing to the measurements in subsec. 2.3.1, the layer thickness is set to h0 = 500 µm
and the incident irradiance is I = 10.12 mW/cm2. The integral over the layer
thickness is approximated by the trapezoidal rule, whereas the evolution equation
describing the degree of cure is integrated by means of the ode45 solver implemented
in MATLAB®.
Fig. 4.6 shows the development of the effective degree of cure computed by eq.
(4.3) for the conducted measurements in subsec. 2.3.1. Compared to the computed
degrees of cure reproducing the photo-DSC measurements with I = 10 mW/cm2,
see fig. 4.1, the degree of cure increases more slowly for all temperatures. This
behavior is caused by the decrease of the irradiance over the layer thickness.

In the next step, the experimental curves of the storage modulus in fig. 2.18 are
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Figure 4.6. Development of the effective degree of cure ceff in the rheometry mea-
surements during crosslinking calculated by eq. (4.3)

plotted versus the computed effective degree of cure in fig. 4.6 for each temperature.
Subsequently, the shear storage modulus is extracted for selected degrees of cure and
plotted in the frequency domain. This representation is equivalent to the isothermal
curves of the shear storage modulus in fig. 2.31.

The corresponding data points are visualized in fig. 4.7 for all considered tem-
peratures. Consequently, the shear storage modulus is defined for conversion states
lower than c = 0.8372 (cf. fig. 4.4). In order to identify the missing shift factors
for these conversion states, a continuous master curve is generated using the data
points at θ = 10 °C. The maximum degree of cure c = 0.7408 in this data set is
taken as the reference degree of cure. Hence, all data points exhibiting a degree of
cure lower than the reference degree of cure are manually shifted to lower angular
frequencies. The corresponding shift factors are displayed in fig. 4.8 (right) as light
gray dots. Since these shift factors are determined for the reference degree of cure
c = 0.7408, the shift factors must be shifted vertically to account for the reference
degree of cure c = 1.0. Hence, the shift factors are equally shifted by 10−9 in the
vertical direction. In conclusion, the composed shift factors form the continuous line
in fig. 4.8 (right) indicated as dark grey dots.

Finally, suitable equations must be formulated in order to describe the degree of
cure-dependent equlibrium shear modulus and shift factors for the time-cure super-
position. For this purpose, Adolf and Martin [Adolf and Martin, 1996] as well
as Eom et al. [Eom et al., 2000] presented suitable model approaches taking into
account the degree of cure at the gel point. Thus, in the following, the gel point of
the photopolymer is evaluated.
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Figure 4.7. Experimentally derived shear storage modulus depending on the degree
of cure, temperature, and angular frequency

Determination of the gel point According to [Winter and Chambon, 1986], the
gel point is characterized as the state at which the crosslinking polymer transitions
from the liquid to the solid state. The degree of cure-dependent equilibrium shear
modulus G∞ (c) in fig. 3.6 describes this transition by

G∞ (c)

 = 0 , c < cgel

> 0 , c ≥ cgel
. (4.4)

As already discussed in sec. 1.2, the necessary exposure dose to reach the gel point
of a photopolymer layer with layer thickness Cd is given by the incident exposure
dose E0, which is calculated by

E0 = Ec exp
(
Cd

Dp

)
. (4.5)

Given the parameters of the critical exposure dose Ec and penetration depth Dp for
the different temperatures (cf. table 2.3), one can calculate the incident exposure
dose for each temperature and Cd = 500 µm, whereas the exposure time is given by
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4.2 Viscoelastic properties

Table 4.4. Calculated effective degrees of cure ceff,gel at the gel point depending on
the temperature

Temperature θ in °C 10 20 30 40 50 60
Eff. degree of cure ceff,gel in - 0.169 0.131 0.123 0.106 0.092 0.088

t0 = E0

I0
. Afterward, the effective degree of cure at the gel point is determined by

the calculated exposure times and the curves in fig. 4.6 for each temperature. The
determined effective degrees of cure corresponding to the gel point are shown in table
4.5. If the temperature of the photopolymer resin increases, the effective degree
of cure decreases, i.e., the photopolymer reaches its gel point faster. This result
seems to be unphysical because the effective degree of cure at the gel point should
be independent on the temperature of the photopolymer during the crosslinking
process. However, one possible explanation is the nonlinear dependency on the
irradiance of the differential equation for the degree of cure.
In order to circumvent this deficiency, the mean value of the listed values is used.
Hence, the effective degree of cure at the gel point of the photopolymer reads as
ceff,gel = 0.118, which is also considered as the degree of cure at the gel point cgel.
The value is significantly lower than the degree of cure at the gel point of curing
adhesives [Liebl, 2014] or other crosslinking polymers.

