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Abstract
This work presents an optimal multi-fault tolerant control strategy for Permanent Magnet
Synchronous Machines (PMSMs). The foundation of the control system is the Subdomain
Model, employing Maxwell equations for calculating the magnetic flux distribution with
high accuracy. Based on this modeling, a feedforward and feedback control is developed,
that enables precise tracking of high-dynamic mechanical trajectories.
The central focus is placed on the fault tolerance of the control. Combining the detailed
physical description of the PMSM using Maxwell equations with an efficient mathematical
formulation through constrained minimization problems, the developed control can be sys-
tematically adapted to motor-intrinsic electrical and magnetic faults requiring only minor
adjustments. This generalized formulation not only allows the compensation of various in-
dividual faults, but also enables the simultaneous handling of multiple faults, resulting in a
comprehensive multi-fault tolerant control.
Overall, the proposed approach is most suitable for safety-critical applications, such as
electric aircraft propulsion systems, where operational continuity and fault resilience are
paramount. The presented simulation results demonstrate the robustness of the control
system across a wide range of fault scenarios, highlighting its potential for the deployment
in demanding environments.
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Kurzfassung

In dieser Arbeit ist die Entwicklung einer optimalen mehrfehlertoleranten Regelung für
Permanenterregte Synchronmaschinen (PMSM) dokumentiert. Die methodische Grundlage
bildet das Subdomain Model, welches die Maxwell’schen Gleichungen löst und damit eine
hochgenaue Berechnung des magnetischen Flusses ermöglicht. Auf Basis dieses Modells wird
eine Vorsteuerung und eine Regelung entworfen, die eine präzise Einregelung vorgegebener
mechanischer Trajektorien gewährleistet.
Der zentrale Fokus der Arbeit liegt auf der Fehlertoleranz des Regelungssystems. Durch die
Kopplung der detaillierten elektromagnetischen Modellierung der PMSM mit einer effizien-
ten mathematischen Formulierung in Form von Optimierungsproblemen unter Nebenbedin-
gungen, lässt sich das Regelungssystem mit minimalem Anpassungsaufwand an verschiedene
elektrische und magnetische Fehlerzustände adaptieren. Diese verallgemeinerte Struktur
erlaubt nicht nur die Kompensation einzelner Fehlertypen, sondern auch die simultane Be-
handlung mehrerer Fehler, wodurch eine mehrfehlertolerante Regelung realisiert wird.
Der entwickelte Ansatz ist insbesondere für sicherheitskritische Anwendungen geeignet,
beispielsweise in elektrischen Flugzeugantrieben, bei denen Betriebskontinuität und Fehler-
toleranz von zentraler Bedeutung sind. Umfangreiche Simulationsergebnisse demonstri-
eren die Stabilität und Leistungsfähigkeit des Regelungssystems in einer Vielzahl relevanter
Fehlerszenarien und bestätigen dessen Potenzial für den Einsatz in anspruchsvollen Betrieb-
sumgebungen.
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1 Introduction

Fault tolerant electrical drive systems are essential for safety-critical applications, as they
must remain operational even in the event of critical failures. Their importance is growing
steadily, in particular since emerging technologies such as electrified aircraft have become
highly relevant in scientific research, driven by the global trend toward decarbonization [1].
From a hardware perspective, the reliability requirement can be addressed by selecting

electrical machine topologies that inherently offer increased fault tolerance. Permanent
Magnet Synchronous Machines (PMSMs) represent such a topology. In addition to their
reliability, PMSMs are widely used due to their high efficiency, power density, and dynamic
performance [2]. Especially in multi-phase configurations, i.e. machines with more than
the conventional three phases, they provide additional degrees of freedom and redundancy.
These can be exploited for fault compensation without requiring physical hardware recon-
figuration [3, 4].
In addition to a resilient hardware design, an appropriate control strategy is essential

to compensate faults during operation. Especially in highly safety-critical applications it is
desirable to implement a control system that is as universally applicable to faults as possible
to be capable of addressing even unlikely and complex fault scenarios. Despite substantial
progress in the field, improving the robustness and extending the general applicability of
fault tolerant control strategies remain key challenges in current research [2, 5, 6].

1.1 Fundamental objective
The fundamental objective of this work is to develop a control strategy for PMSMs, where
the focus is placed on the fault tolerance. The aim is to create a control that is capable
of ensuring highly dynamic and smooth operation even in the event of a fault. To extend
the operational capabilities of the machine, an additional focus is placed on integrating a
field weakening strategy that remains fully functional under fault conditions. This allows
the system to operate across a wider speed and torque range without compromising safety
or performance. In total the goal is the design of a control system suitable for highly safety-
critical applications, such as electrified aircraft propulsion systems, where continuous and
reliable drive operation is strictly required.



2 1 Introduction

While the main emphasis lies in the development of the fault tolerant control itself, a
secondary objective is the design of algorithms capable of detecting and identifying faults
in real time and estimating the associated physical parameters required for an effective
adaptation of the control.

Basics

Introduction
(Chapter 1)

Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)

Development

Multi-fault tolerance
(Chapter 8)

Analysis & 
discussion

Adaptation
(Chapter 7.1)

- Overview & approach
- Maxwell equations
- Important quantities

Subdomain Model
(Appendix A & B)
- Detailed derivation 
- Maxwell equations
- Linear equation system
- Stator flux barriers

Fault management
(Chapter 6)

- Feedforward control
- Optimal currents
- Field weakening
- Feedback control

- Open phases
- Phase short circuits
- Interturn short circuits
- Demagnetization
- High resistance con.
- Multi-faults

- Phase short circuits
- Short circuit resistance
- Parameter estimation

Diagnosis
(Chapter 7.2)

- Partial demagnetization 
- Curve fitting
- Fault detection
- Fault identification
- Fault adaption
- Parameter estimation

- Features
- Main idea
- Original contribution
- Delimitation

Fault tolerance
(Chapter 2)

Conclusion
(Chapter 9)

- Main contribution
- Multi-fault scenarios
- Discussion

- Literature review 
- Common faults
- Hardware aspects
- Control techniques

Figure 1.1: Structural overview of the work.

1.2 Structure of the work
The present work is structured into the following main sections: Basics, Approach,
Modeling, Development and Analysis & discussion. These sections are illustrated
in Fig. 1.1 and described in the following:

Basics: Building on this introduction, chapter 2 provides a literature overview of the phys-
ical and technical foundations relevant to the fault tolerance in PMSMs. This includes
a classification and detailed discussion of typical motor-intrinsic fault types, covering
electrical, mechanical, and magnetic faults. In addition, both relevant hardware-based
fault tolerant design principles and control strategies are discussed.

Approach: Chapter 3 outlines the features, main idea and structure of the developed fault
tolerant control system. Additionally, the scope of the investigation is narrowed down
and the original contributions of the work are presented.

Modeling: Since the proposed control strategy relies on an analytical modeling of the
PMSM, which is commonly referred as Subdomain Model in literature, chapter 4 pro-
vides a concise overview of the basic approach, derives the physical quantities relevant
for the control, and evaluates the accuracy of the modeling. In addition, a complete
derivation of the Subdomain Model is included in the appendices A and B. While these
appendices are required for a comprehensive understanding of the control approach,
they may be skipped by readers interested solely in a conceptual understanding.
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Development: This part forms the core of the thesis, where the complete control system
is developed. Chapter 5 describes the optimal control strategy derived from the Sub-
domain Model equations under prefault conditions. Chapter 6 extends the control
strategy to compensate motor-intrinsic electrical and magnetic faults. Each fault type
is first treated individually, followed by a generalized formulation that enables the
control under arbitrary multi-fault conditions. Chapter 7 then presents two diagnos-
tic algorithms as part of this work, which allow fault detection and estimation of the
parameters required for the control adaptation.

Analysis & discussion: Chapter 8 evaluates the performance of the proposed control sys-
tem under a range of complex multi-fault scenarios. The findings are then discussed
in terms of practical applicability, strengths, and limitations of the approach. Fi-
nally, chapter 9 provides the concluding remarks and an outlook on future research
directions.
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2 Fault tolerance for PMSMs

This chapter summarizes the physical and technical fundamentals relevant to this work. The
most common fault types occurring in PMSMs are discussed in section 2.1. Furthermore,
an overview of the fault tolerance from a hardware perspective is presented in section 2.2,
addressing relevant design aspects to enhance the reliability. The chapter concludes with a
discussion of existing fault tolerant control approaches (see section 2.3).
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(Chapter 1)

Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)
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(Chapter 8)
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discussion
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- Detailed derivation 
- Maxwell equations
- Linear equation system
- Stator flux barriers

Fault management
(Chapter 6)

- Feedforward control
- Optimal currents
- Field weakening
- Feedback control

- Open phases
- Phase short circuits
- Interturn short circuits
- Demagnetization
- High resistance con.
- Multi-faults
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- Hardware aspects
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Figure 2.1: Structural overview of the work, with this chapter 2 highlighted.

2.1 Fault classification
Faults in PMSMs are typically classified into three main categories: electrical, magnetic,
and mechanical faults (see Fig. 2.2). While the electrical and mechanical faults are com-
mon to most electric machine topologies, magnetic faults are specific for PMSMs (or other
topologies with permanent magnets). The following provides an overview of typical fault
types within each category.

Electrical faults
Electrical faults can be further divided into two subcategories: wiring faults and short cir-
cuits (see Fig. 2.2). The most common wiring fault is an open phase or open circuit, which
may result from a triggered fuse, a loose phase connection, a cable break, or faults within the
power electronics [5]. Without a fault tolerant control, an open phase can cause vibrations,
large torque ripple, or even a complete loss of the controllability. This is particularly critical
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PMSM
faults

Electrical Magnetic Mechanical

Demagnetization Mechanical stressShort circuits Wiring faults Bearing

Partial UniformOpen phases High resistance
connections

Cracking DetachmentPhase short
circuits

Interturn short
circuits

Eccentricity

Bearing damage Static Dynamic

Imbalance

Rotor imbalance

Figure 2.2: Overview of the most common PMSM faults [2, 7].

in conventional three-phase machines, where the absence of one phase makes it physically
impossible to generate constant torque using the two remaining healthy phases [8].
Another relevant wiring fault is the high resistance connection, which manifests as an un-
intended increase in the effective phase resistance. It can be caused by poor workmanship,
contact oxidation, or thermal cycling [9]. An imbalance in the phase currents and voltages,
increased ohmic losses and local temperature rise are a result. This heating may further in-
crease the resistance, which can cause in the worst case a melting of the conductor, resulting
in a full open phase failure [10].
The relevant fault types within the second subcategory are phase-to-phase short circuits

(commonly referred as phase short circuits) and interturn short circuits. Thereby interturn
short circuits are considered to be one of the most frequent fault types in PMSMs [11].
As discussed in [12], the amplitude of the short circuit current during such a fault mostly
depends on the effective short circuit impedance (expressed by the effective short circuit
resistance and number of shorted coil turns). In cases where this impedance is low, the
resulting current can reach critical levels which can cause an overheating and in the worst
case a burning of the affected coil. The challenging feature of interturn short circuits is that
both the diagnosis and the fault compensation are difficult.
In general, interturn and phase short circuits are commonly caused by insulation breakdown,
which may result from mechanical vibrations, thermal stress, or insulation aging. The
circulating short circuit currents can also induce torque oscillations, leading to increased
vibrations and acoustic noise. Phase short circuits involve a direct short between one or
multiple phases. This leads to the triggering of the corresponding fuse, resulting in an open
phase condition. However, unlike a pure open phase fault, a phase short circuit also produces
additional torque ripple due to residual currents flowing through the shorted winding [13].

Magnetic faults
Magnetic faults (see Fig. 2.2) are specific for machine topologies which use permanent mag-
nets for the magnetic field excitation. Thereby the most common magnetic fault is demag-
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netization, which can be classified as either uniform or partial.
Uniform demagnetization typically results from an overheating of the rotor magnets above
the Curie temperature [14]. As a result, the torque capability is decreased whereby the cur-
rents for producing the same torque are increased. This, in turn, further raises the winding
temperature and can exacerbate the demagnetization process, resulting in a self-reinforcing
degradation loop that threatens the long-term reliability of the drive.
Partial demagnetization can arise from intense external magnetic fields, such as those occur-
ring during short circuits [14]. In this case, the magnetization of individual magnets or sec-
tions of magnets is locally reduced, while other regions remain unaffected. The asymmetry
in the magnetic field results in back-EMFs, which induce higher-order harmonic components
in the phase currents. These harmonics can lead to increased torque ripple, mechanical vi-
brations, and acoustic noise, thereby affecting both performance and durability [15].
In addition, mechanical influences also pose a risk to the integrity of the magnets. Repeated
mechanical stress, vibrations, or manufacturing defects can lead to cracking or chipping of
the magnets. In severe cases, a magnet may even become detached from the rotor, for
instance if the adhesive bond fails. This detachment is functionally similar to partial de-
magnetization, as the detached magnet no longer contributes to the magnetic flux and its
relative permeability is close to that of air [16].

Mechanical faults

Mechanical faults in electrical machines can be classified into three subcategories: eccen-
tricity, imbalance, and bearing-related issues (see Fig. 2.2). Among these, bearing damage
is the most prevalent type of mechanical fault [2]. It may arise due to factors such as me-
chanical overload, aging, or inadequate lubrication. As the bearings degrade, they can lead
to mechanical vibrations and rotor eccentricity.
Rotor eccentricity is typically categorized as either static or dynamic, although both types
can occur simultaneously in practice [7]. In all cases, the uniformity of the airgap is dis-
rupted, resulting in an uneven magnetic flux distribution. This can significantly alter the
back-EMF and the torque generation, often increasing torque ripple and acoustic noise. In
severe cases, eccentricity may even lead to physical contact between the rotor and stator,
potentially causing critical mechanical damage [2].
Rotor imbalance is another common mechanical issue, often originating from improper as-
sembly or manufacturing tolerances. Additionally, the detachment of a permanent magnet
from the rotor can cause an imbalance. Over time, such imbalances can accelerate wear on
the bearings and lead to their failure.
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2.2 Fault tolerance from a hardware
perspective

As discussed in [5, 6], there exist various solutions to improve the fault tolerance of the
overall drive system from a hardware perspective. In this section three hardware features
are described, which improve the fault tolerance of PMSMs and which are of relevance for
this work.

Multi-phase machines

Multi-phase machines are electrical machines that operate with more than the conventional
three phases [3, 4]. Increasing the number of phases enhances the system’s redundancy and
provides additional degrees of freedom, which – in combination with a suitable fault tolerant
control strategy – significantly improves the overall robustness of the drive against faults [5].
This built-in redundancy allows the machine to maintain full operation even in the presence
of faults like open phases, making it especially suitable for safety-critical applications.
Beyond improved fault tolerance, multi-phase machines offer several other advantages com-
pared to traditional three-phase machines. For the same power level, they require lower
current per phase, which reduces thermal stress on the windings and eases the design re-
quirements for the power electronics. Additionally, torque ripple is typically reduced, en-
abling smoother and more accurate operation [17].
In practical applications, the most commonly used multi-phase configurations are five-phase
machines and machines with phase counts that are integer multiples of three, such as six- or
nine-phase machines. These configurations allow a straightforward integration partly with
existing hardware and control strategies while providing enhanced performance and fault
resilience.

Concentrated windings

Electrical machines typically utilize one of two main types of windings: distributed or
concentrated windings. The latter can be further classified into single layer and double layer
concentrated windings1. Each winding type offers specific advantages and disadvantages in
terms of characteristics such as efficiency, torque ripple, and acoustic noise, depending on
the application and machine topology [18–20]. However, when considering fault tolerance,
concentrated windings offer distinct advantages over distributed windings. These benefits

1Single layer concentrated windings are wrapped around alternating teeth and the double layers are wrapped
around each teeth. In the latter case each slot contains two adjacent winding parts, whereas the slots in the
single layer case contain only one winding part.
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primarily arise from their inherent decoupling effects, which can be divided into three main
categories [21]:

1. Magnetic decoupling

2. Electrical decoupling

3. Thermal decoupling

In general, the most important effect is the magnetic decoupling. Since concentrated wind-
ings do not overlap each other, their mutual coupling and thereby their mutual inductances
are reduced compared to the distributed windings. This applies in particular to the single
layer concentrated windings, since they have significantly lower mutual inductances com-
pared to the double layers [22]. Without this decoupling, a fault like a short circuit in one
phase could affect other phases by inducing high voltages. Consequently, the fault severity
would be drastically increased. Due to the decreased contact area of concentrated wind-
ings, the electrical as well as thermal decoupling is improved as well, protecting adjacent
phases from fault propagation. Again, this applies in particular to single layer concentrated
windings, since they do not have a direct contact area at all.
Summarizing, from the perspective of the fault tolerance, single layer concentrated wind-

ings are preferable compared to the double layers due to the clearly enhanced decoupling in
all of the above described three categories (magnetic, electrical, thermal).

Stator flux barriers
Stator flux barriers are additional gaps in the stator iron core, which have an influence
on the magnetic flux distribution. By decreasing the amplitude of parasitic sub-harmonics
and increasing the working harmonic of magnetic field in the airgap, the torque density is
increased [23] and losses like eddy currents (especially within the magnets) are decreased [24].
Moreover, flux barriers offer some mass reduction advantages by enabling more material-
efficient designs [25].
From a fault tolerance perspective, flux barriers enhance the decoupling effects already

provided by concentrated windings (see subsection above). This improved decoupling con-
tributes to better fault isolation and control flexibility under fault conditions. In addition,
there are investigations of using the space provided by the flux barrier for integrated cooling
solutions [26], which could further reduce the risk of thermal overload and thereby enhance
the system’s robustness against temperature-related faults.
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Stator segment

Flux barrier

(a) Winding configuration A.

Stator segment

Flux barrier

(b) Winding configuration B.

Figure 2.3: Qualitative structure of PMSMs with stator flux barriers in combination with
two different configurations of single layer concentrated windings [27].

For a single layer concentrated winding with nSL slots, two pole pair numbers p are
generally feasible:

p = 1
2(nSL ± 2) . (2.1)

When combined with stator flux barriers, two distinct winding configurations in turn can be
realized [27], as illustrated in Fig. 2.3. In configuration A (Fig.2.3a) each winding is placed
around a single flux barrier, and in configuration B (Fig. 2.3b) each winding is placed between
two flux barriers. Configuration A is generally better suited for machines with the lower
number of pole pairs, while configuration B is more suitable for the higher pole pair variant.
This is sketched as an example for a 6-slot design in Fig. 2.3a with p = 2 and Fig. 2.3b with
p = 4. From a fault tolerance perspective, configuration B offers advantages. By placing
each winding between two flux barriers, it provides physical isolation of the windings within
their respective stator segments. This isolation improves fault containment, making the
machine more robust against various fault conditions.
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2.3 Fault tolerance from a control perspective
A wide range of fault tolerant control strategies for electrical machines has been proposed
in the literature, as comprehensively reviewed in [5, 6]. The existing techniques differ signif-
icantly in terms of complexity, fault coverage, and required knowledge of fault parameters.
Commonly addressed fault types include motor-intrinsic faults, sensor faults, and faults
within the power electronics. In the following, an overview is provided of (motor-intrinsic)
fault tolerant control strategies relevant to this work.

Compensation of open phase faults

Open phase faults are by far the most extensively investigated fault types in the literature.
As a result, numerous control strategies have been developed to compensate this fault. These
methods can generally be classified into categories such as vector space decomposition, di-
rect torque control, and field oriented control approaches [6]. One of the most common
approaches involves generating suitable current references by solving an optimization prob-
lem within a field oriented control framework. Several notable examples of this approach are
outlined in the following. In [28], an open phase fault tolerant control strategy is proposed
that determines optimal current references based on a cost function which minimizes losses.
In contrast to conventional approaches that often primarily aim to minimize copper losses
using a maximum torque per ampere strategy, the proposed method extends the optimiza-
tion problem to account for iron core losses, thereby enabling the minimization of the total
losses. In [29] additional constraints in the minimization problem for considering the voltage
limit are incorporated, allowing field weakening with maximum permissible torque–speed
limits in the presence of an open phase. To account for trapezoidal back-EMFs, which
typically occur in machines with concentrated windings, an optimization problem incorpo-
rating the third-harmonic current component was introduced in [30]. A more generalized
formulation of this optimization problem suitable for different winding configurations (star,
pentagon, pentacle) was then presented in [31]. A solution for determining efficiently op-
timal reference currents under open phase conditions is proposed in [32], enabling reduced
computational effort. Furthermore, a simplified approach that does not rely on solving
an optimization problem is described in [33], where symmetrically distributed currents are
directly calculated to enable the compensation of an open phase.
Overall, these studies demonstrate that constrained minimization problems for generating

optimal current references are particularly effective in managing open phase faults. In most
cases, fault compensation can be achieved efficiently by excluding the affected phase from
the optimization process.
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Compensation of phase short circuits

There are two categories of control strategies to compensate phase short circuits: those that
reduce the short circuit current and others that compensate the faulty torque ripple [5]. The
principle of the first category is to effectively reduce the PM flux linkage of the faulty coil by
the healthy ones, minimizing the short circuit current. However, this can require huge phase
currents since most fault tolerant drives have very low mutual inductances. As a result, only
a limited number of publications address this approach. One example is presented in [34],
where a magnet-flux nulling control method is proposed to reduce the short circuit current.
It should be noted, however, that the control was developed for an induction machine with
distributed windings and thus with high mutual inductances.
Control approaches in the second category are more popular. Thereby constrained min-
imization problems are frequently employed to compute optimal reference currents. By
interpreting a phase short circuit as an open phase combined with an additional torque
ripple, it can be efficiently incorporated into such an optimization framework. Examples of
this approach are the references [35–38]. The above mentioned method presented in [33] for
compensating an open phase fault is also applicable to phase short circuit faults, without the
need to solve an optimization problem. An additional alternative to optimization-based ap-
proaches is proposed in [39], where an iterative learning control is introduced to successively
adapt the control to the periodic torque ripple caused by the phase short circuit.