Degree of cure-dependent equilibrium shear modulus and shift factors The
function for the degree of cure-dependent equilibrium shear modulus reads as

G∞ (c) =


0 , c < cgel

G∞1

(
c− cgel
1− cgel

)G∞2

, c ≥ cgel
(4.6)

and follows the approach presented in [Adolf and Martin, 1996]1. The additional
parameter G∞2 is introduced in order to allow for a better reproduction of the ex-
perimental data. The parameter G∞1 describes the equilibrium shear modulus at
the fully cured state.
Fig. 4.8 (left) shows the identified values of the equilibrium shear modulus (cf. table
4.3) and the fit function given by eq. (4.6) for conversion states above the gel point.
Unfortunately, the suitability of eq. (4.6) cannot be assessed for 0.118 < c < 0.8372
due to missing data points. However, eq. (4.6) yields a good accordance with the
given data points. The corresponding identified parameters are listed in table 4.5.

1The parameter G∞2 was initially set to 8
3 .
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Figure 4.8. Left: degree of cure-dependent equilibrium shear modulus G∞ (c).
Right: shift factors sc (c) for the time-cure superposition.

The function describing the shift factors of the time-cure superposition reads as

log10 (sc (c)) =


sc1c+ sc2 , c < cgel

scgels
c−cgel
c3

(
1− c

1− cgel

)sc4

, c ≥ cgel
(4.7)

and is based on the proposal in [Eom et al., 2000]. The shift factors are interpo-
lated by a linear function for conversion states below the gel point. Moreover, the
nonlinear function describing the shift factors for conversion states beyong the gel
point intersects the linear function at c = cgel. The parameter scgel represents the
shift factor corresponding to the degree of cure at the gel point.
The shift factors and the corresponding shift function are depicted in fig. 4.8 (right).
The values of the parameters of eq. (4.7) are given in table 4.5. Principally, a good
accordance is achieved between the identified shift factors and the model approach
given by eq. (4.7). It should be noted that the vertical shift of the shift factors below
c = 0.8372 is performed before the identification of the parameters of eq. (4.7).
Employing the shift functions sθ (θ) and sc (c) as well as the function for the equi-
librium shear modulus G∞ (c), the deviatoric response of the material model is

Table 4.5. Identified values of the parameters of the eqs. (4.6) and (4.7)
Parameter G∞1 G∞2 sc1 sc2 sc3 sc4 scgel

Value 10.59 MPa 3.41 27.77 -20.95 4.99 1.37 -17.67
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4.3 Tensile properties

completely defined.
In the next step, the missing model equations representing the volumetric response
of the material model are presented by means of the tensile tests in subsec. 2.5.1.

4.3 Tensile properties

4.3.1 Finite element model of the tensile specimen

The finite element model of the tensile specimen is depicted in fig. 4.9. The speci-
men geometry is discretized by 6 elements over the width and 4 elements over the
thickness of the specimen leading to a total of 1248 hexahedral elements (element
formulation 2). Furthermore, the simulations are conducted using the implicit time
integration. Thus, the global equilibrium is established in every timestep.

The lower end, indicated by the blue coloring, is modeled as a rigid body to
represent the fixed clamp of the tensile testing machine whereas the upper end
(highlighted in green), which is also modeled as a rigid body, exhibits translational
degrees of freedom to apply the displacement boundary condition u (t). Considering
the velocity u̇ (t) of the movable clamp of the tensile testing machine, the global
strain rate

ε̇global = u̇ (t)
l0

(4.8)

is set in the tensile specimen with l0 denoting the distance between both clamps.
Since the displacement of the rigid body at the upper part of the specimen is given
by the boundary condition of the movable clamp, the displacement in x-direction
of the middle node in the transition line between the deformable part (red) and the
rigid part (green) is selected to calculate the global true strain of the specimen:

εtrue,global = ln
(

1 + u0
x

l0

)
. (4.9)

The reaction force in x-direction, which is compared with the measured reaction
force of the testing machine, is evaluated as the accumulated forces in x-direction
of the nodes located in the cross-section between the deformable (red) and rigid
(green) parts. Although the force sensor of the tensile testing machine is located
at the lower end of the steel rod of the lower clamp, the simulated and measured
reaction forces are comparable because the steel rod connected to the lower clamp
shows a significantly higher stiffness compared to the specimen. Thus, including
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xy
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Figure 4.9. Finite element model of the tensile specimen

the clamps and the connected steel rods would not increase the precision of the
simulations, but it would tremendously increase the simulation time.

4.3.2 Temperature- and degree of cure-dependent bulk
modulus

As explained in sec. 3.5, the bulk behavior is assumed to show only elasticity. Con-
sequently, no strain rate dependency is assumed in purely dilatational deformation
states. Nonetheless, as visible in the experimental data of sec. 2.5, different tem-
peratures and degrees of cure of the printed specimens may also influence the bulk
modulus. Although the stress state in the tensile specimen is dominated by the devi-
atoric contributions, the small influence of the bulk modulus on the overall reaction
force cannot be neglected. Hence, in the following, the bulk modulus is individually
identified for each data set defined by a specific temperature and degree of cure.
The procedure for the identification reads as follows:

1. The experimental force-displacement curves are limited to a maximum dis-
placement of 0.6 mm, which is equal to a global true strain of εtrue,global ≈
1.05%. This limitation provides two benefits. First, as an assumption, no
plastic deformations are visible in this region, and second, a reasonable num-
ber of data points is available for the identification.

2. Using finite element simulations of the tensile specimen in the aforementioned
limited strain region, the simulated force-displacements curves are created
corresponding to the data set depending on the specific temperature and degree
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Figure 4.10. Comparison between the experimental and simulated curves of the ten-
sile tests in the reversible domain for c = 1.0. The ordinate values are
bisected in the plots of the second row.

of cure. All four considered strain rates are taken into account for each data
set.

3. Then, by using LS-OPT® and SRSM as optimization tool, the bulk modulus
is individually identified for each data set by means of minimizing the sum of
the mean squared errors calculated between the simulated and experimental
curves. All individual mean squared errors contribute by the same weight
factors.

As a result, this procedure yields different values for the bulk modulus depending
on the chosen temperatures and degrees of cure. Afterwards, a suitable equation
representing these dependencies has to be developed and its parameters must be
identified by minimizing the error between the identified bulk moduli and the de-
veloped equation describing the aforementioned dependencies.
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Figure 4.11. Comparison between the experimental and simulated curves of the ten-
sile tests in the reversible domain for c = 0.9193. The ordinate values
are bisected in the plots of the second row.

The identified values of the bulk modulus are visualized in fig. 4.13 for each chosen
temperature and degree of cure. Additionally, figs. 4.10 - 4.12 show a good accor-
dance between the experimental and simulated stress-strain curves.

A suitable constitutive equation to describe the bulk modulus depending on the
temperature and the degree of cure is given by

K (θ, c) = (K0 tanh (−K1 (θ − θR)) +K2) sc,bulk (c) . (4.10)

Herein, K0, K1, and K2 are model parameters. The function sc,bulk (c) represents
the dependency on the degree of cure. The reference temperature is set to θR = 20
°C. First, the parameters K0, K1, and K2 are identified by means of the identified
bulk moduli for ceff = 1.0. Then, the parameters K0, K1, and K2 are kept constant
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Figure 4.12. Comparison between the experimental and simulated curves of the ten-
sile tests in the reversible domain for c = 0.8606. The ordinate values
are bisected in the plots of the second row.

and the shift factors are identified for ceff = 0.9193 and ceff = 0.8606, respectively.
The identified parameters and shift factors are listed in table 4.6. Fig. 4.13 shows
the comparison between the identified values of the bulk moduli and the fit function
according to eq. (4.10). The tensile properties of only three different crosslinking

Table 4.6. Parameters of the function of the temperature- and degree of cure-
dependent bulk modulus and corresponding shift factors

Parameter K0 K1 K2

Value 1414.04 MPa 0.102801 °C−1 2420.25 MPa

Degree of cure ceff in - 1.0 0.9193 0.8606
Shift factor sc,bulk in - 1.0 0.662814 0.290974
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Figure 4.13. Comparison between the identified values of the bulk moduli for each
temperature and degree of cure and the fit function eq. (4.10) by means
of the parameters of table 4.6

states are investigated in this thesis, which complicates the derivation of a suitable
function sc,bulk (c). Hence, the individual shift factors in the last row of table 4.6 are
used for the identification of the viscoplastic parameters in sec. 4.3.3 and for the
validation in sec. 4.4.