Compensation of interturn short circuits

Because of their complexity, fault tolerant control techniques which compensate interturn
short circuits are relatively rare in literature [2]. Analogously to the phase short circuit,
compensation methods for interturn short circuits can be divided into two categories, either
reducing the short circuit current or compensating the resulting torque ripple. Compared
to the phase short circuit, reducing the short circuit current is typically more effective,
as the mutual inductance between the shorted and operational coil turns is comparatively
high. For cases with low short circuit impedance this strategy is preferable, since the short
circuit current can otherwise grow to critical values. Representative approaches to this
include [40] and [41], where field weakening strategies are introduced to effectively reduce
the back-EMF in the short circuited coil turns, thereby limiting the short circuit current.
A related method is presented in [42], which aims to minimize the overall copper losses of
the PMSM in presence of an interturn short circuit. Examples of compensation strategies
from the second category include [43] and [44], where diagnostic algorithms are developed
to estimate the relevant fault parameters of the interturn short circuit, along with fault
tolerant control frameworks designed to compensate the resulting torque ripple.
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Compensation of demagnetization faults
Fault tolerant control strategies addressing (partial) demagnetization in PMSMs are scarce
in literature [5]. In [45] a current control scheme in the synchronous reference frame to
handle demagnetization faults is derived. This is achieved by adapting the control references
in response to observed changes in machine parameters, thus improving the robustness
against local magnet degradation. A second approach can be found in [46], where a robust
model predictive current control approach is proposed, incorporating a composite observer
to estimate and compensate the flux reduction caused by partial demagnetization. The
observer dynamically adjusts the internal model of the machine by estimating the magnet
flux amplitude, thereby improving the accuracy of the predictive current control to achieve
quick dynamic responses.
Since the author is not aware of any additional literature addressing the fault tolerant con-

trol for PMSMs in the presence of (partial) demagnetization faults, it is concluded that this
(single) fault, compared to the others discussed in this section, requires the most extensive
future research.

Compensation of high resistance connections
Some approaches have been proposed in the literature to compensate high resistance con-
nections. In [45, 47], diagnostic strategies are combined with torque ripple compensation
methods to mitigate the impact of such faults on machine performance. These approaches
focus on estimating the increased resistance and adjusting the control signals accordingly to
maintain balanced torque output. An advanced compensation method is presented in [9],
where the controller actively minimizes copper losses by adapting the current references
based on the estimated phase resistance. This approach not only enhances the efficiency,
but also reduces the thermal stress on the affected winding. Another relevant contribution
is found in [48], which introduces a robust current control scheme designed to handle high
resistance asymmetries while ensuring low torque ripple.
Alternatively, if the resistance increases to a point where the compensation becomes in-
effective or unsafe, the affected phase can be disconnected by opening the corresponding
switches. This transforms the fault into an open phase condition, for which the established
fault tolerant control strategies described above can be applied.
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Multi-fault tolerant control
When it comes to compensate multiple faults simultaneously, only a very limited number of
publications address multi-fault tolerant control strategies. Most existing approaches focus
on specific two-fault scenarios. For instance, the previously mentioned reference [45] presents
a control scheme capable of handling both high resistance connections and demagnetization
faults. In [49], a combined diagnosis and control approach is developed considering short
circuits as well as open phase faults. The most established dual-fault tolerant control ap-
proaches are those involving open phases and phase short circuits, due to the structural
similarity of these faults. As described above, constrained minimization problems are com-
monly formulated to compute optimal current references in the presence of such faults [35–
38]. A key benefit of these methods is that only minor adjustments in the optimization are
required to account for each fault.

Summary
Based on the literature discussed in this section, it can be concluded that there already exist
various single-fault tolerant control techniques. Also, there are some approaches addressing
specific two fault scenarios. To the best knowledge of the author, no literature is known
which explicitly addresses a generalized control approach capable of compensating arbitrary
combinations of multiple faults. Nevertheless, it can be recognized that constrained mini-
mization problems are a promising foundation for a multi-fault tolerant control, since the
compensation can be achieved requiring only minor adjustments, and these adjustments are
usually not contradictory.
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3 Approach and delimitation

As discussed in section 2.3, there already exist various single-fault tolerant control techniques
in the literature. Some approaches also address the simultaneous compensation of two faults.
However, for highly safety-critical applications, it is desirable to have a fault tolerant control
system that is as universally applicable as possible. The aim of this work is therefore to
develop a control system with the following key features:

1. High fault tolerance with explicit focus on the multi-fault tolerant operation

2. Ripple-free torque generation even in the presence of faults

3. Efficient integration of stator flux barriers

4. Field weakening capability under fault conditions

The primary focus lies on the first feature, the development of a generalized fault tolerant
control system for PMSMs that can handle a wide variety of faults, including all possible
combinations. In addition, the control should ensure ripple-free torque generation to track
accurately a desired trajectory of the rotor position, independently of the presence of faults.
Since stator flux barriers have advantageous properties for improving the fault tolerance in
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Figure 3.1: Structural overview of the work, with this chapter 3 highlighted.

PMSMs, another objective is their efficient integration into the control system. Nevertheless,
the method should also remain fully applicable to conventional PMSMs without flux barriers.
Finally, to ensure a wide operational range, the control system must include a field weakening
strategy that remains fully functional across all considered fault conditions.
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3.1 Main idea & original contribution
The main idea of this work is to use the Subdomain Model, a highly accurate modeling
approach based on Maxwell equations [50–56], as basis of the control system. While the
Subdomain Model has been extensively studied and applied for the detailed analytical mod-
eling of electrical machines, it has not yet been employed for real-time control applications.
Solving the Maxwell equations of magnetostatics, the magnetic field distribution within

the airgap can be precisely determined and all important physical quantities for describing
the dynamics of a PMSM (as torque, PM-flux linkage, back-EMF and inductances) can
be efficiently derived. Thereby the major advantage of the Subdomain Model is the high
accuracy in combination with a good adaptability to faults. Furthermore, the mathematical
formulation of the Subdomain Model can be optimized such that the resulting equations
can be solved in real time. Based on these advantageous properties, the Subdomain Model
is systematically integrated into a highly fault tolerant control system.
The original contributions of this work can be summarized as follows:

1. Control for PMSMs based on the highly accurate Subdomain Model which, by means
of an efficient mathematical formulation, can be solved in real time.

2. High fault tolerance considering all relevant electrical and magnetic faults of PMSMs,
including multi-fault operation (all possible combinations of faults).

3. Robust field weakening strategy that remains fully functional in the presence of faults.

In total, it is demonstrated that the Subdomain Model, traditionally used for the design and
analysis of electrical machines, can be efficiently used as basis for the (multi-) fault tolerant
control of PMSMs.

3.2 Delimitation of the scope
To enable an efficient application of the proposed method, the following delimitations and
assumptions are made:

1. Only motor-intrinsic electrical and magnetic faults are considered.

2. The load torque is assumed to be extracted through a direct measurement of the
machine’s produced torque.

3. Magnetic saturation and other nonlinear magnetic effects are not considered.
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Since the Subdomain Model is most efficient applicable to motor-intrinsic electrical and
magnetic faults, only fault types of these categories are considered. Thereby mechanical
faults, sensor faults or other faults external to the machine are excluded from the investi-
gation. Regarding the load torque acting on the machine, it is assumed that it is extracted
from a direct measurement of the generated torque. This is relevant for the determination
of the desired torque. Due to the assumption of infinite permeable ferromagnetic iron in
the Subdomain Model, the effect of magnetic saturation is not considered. Thereby the
saturation is treated as an effective disturbance from the perspective of the control, that
needs to be compensated in practice.
In general, it is assumed in this work that the relevant fault parameters are known. How-
ever, in order to illustrate the fundamental principles of the fault diagnosis and adaptation,
two examples are provided: a diagnosis method for detecting and identifying partial demag-
netization, and an adaptation algorithm for handling phase short circuits. Both methods
are tailored on the properties of the developed control.
From a hardware perspective, the focus of this work is on multiphase PMSMs with single
layer concentrated windings and surface magnets since a) they are one of the most relevant
machine topologies for applications requiring high fault tolerance, b) the Subdomain Model
as modeling basis is most efficiently applicable for this machine topology, and c) it simplifies
the control due to the magnetic decoupling of the concentrated windings.

3.3 Introduction of the control system
The developed control system, illustrated in Fig. 3.2, is primarily composed of a feedforward
control and a feedback control. The task of the feedforward control is to accurately
predict optimal currents and voltages for tracking a desired mechanical trajectory. This
prediction is carried out by an analytical optimization based on the Subdomain Model, which

Desired
Trajectory

Feedforward
Control Feedback

Control
Inverter PMSM

(Plant)

Fault
Management

Fault adaptation

Fault information

Figure 3.2: Schematic structure of the developed control system. All vectors ~x contain the
relevant dynamic variables for the control.
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is also capable of using the additional degrees of freedom available in multiphase machines.
Since the relations between currents and the required voltages are known precisely, a field
weakening strategy is implemented into the feedforward control incorporating the electrical
limitations. All these computations are performed under the assumption of steady state
conditions.
The feedback control is responsible for compensating deviations from the desired tra-

jectory. Such deviations can arise from sudden disturbances, measurement delays, transients
or other prediction errors of the feedforward control. To correct these deviations, optimally
distributed voltage corrections are calculated and applied to the phases. In this way, the
feedback control ensures the robustness and dynamic accuracy of the overall system.
To compensate faults, only minor modifications to the control system are required. Thereby

the fault management represents the systematic adaptation of both the feedforward and
feedback control based on the fault information, ensuring stability of the overall system
despite the presence of electrical or magnetic failures. This enables the realization of a
multi-fault tolerant control system.
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4 Subdomain Model

The Subdomain Model is a modeling approach designed to calculate the magnetic flux dis-
tribution inside an electrical machine with high accuracy. The basic idea is to divide the
machine into several subdomains and solve there the Maxwell equations of magnetostatics.
The method was introduced in the 1990s, where some of the earliest references found is
the publication series [50–53]. There, the open-circuit field was obtained by separating a
slotless PMSM into the subdomains for the magnets and the air gap, solving the Maxwell
equations [50]. The influence of the armature windings was incorporated by modeling the
phase currents as current sheets placed on the stator surface [51]. To account for the ef-
fect of the stator slots, a relative permeance function was developed based on a conformal
transformation [52]. Although the method demonstrated high accuracy [53], only the radial
component of the magnetic field could be determined, making a precise computation of the
resulting torque difficult.
Shortly thereafter, a version of the Subdomain Model including the stator slots as an addi-
tional subdomain under open-circuit conditions was presented [54]. This approach made it
possible to describe the magnetic field of the rotor magnets only using Maxwell equations,
whereby the consideration of a relative permeance function was not required anymore. As a
result, both the radial and tangential components of the magnetic field could be calculated,
allowing the cogging torque to be predicted precisely based on Maxwell’s stress tensor.
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Figure 4.1: Structural overview of the work, with this chapter 4 highlighted.

The first reference that directly addressed the armature reaction field while considering the
stator slots as a separate subdomain was presented in [55]. This approach was subsequently
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(a) Conventional PMSM. (b) PMSM with flux barriers.

Figure 4.2: Considered geometry and relevant parameters in the Subdomain Model [60, 61].

employed to derive the Subdomain Model in its entirety, enabling the determination of both
the open-circuit and the armature reaction fields to calculate the on-load torque, back-
EMFs, and inductances [57].
While the Subdomain Model has been extended in various different ways, for example by
considering stator tooth tips [56] or by incorporating magnetic saturation through virtual
currents [58, 59], only the ‘raw model’ presented in [57] is used as the basis of this work.
Thereby the Subdomain Model is derived for both a conventional PMSM and a PMSM with
stator flux barriers. While the basic approach is briefly summarized in this chapter, detailed
derivations for both machine types are provided in appendix A (conventional PMSM) and
appendix B (PMSM with flux barriers).

4.1 Basic approach

The geometry of the conventional PMSM considered in the Subdomain Model is illustrated
in Fig. 4.2a. The rotor, with radius rR, has 2p magnets mounted on its surface, where p is
the number of pole pairs. The magnets have a pole-arc to pole-pitch ratio of εM and are
rM − rR high. The stator, with inner radius rS, contains nSL slots, whereby each slot (a)
is positioned at ϕ(a)

SL, has a width of βSL and a height of rSL − rS. Furthermore, each flux
barrier (b) of the machine sketched in Fig. 4.2b is positioned at ϕ(b)

FB, has a width of βFB
and a height of rFB − rS.
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Based on this geometry, the following assumptions are made for the modeling:

1. Infinite permeable ferromagnetic material (neglecting magnetic saturation)

2. Infinite axial length of the electrical machine (side effects are neglected)

3. Rotor magnets are assumed to be radially magnetized with a relative recoil perme-
ability equal to one

4. Each slot carries a homogeneously distributed current density oriented only in axial
direction

5. Slot geometry is idealized to have only radial and tangential oriented surfaces

6. No time dependencies (Maxwell equations of magnetostatics)

All these assumptions made have in common that they drastically reduce the mathematical
complexity and thereby the computational effort. By neglecting the side effects at the
(axial) edges of the PMSM, the magnetic flux distribution only shows a radial and tangential
dependency. This allows a two-dimensional modeling. Assuming an infinite permeability
of the iron, the magnetic flux enters or leaves orthogonally such high permeable material.
This, in combination with the assumed ideal slot geometry, allows an efficient formulation
of the relevant boundary conditions. The solution of the Maxwell equations is achieved by
using different Fourier expansions for each of three different subdomain types (see Fig. 4.2a):
subdomain I(a) for the stator slots with a given current density J (a)

z and (a) running from
1 to the total number of slots nSL, subdomain II for the airgap and subdomain III for the
rotor magnets with a given magnetization in radial direction. For the PMSM with the
flux barriers (see Fig. 4.2b) two additional types of subdomains need to be considered: the
subdomains IV(b) for the flux barriers by themselves, with (b) running from 1 to the total
number of flux barriers nFB, and a subdomain V for the surrounding air.
The modeling procedure is carried out as illustrated in Fig. 4.3. Using the Maxwell equa-

tions of magnetostatics, a homogeneous solution can be obtained for each of the described
subdomains. In addition, particular solutions are required for the slot subdomains and the
magnet subdomain to account for the magnetic sources. In the next step, the boundary
conditions at the interfaces to the high permeable iron are imposed. These are formu-
lated such that the magnetic field enters or leaves the ferromagnetic material orthogonally.
Subsequently continuity at each interface between two subdomains must be enforced. The
resulting set of equations can be rearranged into a linear equation system for calculating the
unknown Fourier coefficients. This equation system effectively depends on the two magnetic
sources. The first source is the (radial) magnetization of the rotor magnets, whose spatial
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Figure 4.3: Modeling procedure of the Subdomain Model. (x) and (y) represent placeholders
for the subdomain indices I-V.

distribution at actual rotor position θR is described by the following Fourier series

µ0Mr(θR) =
∑
k∈N

1
rR

[
−a(M)

k (θR) sin (kϕ) + c
(M)
k (θR) cos (kϕ)

]
(4.1)

with ϕ the angular position and the Fourier coefficients

a
(M)
k (θR) = −rRµ0Mk sin(kθR) ,
c

(M)
k (θR) = +rRµ0Mk cos(kθR) ,

Mk = Brem

µ0

4p
kπ

sin
(
kπ

2p εM
)
. (4.2)

The second source are the current densities flowing through each coil, which are summarized
in the vector ~Jz

~Jz =
(
J (c=1)
z J (c=2)

z . . . J (c)
z . . . J (c=ncoil)

z

)T
. (4.3)

Index z denotes the axial flow direction of the currents. By solving the linear equation
system to determine the unknown Fourier coefficients, the magnetic flux distribution within
the PMSM can be determined accurately with the Subdomain Model equations.
As described above, one basic assumption made is the infinite permeability of the iron.

This assumption enables an efficient formulation of the boundary conditions at the iron
interfaces. However, it also implies that the nonlinear magnetic saturation is neglected. In
relation with this work the effect of magnetic saturation was incorporated into the Sub-
domain Model by virtual currents obtained from a magnetic equivalent circuit model [61].
While this represents an enhancement of the Subdomain Model, it is not compatible with
the developed control. Therefore, this enhanced Subdomain Model is not further considered.
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4.2 Important quantities
With the magnetic flux distribution determined by the Subdomain Model, the following
important quantities for describing the dynamics of a PMSM can be obtained.

4.2.1 PM flux linkage & back-EMF

The PM flux linkage of slot (a) is calculated by a surface integral over the slot area SSl of
the vector potential1 [57]

Φ(a)
M,SL(θR) = `nturn

SSL

∫∫
SSL

A(I,a)
z

~Jz=~0
rdrdϕ , (4.4)

where ` denotes the active rotor length. For the case of no currents in all slots only the
offset a(I,a)

0 of the slot’s vector potential contributes to the integral, which leads based on
the assumed concentrated windings to the following equation for the PM flux linkage

Φ(c)
M (θR) = ±

(
Φ(cl)
M,SL(θR)− Φ(cr)

M,SL(θR)
)

= ±`nturn
(
a

(I,cl)
0 − a(I,cr)

0

)
, (4.5)

where cl, cr denote the left and right slot of coil (c). The sign in (4.5) indicates the rel-
ative winding orientation within the polyphase system. As described in section 4.1, all
unknown Fourier coefficients can be calculated by a linear equation system, which is derived
in appendix A.5 for the case of a conventional PMSM and in appendix B.3 for the case of
a PMSM with flux barriers. By inserting the according part of the equation system2 for
calculating a(I,a)

0 , one obtains

Φ(c)
M (θR) = ±`nturn
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~Q
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)T
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)T)
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−
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~Q

(I,cr)
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)T)
~c(M)(θR)

]
,

~ΦM(θR) =
(
Φ(1)
M (θR) Φ(2)

M (θR) . . . Φ(c)
M (θR) . . . Φ(ncoil)

M (θR)
)T

. (4.6)

Thereby vector ~Q
(I,a)
0x contains effectively the geometric influence on the flux distribution

caused by the magnetization within the slots. Taking the derivative of (4.6) with respect to
the rotor angle and multiplying with the rotational speed ωR one obtains the back-EMFs:

e(c)(θR) = ±ωR`nturn

[((
~Q

(I,cl)
0A

)T
−
(
~Q
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)T) ∂~a(M)(θR)
∂θR

+
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~Q
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0C

)T
−
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)T) ∂~c(M)(θR)
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]
,

~e(θR) =
(
e(1)(θR) e(2)(θR) . . . e(c)(θR) . . . e(ncoil)(θR)

)T
. (4.7)

1The vector potential A(I,a)
z of the slot (a) is defined by equation (A.25) in the appendix A.

2(A.73) for a conventional PMSM or (B.28) for a PMSM with flux barriers, in both cases with ~Jz = ~0.
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Sine vectors ~Q(I,a)
0x are constant over time, they can be calculated and stored in advance to

have a real-time capable determination of the PM flux linkage and back-EMF.

4.2.2 Inductance
The self inductances can be calculated by the magnetic energy method [62], integrating over
the slot area1

L(c) = nturn`

i2
∑
a∈S(c)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

∫ rSL

rS
A(I,a)
z

|J(a)
z |>0

J (a)
z rdrdϕ (4.8)

where S(c) is the set of all slots from coil (c). Thereby only the offset a(I,a)
0 and the particular

solution of the slot’s vector potentials contribute to the integral, which leads to the following
equation

L(c) = + `nturn
a

(I,cl)
0 − a(I,cr)

0
i

+ µ0
`n2

turnβSL
S2
SL

(
r4
SL

4 (2 ln(rSL)− 1)− r2
SLr

2
S

4 (2 ln(rS)− 1)− r4
SL

8 + r4
S

8

)
. (4.9)

The sign of the current densities J (a)
z = ± i

SSL
denote the relative current direction within

the coil. Again, all unknown Fourier coefficients can be calculated by the linear equation
system, which is derived in appendix A.5 for the case of a conventional PMSM and in
appendix B.3 for the case of a PMSM with flux barriers. By inserting the according part of
the equation system3 for calculating a(I,a)

0 , one obtains

L(c) = +`n2
turn

±P (I,cl)
0 (cl)∓ P (I,cl)

0 (cr)∓ P (I,cr)
0 (cl)± P (I,cr)

0 (cr)
SSL

+ µ0
`n2

turnβSL
S2
SL

(
r4
SL

4 (2 ln(rSL)− 1)− r2
SLr

2
S

4 (2 ln(rS)− 1)− r4
SL

8 + r4
S

8

)
,

L = diag
(
L(1) L(2) . . . L(c) . . . L(ncoil)

)
. (4.10)

Thereby P (I,x)
0 (y) effectively contain the geometric influence (in part) on the flux distribution

within the slots caused by the coils.