4.3.3 Parameters of the viscoplastic part of the material model

After finishing the identification procedure for the temperature- and degree of cure-
dependent bulk modulus, the parameters of the viscoplastic part of the material
model must be identified.
For the sake of simplicity, the isotropic hardening function in eq. (3.97) is restricted
to the linear case. Hence, the parameters κ0 and κ1 representing the saturation yield
stress do not influence the hardening behavior. Restricting the isotropic hardening
function to the linear case significantly reduces the number of the parameters of
the viscoplastic part of the material model and allows for a better interpretation of
the identified values. LS-OPT®, in conjunction with the SRSM, is applied again to
identify the parameters of the viscoplastic part of the material model by means of
simulated tensile tests. The parameter set comprises

• the initial yield stress Y0 (θ, c),

• the hardening modulus H0 (θ, c),
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Figure 4.14. Comparison between the experimental and simulated results of the ten-
sile tests for ceff = 1.0. The ordinate values are bisected in the plots of
the second row.

• the viscoplastic relaxation time τvp (θ, c), and

• the exponent mvp (θ, c).

The same finite element model as in sec. 4.3.1 is used for the simulations. During
the identification process, all measurements with the same temperature and degree
of cure are taken into account, which results in four objectives for each identification.
At first, since θR = 20 °C and ceff,R = 1.0 are considered as the reference temper-
ature and reference degree of cure, the parameters of the list mentioned above are
identified by means of the tensile tests in fig. 2.36. Next, the identified value of
mvp = 3.94971 is kept constant, and only the viscoplastic relaxation time is con-
sidered as the only temperature- and degree of cure-dependent parameter of the
viscoplastic flow rule. Then, the parameters are identified by means of the tensile
tests subjected to temperatures lower and higher than the reference temperature
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Figure 4.15. Comparison between the experimental and simulated tensile tests for
ceff = 0.9193. The ordinate values are bisected in the plots of the second
row.

θR = 20 °C.

Fig. 4.14 shows the comparison between the experimental and simulated results
of the tensile tests subjected to monotonic loading for ceff = 1.0. The corresponding
identified values of the parameters are visualized in the figs. 4.17 - 4.19. Overall,
good accordance is achieved by the viscoplastic material model and the identified
parameters. Furthermore, using the interpolation of the bulk modulus by means of
eq. (4.13) does not cause large deviations. Particular attention should be paid to the
simulations at θ = 10 °C in the viscoplastic domain. One could easily interpret the
slight decrease of the engineering stress as some kind of damage or softening behav-
ior. However, this behavior is caused by the inhomogeneously distributed stresses
and the localization of the plastic strains in the tensile specimen.
Subsequently, the initial yield stress, the hardening modulus, and the viscoplastic
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Figure 4.16. Comparison between the experimental and simulated tensile tests for
ceff = 0.8606. The ordinate values are bisected in the plots of the second
row.

relaxation time are individually identified for each combination of temperature and
degree of cure. The results of the simulations are displayed in the figs. 4.15 and
4.16, and the corresponding values of the material functions are shown in the figs.
4.17 - 4.19. Again, good accordance is achieved between the measurements and the
simulations.
Unfortunately, considering the simulations with ε̇global = 10−6 s−1 and ε̇global = 10−5

s−1, the stress responses of the tensile tests at θ = 30 °C and θ = 40 °C are too
soft. One possible reason is the identified value of the hardening modulus, which
might be too low to accurately represent the material behavior after the onset of
plastic yielding. Since the identification is conducted taking into account all four
experimental tensile tests at a specific temperature and degree of cure, the identi-
fied value of the hardening modulus might be higher if only the experimental tensile
tests of the two lowest strain rates would be considered. Nonetheless, the identified
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Figure 4.17. Comparison between the identified values of the initial yield stress and
the fit function eq. (4.11) by means of the parameters in table 4.7

parameter set yields the lowest accumulated mean squared error. Another possible
reason is the selection of the load cell for the tensile tests in sec. 2.5, whose accu-
racy is not high enough at low forces as measured in the tests. Thus, the measured
force-displacement curve might be distorted.