3(A.73) for a conventional PMSM or (B.28) for a PMSM with flux barriers, in both cases with ~a(M) = ~c(M) = ~0.
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4.2.3 Torque

With the magnetic field distribution within the air gap, the electromagnetic torque exerted
on the rotor can be calculated from the Maxwell stress tensor4 [54]

Tel = `r2
S

µ0

∫ 2π

0
B(II)
r B(II)

ϕ dϕ , (4.11)

integrating over the interface between air gap and stator material. The solution of this
integral is defined by:

Tel = `π

µ0

(
~c
T (M)(θR)diag(~G)~a(III) − ~aT (M)(θR)diag(~G)~c(III)

)
, (4.12)

whereby the geometry depending parts of this equation are summarized in vector ~G; it is
defined in the appendix A.6. Again, all unknown Fourier coefficients can be calculated by
the linear equation system, which is derived in appendix A.5 for the case of a conventional
PMSM and in appendix B.3 for the case of a PMSM with flux barriers. By inserting the
according part of the equation system5 for calculating {~a(III),~c(III)}, one obtains

Tel = `π

µ0

(
~c
T (M)(θR)diag(~G)Q(III)

AA ~a(M)(θR) + ~c
T (M)(θR)diag(~G)Q(III)

AC ~c(M)(θR)︸ ︷︷ ︸
−~aT (M)(θR)diag(~G)Q(III)

CC ~c(M)(θR)− ~aT (M)(θR)diag(~G)Q(III)
CA ~a(M)(θR)

)
︸ ︷︷ ︸

Q(θR)

+`π
µ0
nturn

(
~c
T (M)(θR)diag(~G)P(III)

A − ~aT (M)(θR)diag(~G)P(III)
C

)
︸ ︷︷ ︸

~PT (θR)

~Jz (4.13)

`π
µ0
Q(θR) can be interpreted as the prediction of the cogging torque, and `π

µ0
~P (θR) as the

torque capability of each coil at current rotor angle. Thereby matrices diag(~G)Q(III)
xx ef-

fectively describe the geometric influence on the cogging torque, which is quadratically
depending on the Fourier coefficients of the magnetization {~a(M),~c(M)}. And matrices
diag(~G)P(III)

x describe the geometric influence on the interaction of the magnetic field in
the airgap caused by the coils ( ~Jz) with the one caused by the magnets {~a(M),~c(M)},
whereby the electromagnetic torque produced by the PMSM is quantified. All matrices{
diag(~G)Q(III)

xx , diag(~G)P(III)
x

}
can be calculated and stored in advance to have a real-time

capable determination of the produced torque. With Q(θR) and ~P (θR) equation (4.13) can

4The radial (B(II)
r ) and tangential (B(II)

ϕ ) magnetic field in the airgap is defined by (A.49) and (A.50) in the
appendix A.

5(A.72) for a conventional PMSM or (B.27) for a PMSM with flux barriers.
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be formulated concisely:

Tel = `π

µ0

(
Q(θR) + ~P T (θR) ~Jz

)
. (4.14)

In context with the developed control, the time derivatives of ~P and Q are of relevance.
They are defined as follows:

~̇P = ωR
∂ ~P

∂θR
= ωRnturn

(
∂~c

T (M)

∂θR
diag(~G)P(III)

A + ∂~a
T (M)

∂θR
diag(~G)P(III)

C

)
(4.15)

and

Q̇ = ωR
∂Q

∂θR
= ωR

(
∂~c

T (M)

∂θR
diag(~G)Q(III)

AA ~a(M) + ~c
T (M)diag(~G)Q(III)

AA
∂~a(M)

∂θR

+ ∂~c
T (M)

∂θR
diag(~G)Q(III)

AC ~c(M) + ~c
T (M)diag(~G)Q(III)

AC
∂~c(M)

∂θR

− ∂~a
T (M)

∂θR
diag(~G)Q(III)

CC ~c(M) − ~aT (M)diag(~G)Q(III)
CC

∂~c(M)

∂θR

−∂~a
T (M)

∂θR
diag(~G)Q(III)

CA ~a(M) − ~aT (M)diag(~G)Q(III)
CA

∂~a(M)

∂θR

)
. (4.16)

4.3 Analysis
In literature, the Subdomain Model for conventional PMSMs is already intensely analyzed,
showing a high agreement with Finite Element Analyses and experiments [57, 63–65]. Since
the Subdomain Model for PMSMs with stator flux barriers has rarely been investigated yet,
this is carried out in the following.
Therefore, the magnetic field, inductance, back-EMF and the cogging torque as well as

on-load torque is determined by the Subdomain Model and compared with Finite Element
Analyses. For this purpose a representative five-phase PMSM with single layer concentrated
windings, stator flux barriers and surface magnets is investigated. Its most relevant param-
eters are listed in Tab. 4.1.
In Fig. 4.4 the on-load magnetic flux distribution at a constant radius inside the airgap is
depicted (current amplitude î = 80A). In the curve obtained from the Subdomain Model,
some higher-frequent harmonics are visible. These harmonics arise from the finite number
of Fourier coefficients used in the calculation. Apart from this, a high level of agreement
between the Subdomain Model and the Finite Element Analysis can be observed for both
the radial and tangential components of the magnetic field. A similar level of agreement can
be recognized in Fig. 4.5, which shows the back-EMF for one electrical period at a rotational
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speed of nR = 1500 1
min .

Parameter Value Unit
Number of phases (m) 5 –

Number of pole pairs (p) 6 –
Number of coils (ncoil) 5 –

Number of flux barriers (nFB) 5 –
Winding configuration6 B –
Coil inductance (L) 0.520 mH

Amplitude PM flux linkage (Φ̂M) 82 mWb

Table 4.1: Important parameters of the studied machine.

The cogging torque in dependence of the rotor position is visualized in Fig. 4.6. It
stands out that it exhibits a relatively high frequency compared to the back-EMF. While
the frequency of the back-EMF’s fundamental wave over one mechanical period is equal
to the number of pole pairs p, the frequency of the cogging torque corresponds to the
the least common multiple of the number of poles (2p) and the number of slots nSL. For
the investigated machine the least common multiple is 60 (2p = 12 and nSL = 10) for one
mechanical period, which results in a fundamental frequency of 10 over one electrical period.
Overall, the Subdomain Model shows a high agreement with the Finite Element Analysis,
confirming the model’s accuracy in predicting this characteristic torque component.
Fig. 4.7 shows the torque under load conditions, assuming sinusoidal currents with an am-

plitude of î = 80A. Compared to the cogging torque, the agreement with the Finite Element
Analysis is slightly lower, which may be attributed to differences in the calculation methods
of the analytical Subdomain Model and the numerical Finite Element Analysis. This slight
deviation is also noticeable in the self inductance values: according to the Subdomain Model
each coil’s self inductance of the investigated machine has a value of 0.520mH, whereas the
Finite Element Analysis yields a value of 0.535mH. Nevertheless, a good agreement for both
the on-load torque and the self-inductance between the two methods is still achieved.
Summarizing, it can be concluded that the Subdomain Model for a PMSM with stator

flux barriers shows a high agreement with Finite Element Analysis for all relevant quantities.
Thereby the Subdomain Model is running several orders of magnitudes faster than the Finite
Element Analysis, making it suitable for control applications. However, it should be noted
that in these simulations the magnetic saturation was not considered in both the Subdomain
Model and the Finite Element Analysis. Depending on the current, the remanence of the
magnets and the BH-curve of the ferromagnetic material, the accuracy of the Subdomain
Model compared to the real PMSM may be reduced. From a control perspective, this
deviation is treated as an effective disturbance that has to be compensated.

6Configuration of the concentrated windings in combination with stator flux barriers, see section 2.2.
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(a) Radial magnetic field Br at a constant radius within the airgap.

(b) Tangential magnetic field Bϕ at a constant radius within the airgap.

Figure 4.4: Comparison of the on-load magnetic field determined by the Subdomain
Model and by Finite Element Analysis.

Figure 4.5: Calculated back-EMF e(1) of phase (1) over one electrical period determined by
the Subdomain Model and by Finite Element Analysis.
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Figure 4.6: Calculated cogging torque Tcogging over one electrical period determined by the
Subdomain Model and by Finite Element Analysis.

Figure 4.7: Calculated on-load torque Tload over one electrical period determined by the
Subdomain Model and by Finite Element Analysis.
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4.4 Usage as plant model
In the subsequent simulations for analyzing the control developed in this work, the Sub-
domain Model is used as plant model due to its high agreement with both Finite Element
Analyses (see section 4.3) and experiments. However, since the Subdomain Model solely de-
scribes the relation between the currents flowing through the coils and the thereby produced
torque, the dynamics of the currents (relation between input voltage and actual currents)
and of the mechanics (relation between torque and rotor position as well as its derivatives)
have to be considered for the full plant dynamics.
In addition, a model of an ideal inverter is used. It is assumed that the DC voltage source
is constant and load-independent, and that the MOSFETs have an ideal (instantaneous)
switching behavior. Considering the inverter, the continuous voltages ~uin demanded by the
control system are converted into discretized voltages ~u∗in, which are the actual inputs to
the PMSM.

Inverter PMSM

Figure 4.8: Electrical circuit considered of the drive with inverter and PMSM [66].
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As discussed in section 2.2, the mutual inductances between the coils are very low and
therefor negligible due to the magnetic decoupling of the concentrated windings. Considering
the equivalent circuit shown in Fig. 4.8, the current dynamics can be described by the
following system of differential equations:

u
∗ (1)
in − u∗ (2)

in

u
∗ (2)
in − u∗ (3)

in

u
∗ (3)
in − u∗ (4)

in

u
∗ (4)
in − u∗ (5)

in

0


=



R(1) −R(2) 0 0 0
0 R(2) −R(3) 0 0
0 0 R(3) −R(3) 0
0 0 0 R(4) −R(5)

1 1 1 1 1
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
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L(1) −L(2) 0 0 0
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+
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
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(4.17)

Both the self-inductances and the back-EMFs can be determined precisely for each coil
by (4.10) and (4.7). Solving (4.17), the actual currents ~iact flowing through all coils are
obtained, whereby the torque Tel produced by the PMSM can then be calculated by (4.14).
This leads to the mechanical dynamics, which are defined as follows

dθR
dt

= ωR (4.18)

Jm
dωR
dt

= Tel − Tm (4.19)

with Jm the rotor’s moment of inertia and Tm the load torque acting on the motor.
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5 Optimal control for PMSMs

In this chapter, the complete control system based on the Subdomain Model is derived and
described in detail. Thereby section 5.2 presents the feedforward control, which calculates
optimal currents and voltages based on a desired mechanical trajectory. Additionally, a
field weakening strategy is integrated into the feedforward control, considering the electri-
cal limitations of the PMSM. In section 5.3 the feedback control is derived to compensate
deviations from the desired trajectory caused by prediction errors of the feedforward con-
trol, measurement delays, or other unpredictable disturbances. The chapter concludes with
section 5.4, where an overview of the control system and an initial evaluation is provided.
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Introduction
(Chapter 1)

Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)

Development

Multi-fault tolerance
(Chapter 8)
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(Chapter 7.1)
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- Feedforward control
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- Field weakening
- Feedback control
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Conclusion
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- Literature review 
- Common faults
- Hardware aspects
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Figure 5.1: Structural overview of the work, with this chapter 5 highlighted.

It is important to note that this chapter focuses exclusively on prefault conditions. The
necessary modifications and extensions of the control system to compensate motor-intrinsic
electrical and magnetic faults as well as multi-fault conditions are intensely discussed in
chapter 6.

5.1 Desired trajectory
With an arbitrary mechanical trajectory the desired variables ~xm,des(t) = {θR,des(t), ωR,des(t)}
are defined at the actual time step t. Taking into account the load torque Tm, the desired
torque required to track the mechanical trajectory can be determined by

Tdes = Tm + Jm
dωR,des
dt

, (5.1)
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This desired torque and the desired mechanical variables serve as inputs to the feedforward
control. In practice, such trajectories would be generated by a higher-level control system,
depending on the specific task of the drive. Since the design and implementation of such
higher-level controllers is beyond the scope of this work, exemplary reference trajectories
are utilized in the evaluations without direct reference to a specific application.

5.2 Optimal feedforward control

(The following section is based on [60].)

Using the analytical equations for torque (4.14), PM flux linkage (4.6), back-EMF (4.7)
and inductance (4.10) derived in section 4.2, the knowledge of the Subdomain Model is
extracted in a very efficient way. These equations are used for an analytical optimization of
the desired currents.

5.2.1 Optimal currents

To reduce (copper) losses and avoid an overheating of the coils, the aim is to produce a
desired torque with the least root mean square currents. In the sense of a maximum torque
per ampere control strategy, an optimization problem is formulated whose cost function is
composed of the square currents1 [37, 38]:

minimize K
(
~J
)

= 1
2
~JT ~J

subject to h1
(
~J
)

= ~1T ~J = 0

h2
(
~J
)

= `π

µ0
~P T (θR,des) ~J + `π

µ0
Q(θR,des)− Tdes = 0 (5.2)

Equality constraint h1 enforces an equilibrium of all currents due to the assumed star con-
nection. Equality constraint h2 demands for the currents to produce the desired torque Tdes
and to compensate the cogging torque `π

µ0
Q. The solution of this constrained minimization

problem must fulfill the condition [67]

∇ ~JK + λ1∇ ~Jh1 + λ2∇ ~Jh2 = ~0 , (5.3)

1The index z for denoting the axial flowing direction of the current densities is omitted from here on to simplify
the notation.
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with Lagrangian multipliers λ1 and λ2. This condition, together with the equality constraints
can be efficiently written as a linear equation system in matrix notation:


I ~1 `π

µ0
~P
des

~1T 0 0
`π
µ0
~P T

des

0 0


︸ ︷︷ ︸

M


~J

λ1

λ2


︸ ︷︷ ︸

~x

=


~0
0

Tdes − `π
µ0
Q
des


︸ ︷︷ ︸

~b∗

, (5.4)

where I is the identity matrix. By solving equation system (5.4), solution vector ~x can be
determined, which then contains the optimal current densities ~Jdes.

5.2.2 Optimal field weakening

To consider field weakening, the minimization problem needs to be adjusted. This is done
by adding a second term to the cost function, whose purpose is to adjust the magnetic field
caused by the currents flowing through each of the coils to their PM flux linkages ~ΦM :

minimize K
(
~J
)

= 1− α
2

~JT ~J + α

2

 ~J + L
−1~ΦM(θR,des)

SSL

T  ~J + L
−1~ΦM(θR,des)

SSL


subject to h1

(
~J
)

= ~1T ~J = 0

h2
(
~J
)

= `π

µ0
~P T (θR,des) ~J + `π

µ0
Q(θR,des)− Tdes = 0 (5.5)

with α the field weakening coefficient having values from 0 to 1, depending on the need
of field weakening at actual operation, and ~ΦM calculated by (4.6). The solution of this
adjusted optimization problem only requires in equation system (5.4) a modification of
vector ~b∗: 

I ~1 `π
µ0
~P
des

~1T 0 0
`π
µ0
~P T

des

0 0


︸ ︷︷ ︸

M


~J

λ1

λ2


︸ ︷︷ ︸

~x

=


−αL−1~ΦM

SSL
des

0
Tdes − `π

µ0
Q
des


︸ ︷︷ ︸

~b

, (5.6)

To evaluate whether or not field weakening is necessary at desired operation (meaning
desired torque and rotational speed), the desired voltages need to be determined

~udes(α) = R~ides(α) + Ld
~ides(α)
dt

+ ~e(θR,des). (5.7)
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While ~e can be calculated by (4.7) and~ides = ~JdesSSL is based on the solution of the modified
equation system (5.6), the time derivatives of the currents are not known yet. Since the
only relevant time dependency of M and ~b comes from the rotor angle, the derivative of
the currents based on the optimization can be easily calculated by differentiating the whole
equation system, ωR ∂

∂θR
M~x = ωR

∂
∂θR
~b. Combining the resulting equation system with the

previous one (5.6), results in
M 0

Ṁ M

~x
~̇x

 =
~b
~̇b

 , (5.8)

where

Ṁ =


0 ~0 `π

µ0

~̇P
des

~0T 0 0
`π
µ0

~̇P T
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0 0

 , ~̇x =


~̇J

λ̇1

λ̇2

 , ~̇b =


−αL−1~e

SSL
des

0
− `π
µ0
Q̇
des

 . (5.9)

The derivatives ~̇P = ωR
∂ ~P
∂θR

and Q̇ = ωR
∂Q
∂θR

are determined by (4.15) and (4.16). Since in
the feedforward control only steady states are considered, Ṫdes and α̇ are neglected. Solving

equation system (5.8) yields ~Jdes and ~̇Jdes, the first and forth component of
~x
~̇x

. Inserting
these variables into (5.7) results in the desired voltages ~udes.

Once the desired voltages of each phase are determined, they can be adjusted to the
complex plane

udes(α) = ûdes(α)ejϑdes(α) =
ncoil∑
c=1

u
(c)
des(α)ejϕ

(c)
phase , (5.10)

where ϕ(c)
phase is the phase angle of each coil or phase, forming the desired voltage udes

with amplitude ûdes and angle ϑdes, both depending on α. This complex voltage can be
compared to the limits of the power electronics as visualized in Fig. 5.2. In this example,
the desired voltage without field weakening exceeds the limits of the power electronics
– field weakening is necessary.
To calculate for a fixed operating point the optimal value of α, an iterative algorithm is
used. This calculation is made offline, the result being stored in a lookup-table (LUT), see
next subsection. The algorithm uses iteration index (i) and starts with (i = 0). Choosing an
arbitrary rotor angle θR and setting initially α(i=0) = 0 the desired complex voltage vector
is compared with the maximal available voltage from the power electronics. If the desired
voltage udes is smaller than the maximal voltage upe,max of the power electronics, α is equal
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Re

Im

Figure 5.2: Space vector diagram for a conventional five-phase inverter (only the relevant,
outermost space vectors are shown); exemplary trajectory of the desired
voltage for one electrical period without field weakening and with optimal
field weakening [60].

to zero for this operating point. Otherwise i = i+ 1 and α is updated according to

α(i) = α(i−1) + ûdes(α(i−1))− ûpe,max
ûpe,max

. (5.11)

Using this non zero α(i) the desired complex voltage udes(α(i)) is recalculated by (5.8), (5.7),
(5.10) and then compared to the maximal voltage of the power electronics. If it is within
a specified tolerance band, the iterative procedure is finished, otherwise a further iteration
i = i + 1 starts. If the solution for α is greater than 1, the desired operating point cannot
be reached.
Due to the presence of faults the voltages can be non-sinusoidal and distributed unequally
among the coils, such that the θR dependence in α has to be considered. For this reason the
determination of α needs to be repeated over a whole electrical period, storing it as function
of a sufficient number of discrete rotor angles within one electrical period. Choosing the
maximum of the calculated values of α, field weakening is optimally adjusted to the
defined operating point, as sketched in Fig. 5.2.
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Overall field weakening strategy
In almost every application, voltage and current are limited. Hence the aim is to develop
an overall field weakening strategy taking into account these electrical limitations. This is
achieved by storing the values of α in dependency of the torque and rotational speed in a
LUT to enable a feedforward control without need of any sensor input. Fig. 5.3 visualizes
the qualitative structure of such a field weakening LUT.
In a first step, the maximal available torque Tmax based on the specified maximal root

mean square of the currents Irms,max needs to be determined. This can be done by calculating
the desired currents for an arbitrarily chosen reference torque Tref over a full electrical period
at several discrete rotor angles using equation system (5.8) and then computing the RMS of
each current Irms,ref at Tref numerically. Since torque is linearly depending on the currents,
Tmax can be computed by

Tmax = Tref
Irms,max
Irms,ref

. (5.12)

In the case of a fault, the currents can be distributed asymmetrically along the phases. For
this reason, Irms,ref is determined as the largest RMS of all phases.
In the next step, for Tmax the maximal rotational speed without field weakening is deter-
mined. This can be done in a similar way, calculating the desired complex voltage vectors
at a reference rotational speed ωR,ref for discrete rotor angles of an electrical period. Using
the desired voltage udes,max that exceeds the voltage limit most, and comparing it with the
maximal available voltage of the power electronics upe,max, the maximal rotational speed
without need of field weakening based on the voltage limit can be determined by

ω̃R,max = ωR,ref
|upe,max|
|udes,max|

. (5.13)

Any operating point less than or equal to Tmax and ω̃R,max for torque and rotational speed
is within the base speed range, where no field weakening is needed (α = 0).
Now, the field weakening area has to be calculated (α ≥ 0). This is achieved by suc-

cessively scanning the operating area at discrete values lower than Tmax and greater than
ω̃R,max for torque and rotational speed. At each of these discrete operating points the field
weakening coefficient α is determined by the algorithm explained in the section before.
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Base speed range Field weakening area

Figure 5.3: Qualitative structure of a field weakening LUT. Blue is the base speed range,
where no field weakening is required (α = 0). The field weakening area (blue to
red) is the area that needs to be scanned, calculating the values of α ≥ 0 [60].

No solution is found, if one or more of the following cases are occurring:

1. Calculated field weakening coefficient exceeds a value of 1

2. The RMS of one or more phase currents exceeds the maximal allowed value Irms,max

3. Rotational speed exceeds the maximal allowed value ωR,max due to mechanical aspects

The calculated values of α in dependency of torque and rotational speed are stored in a LUT,
which then contains the information about field weakening. This whole procedure can also
be used under consideration of faults. Therefor, merely the feedforward control adjusted
to the specified fault needs to be used for predicting the desired currents and voltages (see
chapter 6).
For the online feedforward control, the desired currents based on the desired torque and

rotational speed now can be calculated efficiently by interpolating within the stored LUT
to extract the corresponding value of α, solving equation system (5.8) and determining
the desired voltages by (5.7), requiring only low computational effort compared to the full
Subdomain Model (for further explanations see also section 5.4).