After having identified distinct values for the aforementioned parameters at each
chosen temperature and degree of cure, suitable model equations have to be formu-
lated to accurately represent the dependencies on the temperature and the degree
of cure. Starting with the initial yield stress Y0 (θ, c), a suitable approach is given
by

Y0 (θ, c) = (Y01 tanh (−Y02 (θ − θR)) + Y03) sc,yield (c) . (4.11)

This equation has the same structure as the function for the temperature- and degree
of cure-dependent bulk modulus, cf. eq. (4.10). Again, the parameters Y01, Y02, and
Y03 are identified by means of the values of the initial yield stress for ceff = 1.0. Next,
the shift factors sc,yield are individually determined through the identified values of
the initial yield stress at ceff = 0.9193 and ceff = 0.8606, respectively.
The same procedure is applied for the interpolation function of the viscoplastic
relaxation time:

log10 (τvp (θ, c)) = (τvp0 tanh (−τvp1 (θ − θR)) + τvp2) sc,relax (c) . (4.12)
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Figure 4.18. Comparison between the identified values of the viscoplastic relaxation
time and the fit function eq. (4.12) by means of the parameters in table
4.7

Since the viscoplastic relaxation time rapidly decreases with increasing tempera-
ture, the identified values and the interpolation function are visualized in a semi-
logarithmic plot in fig. 4.18. The corresponding parameters are also listed in table
4.7.

Last but not least, the identified values of the hardening modulus must be ana-
lyzed. Unfortunately, no clear tendency regarding the degree of cure is as visible as
for the values of the initial yield stress and the viscoplastic relaxation time, see fig.
4.19.
However, the hardening modulus increases with increasing temperature. Hence, the
hardening modulus is only dependent on the temperature, and the interpolation
function is governed by

H0 (θ) = H01 tanh (−H02 (θ − θR)) +H03 . (4.13)

The parameters H01, H02, and H03 are determined considering the mean value of the
identified values of the hardening modulus at each temperature. Using the values
listed in table 4.7 leads to an apparent linear progression of the hardening modulus
in the considered temperature range. Although the identified value for H01 is nega-
tive, the function based on eq. (4.13) returns positive values starting at ≈ 60 MPa
for θ = 10 °C.
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Figure 4.19. Comparison between the identified values of the hardening modulus
and the fit function eq. (4.12) by means of the parameters in table 4.7

In summary, introducing the eqs. (4.11) - (4.13) fully describes the remaining pa-
rameters of ch. 3. Analogously to the bulk modulus, suitable functions are only
missing for the degree of cure-dependent shift factors sc,yield and sc,relax. Using the
distinct values of the shift factors in table 4.7 again follows the argumentation that
the material behavior is only investigated in a limited range of the degree of cure.
In the following section, all introduced model equations are employed to conduct
simulations of the cyclic loading and unloading tests of sec. 2.5.2. These simulations
serve as a validation of the suitability of the proposed model approaches and the
accuracy of the parameter identification strategy.

4.4 Validation by means of tensile specimens
subjected to cyclic loading and unloading

After finishing the identification of all parameters describing the viscoelastic and
viscoplastic behavior of the investigated photopolymer, the suitability of the model
and the accuracy of the parameter identification strategy are assessed through simu-
lations of the tensile tests subjected to cyclic loading and unloading. Therefore, the
only input parameters of the material model are the temperature and the degree of
cure of the individual specimen. As previously discussed, the individual shift factors
sc,bulk, sc,yield, and sc,relax are not interpolated by additional functions.
For this purpose, the recorded displacement curves of the individual measurements
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unloading

Table 4.7. Parameters of the functions of the temperature- and degree of cure-
dependent initial yield stress, viscoplastic relaxation time, and hardening
modulus and the corresponding shift factors

Parameter Y01 Y02 Y03

Value 13.751 MPa 0.09284 °C−1 20.609 MPa
Parameter τvp0 τvp1 τvp2

Value 1.593 0.06996 °C−1 7.72
Parameter H01 H02 H03

Value -294.304 MPa 0.00393 °C−1 72.875 MPa

Degree of cure ceff in - 1.0 0.9193 0.8606
Shift factor sc,yield in - 1.0 0.5336 0.1519
Shift factor sc,relax in - 1.0 0.8936 0.8514

(see right columns of the figs. 2.39 - 2.41) are applied as the time-dependent bound-
ary condition to the upper rigid part of the finite element model of the tensile
specimen, see fig. 4.9. The measured reaction forces of the tensile specimens are
compared with the simulations by means of the corresponding stress-strain curves.
The main objectives are the accurate representation of the measured hystereses and
both the minima and maxima of the reaction forces.