5.2.3 Evaluation
To evaluate the developed feedforward control it is used to predict the optimal desired
currents and voltages at different operating points for the investigated five-phase PMSM,
with its most relevant parameters listed in Tab. 4.1. In the following simulations, the desired
voltage is transformed to the complex plane. Thereby a circle in the complex plane, which is
equal to one electrical period, corresponds to voltages which are purely sinusoidal and evenly
distributed along the phases. The greater the ripple, the higher the amplitudes of higher
frequent harmonics. The more elliptical the voltages are, the higher is their asymmetrical
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distribution (this is relevant for the fault tolerant operation discussed in chapter 6). To
visualize compliance with the voltage limit of the power electronics, the resulting decagon
of the space vectors is drawn. The desired voltage must not exceed this decagon.
In Fig. 5.4a the resulting field weakening LUT is shown. It can be seen that the full field

weakening potential is not utilized (α does not exceed values of 0.5 for any operating point).
This is a result of the considered current limit. The desired voltages in the complex plane
are shown for two exemplary operating points in Fig. 5.4b. It can be seen that the voltage
amplitudes of operating point 1 and 2 are nearly the same. While operating point 1 is in
an area where no field weakening is required, the voltage amplitudes at operating point 2 is
reduced due to field weakening, since the voltages would otherwise exceed the voltage limit.
For this reason, the current amplitudes relative to the produced torque of operating point
1 (Fig. 5.4c) are increased compared to those of operating point 2 (Fig. 5.4d)). Both the
desired currents and voltages contain some harmonics, which are caused by the compensation
of the relatively high frequent cogging torque (see Fi.g 5.4e). Fig. 5.4f shows the torque
capabilities of all coils. For operating point 1 (no field weakening) the desired currents of
each coil, shown in Fig. 5.4c, tend to follow their torque capabilities to achieve maximum
torque per ampere. In contrast, for operating point 2 requiring field weakening, the desired
currents are phase shifted to their torque capabilities, whereby the relative voltage demand
is decreased and the relative current demand is increased.
To recognize the influence of the flux barriers on the operating area as well as the desired

currents and voltages Fig. 5.4 (PMSM with flux barriers) can be compared with Fig. 5.5
(same PMSM, but without flux barriers). Thereby the main difference can be seen in the
field weakening LUTs: while the base speed range is increased for the PMSM with flux
barriers compared to the one without flux barriers, the field weakening-area and -demand
is decreased. This is caused by the flux concentration effect of the flux barriers, increasing
effectively the torque capability (see Fig.5.4f and Fig. 5.5f) but also in the same way the PM
flux linkage and back-EMF. It is also evident in the desired currents: for operating point 1,
where no field weakening is required, the desired currents for the PMSM with flux barriers
are lower (see Fig. 5.4c and Fig. 5.5c), and for operating point 2, where field weakening is
required, the desired currents are lower for the PMSM without flux barriers (see Fig. 5.4d
and Fig. 5.5d).
Because of the advantageous properties of the flux barriers for the fault tolerance (as dis-
cussed in section 2.2), only the PMSM with flux barriers is examined in all of following
simulations from here on. However, the overall control system can be used in the same way
for a conventional PMSM without flux barriers.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 5.4: Evaluation of the feedforward control for the PMSM with flux barriers.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 5.5: Evaluation of the feedforward control for the PMSM without flux barriers.
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5.3 Optimal feedback control

(The following section is based on [66].)

In this section, the control system is completed by a feedback control to compensate
deviations from the desired trajectory, caused by any kind of disturbances. Equally to
the feedforward control, the analytical equations extracted from the Subdomain Model for
calculating the torque (4.14), back-EMF (4.7) and inductance (4.10) are used as basis.
To this end an efficient feedback control is introduced, compensating the deviations by
small, optimally distributed corrections to the desired voltage determined by the feedforward
control.

5.3.1 Simplified motor dynamics

As a first step, a feedback in the spirit of a current command control is developed. In this
sense it is assumed that the current densities ~J can be directly supplied from an external
control unit – in other words the currents are considered as effective inputs for the motor
dynamics [68]. Thereby the equation of motion for the mechanical part of the motor is
given by

Jm
d2θR
dt2

= π`

µ0

(
Q(θR) + ~P T (θR) ~J

)
− Tm . (5.14)

Linearizing this equation at the desired rotor angle θR,des results in the following dynamics
for a small deviation ∆θR = θR,des − θR,mes between the desired and the measured rotor
angle:

d2∆θR
dt2

= π`

µ0Jm

 ∂Q
∂θR des

+ ∂ ~P T

∂θR des

~Jdes

∆θR + ~P T

des

∆ ~J

 , (5.15)

neglecting quadratic terms in the deviations. Note that the currents ~Jdes determined by
the feedforward control have to be corrected by ∆ ~J for obtaining the consistent deviation
dynamics. By considering ∆ ~J as effective input variable, state feedback can be applied to
impose an asymptotically stable behavior on the deviation dynamics

d2∆θR
dt2

= −c0 ∆θR − c1
d∆θR
dt

(5.16)

with constant coefficients c0, c1 > 0 according to the Routh-Hurwitz stability criterion.
Equating the right-hand sides of (5.15) and (5.16) yields the following condition for the
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required current corrections ∆ ~J :

~P T

des

∆ ~J = ∆Ξ . (5.17)

∆Ξ is the necessary scalar correction

∆Ξ = ∆Ξ∆θR + ∆Ξ∆ωR , (5.18)

consisting of the contribution

∆Ξ∆θR = −
µ0Jm

π`
c0 + ∂Q

∂θR des

+ ∂ ~P T

∂θR des

~Jdes

∆θR (5.19)

and

∆Ξ∆ωR = −µ0Jm
π`

c1 ∆ωR (5.20)

due to the deviation in rotor angle ∆θR and in rotational speed d∆θR
dt

= ∆ωR. The optimal
distribution of this single scalar correction ∆Ξ among the coil currents can be found by
solving the following minimization problem:

minimize K
(
∆ ~J

)
= 1

2∆ ~JT∆ ~J

subject to h
(
∆ ~J

)
= ~P T

des

∆ ~J −∆Ξ = 0 (5.21)

Its solution reads

∆ ~J = ∆Ξ
~P T

des

~P
des

~P
des

. (5.22)

Summarizing, a deviation ∆θR or ∆ωR from the desired trajectory can be compensated by
correcting the desired currents generated from the feedforward control:

~Jin = ~Jdes −∆ ~J . (5.23)
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5.3.2 Full motor dynamics

The motor dynamics is actually driven by the voltages at each coil, and thus the internal
current dynamics have to be incorporated in the model of the full system dynamics:

Jm
d2θR
dt2

= π`

µ0

(
Q(θR) + ~P T (θR) ~J

)
− Tm , (5.24)

Ld
~J

dt
= −R ~J − ~e(θR)

SSL
+ ~u

SSL
. (5.25)

In principle, the currents calculated in (5.22), (5.23) could be used as target values for cur-
rent control by appropriate input-voltages ~uin. Another way would be to form the input
~uin by appropriate state feedback, with state variables {θR, ωR, ~J}. The approach for the
feedback control in this work is different. It is based on a classification of the state variables:
θR is supposed to track the desired trajectory θR,des(t) as close as possible (such that its
deviation ∆θR decays fast towards 0), whereas ωR and ~J are only intermediate state vari-
ables, necessary to couple θR with the actual input variable ~uin. This coupling is achieved
by forming the time derivative of (5.15) which, combined with (5.25), results in

d3∆θR
dt3

= π`

µ0Jm

∂2Q

∂θ2
R des

+ ∂2 ~P T

∂θ2
R des

~Jdes

ωR, des∆θR +
 ∂Q
∂θR des

+ ∂ ~P T

∂θR des

~Jdes

∆ωR

+∂
~P T

∂θR des

ωR, des∆ ~J − ∂ ~P T

∂θR des

L−1

SSL

(
SSLR ~Jdes + ~e

des
− ~udes

)
∆θR

−~P T

des

L−1

SSL

(
SSLR∆ ~J + ∂~e

∂θR des

∆θR + ~e

ωR des

∆ωR −∆~u
)]

,

(5.26)

neglecting again quadratic deviation terms. ∆~u denotes the necessary deviation voltage
from its feedforward value ~udes and ∆ ~J = ~Jdes − ~Jmes. Again an asymptotically stable
behavior is imposed on the mechanical deviation dynamics

d3∆θR
dt3

=− c0 ∆θR − c1
d∆θR
dt
− c2

d2∆θR
dt2

(5.15)= −

c0 + c2π`

µ0Jm

 ∂Q
∂θR des

+ ∂ ~P T

∂θR des

~Jdes

∆θR − c1∆ωR −
c2π`

µ0Jm
~P T

des

∆ ~J ,

(5.27)

with constant coefficients c0, c1, c2 > 0 as well as c1 c2 > c0 according to the Routh-Hurwitz
stability criterion. Equating the right-hand sides of (5.26) and (5.27) results in the condition
that has to be met by the voltage corrections ∆~u to the desired (feedforward) voltages ~udes.
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This condition has the form of a single scalar equation:

~P T

des

L−1

SSL
∆~u = ∆Ξ′ (5.28)

∆Ξ′ is again the necessary scalar correction, but this time in consideration of the full motor
dynamics. It is defined by

∆Ξ′ = ∆Ξ′∆θR + ∆Ξ′∆ωR + ∆Ξ′∆J , (5.29)

with

∆Ξ′∆θR = −
c0

µ0Jm
π`

+ c2

 ∂Q
∂θR des

+ ∂ ~P T

∂θR des

~Jdes

+
∂2Q

∂θ2
R des

+ ∂2 ~P T

∂θ2
R des

~Jdes

ωR,des
−~P T

des

L−1

SSL

∂~e

∂θR des

− ∂ ~P T

∂θR des

L−1

SSL

(
SSLR ~Jdes + ~e

des
− ~udes

)∆θR (5.30)

as the compensation term of an error in the rotor angle,

∆Ξ′∆ωR = −
c1

µ0Jm
π`

+
 ∂Q
∂θR des

+ ∂ ~P T

∂θR des

~Jdes

− ~P T

des

L−1

SSL

~e

ωR des

∆ωR (5.31)

as the compensation term of an error in the rotational speed,

∆Ξ′∆J = −
c2 ~P

T

des

− ~P T

des

L−1R+ ∂ ~P T

∂θR des

ωR, des

∆ ~J (5.32)

as the compensation term of an error in the currents.

Condition (5.28) leaves it open as a degree of freedom how this scalar ∆Ξ′ is distributed
among the coils. The aim of obtaining the smallest possible voltage corrections is achieved
by solving the following optimization problem:

minimize K(∆~u) = 1
2∆~uT∆~u (5.33)

subject to h(∆~u) = ~P T

des

L−1

SSL
∆~u−∆Ξ′ = 0 (5.34)

with solution equal to

∆~u = SSL
∆Ξ′

~P T

des

(L−1)2 ~P
des

L−1 ~P
des

. (5.35)
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Now, the optimal voltages ~udes calculated by the feedforward control based on the desired
(mechanical) trajectory are corrected by ∆~u

~uin = ~udes −∆~u (5.36)

to produce the voltage input for the power electronics, compensating all kind of disturbances.
If the correction ∆~u causes the input-voltage ~uin to exceed the voltage limit of the power
electronics, vector ∆~u is reduced by a factor so that ~uin complies with that limit.

5.3.3 Refinement of the optimization

By means of cost function (5.33), the necessary scalar correction ∆Ξ′ due to an error in the
mechanical trajectory is compensated by the least square sum voltage corrections, minimiz-
ing ∆~u. However, a deviation in the currents (which would contribute to the scalar ∆Ξ′∆J)
is merely considered from a mechanical point of view due to constraint (5.34). Thereby only
deviations of the torque-producing (’quadrature’) component of the currents are compen-
sated. The non torque-producing (’direct’) component, which is incorporated by the field
weakening, is not controlled yet. Thus, cost function (5.33) in the minimization problem
needs to be modified:

minimize K(∆~u) = 1
2(∆~u+ ∆~v)T (∆~u+ ∆~v) (5.37)

subject to h(∆~u) = ~P T

des

L−1

SSL
∆~u−∆Ξ′ = 0 (5.38)

This new cost function takes also into account an additional voltage deviation ∆~v, which
directly depends on the deviation of the currents

∆~v = L∆ ~J

∆t SSL = L
~Jdes − ~Jmes

∆t SSL (5.39)

where ∆t is the discrete time step of the control. The deviation voltage is then compensated
as closely as possible by the voltage correction of the feedback control, ∆~u→ −∆~v.
For a better understanding, the relations between the vectors considered in the feedback
control are shown in Fig. 5.6. Here, all voltage corrections ∆~u that point on the red
line would fulfill equality constraint (5.38). In the context of the previous cost function
(5.33), the optimal voltage correction ∆~u would be the smallest possible (gray vector). In
Fig. 5.6 the current vectors ~Jdes and ~Jmes (light blue and blue vector) are also drawn,
and thus the resulting voltage deviation ∆~v (dark green vector). Due to the refined cost
function (5.37), the optimal voltage correction compensates ∆~v as much as possible, while
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(Previous
cost function)

Figure 5.6: Geometric interpretation of the feedback control for a theoretical two phase
machine. All voltage corrections ∆~u that point on the red line would fulfill
equality constraint h in optimization problems (5.33) and (5.37).

still fulfilling equality constraint (5.38) (green vector). This allows the desired voltage ~udes
(brown vector) to be adjusted to form the crucial input voltage ~uin (turquoise vector) for
the power electronics, compensating simultaneously mechanical and electrical disturbances.
By solving minimization problem (5.37), the following equation is obtained:

∆~u = SSL

 ∆Ξ′ + ~P T
des

∆ ~J
∆t

~P T
des

(L−1)2 ~P
des

L−1 ~P
des
− L∆ ~J

∆t

 , (5.40)

compensating ∆Ξ′ and reducing ∆ ~J simultaneously.

Besides the control of this non-torque producing component of the currents, the refined
cost function (5.37) has another advantageous property. In the ’healthy’ case the sum of all
voltages is usually equal (or close) to zero, resulting in a balanced polyphase system. If for
example a partial demagnetization occurs and the control system is not yet fault adapted,
this balance is disturbed. In Fig. 5.7b the equivalent circuit of a PMSM is drawn with
partial demagnetization, which can be considered as an additional voltage source ∆e(c)

demag.
This voltage source reduces effectively the ’healthy’ back-EMF e(c) and is depending on
the rotor position θR. Mainly if the demagnetized magnet passes directly a coil (as for
example sketched in Fig. 5.7a for phase or coil c = 1), the according voltage source ∆e(c)

demag

is nonzero, while it is for the others (close to) zero due to the decoupling of the concentrated
windings. With the first cost function (5.33) for the feedback control, this would result in an
imbalance of the polyphase system and thereby in high deviations in all currents. Assuming
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Demagnetized
Magnet

Phase 1

Phase 2

Phase 3

Phase 4

Phase 5

(a) A demagnetized magnet passes
phase or coil c = 1. (b) Equivalent circuit where the demagne-

tized magnet passes coil c = 1.

Figure 5.7: Partial demagnetization can be interpreted as superposition of the ’healthy’
back-EMF e(c) by a ’counter-back-EMF’ ∆e(c)

demag, both depending on rotor an-
gle θR; ∆e(c)

demag is mainly nonzero when the demagnetized magnet passes directly
coil (c) [69].

in a first step that ∆e(c)
demag causes directly a change in the currents,

∆e(c)
demag

∆t
SSLL(c) ≈ ∆J (c) , (5.41)

the imbalance is (partially) corrected by the feedback control due to the refined cost func-
tion (5.37) in each time area where the demagnetized magnet passes coil (c)

∆u(c) → −∆v(c) = −L(c) ∆J (c)

∆t SSL . (5.42)

Thereby the polyphase system is rebalanced in part by the asymmetric distribution of the
voltage correction. This property of the control is also used for the diagnosis and adaptation
of partial demagnetization (see section 7.2).
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5.4 Overall control system
This section provides an overview of the developed control system. While subsection 5.4.1
describes its parametrization and initialization, the subsequent operations during the online
control are explained in subsection 5.4.2. An overview of the most important steps in
both the offline and online phases are illustrated in Fig. 5.8. A simulation environment
is described in subsection 5.4.3, and subsequently used in subsection 5.4.4 to evaluate the
performance of the overall control system.

5.4.1 Parametrization & initialization
The parameters required for the parametrization of the control system are listed in Tab. 5.1.
Thereby the geometric parameters are radii and angles describing effectively the rotor and
stator size as well as the height of the magnets, the positions of the slots (and flux barrier)
and their widths. They are also shown in Fig. 4.2. The magnetic parameters characterize
the distribution of the rotor magnets, by the number of pole pairs, the pole-arc to pole-pitch
ratio, and the magnetic remanence. Finally, the electrical parameters contain the effective
resistance of each phase, the number of winding turns per coil, the DC-link voltage, and the
maximum RMS value of the phase currents.
For the initialization, constant (geometry depending) matrices P,Q of the linear equation
system used to compute the Fourier coefficients must be pre-calculated2, as highlighted in
the yellow area in Fig. 5.8. Thereby the self inductances can be determined by equation
(4.10). The field weakening LUTs are then generated based on the methodology described
in subsection 5.2.2, both for the healthy condition and for each considered fault case.

5.4.2 Online control
The required computational steps for the online control at each time increment are illus-
trated in the green area of Fig. 5.8. Based on the desired trajectory {θR,des, ωR,des}, Fourier
coefficients {~a(M),~c(M)} and {ωR ∂~a

(M)

∂θR
, ωR

∂~c(M)

∂θR
} are firstly determined based on (4.2). From

this, the quantities {~P ,Q, ~ΦM} as well as their time derivatives { ~̇P, Q̇, ~e} are efficiently cal-
culated by means of equations (4.14), (4.6), (4.7), (4.15), (4.16) and are then transferred to
the feedforward and feedback control.
The feedforward control firstly extracts from the precalculated field weakening LUT the nec-
essary field weakening coefficient α in dependence of the desired rotational speed ωR,des and
the desired torque Tdes. Based on this, the optimal desired currents~ides and their derivatives
d~ides
dt

for each phase or coil are obtained by equation system (5.8). The corresponding desired
2see section A.5 for a conventional PMSM and section B.3 for a PMSM with stator flux barriers.
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Parametrization

Offline

Desired

trajectory

Online

Control System

Initialization

MagneticGeometric Electric

Initialize equation system

M1 M3 M1

M2 M4

Obtain field weakening LUTs

Base speed range Field weakening area

Calculate Inductances

Base speed range Field weakening area

Field weakening LUT

Feedforward control

Feedback control

Solve equation system

Calculate

Calculate

Quantities

Measurements

Parameter set

Figure 5.8: Qualitative overview over the required parameters (listed in Tab. 5.1), the
most relevant offline operations during initialization and the most relevant
computational steps that need to be done in the online control system for
each time increment.
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Category Parameter Description Unit

Geometric

rR Rotor radius m
rM Magnet radius m
rS Stator radius m
rSL Slot radius m
βSL Slot width rad
~ϕSL Slot positions rad
rFB Flux barrier radius m
βFB Flux barrier width rad
~ϕFB Flux barrier positions rad
` Active rotor length m

Magnetic
p Number of pole pairs –
εM Pole-arc to pole-pitch ratio –
Brem Magnetic remanence T

Electric

R Coil resistances Ω
nturn Number of winding turns –

Irms,max Maximal RMS of phase currents A
UDC DC voltage V

Mechanical nR,max Maximal rotational speed 1
min

Jm Rotor’s moment of inertia kgm2

Table 5.1: Parameter set required to parameterize the control system. The parameters
marked blue are specific for PMSMs with flux barriers. Vectors ~ϕSL and ~ϕFB
contain all angular slot and flux barrier positions and diagonal matrix R contains
the effective resistance of each phase or coil.

voltages ~udes are subsequently determined using equation (5.7).
The feedback control then summarizes by equation (5.29) deviations {∆θR,∆ωR,∆ ~J} from
the desired values in the required (mechanical) correction ∆Ξ′. To compensate ∆Ξ′ and
reduce the current deviations ∆ ~J , the feedback control computes the optimally distributed
voltage corrections ∆~u using equation (5.40). Correcting the desired voltages ~udes with ∆~u,
the input for the power electronics is obtained (5.36). This ensures an accurate and robust
tracking of the desired trajectory.

5.4.3 Simulation environment
To evaluate the developed control system it is implemented in a Matlab/Simulink environ-
ment. The Subdomain Model described in section 4.4 is used as plant model. The control
system is realized based on the structure shown in Fig. 5.8. The time step of the control
system is set to 100µs (fcontrol = 10kHz) and the time step of the plant simulation to 10µs
(fplant = 100kHz) to improve the numerical accuracy of the current dynamics. Thereby the
input voltages ~uin for the power electronics are kept constant during the 10 time steps of
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the plant dynamics.
In order to have a realistic simulation, the Subdomain Model acting as the plant and

the control system itself are parameterized with parameter sets which have a discrepancy
between each other. Thereby real parameters are meant to be the ones of the plant model,
estimated the ones of the control system. The discrepancies between real and estimated
parameters effectively result in an error in the resistance, inductance and PM flux linkage,
which needs to be compensated by the feedback control. Since the field weakening LUTs
are calculated assuming steady-states, they are determined based on an assumed DC input
voltage of the inverter which is 5% lower than the real one to have a voltage tolerance
for transients. For all measurements (rotor position, rotational speed, phase currents and
torque) Gaussian white noise is taken into account. These signals in the analyzes are denoted
with the index mes and they are filtered using a moving average before being processed by
the control system. For the (ideal) power electronics, a five phase three level inverter is taken
into account [70]. The chosen modulation strategy is a carrier-based PWM with min-max
injection [71]. The resulting structure of the overall simulation environment is sketched in
Fig. 5.9.

Desired
Trajectory

Feedforward
Control

Feedback
Control

Inverter PMSM
(Plant)

Figure 5.9: Structure of the overall control system. Only the most relevant signals and
blocks are shown. ~xm = (θR ωR)T are the relevant mechanical variables [60,
66].
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5.4.4 Evaluation
In the following, the performance of the developed control system is analyzed based on the
simulation environment described above. The parameter set for the parameterization of the
control system is listed in Tab. 5.2. The desired rotational speed as well as the assumed
load torque during simulation is shown in Fig. 5.10. The simulated discrepancy between the
estimated and the real parameter set results in deviations, which can be summarized in the
four most relevant quantities: the coil resistance, coil inductance, PM flux linkage and DC
voltage. They are listed in Tab. 5.3.

(a) Desired rotational speed. (b) Assumed load torque.

Figure 5.10: Desired rotational speed and assumed load torque during the simulation.

The simulation results are displayed in Fig. 5.11. Here, Fig. 5.11a shows the actual torque
in comparison to the desired one. Thereby a ripple in the produced torque of the simulated
machine can be observed. This is caused in combination by the prediction error of the feed-
forward control due to the parameter discrepancies, the simulated noise of the measurements
and the inverter injecting high frequent harmonics in the currents. However, the deviation
of the rotor angle from the desired trajectory in electrical degrees, ∆θel, remains small over
the whole simulation period (see Fig. 5.11c). In the time periods with increased desired
rotational speed, field weakening becomes necessary (see also field weakening LUT in 5.4a),
resulting in nonzero values for field weakening coefficient α (see Fig. 5.11b). Fig. 5.11e and
Fig. 5.11f show the actual currents at time periods, where there is a step in the rotational
speed and thereby in the desired torque. A comparison with the desired current waveforms
(Fig. 5.11g and Fig. 5.11h) reveals that the feedback control enables fast transitions in the
currents to avoid any relevant deviation from the desired mechanical trajectory.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at time period 1. (f) Actual currents ~imes at time period 2.

(g) Desired currents ~ides at time period 1. (h) Desired currents ~ides at time period 2.

Figure 5.11: Evaluation of the overall control system under dynamic operation.
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Category Parameter Value Unit

Geometric

rR 53.15× 10−3 m
rM 61.0× 10−3 m
rS 61.75× 10−3 m
rSL 85.0× 10−3 m
βSL 11.0 degree
~ϕSL (12 48 84 120 156 192 228 264 300 336)T degree
rFB 95.0× 10−3 m
βFB 9.3 degree
~ϕFB (0 72 144 216 288)T degree
` 85.0× 10−3 m

Magnetic
p 6 –
εM 0.86 –
Brem 1.2 T

Electric

R diag(0.1 0.1 0.1 0.1 0.1) Ω
nturn 35 –

Irms,max 60 A
UDC 125 V

Mechanical nR,max 1800 1
min

Jm 0.06 kgm2

Table 5.2: (Estimated) parameter set for the control system.

Parameter Real Estimate Unit
DC Voltage (UDC) 130 124 U
Coil resistance (R) 0.115 0.100 Ω
Coil inductance (L) 0.487 0.520 mH

Amplitude PM flux linkage (Φ̂M) 74 82 mWb

Table 5.3: Discrepancy between the estimated and real parameter set, summarized in the
four most relevant quantities.
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6 (Multi-) fault management

While chapter 5 focused solely on prefault conditions, this chapter presents the required
modifications in the plant model, feedforward control, and feedback control to account for
motor-intrinsic electrical and magnetic faults (sections 6.1 to 6.5). Section 6.6 introduces
a generalized formulation of both the feedforward and feedback control that enables fault
compensation not only for single faults but also for their arbitrary combination to ensure
multi-fault tolerance. For a better overview, all fault handling strategies developed within
this work are summarized in Tab. 6.1, with reference to their corresponding sections.

Basics

Introduction
(Chapter 1)

Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)

Development

Multi-fault tolerance
(Chapter 8)

Analysis & 
discussion

Adaptation
(Chapter 7.1)

- Overview & approach
- Maxwell equations
- Important quantities

Subdomain Model
(Appendix A & B)
- Detailed derivation 
- Maxwell equations
- Linear equation system
- Stator flux barriers

Fault management
(Chapter 6)

- Feedforward control
- Optimal currents
- Field weakening
- Feedback control

- Open phases
- Phase short circuits
- Interturn short circuits
- Demagnetization
- High resistance con.
- Multi-faults

- Phase short circuits
- Short circuit resistance
- Parameter estimation

Diagnosis
(Chapter 7.2)

- Partial demagnetization 
- Curve fitting
- Fault detection
- Fault identification
- Fault adaption
- Parameter estimation

- Features
- Main idea
- Original contribution
- Delimitation

Fault tolerance
(Chapter 2)

Conclusion
(Chapter 9)

- Main contribution
- Multi-fault scenarios
- Discussion

- Literature review 
- Common faults
- Hardware aspects
- Control techniques

Figure 6.1: Structural overview of the work, with this chapter 6 highlighted.

To evaluate the performance of the developed control system under fault tolerant opera-
tion, each fault type is analyzed using the simulation environment described in section 5.4.3.
The parameter set applied corresponds to the values listed in Tab. 5.1. Analogously to the
previous evaluation, a discrepancy between the estimated parameter set (the one for the
control system) and the real parameter set (the one for the plant model) is considered. This
leads to deviations in the relevant physical quantities, which are summarized in Tab. 5.3.
The desired rotational speed and the corresponding load torque used in the dynamic simula-
tions are depicted in Fig. 5.10. In cases where the machine is no longer capable of following
the predefined trajectory due to a fault, the desired rotational speed is scaled down to re-
main within the feasible operating limits. While this chapter assumes full knowledge of all
required fault parameters, chapter 7 presents two methods for the parameter estimation:
one for partial demagnetization and one for phase short circuits.
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Fault Description Section

Open phase fault Eliminate the affected phase from the set of the healthy
phases considered by the feedforward and feedback control. 6.1

Phase short
circuit

Eliminate the affected phase from the set of the healthy
phases considered by the feedforward and feedback control;
compensate the faulty torque ripple by an analytical pre-
diction.

6.2

Interturn short
circuit

Reduce the short circuit current within the faulty coil by
an effective field weakening; this is achieved by predicting
the PM flux linkage of the faulty coil turns.

6.3

Demagnetization Adapt the Fourier coefficients of the magnetization based
on the spatial course of demagnetization. 6.4

High resistance
connection

Modificate the weight of the affected phase in the opti-
mization problem for determining the optimal currents in
the feedforward control.

6.5

Multi-fault
Merge the handlings described above into a unified, gen-
eralized formulation; this enables the simultaneous con-
sideration and compensation of multiple faults.

6.6

Table 6.1: Overview over all fault handling strategies developed in this work.

6.1 Open phase faults
An open phase in the plant model is efficiently considered by removing the corresponding
phase from the differential equation system (4.17) describing the current dynamics.

Modifications in the control
For the compensation, the affected phase must be eliminated from the control system. The
necessary adjustments to both the feedforward and the feedback control are described in
the following.

Modifications in the feedforward control

The optimization problem of the feedforward control, used to determine the desired currents,
must be reformulated to account for an open phase. It is given by:

minimize K( ~Jh) = 1− α
2

~JTh
~Jh + α

2

 ~Jh + L
−1
h
~ΦM,h

SSL des

T  ~Jh + L
−1
h
~ΦM,h

SSL des


subject to h1( ~Jh) = ~1T ~Jh = 0

h2( ~Jh) = `π

µ0
~P T
h
des

~Jh + `π

µ0
Q
des

− Tdes = 0 (6.1)
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where each vector and matrix denoted with the index h contains the according quantities
of all remaining, healthy coils. By solving this minimization problem, the combined equa-
tion system including the derivatives of the currents corresponds to the one under prefault
conditions (5.8), with the exception of the eliminated faulty phases:

Mh 0
Ṁh Mh

~xh
~̇xh

 =
~bh
~̇bh

 , (6.2)

with

Mh =


I ~1 `π

µ0
~Ph

des

~1T 0 0
`π
µ0
~P T
h
des

0 0

 , ~xh =


~Jh

λ1

λ2

 , ~bh =


−αL

−1
h
~ΦM,h

SSL
des

0
Tdes − `π

µ0
Q
des

 (6.3)

and

Ṁh =


0 ~0 `π

µ0

~̇Ph
des

~0T 0 0
`π
µ0

~̇P T
h
des

0 0

 , ~̇xh =


~̇Jh

λ̇1

λ̇2

 , ~̇bh =


−αL

−1
h
~eh

SSL
des

0
− `π
µ0
Q̇
des

 . (6.4)

Solving equation system (6.2), the desired currents ~Jdes,h and their time derivatives ~̇Jdes,h

are obtained, which are then used to calculate the desired voltages:

~udes,h(α) = Rh
~ides,h(α) + Lh

d~ides,h(α)
dt

+ ~eh(θR,des). (6.5)

To precalculate the field weakening LUT the same methodology as described in subsec-
tion 5.2.2 can be used. However it should be noted that the two space vectors (positive and
negative) of the according switches need to be eliminated for each faulty phase.
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Modifications in the feedback control

To enable the feedback control to operate under open phase conditions, the corresponding
phase must be excluded from the optimization. The adjusted optimization problem for
determining the optimal distributed voltage corrections ∆~uh is formulated as follows:

minimize K(∆~uh) = 1
2(∆~uh + ∆~vh)T (∆~uh + ∆~vh)

subject to h(∆~uh) = ~P T
h
des

L−1
h

SSL
∆~uh −∆Ξ′h = 0

where ∆~vh = Lh
∆ ~Jh
∆t SSL (6.6)

Again each vector denoted with the index h contains the according quantities of all remaining
healthy coils. The required correction ∆Ξ′h is calculated based on equation (5.29), excluding
the contribution of the faulty phase. By solving this minimization problem, the optimal
distributed voltage corrections can be obtained as follows:

∆~uh = SSL

 ∆Ξ′h + ~P T
h des

∆ ~Jh
∆t

~P T
h des

(
L−1
h

)2 ~Phdes

L−1
h
~Phdes − Lh

∆ ~Jh
∆t

 . (6.7)

The input voltage vector for the power electronics, considering the open phase condition, is
then given by:

~uin,h = ~udes,h −∆~uh . (6.8)

Evaluation
In the following, the performance of the developed control system is evaluated under the
presence of an open phase fault. For this purpose, one phase of the PMSM is assumed to
be permanently disconnected, and the control system is adapted accordingly as described
above.

Feedforward control

To evaluate the feedforward control under consideration of an open phase it is used to pre-
dict the optimal desired currents and voltages at two different operating points1. In the
following simulations, the desired voltage is transformed to the complex plane. Thereby a
circle in the complex plane, which is equal to one electrical period, corresponds to voltages

1In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities
`π
µ0
~P , the open phase is represented by the green curve.
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which are purely sinusoidal and evenly distributed along the phases. The greater the ripple,
the higher the amplitudes of higher frequent harmonics. The more elliptical the voltages
are, the higher is their asymmetrical distribution. To visualize compliance with the voltage
limit of the power electronics, the resulting decagon of the space vectors is drawn. The
desired voltage must not exceed this decagon.
In Fig. 6.2a the resulting field weakening LUT is shown. Comparing this field weakening
LUT with the one for the healthy machine (see Fig. 5.4a), it can be seen that the operating
area (and especially the field weakening area) under consideration of the electrical limita-
tions is clearly reduced. This reduction is a direct consequence of the open phase, which
reduces the feasible solution space. Due to the loss of one coil, the waveforms of the torque
capabilities from the remaining healthy coils shown in Fig. 6.2f are unevenly distributed.
As a result, the desired currents have different waveforms for each coil with a lower torque
per ampere ratio (see Fig. 6.2c and Fig. 6.2d), and the desired voltage has an elliptical
trajectory (Fig. 6.2b).

Overall control system

The simulation results of the overall control system under dynamic conditions are displayed
in Fig. 6.31. It is assumed that the open phase fault occurs at tfault = 2.0s and the control
system is adapted to the fault after a delay of 10ms (tadapt = 2.01s). Since the control is no
longer able to follow the desired trajectory shown in Fig. 5.10 due to the decreased operating
area (see Fig. 6.2a), the desired rotational speed is scaled down by a factor of 0.8.
By observing the actual torque and the rotor angle deviation during simulation (see

Fig. 6.3a and Fig 6.3c), clear peaks can be identified at the time of fault occurrence. These
peaks are a result of the simulated delayed fault adaption of the control system, highlight-
ing the importance of a robust fault tolerant control strategy. After the fault adaptation at
t ≈ tadapt the actual currents in Fig. 6.3e are significantly increased compared to the desired
ones (Fig. 6.3g). This is a result of the feedback control, which re-stabilizes the system.
To gain further insight into the behavior of the field weakening strategy, the waveform of
field weakening coefficient α is displayed in Fig. 6.3b. It can be seen that α is nonzero at
each time period with increased rotational speeds (see Fig. 6.3d) in order to reach these
operating points.
Fig. 6.3f shows the actual currents at a time interval, where there occurs a step in the
rotational speed and thereby in the desired torque. A comparison with the desired current
waveforms in Fig. 6.3h reveals that the feedback control enables fast transitions in the cur-
rents, whereby an accurate tracking of the trajectory under transient conditions is achieved
even in the case of an open phase.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 6.2: Open phase fault tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Desired currents ~ides at the time period of
fault occurrence.

(h) Desired currents ~ides at a time period after
fault adaptation.

Figure 6.3: Open phase fault tolerant operation of the overall control system.
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6.2 Phase short circuits
(The following section is based on [72].)
For the modeling of a phase short circuit, it is assumed that the affected phase is short-

circuited through resistance Rps and electrically isolated from both the power electronics
and the current sensor due to a triggered fuse. This leads to the equivalent circuit depicted
in Fig. 6.4a.

(a) Phase short circuit [37]. (b) Phase-to-phase short circuit [37].

Figure 6.4: Equivalent circuits illustrating two types of phase short circuits; the short cir-
cuit current path is highlighted in red [72].

With negligible mutual inductances the faulty coil is completely decoupled from the re-
maining healthy phases. Consequently, the current dynamics of the short-circuited coil can
be described by the following equation:

0 = (R(f) +Rps)ips + L(f)ωR
∂ips
∂θR

+ e(f)(θR) , (6.9)

where the back-EMF e(f) is defined in (4.7) and (f) denotes the number of the faulty
coil. According to (6.9), the current is only caused by the back-EMF and is by that solely
depending on the rotor angle θR in steady state. To solve (6.9) efficiently, (4.7) for calculating
the back-EMF can be rewritten:

e(f)(θR) = ωR
∑
k∈N

(αk sin(kθR) + βk cos(kθR)) (6.10)

with αk and βk the effective back-EMF’s Fourier coefficients defined in appendix C.1. By
inserting (6.10) in (6.9), the differential equation can be solved by common solution proce-
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dures. Thereby, the resulting current density can also be described as a Fourier series

Jps(θR, Rps) =
∑
k∈N

(ζk(Rps) sin(kθR) + ηk(Rps) cos(kθR)) (6.11)

where Jps = ips
SSL

and Fourier coefficients

ζk(Rps) = ωR
−βkL(f)ωRk − αk(R(f) +Rps)

(R(f) +Rps)2 + (L(f)ωRk)2
1
SSL

,

ηk(Rps) = ωR
+αkL(f)ωRk − βk(R(f) +Rps)

(R(f) +Rps)2 + (L(f)ωRk)2
1
SSL

. (6.12)

With (6.11) the current density flowing through the faulty coil can be precisely obtained in
dependence of the rotor position θR and the short circuit resistance Rps.
In the next step, the aim is to predict the torque ripple produced by this current density
Jps. Thereby the torque capability P (f) of the short circuited coil (f) can be expressed by

P (f)(θR) =
∑
k∈N

(σk sin(kθR) + νk cos(kθR)) (6.13)

with coefficients σk and νk also defined in appendix C.1. The product of the torque capability
P (f) and the short circuit current density Jps then gives the faulty torque ripple Tps:

Tps(θR, Rps) = `π

µ0

∑
k∈N

(σk sin(kθR) + νk cos(kθR))︸ ︷︷ ︸
P (f)(θR)

∑
k′∈N

(ζk′(Rps) sin(k′θR) + ηk′(Rps) cos(k′θR))︸ ︷︷ ︸
Jps(θR,Rps)

.

(6.14)

By multiplying these two Fourier series one obtains2

Tps(θR, Rps) =
∑
v∈N0

Tps,v(θR, Rps) =
∑
v∈N0

(ξv(Rps) sin(vθR) + ρv(Rps) cos(vθR)) (6.15)

2For further explanations see section C.1 in the appendix C.
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with the resulting coefficients restricted to non-negative v

ξv(Rps) = `π

2µ0

∑
k∈N

∑
k′∈N

[(+σkηk′(Rps) + νkζk′(Rps))δk+k′,v + (+σkηk′(Rps)− νkζk′(Rps))δk−k′,v

−(+σkηk′(Rps)− νkζk′(Rps))δk−k′,−v(1− δk−k′,v=0)]

ρv(Rps) = `π

2µ0

∑
k∈N

∑
k′∈N

[(−σkζk′(Rps) + νkηk′(Rps))δk+k′,v + (+σkζk′(Rps) + νkηk′(Rps))δk−k′,v

+(+σkζk′(Rps) + νkηk′(Rps))δk−k′,−v(1− δk−k′,v=0)] .
(6.16)

and δa,b the Kronecker delta. The trigonometric relations3

sin(kθR) cos(k′θR) = 1
2 [sin ((k + k′)θR) + sin ((k − k′)θR)] (6.17)

cos(kθR) cos(k′θR) = 1
2 [cos ((k + k′)θR) + cos ((k − k′)θR)] (6.18)

sin(kθR) sin(k′θR) = 1
2 [cos ((k − k′)θR)− cos ((k + k′)θR)] (6.19)

lead to nonzero torque ripple harmonics Tps,v for v = (0, 2, 4, ...)p, see Fig. 6.5. Tps,v=0 is the
mean value, which is proportional to the ohmic losses in the faulty coil.
Since both {σk, νk} and {ζk, ηk} have approximately a 1

k2 -dependency, the resulting coeffi-
cients {ξv, ρv} of the torque ripple harmonics decay fast towards zero. For this reason the
most relevant harmonic of the faulty torque ripple Tps,v is the first one, v = 2p (which is
consistent with the experimental results shown in [39]). In the case of a partial demagne-
tization the torque ripple harmonics become nonzero for all v ∈ N0. However, as it can be
observed in Fig. 6.5, the harmonic v = 2p still remains dominant.
A phase-to-phase short circuit (see Fig. 6.4b) can be modeled by considering both faulty

coils for predicting the torque ripple

T2ps(θR, R2ps) = `π

µ0

(
P (f1)(θR)− P (f2)(θR)

)
J2ps(θR, R2ps) . (6.20)

This equation can then be rearranged in the form of (6.15). As a result, the methodology
for the compensation of a phase short circuit derived in this section 6.2 can be applied
analogously to a phase-to-phase short circuit.

3k ± k′ can only result in even multiples of p in the healthy case, with k, k′ ∈ {(1, 3, 5...)p}.
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Figure 6.5: Spectrum of the faulty torque ripple Tps in the case of a healthy magnetization
and in the case of partial demagnetization (one magnet fully demagnetized).

Modifications in the control
Analogously to the compensation of an open phase fault (see section 6.1), the faulty phase
affected by a phase short circuit must be excluded from the control system. In addition, the
faulty torque ripple Tps have to be compensated. This is achieved based on the analytical
equation (6.15).
As stated previously, it is assumed in this chapter that all required fault parameters are
known. Since the short circuit resistance is mostly unknown in practice, which however has
a significant impact on the (also unknown) short circuit current, an algorithm is developed
to estimate this parameter during operation, as detailed in section 7.1.

Modifications in the feedforward control

The adjusted optimization problem of the feedforward control for determining the desired
currents under consideration of a phase short circuit reads:

minimize K( ~Jh) = 1− α
2

~JTh
~Jh + α

2

 ~Jh + L
−1
h
~ΦM,h

SSL des

T  ~Jh + L
−1
h
~ΦM,h

SSL des


subject to h1( ~Jh) = ~1T ~Jh = 0

h2( ~Jh) = `π

µ0
~P T
h
des

~Jh + `π

µ0
Q
des

+ Tps
des

(Rps)− Tdes = 0 (6.21)

Equality constraint h2 demands for the currents of the healthy coils to produce the desired
torque Tdes, while compensating the faulty torque ripple Tps(Rps) and the cogging torque
`π
µ0
Q; Tps is calculated based on the short circuit resistance Rps by (6.15). Using the iterative
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adaptation algorithm explained in section 7.1 and updating R(i)
s → R(i+1)

s in the feedforward
control after completion of each iteration (i+1), the compensation of Ts can be successively
improved in practice without knowledge of the real short circuit resistance.
Solving this minimization problem (6.21), the resulting equation system including the deriva-
tives of the currents is identical to the one used for compensating an open phase (6.2), except
for a modification in the vector ~bh and its time derivative ~̇bh to account for the torque rip-
ple Tps:

~bh,ps =


−αL

−1~ΦM,h
SSL

des

0
Tdes − Tps

des

− `π
µ0
Q
des

 , ~̇bh,ps =


−αL−1~eh

SSL
des

0
−Ṫps

des

− `π
µ0
Q̇
des

 . (6.22)

The time derivative of Tps is included in ~̇bh,ps to enhance the accuracy of the feedforward
control. This derivative can be obtained by differentiating equation (6.15) with respect to
the rotor angle, yielding Ṫps = ωR

∂Tps
∂θR

. Based on the resulting equation system, the desired
currents ~Jdes,h and their time derivatives ~̇Jdes,h are computed. These values are then used
to calculate the desired voltages ~udes,h according to equation (6.5).

To precalculate the field weakening LUT the methodology described in subsection 5.2.2
needs to be modified. The reason for this adjustment lies in the nonlinear dependency of
the rotational speed on the short circuit current (see equations (6.11), (6.12)) and thereby
on the short circuit torque Tps. Hence the maximal rotational speed within the base speed
range ω̃R,max can no longer be calculated by (5.13). Nevertheless, only minor modifications
to the existing methodology are necessary in order to generate the field weakening LUT
while accounting for a phase short circuit.
While in the healthy case only the field weakening area was scanned to determine the
required values of the field weakening coefficient α (see also Fig. 5.3), this is now necessary
to be performed for the entire area. Therefor the maximal torque Tmax under consideration of
the current limit is first calculated by (5.12) for a rotational speed ω̃R,max → 0. Subsequently,
the operating area is successively scanned at discrete values lower than Tmax and greater than
ω̃R,max for torque and rotational speed. At each of these discrete operating points the field
weakening coefficient α is determined by the algorithm4 explained in the subsection 5.2.2.
This adjusted methodology allows the nonlinear influence of the rotational speed on the
short circuit torque to be efficiently incorporated.