First, the simulation results of the tensile specimens with ceff = 1.0 are considered
in fig. 4.20. Since the tensile specimen of the measurement with θ = 10 °C broke at
the end of the eighth loading cycle (εtrue,global ≈ 7.5 %), the corresponding simula-
tion is stopped at the end of the eighth loading cycle.
The lower temperature θ = 10 °C of the specimen compared to the reference tem-
perature yields a stiffer response, which is captured well by the material model in
the first three loading and unloading cycles. At the end of the third unloading cycle,
the resulting engineering stress becomes negative, i.e., the specimen is compressed
at the end of the unloading cycle. In the following cycles, the simulated hystere-
ses are smaller than the measured ones. Moreover, the residual stresses at the end
of the unloading cycles increase with progressing load. The mutual interaction of
the inelastic and viscoplastic strains complicates the identification of the reason for
this phenomenon. By definition, the viscoplastic strain does not increase during
the unloading cycle. Therefore, the overstress represented by the dashpot in the
viscoplastic part of the rheological network in fig. 3.6 relaxes. Similarly, the dash-
pots of the generalized Maxwell model in the rheological network ensure that the
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Figure 4.20. Comparison between the experimental and simulated curves of the ten-
sile tests subjected to cyclic loading and unloading for ceff = 1.0. The
ordinate values are bisected in the plots of the second row.

stresses in the Maxwell elements do not change proportionally to the displace-
ment boundary condition during the unloading cycles. Thus, it is obvious that the
resulting stress-strain curve is caused by the interaction of the viscoelastic and vis-
coplastic parts of the material model. Apart from that, the maxima at the end of
the loading cycles are well captured, taking into account the general deviation of
the experiments.
The same phenomena are visible in the simulations at higher temperatures. How-
ever, the maxima at the end of the loading cycles are more underestimated for
θ = 30 °C and θ = 40 °C. Furthermore, considering the simulation with θ = 40 °C,
the minima at the end of the unloading cycles are well captured.

Fig. 4.21 shows the simulation results compared to the experiments of the speci-
mens with ceff = 0.9193. Overall, better accordance than in fig. 4.20 is achieved by
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Figure 4.21. Comparison between the experimental and simulated curves of the ten-
sile tests subjected to cyclic loading and unloading for ceff = 0.9193.
The ordinate values are bisected in the plots of the second row.

using the model approaches and identified parameters. Especially, the stress-strain
curves of the measurements with θ = 20 °C and θ = 30 °C are well captured. Again,
residual stresses are present at the end of each unloading cycle. Particular attention
should be paid to the non-smoothness of the curves at θ = 30 °C and θ = 40 °C,
which is an indication of the imprecision of the backward Euler scheme for the
integration of the inelastic strains, see eqs. (3.76) and (3.77). Thus, higher-order
integration schemes would be more appropriate.

Last but not least, fig. 4.22 shows the comparison between the simulated and ex-
perimental results of the cyclic tensile tests for ceff = 0.8606. Acceptable accordance
is achieved for θ = 10 °C and θ = 20 °C. Comparatively, the simulation at θ = 30
°C cannot represent the measured hystereses. The same applies to the simulation
at θ = 40 °C whereby the measured values appear at least questionable due to the
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Figure 4.22. Comparison between the experimental and simulated curves of the ten-
sile tests subjected to cyclic loading and unloading for ceff = 0.8606.
The ordinate values are bisected in the plots of the second row.

sensitivity of the employed load cell.
As a result, the conducted simulations prove the general applicability of the pro-
posed model equations and the parameter identification strategy. Nevertheless, room
for improvement always exists by considering more sophisticated model approaches,
even though they may be difficult to understand.
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5 Conclusion and Outlook