4It should be noted that – analogously to an open phase – the two space vectors (positive and negative) of the
according switches need to be eliminated for each faulty phase.
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Modifications in the feedback control

Since deviations {∆θR,∆ωR} also cause an error in the prediction of the faulty torque rip-
ple, ∆Tps, it needs to be considered in the feedback control.
With Tps(θR,des, Rps) = `π

µ0
P (f)(θR,des)Jps(θR,des, Rps) one obtains the following deviation dy-

namics specific for the faulty phase:

Jm
d2∆θR
dt2

= π`

µ0

(
∂P (f)

∂θR
Jps(Rps) + P (f)∂Jps(Rps)

∂θR

)
∆θR = ∆Tps . (6.23)

Doing the time derivative, deviations of the rotational speed ∆ωR are considered as well

Jm
d3∆θR
dt3

= π`

µ0

[(
∂2P (f)

∂θ2
R

Jps(Rps) + 2∂P
(f)

∂θR

∂Jps(Rps)
∂θR

+ P (f)∂
2Jps(Rps)
∂θ2

R

)
ωR,des∆θR

+
(
∂P (f)

∂θR
Jps(Rps) + P (f)∂Jps(Rps)

∂θR

)
∆ωR

]
.

(6.24)

Using this deviation dynamics in combination with the full motor dynamics (see subsection
5.3.2), the required correction can be determined as follows:

∆Ξ′h,ps = ∆Ξ′h + ∆Ξ′ps,∆θR + ∆Ξ′ps,∆ωR (6.25)

where

Ξ′ps,∆θR =−
(
∂2P (f)

∂θ2
R

Jps(Rps) + 2∂P
(f)

∂θR

∂Jps(Rps)
∂θR

+ P (f)∂
2Jps(Rps)
∂θ2

R

)
ωR,des∆θR (6.26)

Ξ′ps,∆ωR =−
(
∂P (f)

∂θR
Jps(Rps) + P (f)∂Jps(Rps)

∂θR

)
∆ωR (6.27)

The required correction ∆Ξ′h is determined based on equation (5.29), excluding the elimi-
nated faulty phase. Again, the iterative adaptation algorithm explained in section 7.1 can
be used to update R(i)

s → R(i+1)
s after completion of each iteration (i + 1) to successively

improve the accuracy of the feedback control without knowledge of the real short circuit
resistance.
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Finally, this leads to the following minimization problem for calculating the optimal dis-
tributed voltage corrections under consideration of a phase short circuit:

minimize K(∆~uh) = 1
2(∆~uh + ∆~vh)T (∆~uh + ∆~vh)

subject to h(∆~uh) = ~P T
h
des

L−1
h

SSL
∆~uh −∆Ξ′h,ps = 0

where ∆~vh = Lh
∆ ~Jh
∆t SSL. (6.28)

The solution of the minimization problem is identical to (6.7), apart from the adjusted
required correction ∆Ξ′h,ps.

Evaluation
In the following, the performance of the developed control system is evaluated under the
presence of a phase short circuit. For this purpose, one phase of the PMSM is assumed
to be short circuited with a short circuit resistance Rps = 0.4Ω, and the control system is
adapted accordingly as described above.

Feedforward control

To evaluate the feedforward control under a phase short circuit condition, it is used to
predict the optimal desired currents and voltages at two different operating points5.
The resulting field weakening LUT is presented in Fig. 6.6a. It can be observed that

the maximum torque in the base speed range is no longer constant. This variation arises
as described above from the compensation of the faulty torque ripple Tps, which increases
non-linearly with the rotational speed. As an additional consequence, the field weakening
region is significantly reduced, since the current limit would otherwise be exceeded. Similar
to the open phase, a phase short circuit results in an uneven spatial distribution of the
remaining healthy coils (see Fig. 6.6f), whereby the desired voltage (Fig. 6.6b) and currents
(Fig. 6.6c and Fig. 6.6d) are distributed asymmetrically. Additional to their asymmetric
distribution, the amplitudes of the desired currents vary periodically in dependence of the
faulty torque ripple shown in Fig. 6.6e in order to achieve its compensation.

5In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities
`π
µ0
~P , the phase short circuited phase is represented by the green curve.
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Overall control system

The simulation results of the overall control system under dynamic conditions are displayed
in Fig. 6.75. It is assumed that the phase short circuit occurs at tfault = 2.0s and the control
system is adapted to the fault after a delay of 10ms (tadapt = 2.01s). Since the control is no
longer able to follow the desired trajectory shown in Fig. 5.10 due to the decreased operating
area (see Fig. 6.6a), the desired rotational speed is reduced by a factor of 0.75.
By observing the actual torque and the rotor angle deviation (see Fig. 6.7a and Fig 6.7c),

clear peaks can be identified at the time of fault occurrence t = tfault. These peaks are
a result of the simulated delayed fault adaption of the control system. Once the control
system is fault-adapted at t ≈ tadapt, large current amplitudes appear in the actual phase
currents (see Fig. 6.7e). This is a result of the feedback control, which re-stabilizes the
system. After the adaptation, the control tracks accurately the desired trajectory, while
compensating Tps (see Fig. 6.7g and 6.7h). The slightly increased torque ripple in the actual
torque (see Fig. 6.7a) compared to the prefault conditions is on the one hand a result of the
more complex current waveforms, which lead to increased deviations of the actual currents
to the desired ones. And on the other hand a result of transients, which are not considered
in the feedforward control for predicting the faulty torque ripple.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque `π
µ0
Q and faulty

torque ripple Tps.
(f) Predicted torque capabilities `π

µ0
~P .

Figure 6.6: Phase short circuit tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Faulty torque ripple at the time period of
fault occurrence.

(h) Faulty torque ripple at a time period after
fault adaptation.

Figure 6.7: Phase short circuit fault tolerant operation of the overall control system.
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6.3 Interturn short circuits
(The following section is based on [73].)
In the case of an interturn short circuit, the faulty coil splits into multiple sub-coils, since

then there are multiple current densities in the affected slots (see Fig. 6.8a). Thereby, radii
rS,1 and rS,2 define the interturn short circuit -position and -thickness, n(f,1)

turn and n(f,3)
turn the

number of winding turns from the still operational parts of the coil and n(f,2)
turn the number of

winding turns from the short circuited part of the coil. This results in the electrical circuit
shown in Fig. 6.8b. Due to the required consideration of multiple current densities in the
affected slots, the particular solution needs to be adjusted [55], see appendix C.2. Based
on this, the equations for calculating the inductances, PM-flux linkages, back-EMFs and
torque need to be adjusted as well.

Inductances

The inductance of the operational and the short circuited parts of the coil, Lg and Ls, as
well as the mutual coupling Msg of these coils are to be determined. The operational part
of the coil Lg is effectively equal to the self inductance of partial subdomains I(a,1) and I(a,3)

for the slots a ∈ S(f) 6 in combination with their mutual coupling

Lg = L1 + L3 + 2M13 . (6.29)

The inductance of the short circuited part of the coil is equal to the self inductance of partial
subdomains I(a,2), a ∈ S(f)

Ls = L2 . (6.30)

The mutual inductance between Lg and Ls is equal to the mutual coupling of partial sub-
domains I(a,2) to I(a,1) and partial subdomains I(a,2) to I(a,3), a ∈ S(f)

Msg = M21 +M23 . (6.31)

The procedure for determining these inductances is described in the appendix C.2.2.

6S(f) is the set of the slots from faulty coil (f).
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(a) Current densities of a coil with interturn short circuit,
with the area of the operational parts from the
coil (Lg) as well as the area of the short circuited
part (Ls).

(b) Single phase equivalent
circuit of a coil with in-
terturn short circuit [74].

Figure 6.8: Relevant current densities and corresponding equivalent circuit used to model
interturn short circuits [73].

PM flux linkage & back-EMF

The PM flux linkage of the short circuited coil turns from faulty coil (f) can be calculated by7

Φ(f)
M,s(θR) = Φ(f,2)

M (θR) = `n
(f,2)
turn

(
a

(I,fl)
0 − a(I,fr)

0

)
. (6.32)

Thereby the back-EMF is obtained by

e(f)
s (θR) = ωR

∂Φ(f)
M,s(θR)
∂θR

= ωR`n
(f,2)
turn

∂
(
a

(I,fl)
0 − a(I,fr)

0

)
∂θR

. (6.33)

Analogously, the back-EMF of the operational part from coil (f) is equal to

e(f)
g (θR) = e(f,1)(θR) + e(f,3)(θR) = ωR`(n(f,1)

turn + n
(f,3)
turn)

∂
(
a

(I,fl)
0 − a(I,fr)

0

)
∂θR

. (6.34)

Current dynamics

In the case of an interturn short circuit the affected coils splits up in the electrical network
shown in Fig. 6.8b. With the calculated inductances and back-EMFs, the current dynamics

7For further explanations see section C.2.3 in the appendix C.
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are described by the following equations [74]:

u
∗(f)
in = Rgi

(f) +Rsc(i(f) − is) + Lg
di(f)

dt
+ e(f)

g +Msg
dis
dt

(6.35)

0 = Rsis −Rsc(i(f) − is) + Ls
dis
dt

+ e(f)
s +Msg

di(f)

dt
(6.36)

with

Rg = n
(f,1)
turn + n

(f,3)
turn

nturn
R(f) (6.37)

Rs = n
(f,2)
turn

nturn
R(f) . (6.38)

Incorporating these equations into the equation system of the ’healthy’ current dynam-
ics (4.17), the interturn short circuit is efficiently modeled.

Torque

The torque contribution from each coil (c) is of the format

T (c) = `π

µ0
nturnh

(c)(θR)SSL︸ ︷︷ ︸
P (c)(θR)

,
i(c)

SSL︸ ︷︷ ︸
J(c)

(6.39)

where h(c)(θR) indicates a term with θR-dependence. This equation shows that the decisive
quantity for torque generation is the current flowing through the coil turns. Therefore,
the produced torque of the faulty coil (f) with interturn short circuit can be obtained by
calculating an effective current density

J (f) =
n

(f,2)
turn

nturn
is + n

(f,1)
turn+n(f,3)

turn

nturn
i(f)

SSL
. (6.40)

Employing this effective current density, one can still use the ’healthy’ torque capability of
the affected coil with interturn short circuit, which simplifies the notation.
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Modifications in the control

The concept for compensating an interturn short circuit is to apply an adjusted field weak-
ening to the affected coil. This adjustment reduces the effective PM flux linkage in the
faulty coil turns and thereby lowering the induced short circuit current.

Modifications in the feedforward control

The short circuited coil turns (yellow area in Fig. 6.8a) can be field weakened by the
operational ones (blue area in Fig. 6.8a) through their mutual coupling Msg. This field
weakening is achieved by determining a current for the affected coil, which extincts the PM
flux linkage Φ(f)

M,s of the short circuited coil turns predicted by the Subdomain Model:

i
(f)
des = −

Φ(f)
M,s

Msg des

. (6.41)

As a consequence, is = 0 in the equivalent circuit shown in Fig. 6.8b for the case of a
negligible short circuit resistance (Ris = 0). The effective current density for calculating the
torque contribution of the faulty coil (f) is then equal to

J
(f)
des = n

(f,1)
turn + n

(f,3)
turn

nturn

i
(f)
des

SSL
. (6.42)

While the current density of the faulty coil is determined by the field weakening requirement,
the desired currents for the remaining healthy coils can be calculated by solving the following
minimization problem:

minimize K( ~Jh) = 1− α
2

~JTh
~Jh + α

2

 ~Jh + L
−1
h
~ΦM,h

SSL des

T  ~Jh + L
−1
h
~ΦM,h

SSL des


subject to h1 = ~1T ~Jh + J

(f)
des = 0

h2 = `π

µ0

(
~P T
h
des

~Jh + P (f)

des

J
(f)
des +Q

des

)
− Tdes = 0 (6.43)

Solving (6.43), the resulting equation system including the derivatives of the currents is
identical to the one used for compensating an open phase (6.2), except for a modification in
the vector ~bh and its time derivative ~̇bh to account for the predefined desired current density
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J
(f)
des of the faulty coil:

~bis =


−αL

−1~ΦM,h
SSL

des

−J (f)
des

Tdes − `π
µ0

(Q
des

+ P (f)

des

J
(f)
des)

 , ~̇bis =


−αL−1~eh

SSL
des

−J̇ (f)
des

− `π
µ0

(Q̇
des

+ P (f)

des

J̇
(f)
des + Ṗ (f)

des

J
(f)
des)


with

di
(f)
des

dt
= − e

(f)
s

Msg des

, (6.44)

J̇
(f)
des = n

(f,1)
turn + n

(f,3)
turn

nturn

di
(f)
des

dt

1
SSL

. (6.45)

Solving the resulting equation system yields the desired currents ~Jdes,h and their time deriva-
tives ~̇Jdes,h, which are then used to compute the desired voltages:

~udes,h(α) = Rh
~ides,h(α) + Lh

d~ides,h(α)
dt

+ ~eh(θR,des) (6.46)

u
(f)
des = Rgi

(f)
des + Lg

di
(f)
des

dt
+ e(f)

g (θR,des) . (6.47)

To precalculate the field weakening LUT the methodology described in subsection 5.2.2 can
be used.

Modifications in the feedback control

The adjusted optimization problem of the feedback control for calculating the optimal dis-
tributed voltage corrections under consideration of an interturn short circuit reads:

minimize K(∆~uh) = 1
2 (∆~uh + ∆~vh)T (∆~uh + ∆~vh)

subject to h1(∆~uh) = ~Ph
T

des

L−1
h

SSL
∆~uh + P (f)

des

∆u(f)

LefSSL
−∆Ξ′ = 0

h2(∆~uh) = ~1T∆~uh + ∆u(f) = 0

where ∆~vh = Lh
∆ ~Jh
∆t SSL. (6.48)

In addition to the equality constraint h1, which demands for the voltage corrections of the
healthy coils the compensation of ∆Ξ′ while accounting for the voltage correction of the
faulty coil, a second constraint h2 is considered. This enforces an equilibrium of all voltage
corrections, which ensures an electrical potential of the star point close to zero and by that
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an electrical decoupling of the coils.
The voltage correction ∆u(f) for the faulty coil is directly calculated based on the changed
dynamics due to the interturn short circuit to enforce a minimal deviation ∆i(f) and thereby
a lowest possible short circuit current is. Based on the circuit shown in Fig. 6.8b, the
following discrete dynamics of a deviation in the currents can be obtained:

∆u(f) = −Lg
∆i(f)

∆t −Msg
∆is
∆t (6.49)

0 = −Ls
∆is
∆t −Msg

∆i(f)

∆t . (6.50)

The back-EMF and the voltage drop at the coil’s resistance do not need to be considered here
since they are already taken into account in the feedforward control. Using this dynamics
one obtains the required voltage correction for the faulty coil (f)

∆u(f) = −
(
Lg −

M2
sg

Ls

)
︸ ︷︷ ︸

Lef

∆J (f)

∆t SSL . (6.51)

Summarizing, the voltage correction for the faulty coil ∆u(f) to compensate a deviation from
the desired current i(f)

des can be determined by (6.51). Based on this, the voltage corrections
for the healthy coils ∆~uh to compensate the required correction ∆Ξ′ are obtained by solving
the minimization problem (6.48), whose solution can be displayed in matrix notation:


I ~1 L−1

h
~Ph

SSL
des

~PTh
des

L−1
h

SSL
0 0

~1T 0 0




∆~uh
λ1

λ2

 =


−Lh∆ ~Jh

∆t SSL

∆Ξ′ + P (f)

des

∆J(f)

∆t

Lef
∆J(f)

∆t SSL

 . (6.52)

Evaluation

In the following, the performance of the developed control system is evaluated under the
presence of an interturn short circuit in one coil. Due to the fact that it is hardly possible
to locate the exact position of the interturn short circuit and in order to investigate the
robustness of the fault tolerant control, a displacement between the estimated and the real
interturn short circuit position is simulated. While the estimated interturn short circuit
is assumed to be in the middle of the slot, the actual position is at its top. Moreover, a
low short circuit impedance is assumed, as this scenario represents the most severe fault
condition [12]. The resulting fault parameters used for this simulation are summarized in
Tab. 6.2. To account for the increased current demand required to extinct the PM flux
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linkage, the maximal allowed RMS of the currents is raised from 60A to 120A.

Feedforward control

To evaluate the feedforward control under consideration of an interturn short circuit it is
used to predict the optimal desired currents and voltages at different operating points8.
The resulting field weakening LUT is shown in Fig. 6.9a. Unlike in the healthy case, where
a hyperbolic decrease of the maximal torque in dependence of the rotational speed can
typically be observed in the field weakening area, this behavior is not present here. As
previously discussed, the task of the desired current for the faulty coil (f) is to extinct
the PM flux linkage in the shorted coil turns. Since the amplitude of the PM flux linkage
remains invariably constant (independently of the desired torque and rotational speed), the
required current amplitude for the faulty coil must also remain constant across the entire
speed range (see green curves in Fig. 6.9c and Fig. 6.9d). Thereby and due to the fact that
the full extinction of the PM flux linkage requires the highest current, the torque limit is
effectively determined by the desired current of the faulty coil.
Fig. 6.9c shows the desired currents at an operating point where no field weakening is re-
quired (α = 0). It can be observed that the currents for the healthy coils are high in relation
to the desired torque and have a complex waveform. Since the currents for the healthy coils
are calculated based on a maximal torque per ampere strategy (see optimization problem
(6.43)), they should optimally follow the waveforms of their torque capabilities and asso-
ciated back-EMFs. In contrast, i(f)

des is phase shifted by 180◦ with respect to the PM flux
linkage to achieve its effective extinction. This leads to an asymmetrical placement of the
faulty coil in the polyphase system, as the field weakening mechanism acts exclusively on a
single coil. Due to the star connection, which enforces current equilibrium, this asymmetry
affects all phases. As a result, the generation of the desired torque requires higher overall
current amplitudes, thus reducing the effective torque-per-ampere ratio. Moreover, because
the extinction current in the faulty coil is phase-shifted by 90◦ with respect to its torque ca-
pability, it produces an oscillating torque component. This oscillation must be compensated
by the healthy coils, further increasing their current demand and waveform complexity.
In contrast, if field weakening is required, the desired currents for the healthy coils are
increasingly shifted to their PM flux linkages. This reduces accordingly the asymmetrical
distribution of all currents and thereby the complexity of their waveforms. This can be
clearly observed in Fig. 6.9d.

8In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities
`π
µ0
~P , the interturn short circuited phase is represented by the green curve.
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Table 6.2: Relevant parameters of the interturn short circuit
Parameter Real Estimate Unit

Winding turns
n

(f,1)
turn 28 13 –
n

(f,2)
turn 3 3 –
n

(f,3)
turn 4 19 –

Radii

rS 61.75 61.75 mm
rS,1 81.9 72.9 mm
rS,2 82.9 73.9 mm
rSL 85.0 85.0 mm

Resistances
Rh 105 91 mΩ
Rs 10 – mΩ
Rsc 1 – mΩ

Inductances
Lg 0.40 0.44 mH
Ls 0.0051 0.0043 mH
Msg 0.043 0.042 mH

Overall control system

The simulation results of the overall control system under dynamic conditions are displayed
in Fig. 6.108. It is assumed that the interturn short circuit occurs at tfault = 2.0s and that
the control system is adapted to the fault after a delay of 40ms (tadapt = 2.04s).
The curve of the short circuit current is is shown in Fig. 6.10g at fault occurrence. There,

a strong increase in the amplitude can be seen for 2.0s < t < 2.04s, which also causes a ripple
in the actual torque (see Fig. 6.10a). This is the time period where the control system is
not yet adapted to the fault, demonstrating the criticality of interturn short circuits. After
the fault adaptation of the control at t = 2.04s this short circuit current is quickly reduced
from about 450A down to a range of 50A to 75A. The remaining short circuit current
in Fig. 6.10g and Fig. 6.10h for t > 2.04s is firstly caused by the prediction error due to
the discrepancy in the estimated parameter set, in particular the assumed displacement of
the interturn short circuit position. Secondly high frequent current harmonics in the phase
current i(f) generated by the simulated inverter induce a voltage in the short circuited coil
turns. By observing Fig. 6.10a and Fig. 6.10c, it can be seen that there is no relevant
increase in the actual torque ripple and rotor position deviation after the fault adaptation,
demonstrating full operational capability while compensating the interturn short circuit.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 6.9: Interturn short circuit tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Short circuit current at the time period of
fault occurrence.

(h) Short circuit current at a time period after
fault adaptation.

Figure 6.10: Interturn short circuit fault tolerant operation of the overall control system.
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6.4 Demagnetization
To model a demagnetization fault with the Subdomain Model, simply the Fourier coeffi-
cients (4.1) of the magnetization have to be updated

M̃r(θR) =
∑
k∈N

µ0

rR

[
−ã(M)

k (θR) sin (kϕ) + c̃
(M)
k (θR) cos (kϕ)

]
. (6.53)

where {ã(M)
k , c̃

(M)
k } are the re-calculated Fourier coefficients according to the spatial course of

demagnetization. For instance, a demagnetized magnet is efficiently considered by effectively
using a superposition of two Fourier series: the first one describes the arrangement of the
healthy magnets and the second one describes the partial demagnetization. This results in
the following solution for the Fourier coefficients {ã(M)

k , c̃
(M)
k }:

ã
(M)
k = −rRµ0[+(Mk + M̃

(c)
k ) sin(kθR) + M̃

(s)
k cos(kθR)] ,

c̃
(M)
k = +rRµ0[+(Mk + M̃

(c)
k ) cos(kθR)− M̃ (s)

k sin(kθR)] , (6.54)

with

M̃
(c)
k = M̂demag

kπ
[+ sin(k(βdemag + ϕdemag))− sin(kϕdemag)] ,

M̃
(s)
k = M̂demag

kπ
[− cos(k(βdemag + ϕdemag)) + cos(kϕdemag)] , (6.55)

M̂demag, βdemag and ϕdemag the demagnetization -amplitude, -width and -position. Since the
magnetization becomes asymmetrical due to a partial demagnetization, Fourier coefficients
{ã(M)

k , c̃
(M)
k } become nonzero for all k ∈ N0 9.

M1 M3 M1

M2 M4

Effective
Magnetization

Demagnetization

Healthy
Magnetization

Figure 6.11: Visualized Fourier expansion of the healthy magnetization and the demag-
netization for the case of a partial demagnetization [69].

9Note that a more general particular solution for the case of k = 1 has then to be considered, see appendix A.2.3.



6.4 Demagnetization 85

In Fig. 6.11 the resulting spatial magnetization curves are shown for the example of a
machine with two pole pairs and 50% demagnetization of the third magnet.

Modifications in the control
Inserting the updated Fourier coefficients of the magnetization {ã(M)

k , c̃
(M)
k } in the equation

for the PM flux linkage (4.6), back-EMF (4.7) and the cogging torque as well as the torque
capabilities in (4.14), the relevant quantities in the control system are efficiently adjusted
to the specified demagnetization fault10.

Modifications in the feedforward control

By inserting the quantities {~̃ΦM , ~̃e, Q̃,
~̃P} into the minimization problem for the healthy ma-

chine (5.5), the optimal currents can be predicted under consideration of a demagnetization
fault:

minimize K
(
~J
)

= 1− α
2

~JT ~J + α

2

 ~J + L
−1 ~̃ΦM

SSL des

T  ~J + L
−1 ~̃ΦM

SSL des


subject to h1

(
~J
)

= ~1T ~J = 0

h2
(
~J
)

= `π

µ0

~̃P T

des

~J + `π

µ0
Q̃
des

− Tdes = 0 (6.56)

Solving this minimization problem, the resulting combined equation system, which includes
the derivatives of the currents, is structurally equivalent to (5.8), except for the adjusted
quantities {~̃ΦM , ~̃e, Q̃,

~̃P}. Based on this adapted equation system, the desired currents ~Jdes
and their time derivatives ~̇Jdes can be efficiently computed. These quantities are then used
to determine the desired voltages:

~udes(α) = R~ides(α) + Ld
~ides(α)
dt

+ ~̃e(θR,des). (6.57)

To precalculate the field weakening LUT the methodology described in subsection 5.2.2 can
be used.

10The thereby updated quantities are also denoted with a tilde.
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Modifications in the feedback control

The adjusted optimization problem of the feedback control for determining the optimal
distributed voltage corrections under consideration of a demagnetization fault is formulated
as follows:

minimize K(∆~u) = 1
2(∆~u+ ∆~v)T (∆~u+ ∆~v)

subject to h(∆~u) = ~̃P T

des

L−1

SSL
∆~u−∆Ξ̃′ = 0

where ∆~v = L∆ ~J

∆t SSL (6.58)

with solution equal to (5.40), apart from the updated quantities { ~̃P,∆Ξ̃′}.

Evaluation
In the following, the performance of the developed control system is evaluated under the
presence of partial demagnetization. For this purpose, one magnet is assumed to be fully
demagnetized, and the control system is adapted accordingly as described above.

Feedforward control

To evaluate the feedforward control under consideration of demagnetization it is used to
predict the optimal desired currents and voltages at two different operating points.
By observing the field weakening LUT (see Fig. 6.12a), it can be seen that the demag-
netization fault has a low influence on the operating area compared to the other faults,
demonstrating an efficient compensation. Due to the partial demagnetization, the electrical
period becomes identical to the mechanical one. During a complete mechanical rotation,
the torque capability of each coil exhibits a noticeable drop at the angular positions where
the demagnetized magnet passes by (see Fig. 6.12f). At such intervals the desired current of
the affected coil tends to be reduced in order to achieve either maximum torque per ampere
(see Fig. 6.12c) or an optimal field weakening (see Fig. 6.12d). Due to the asymmetrical
flux distribution caused by the partial demagnetization, the cogging torque increases signif-
icantly (see Fig. 6.12e) and must therefore be compensated. As a result, the amplitudes of
the desired currents vary periodically in accordance with the cogging torque.
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Overall control system

The simulation results of the overall control system under dynamic conditions are displayed
in Fig. 6.13. It is assumed that the partial demagnetization occurs at tfault = 2.0s and that
the control system is adapted to the fault after a delay of 40ms (tadapt = 2.04s).
By examining the actual currents shown in Fig. 6.13e, it becomes apparent that there is

no significant change in their waveforms during the interval between fault occurrence and
fault adaptation, tfault < t < tadapt. This behavior is achieved through the cost function K
in the optimization problem (6.58): by largely canceling out voltage deviations ∆~v with
the applied voltage corrections ∆~u, the actual currents tend to follow the desired ones (for
further explanations, see subsection 5.3.3). This effect is also evident in Fig. 6.13g, which
shows these voltage corrections ∆~u of the feedback control. There, the amplitude of one
specific voltage correction increases periodically whenever the demagnetized magnet passes
the corresponding coil, compensating (in part) the reduced back-EMF due to the demag-
netization. This property of the feedback control is also used for the diagnosis of partial
demagnetization, see section 7.2.
After the fault adaptation for t > tadapt, no increase in the voltage corrections is recogniz-
able anymore (see Fig. 6.13g and Fig. 6.13h), since the desired currents are then calculated
optimally for the faulty machine with its demagnetized magnet. Thereby the fault adapted
control achieves an accurate tracking of the desired trajectory without any relevant devia-
tions of the rotor position (see Fig. 6.13c) or any increase in the torque ripple (see Fig. 6.13a).
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 6.12: Partial demagnetization tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Voltage corrections ∆~u at the time period
of fault occurrence.

(h) Voltage corrections ∆~u at a time period af-
ter fault adaptation.

Figure 6.13: Partial demagnetization fault tolerant operation of the overall control sys-
tem.
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6.5 High resistance connections

A high resistance connection in the plant model can be efficiently considered by adjusting
the effective resistance of the affected phase in the equation system of the current dynam-
ics (4.17).

Modifications in the control

To ensure minimal ohmic losses and avoid an overheating of the faulty phase with a high
resistance connection, the affected phase is re-weighted in the optimization problem of the
feedforward control.

Modifications in the feedforward control

The adjusted optimization problem of the feedforward control for determining the desired
currents under consideration of a high resistance connection reads:

minimize K
(
~J
)

= 1
2
~JT (Z− α) ~J + α

2

 ~J + L
−1~ΦM

SSL des

T  ~J + L
−1~ΦM

SSL des


subject to h1

(
~J
)

= ~1T ~J = 0

h2
(
~J
)

= `π

µ0
~P T

des

~J + `π

µ0
Q
des

− Tdes = 0 (6.59)

with Z the re-weighting matrix

Z = diag
(
ζ(1) ζ(2) . . . ζ(c) . . . ζ(ncoil)

)
, (6.60)

ζ(c) =


R(c)+Rhr
R(c) for c = f

1 else
(6.61)

(f) denotes the index of the faulty phase or coil affected by a high-resistance connection, and
Rhr represents the value of the additional fault-induced resistance. The matrix Z increases
the weighting of the affected phase proportionally to the additional resistance, causing the
cost function K to reduce the RMS value of the desired current and thus minimizing the
ohmic losses.
Solving the corresponding minimization problem, the resulting equation system remains
equivalent to the one of the healthy machine (5.8), aside from a modification in matrix M
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to incorporate the re-weighting matrix Z:

Mhr =


Z ~1 `π

µ0
~P
des

~1T 0 0
`π
µ0
~P T

des

0 0

 (6.62)

Based on this adapted equation system, the desired currents ~Jdes and their time derivatives
~̇Jdes can be efficiently computed. These quantities are then used to determine the desired
voltages:

~udes(α) = R′~ides(α) + Ld
~ides(α)
dt

+ ~e(θR,des). (6.63)

where R′ = ZR is the updated resistance matrix based on the specified high resistance
connection. To precalculate the field weakening LUT, the methodology described in sub-
section 5.2.2 can be used.

Modifications in the feedback control

By replacing the resistance matrix R by the updated resistance matrix R′ = ZR in equa-
tion (5.30) for calculating the required correction ∆Ξ′∆θR and (5.32) for calculating ∆Ξ′∆θR ,
the feedback control is adapted to the according high resistance connection.

Evaluation
In the following, the performance of the developed control system is evaluated under the
presence of a high resistance connection in one phase. For this purpose, it is assumed that
the overall resistance of the affected phase increased to four times the value of a healthy
phase (R(f) + Rhr = 0.1Ω + 0.3Ω = 0.4Ω). The control system is adapted accordingly as
described above.

Feedforward control

To evaluate the feedforward control under consideration of a high resistance connection it is
used to predict the optimal desired currents and voltages at two different operating points11.
In Fig. 6.14a it can be seen that the operating area is larger than the one under open phase
fault (see Fig. 6.2a) because of the higher dimension of the search space. This effect is
particularly noticeable in the field weakening region. To ensure minimal copper losses, the
11In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities

`π
µ0
~P , the phase with high resistance connection is represented by the green curve.
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RMS value of the desired current in the affected coil is significantly reduced, as illustrated
in Fig. 6.14c and Fig. 6.14d. As a result of the reweighting strategy, the healthy coils are
required to compensate the reduced torque contribution of the faulty phase. This leads to
slightly increased current amplitudes and more complex waveforms in the healthy coils.

Overall control system

Fig. 6.15 presents the simulation results of the overall control system under dynamic op-
erating conditions11. It is assumed that the high resistance connection fault occurs at
tfault = 2.0 s and that the control system is adapted to the fault after a delay of 40ms
(tadapt = 2.04 s).
The results demonstrate that the control system is capable of efficiently compensating the

fault by decreasing the current of the faulty coil (see Fig. 6.15e and 6.15f). No significant
increase in the torque ripple (Fig. 6.15a) or deviation in the rotor position (Fig. 6.15c) is
observed, indicating a robust and stable system behavior in the presence of a high resistance
connection.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 6.14: High resistance connection tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Desired currents ~ides at the time period of
fault occurrence.

(h) Desired currents ~ides at a time period after
fault adaptation.

Figure 6.15: High resistance connection tolerant operation of the overall control system.
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6.6 Multi-faults
All individual compensation strategies for open phases (section 6.1), phase short circuits
(section 6.2), interturn short circuits (section 6.3), demagnetization faults (section 6.4),
and high resistance connections (section 6.5) can be merged into a unified, generalized
formulation. This enables the simultaneous consideration and compensation of multiple
faults, thereby achieving a comprehensive multi-fault tolerance in the control system.

Modifications in the feedforward control

The general minimization problem of the feedforward control for determining the optimal
currents under arbitrary fault conditions is formulated as follows:

minimize K( ~Jh∗) = 1
2
~JTh∗Zh∗(α) ~Jh∗ + α

2

 ~Jh∗ + L
−1
h∗
~̃ΦM,h∗

SSL des

T  ~Jh∗ + L
−1
h∗
~̃ΦM,h∗

SSL des


subject to h1( ~Jh∗) = ~1T ~Jh∗ + J

(f)
des = 0

h2( ~Jh∗) = `π

µ0

(
~̃P T
h∗

des

~Jh∗ + P̃ (f)

des

J
(f)
des + Q̃

des

)
+ T̃ps

des

(Rps)− Tdes = 0 (6.64)

The following clarifications apply to this generalized formulation:

• All quantities marked with a tilde are calculated using the updated Fourier coefficients
{ã(M)

k , c̃
(M)
k }, which represent the modified magnetization under the consideration of a

demagnetization fault.

• Vectors with the index h∗ include the corresponding quantities of both the completely
healthy coils and those affected solely by a high resistance connection.

• The desired current density J (f)
des for the coil (f) with interturn short circuit is calcu-

lated based on equation (6.42) to extinct the PM flux linkage Φ(f)
M,s of the shorted coil

turns.

• The faulty torque ripple T̃ps caused by a phase short circuit is analytically predicted
based on equation (6.15).

• Matrix Zh∗(α), which is calculated by (6.60), re-weights the phase affected by a high
resistance connection.

In summary, the equality constraint h1 enforces current equilibrium among all healthy coils,
coils solely affected by high resistance connections, and those with interturn short circuits,
in accordance with the assumed star connection. The second constraint h2 ensures that the
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resulting currents generate the desired torque Tdes while compensating the cogging torque
`π
µ0
Q̃, the faulty torque ripple T̃ps, and taking into account the torque contribution of the

coil affected by the interturn short circuit.
By solving the optimization problem (6.64), the resulting equation system - including the

time derivatives of the currents - becomes equivalent to

M̃h∗ 0
˙̃Mh∗ M̃h∗

~xh∗
~̇xh∗

 =

~̃bh∗~̇̃
bh∗

 , (6.65)

with

M̃h∗ =


Zh∗ ~1 `π

µ0
~̃Ph∗

des
~1T 0 0

`π
µ0
~̃P Th∗

des

0 0

 , ~xh∗ =


~Jh∗

λ1

λ2

 , ~̃bh∗ =


−αL

−1
h∗
~̃ΦM,h∗
SSL

des

−J (f)
des

Tdes − T̃ps
des

− `π
µ0

(Q̃
des

+ P̃ (f)

des

J
(f)
des)


(6.66)

and

˙̃Mh∗ =


0 ~0 `π

µ0

~̇̃
Ph∗

des
~0T 0 0

`π
µ0

~̇̃
P Th∗

des

0 0

 , ~̇xh∗ =


~̇Jh∗

λ̇1

λ̇2

 , ~̇̃bh∗ =


−αL

−1
h∗
~̃eh∗

SSL
des

−J̇ (f)
des

− ˙̃Tps
des

− `π
µ0

( ˙̃Q
des

+ P̃ (f)J̇
(f)
des + ˙̃P (f)J

(f)
des)


(6.67)

By this equation system (6.65), the desired currents ~Jdes,h∗ and their time derivatives ~̇Jdes,h∗
can be efficiently computed. These quantities are then used to determine the desired volt-
ages:

~udes,h∗(α) = R′h∗~ides,h∗(α) + Lh∗
d~ides,h∗(α)

dt
+ ~̃eh∗(θR,des)

u
(f)
des = Rgi

(f)
des + Lg

di
(f)
des

dt
+ e(f)

g (θR,des) . (6.68)

To precalculate the field weakening LUT the same methodology as described in subsec-
tion 5.2.2 can be used. However, if a phase short circuit is considered, the adjusted method-
ology described in section 6.2 must be used.
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Modifications in the feedback control

The generalized minimization problem of the feedback control for determining the optimal
distributed voltage under arbitrary fault conditions is formulated as follows:

minimize K(∆~uh∗) = 1
2(∆~uh∗ + ∆~vh∗)T (∆~uh∗ + ∆~vh∗)

subject to h1(∆~uh∗) = ~̃P T
h∗

des

L−1
h∗

SSL
∆~uh∗ + P̃ (f)

des

∆u(f)

LefSSL
−∆Ξ̃′h∗,ps = 0,

h2(∆~uh∗) = ~1T∆~uh∗ + ∆u(f) = 0,

where ∆~vh∗ = Lh∗
∆ ~Jh∗

∆t SSL (6.69)

Again, all vectors denoted with the index h∗ contain both the quantities of the completely
healthy coils and the ones solely affected by a high resistance connection. All quantities
indicated with a tilde are calculated based on the updated Fourier coefficients {ã(M)

k , c̃
(M)
k }.

The required correction ∆Ξ̃′h∗,ps can be determined based on (6.25) under consideration of
the updated resistance matrixR′h∗ to take into account both a phase short circuit and a high
resistance connection. The voltage correction ∆u(f) for the faulty coil (f) with interturn
short circuit is calculated by (6.51).
In summary, equality constraint h1 demands for the voltage corrections ∆~uh∗ the compen-
sation of ∆Ξ̃′h∗,ps, while accounting for the voltage correction of the interturn short circuited
coil (f). Equality constraint h2 enforces an equilibrium of all voltage corrections, which en-
sures an electrical potential of the star point close to zero. By that, an electrical decoupling
of the coils is achieved, minimizing the short circuit current in coil (f).

By solving this generalized minimization problem, the optimal distributed voltage correc-
tions can be obtained by:


I ~1 L−1

h∗
~̃Ph∗

SSL
des

~̃PT
h∗L

−1
h∗

SSL
des

0 0

~1T 0 0




∆~uh∗
λ1

λ2

 =


−Lh∗ ∆ ~Jh∗

∆t SSL

∆Ξ̃′h∗,ps − P̃ (f)

des

∆u(f)

LefSSL

−∆u(f)

 . (6.70)

Thereby, the input voltages for the power electronics are formed as follows:

~uin,h∗ = ~udes,h∗ −∆~uh∗ (6.71)
u

(f)
in = u

(f)
des −∆u(f) (6.72)

This enables the optimal compensation of all considered fault combinations, including open
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phases, phase short circuits, interturn short circuits, demagnetization, and high resistance
connections.

Evaluation

Since the multi-fault tolerant operation of the control system represents the main contribu-
tion of this work, it is investigated more detailed in chapter 8.

6.7 Discussion
In this chapter, fault tolerant control strategies for compensating motor-intrinsic electrical
and magnetic faults were developed and analyzed. For each considered fault type, the
following initial conclusions can be drawn:

Open phase faults: By excluding the affected phase from the optimization problem for
predicting the desired currents, this fault can be efficiently compensated. Since this
control strategy is well established in the literature [35–38], the contribution lies not
in the fault handling itself, but in its integration into the presented control framework.

Phase short circuits: Similar to the compensation of open phase faults, the short-circuited
phase is excluded from the optimization problem. Additionally, the resulting torque
ripple caused by the fault is explicitly incorporated. Again, this strategy is already
established in the literature [35–38]. The contribution of the present approach lies
in the usage of the Maxwell equations, which enables a physically accurate modeling
of the electromagnetic interactions induced by the fault. As a result, a precise and
robust compensation is achieved.

Interturn short circuits: The developed approach is similar to [40, 41] and related works,
where field weakening strategies are employed to effectively reduce the induced voltage
in the short circuited turns. A benefit of this method in general is the significant
reduction of the short circuit current. For the developed approach this is particularly
effective in the field weakening region. In contrast, in the base speed range, the
asymmetry caused by the ‘single-phase field weakening’ leads to more complex current
waveforms. Since the extinction of the PM flux linkage requires high phase currents,
the approach is most suitable for cases with low short circuit impedance, where the
short circuit current would otherwise grow to critical values. For higher impedances,
the resulting fault current may remain within acceptable limits, whereby an active
compensation would be unnecessary.
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Demagnetization: Among the considered (single) fault types, the developed compensa-
tion strategy for demagnetization faults represents the most notable advancement over
the current state of the art due to the scarce number of existing publications consid-
ering this fault [5]. The compensation is efficiently achieved by inserting the updated
Fourier coefficients of the magnetization, based on the spatial course of demagnetiza-
tion, into the optimization problems of both the feedforward and feedback control. As
a result, the method enables the consideration of arbitrary, symmetric and asymmetric
demagnetization profiles.

High resistance connection: By integrating a re-weighting matrix into the cost function
of the feedforward control, the copper losses are efficiently minimized in the presence
of a high resistance connection. While more detailed approaches exist in the literature,
such as [9], the contribution lies again in the integration of the fault handling into the
presented control framework.

For the field weakening strategy, it is necessary to precalculate a corresponding LUT for
each specific fault case. For this purpose, a neural network could be trained on a sufficiently
large dataset that covers a wide range of fault scenarios. In the event of a fault, the trained
network could then be used to generate the appropriate LUT based on the detected fault,
enabling real-time adaptation of the field weakening strategy.
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7 Fault adaptation and diagnosis

While in chapter 6 it was assumed that all required fault parameters for the adaptation are
known, this information needs to be estimated by an appropriate algorithm in practice. In
the following methodologies for the adaptation of the control to phase short circuits and the
diagnosis of partial demagnetization are presented.

Basics

Introduction
(Chapter 1)

Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)

Development

Multi-fault tolerance
(Chapter 8)

Analysis & 
discussion

Adaptation
(Chapter 7.1)

- Overview & approach
- Maxwell equations
- Important quantities

Subdomain Model
(Appendix A & B)
- Detailed derivation 
- Maxwell equations
- Linear equation system
- Stator flux barriers

Fault management
(Chapter 6)

- Feedforward control
- Optimal currents
- Field weakening
- Feedback control

- Open phases
- Phase short circuits
- Interturn short circuits
- Demagnetization
- High resistance con.
- Multi-faults

- Phase short circuits
- Short circuit resistance
- Parameter estimation

Diagnosis
(Chapter 7.2)

- Partial demagnetization 
- Curve fitting
- Fault detection
- Fault identification
- Fault adaption
- Parameter estimation

- Features
- Main idea
- Original contribution
- Delimitation

Fault tolerance
(Chapter 2)

Conclusion
(Chapter 9)

- Main contribution
- Multi-fault scenarios
- Discussion

- Literature review 
- Common faults
- Hardware aspects
- Control techniques

Figure 7.1: Structural overview of the work, with the sections of this chapter 7 highlighted.

7.1 Adaptation to phase short circuits
(The following section is based on [72].)
Since the only unknown in (6.15) for predicting the faulty torque ripple Tps is the short

circuit resistance Rps, which in turn has a significant influence on Tps, an algorithm is
developed to iteratively adapt this parameter. This is achieved by extracting a characteristic
harmonic of the measured torque with a Fast Fourier Transform (FFT) in steady state
operation.