In the present thesis, a material model is developed for the description of the
crosslinking process of photopolymers used in additive manufacturing processes.
Employing the concept of continuum mechanics, the total deformation is separated
into mechanical, thermal, and chemical parts. The developed model describe both
the temperature- and degree of cure-dependent viscoelastic and the viscoplastic ma-
terial behavior of the photopolymer at hand. For this purpose, time-temperature
and time-cure superposition principles are applied.
Furthermore, the material model is discretized and implemented as a material sub-
routine into the commercial finite element program LS-DYNA® in order to con-
duct three-dimensional simulations. However, the conducted simulations are only
restricted to the purely mechanical case and constant conversion states of the pho-
topolymer. Overall, good accordance is achieved between the experiments and sim-
ulations by means of the developed model equations and the identified values for
the parameters.
Photo-DSC measurements are conducted for the experimental characterization of the
crosslinking progress. As a result, the temperature of the photopolymer has a more
substantial influence on the crosslinking speed than the irradiance. Therefore, con-
siderable efficiency gains regarding the print job duration can be obtained by increas-
ing the temperature of the photopolymer. Additionally, this phenomenon is con-
firmed by an innovative experimental method for the determination of temperature-
dependent working curves. A conventional rheometer is modified in order to record
the viscoelastic properties depending on the crosslinking progress. Unfortunately,
the quality of the measurements contain room for improvement. However, the mea-
surements show the expected qualitative development of the viscoelastic properties
upon irradiation.
Last but not least, the tensile tests show that the temperature and the degree of cure
have a strong influence on the material properties of printed parts. Considering the
tensile tests subjected to cyclic loading and unloading, viscoelastic and viscoplastic
deformations overlap each other.

Naturally, the conducted investigations do not cover all of the arisen questions.



5 Conclusion and Outlook

Primarily, no simulations considering the shrinkage of the photopolymer layer are
conducted in this thesis. Therefore, simulations should be conducted taking into
account the coupling between the mechanical, thermal, and chemical parts of the
material model in order to predict the chemical shrinkage and potential residual
stresses. Additionally, the heat generation caused by the exothermic crosslinking
reaction could be investigated.
Furthermore, the thermomechanical consistency of the material model should be
proven in order to avoid unphysical behavior of the model.
Although three different conversion states of the photopolymer are investigated in
the tensile tests, the underlying database can be easily extended by testing more
specimens with lower degrees of cure. For this purpose, one can also change the
chosen layer thickness, exposure time, and irradiance during the printing process.
This would also give insight into the dependencies of the tensile behavior on the
mentioned printing parameters. Following this, the introduced equations describing
the temperature- and degree of cure-dependent parameters can be extended to a
broader range of possible conversion states and temperatures.
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A Identified values of the shear
moduli and relaxation times

Table A.1. Identified values of the shear moduli Gk and relaxation times τkR
Shear moduli Gk in MPa

G1 G2 G3 G4 G5 G6
1.025 1.308 2.548 0.4937 13.13 30.39
G7 G8 G9 G10 G11 G12

63.74 110.9 159.2 165.3 110.7 17.92
G13 G14 G15 G16 G17 G18
117.7 149.7 94.7 183.1 90.99 75.64
G19 G20 G21 G22 G23 G24
114.2 3.989 43.69 50.71 19.17 70.69
G25 G26 G27 G28 G29 G30
131.3 30.74 227.4 86.35 49.87 135.9

Relaxation times τkR in s
τ1R τ2R τ3R τ4R τ5R τ6R

4.17 · 1012 1.95 · 1010 1.04 · 109 2.23 · 108 5.11 · 107 9.21 · 106

τ7R τ8R τ9R τ10R τ11R τ12R
1.09 · 106 1.16 · 105 7.74 · 103 1.13 · 102 7.59 · 102 3.39 · 100

τ13R τ14R τ15R τ16R τ17R τ18R
7.29 · 100 9.62 · 10−1 5.18 · 10−2 6.50 · 10−3 5.36 · 10−5 1.08 · 10−5

τ19R τ20R τ21R τ22R τ23R τ24R
4.64 · 10−7 3.11 · 10−8 5.70 · 10−8 1.03 · 10−9 2.05 · 10−10 6.84 · 10−11

τ25R τ26R τ27R τ28R τ29R τ30R
8.27 · 10−13 1.78 · 10−13 1.27 · 10−14 6.10 · 10−16 1.98 · 10−16 2.81 · 10−17
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