7.1.1 Methodology

As described in section 6.2, the dominant torque harmonic Tps,v caused by the faulty coil
equals v = 2p. Accordingly, the first step is to monitor this characteristic harmonic using a
FFT of the measured torque during steady state conditions. This allows extraction of the
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amplitude T̂ ∗ (i)
ps,2p and phase angle ψ∗ (i)

ps,2p of the 2p-th harmonic:

T̂
∗ (i)
ps,2p cos

(
2pθR + ψ

∗ (i)
ps,2p

)
:= T

∗ (i)
ps,2p(θR) , (7.1)

resulting in a harmonic model T ∗ (i)
ps,2p(θR) of the faulty torque ripple. Thereby T̂ ∗ (i)

ps,2p and ψ
(i)
ps,2p

are updated successively for each iteration (i). Starting the first iteration (i = 0) at the time
shortly after fault occurrence (before any compensation), T ∗ (i=0)

ps,2p (θR) is directly correlated
with the real faulty torque ripple T ps,2p(θR). However, if the torque ripple is (partially)
compensated, the measured T ∗ (i)

ps,2p(θR) is a superposition of the real value T ps,2p(θR) and the
compensated value Tps,2p(θR, R(i)

ps ) based on its estimation

T
∗ (i)
ps,2p(θR) = T ps,2p(θR)− Tps,2p(θR, R(i)

ps ) = ∆T (i)
ps,2p . (7.2)

Since an error in the estimated short circuit resistance ∆Rps causes directly an erroneous
compensation and thereby a remaining (measured) torque ripple ∆Tps,2p, they are approxi-
mately proportional to each other1

∆T (i)
ps,2p ≈

(
∂ξ2p(R(i)

ps )
∂Rps

sin(2pθR) +
∂ρ2p(R(i)

ps )
∂Rps

cos(2pθR)
)

︸ ︷︷ ︸
∂Tps,2p(R(i)

ps )
∂Rps

∆Rps . (7.3)

where coefficients {ξ2p, ρ2p} and thereby Tps,2p is linearized at the actual estimate R(i)
ps . This

requires effectively a derivation of coefficients (6.12) with respect to the resistance Rps.
By demanding an asymptotically stable convergence of ∆Rps

d

dt
∆Rps = −1

τ
∆Rps ≈ −

1
∂Tps,2p(R(i)

ps )
∂Rps

1
τ

∆T (i)
ps,2p (7.4)

the following time discrete dynamic is obtained

(R(i+1)
ps −Rps)− (R(i)

ps −Rps)
∆t ≈ − 1

∂Tps,2p(R(i)
ps )

∂Rps

1
τ

∆T (i)
ps,2p . (7.5)

1From here on, all torque-related variables will be evaluated for actual rotor angle θR. For this reason the argu-
ment θR will be omitted.
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The time constant τ indicates the speed of convergence and Rps denotes the true value of
the short circuit resistance. Thereby a new estimation for the short circuit resistance

R(i+1)
ps = R(i)

ps +


− 1

∂Tps,2p(R(i)
ps )

∂Rps

∆t
τ

∆T (i)
ps,2p if

∣∣∣∣∂Tps,2p(R(i)
ps )

∂Rps

∣∣∣∣ > 0

0 if
∣∣∣∣∂Tps,2p(R(i)

ps )
∂Rps

∣∣∣∣ = 0
(7.6)

can be found. This new estimation is incorporated into the feedforward and feedback control
(see Fig. 7.2), improving the compensation and thus leading to ∆Tps,2p → 0.

Desired
Trajectory

Feedforward
Control

Feedback
Control Inverter PMSM

(Plant)

FFTResistance
correction

Fault adaptation

Figure 7.2: Structure of the control, with the adaptation algorithm highlighted [72].

For the field weakening, a dynamic interpolation of the field weakening LUTs for each
estimate R(i+1)

ps would be required (e.g. by a neuronal network). Since this dynamic interpo-
lation is not part of this work, field weakening is not considered in the following evaluation.

7.1.2 Evaluation
In the following, the performance of the developed control system in combination with the
introduced adaptation algorithm (see Fig. 7.2) is evaluated under the presence of a phase
short circuit. It is assumed that the control system is in a steady state with a (constant)
desired rotational speed of ndes = 1000 1

min , a (constant) load torque of Tm = 40Nm and the
phase short circuit is appearing at tfault = 1.0s. The real value of the short circuit resistance
is set to Rps = 0.4Ω and the initial estimate to R(i=0)

ps = 5Ω.
The simulation results of the overall control system are displayed in Fig 7.32. After

fault occurrence, the control system is successively adapting the short circuit resistance (see
Fig. 7.3b), improving the prediction (see Fig. 7.3g and 7.3h) and thus the compensation

2In the plots of this section showing the actual currents~imes, the phase short circuited phase is represented by the
green curve.
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(Fig. 7.3a) of the faulty torque ripple Tps. Since the torque ripple (see Fig. 7.3a) after the
adaption is clearly reduced, the fault adaptation is demonstrated. By examining Fig. 7.3b,
it is noticeable that there is still a difference between the estimated short circuit resistance
and the real one after convergence, while the real and estimated faulty torque ripple shown
in Fig. 7.3h is nearly the same. Since the estimated PM flux linkage is assumed to be higher
than the real one (see Tab. 5.3), the estimated faulty torque ripple would be higher as well
compared to the real one at the same short circuit resistance. However, this parameter
discrepancy is compensated by the iterative adaptation algorithm based on the remaining
faulty torque ripple ∆Tps,2p with a higher (estimated) short circuit resistance.
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(a) Actual and desired torque. (b) Estimated and real short circuit resis-
tance.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
convergence.

(g) Estimated and real faulty torque ripple at
the time period of fault occurrence.

(h) Estimated and real faulty torque ripple at
a time period after convergence.

Figure 7.3: Phase short circuit fault tolerant operation of the overall control system in-
cluding the algorithm for adapting the short circuit resistance.
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7.2 Diagnosis of partial demagnetization
(The following section is based on [69].)
As described in subsection 5.3.3, the refined feedback control reduces the electrical imbal-

ance of the polyphase system caused by a partial demagnetization applying asymmetrical
distributed voltage corrections – without requiring fault-specific modifications of the con-
trol scheme (see also Fig. 6.13g). However, since the feedback can never fully compensate
this phenom by itself, fault adaptation of the overall control system is desirable. Using the
Fourier series of the magnetization (6.53) with the updated Fourier coefficients {ã(M)

k , c̃
(M)
k },

the specified partial demagnetization is considered in the relevant quantities for the control
system {~̃ΦM , ~̃e, Q̃,

~̃P} (see section 6.4). In practice, these Fourier coefficients {ã(M)
k , c̃

(M)
k }

are unknown at time of fault occurrence. The aim of the developed diagnosis system is
to first estimate the demagnetization amplitude and position and then determine the cor-
responding change in the Fourier coefficients of the magnetization. The main idea is to
quantify the asymmetry in the voltage correction ∆~u of the feedback control, since it com-
bines the information of the deviations in the current densities ∆ ~J , rotor position ∆θR and
rotational speed ∆ωR with the relevant geometric information. An efficient way to display
this information at discrete time step n is the complex plane:

∆u(n) =
ncoil∑
c=1

∆u(c)(n)ejϕ
(c)
coil (7.7)

with ϕ(c)
coil denoting the position of coil (c) as shown in Fig. 7.5a. In Fig. 7.4 it can be seen

that symmetrically distributed sine waves along the coils with the same amplitude create a
circle in the complex plane. When one sine wave has a higher amplitude than the others,

Figure 7.4: Visualization of symmetrical and asymmetrical distributed voltages. The sym-
metrical case, which is circular in the complex plane, is based on the sine
waves with equal amplitudes, and a phase shift of 2π

5 relative to one another.
The asymmetrical case is based on the same sine waves, but with one wave
having a doubled amplitude; thus it is elliptical in the complex plane [69].
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the distribution becomes asymmetrical, creating an ellipse.
To quantify this asymmetry, the first step is to divide the electrical machine into coil

zones (see Fig. 7.5a; the coil zones are separated by red lines). For the case that the
faulty magnet is identical to the reference magnet3, Fig. 7.5a shows how coil zones are
translated into coil periods τ (c)

demag by the movement of the faulty magnet: the coil period
τ

(c)
demag starts when the reference magnet reaches τ (c)

start and ends when τ
(c)
end is reached. All

voltage corrections ∆u(n) sampled during this period τ (c)
demag can be displayed in the complex

plane and approximately form an ellipse which is oriented in the direction ϕ(c)
coil of coil (c).

Fig. 7.6a shows this schematically for coil period τ
(1)
demag. If the demagnetized magnet is

different to the reference magnet, the resulting ellipse tends to be twisted according to their
angular distance, see Fig. 7.5b and Fig. 7.6b.
For an explicit quantification of the ellipticity of the voltage correction in the complex

plane, FFT methods may be used. However, analyzing characteristic harmonics of the
voltage correction can be subject to increased errors, because transients, high level of noise
or other non-ideal effects may shift the spectrum. This is particularly relevant as the voltage
correction of the feedback inherently includes the measurement noise of the currents, rotor
angle and rotational speed, which is also amplified by the control. For this reason an
alternative robust method based on curve fitting is developed, which is described in the
next subsections.

3The reference magnet is the magnet used to define the rotor angle θR.
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(a) In this case the demagnetized magnet
is the reference magnet – within one coil
period τ

(c)
demag the faulty magnet moves

along the corresponding coil, which re-
sults in an orientation of the ellipse in
direction of that coil (c).

(b) In this case the demagnetized mag-
net is the fifth magnet counterclockwise
from the reference magnet – within one
coil period τ (c)

demag the faulty magnet ac-
tually moves along τ̃ (c)

demag, which results
in an orientation of the ellipse in the di-
rection of the coils passed by the faulty
magnet.

Figure 7.5: Exemplary electrical machines with 5 phases. The coil zones are separated by
red lines, the demagnetized magnet is yellow [69].

(a) The demagnetized magnet is the first
(reference) magnet (see Fig. 7.5a).

(b) The demagnetized magnet is the fifth magnet
counterclockwise from the reference magnet
(see Fig. 7.5b).

Figure 7.6: Ellipse parameters for the case of coil period τ (1)
demag (green marked) [69].
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7.2.1 Fitting of ellipses

Since the voltage correction ∆~u along one coil period is not fully elliptical (or circular) in
reality, an ellipse can be fitted. The method used in this work was derived by Fitzgibbon
et. al. [75], a reference publication for direct least square fitting of an ellipse to nmes two-
dimensional data points. Using the conic equation

F (~a, ~x) = ~aT~x = ax2 + bxy + cy2 + dx+ ey + f = 0

with ~aT = (a b c d e f) and ~xT = (x2 xy y2 x y 1) an efficient minimization problem can
be defined:

minimize K(~a) =
nmes∑
n=1

F (~a, ~x(n))2

subject to h(~a) = ~aTC~a− 1 = 0

where C =



0 0 2 0 0 0
0 −1 0 0 0 0
2 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(7.8)

The quadratic equality constraint h allows a non iterative algebraic solution, avoids the
trivial solution ~aopt = ~06 and enforces an ellipse to be fitted to the data points ~x. Solv-
ing (7.8) yields the optimal (non-trivial) parameters ~aopt of the conic equation. Thereby
{Pmaj1, Pmaj2}, {Pmin1, Pmin2} and P 0 can be extracted, defining the ending points of the
major and minor axes as well as the center point of the fitted ellipse in the complex plane,
as sketched in Fig. 7.6a and Fig. 7.6b.

Now it is necessary to decide which of the two points {Pmaj1, Pmaj2} provides the infor-
mation about the position of the faulty magnet. For this purpose, the complex correction
emphasis Ks is calculated, which is based on the RMS of each coil along one coil period:

Ks =
ncoil∑
c=1

√√√√ 1
nmes

nmes∑
n=1

(∆u(c)(n))2
ejϕ

(c)
coil + P 0 . (7.9)

where nmes is the number of stored voltage corrections within one coil period τ
(c)
demag. Ks

approximately points either in direction of Pmaj1 or Pmaj2, whereby the ellipse orientation
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point P Γ can be defined:

P Γ =

Pmaj1 if Γ > 0

Pmaj2 if Γ < 0
(7.10)

with

Γ =
Re(Ks − P 0)
Im(Ks − P 0)

 ·
Re(Pmaj1 − P 0)
Im(Pmaj1 − P 0)

 . (7.11)

The orientation angle γ at actual coil period τ (c)
demag can then be determined by

γ = arg(P Γ − P 0)− arg(P (c)
coil − P 0)

= arg(P Γ − P 0)− ϕ(c)
coil (7.12)

and the ellipticity ε by

ε =
|Pmaj1 − P 0|+ |Pmaj2 − P 0|
|Pmin1 − P 0|+ |Pmin2 − P 0|

. (7.13)

7.2.2 Detection
To detect a partial demagnetization the ellipticity ε of the voltage correction is analyzed
consecutively. In the healthy (balanced) case values of ε close to 1 are to be expected. In
the event of a demagnetization fault, the value of ε will increase markedly. The detection of
partial demagnetization is contingent upon the definition of a specific threshold value εthres..
To achieve an improved robustness ε is smoothed by a moving average. Once this threshold
is exceeded, partial demagnetization is detected. Thereby it should be noted that additional
effects may contribute to an electrical imbalance of the PMSM, which could then result in
the erroneous triggering of the demagnetization fault handle.
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7.2.3 Identification
To identify the specific demagnetized magnet the following algorithm is used:

1. Determine and store the orientation angle γ of the ellipse based on the voltage cor-
rection ∆~u for multiple coil periods τ (c)

demag with c ∈ {1, 2, ..., ncoil}.

2. Calculate the arithmetic average γmean over all stored orientation angles γ (for im-
proved robustness).

3. Determine the index of the demagnetized magnet by: idemag = nint
(

γmean
2π/nmagnet + 1

)
,

where nint(x) is the nearest integer function.

4. Take now the identified demagnetized magnet idemag as reference magnet for the defi-
nition of the rotor angle θR.

If the demagnetized magnet is the reference as shown in Fig. 7.5a, the orientation of the
ellipse always tends to show in coil direction, γmean

2π/nmagnet + 1 ≈ 1 (see Fig. 7.6a). If the
demagnetized magnet is not the reference, the orientation is twisted according to the angle
between the reference and the demagnetized magnet. As shown in Fig. 7.5b, the fifth magnet
counterclockwise from the reference magnet is demagnetized and thereby γmean

2π/nmagnet + 1 ≈ 5
(see Fig. 7.6b).

Figure 7.7: Actual (idealized) trajectory of the voltage correction in the complex plane for
one full mechanical period, where the demagnetized magnet is (a) the reference
magnet and (b) the fifth magnet counterclockwise from the reference. In both
cases the trajectory of coil period τ

(1)
demag is compared to the ellipse with

the least square algebraic distance [69].

As it can be seen in Fig. 7.7, the deviation of the voltage correction along each coil period
to an ideal ellipse is depending on the actual demagnetized magnet relative to the reference.
In Fig. 7.7a, where the demagnetized magnet is the reference magnet, the curve of the
voltage correction is close to an ellipse. Thereby the orientation angle γ can be determined
most accurately. In Fig. 7.7b, where the demagnetized magnet is the fifth magnet, there is a
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clear deviation to an ellipse as it is a continuous overlay of two coil periods. This shows that
the closer the demagnetized magnet is to the reference, the more elliptical is the correction
and thereby the smaller the error in the orientation angle. Identifying the demagnetized
magnet over multiple iterations, with the method described above, the robustness can be
further improved.

7.2.4 Adaptation
After the demagnetized magnet has been identified, the demagnetization amplitude M̂demag

needs to be adapted. Assuming that the difference between this estimated demagnetization
amplitude M̂demag and the actual demagnetization amplitude M̂demag, i.e. the estimation
error ∆M̂demag, is proportional to the term (ε− 1)

(M̂demag − M̂demag) = ∆M̂demag ≈ κ(ε− 1) (7.14)

and demanding an asymptotically stable convergence in ∆M̂demag of the form

d

dt
∆M̂demag = −1

τ
∆M̂demag ≈ −

κ

τ
(ε− 1) , (7.15)

the following time discrete dynamic for τ > 0 can be derived

(M̂ (i+1)
demag − M̂demag)− (M̂ (i)

demag − M̂demag)
t(i+1) − t(i)

≈ −κ
τ

(ε− 1) . (7.16)

By rearranging this equation, a new estimated demagnetization amplitude M̂ (i+1)
demag is ob-

tained after completion of coil period i+ 1 and starting with M̂ (i=0)
demag = 0 A

m for i = 0:

M̂
(i+1)
demag = M̂

(i)
demag −

κ∆t
τ

(ε− 1) . (7.17)

By the factor κ∆t
τ

the speed of convergence is set. The sign of κ is depending on the sign of
the demagnetized magnet. If it is declared as a magnet with magnetization in the positive
direction, then κ is positive, otherwise κ is negative. After each correction period, the
effective magnetization (6.53) is updated based on new Fourier coefficients {ã(M)

k , c̃
(M)
k } and

then incorporated in the feedforward and feedback control (see also Fig. 7.8). By successive
adapting the demagnetization amplitude M̂demag to the real value M̂demag, the asymmetry
in the voltage correction is reduced and becomes again more circular in the complex plane.
Thereby ε tends to values close to one and convergence would be reached. However, in reality
not only the partial demagnetization but also other effects will have influence on ε, whereby
the adaptation of the demagnetization amplitude M̂demag could diverge. Nevertheless this
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can be simply avoided by an adjustment of the correction:

M̂
(i+1)
demag = M̂

(i)
demag −

κ∆t
τ

(ε− 1) cos(2γ) . (7.18)

Since in the close-circular case after the adaptation the orientation angle γ will tend to have
randomly distributed values (a circle does not have an orientation), the sign of the correction
will change randomly as well due to the added factor cos(2γ) in (7.18). Thereby the small
remaining corrections will cancel out each other over multiple periods and an asymptotic
convergence is ensured.

Desired
Trajectory

Feedforward
Control

Feedback
Control

Inverter PMSM
(Plant)

Detection

Ellipse
Fitting

Adap-
tation

Fourier
Series

Identification

Diagnosis System

Figure 7.8: Structure of the control, with the diagnosis system highlighted [69].

For the field weakening, a dynamic interpolation of the field weakening LUTs for each
estimate M̂ (i+1)

demag would be required (e.g. by a neuronal network). Since this dynamic inter-
polation is not part of this work, field weakening is not considered the following evaluation.

7.2.5 Evaluation
In the following, the performance of the diagnosis in combination with the control system
(see Fig. 7.8) is analyzed. For this purpose, a full demagnetization of the 7-th magnet (seen
from the reference magnet) is assumed at tfault = 3.0s.
The simulation results are presented in Fig. 7.9. Due to the partial demagnetization the

complex voltage corrections become elliptical (see Fig. 7.9g), which manifests in an increase
of the smoothed ellipticity ε̃ over time after fault occurrence (see Fig. 7.9d). It can be seen
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that ε̃ quickly exceeds the threshold value εthres. = 1.25, whereby the partial demagnetization
fault is detected.
At this time the identification process starts, see Fig. 7.9e. Here, the orientation angle γ

for 11 coil periods is shown as well as the value γmean obtained by averaging over these 11
periods. The average orientation angle is compared to the angles of the magnets, relative to
the reference magnet. It is obvious that the determined γmean matches most with the 7-th
magnet (ϕ(7)

magnet) – the demagnetized magnet could be identified correctly.
After the identification of the demagnetized magnet it is set to be the reference magnet.

Now, the adaptation phase starts (Fig. 7.9f). It can be observed that the demagnetization
amplitude M̂demag successively adapts to the actual, real amplitude M̂demag. However, after
converging, there is still a small difference between M̂demag and M̂demag. This phenomenon
occurs when the voltage correction reaches a state of near-circularity in the complex plane,
at which point the remaining discrepancies are rectified by the control (see also Fig. 7.9h).
In Fig. 7.9a the actual torque produced by the PMSM is drawn and compared to the

desired torque. It can be seen that the torque oscillation increases at fault occurrence
(t = 3s). Nevertheless, after the adaptation of the demagnetization amplitude for t > 5.0s
is converged, the oscillation is decreased again to values close to prefault conditions.
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(a) Actual and desired torque. (b) Actual and desired rotational speed.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Detection of partial demagnetization.

(e) Identification of partial demagnetization. (f) Adaptation of partial demagnetization.

(g) Complex voltage corrections of coil period
τ

(1)
demag after fault occurrence (t ≈ 3s).

(h) Complex voltage corrections of coil period
τ

(1)
demag after convergence (t ≈ 6s).

Figure 7.9: Diagnosis of partial demagnetization in the overall control system.
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7.3 Discussion
In this chapter, a method for the adaptation to phase short circuits and an algorithm for the
diagnosis of partial demagnetization were developed and analyzed. Therefor, the following
conclusions can be drawn:

Adaptation to phase short circuits: The approach is based on the monitoring of a char-
acteristic harmonic in the torque caused by the phase short circuit, which enables an
iterative refinement of the estimated short circuit resistance. While the method shares
some conceptual similarities with [39], its primary advantage lies in the efficient inte-
gration into the overall control framework and the explicit use of the derived physical
equations describing the fault mechanism. This ensures an effective adaptation of the
established control to the fault.

Diagnosis of partial demagnetization: A review of existing literature [2, 76–83] shows
that signal analysis for partial demagnetization is typically performed using FFT or
wavelet-based techniques. In contrast, the method proposed here monitors the voltage
correction of the feedback control in the complex plane. By fitting an ellipse into this
voltage trajectory, a qualitative characteristic in the signal is quantified by the ellip-
ticity ε and orientation angle γ. This approach is inherently robust to high noise and
transients due to the filtering effect of curve fitting. In combination with the developed
multi-fault tolerant control system, the method enables reliable detection, identifica-
tion, and compensation of partial demagnetization under transient conditions.

To harness the benefits of the developed multi-fault tolerant control system in practical
applications, it is essential to establish a comprehensive diagnostic system. This system
must not only be able to detect single faults but also reliably identify combinations of
faults and estimate the relevant physical fault parameters with sufficient accuracy. The
methods presented in this chapter may be regarded as some foundational components of a
comprehensive multi-fault diagnosis system capable of detecting, identifying, and adapting
all relevant fault scenarios. The development of such a system remains an important subject
for future research [2].
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8 Analysis of the multi-fault
tolerant control

In this chapter, the multi-fault tolerant operation of the proposed control system is analyzed.
By efficiently accounting for all relevant combinations of the previously discussed fault types
(see chapter 6), this chapter represents the main original contribution of the present work.
To illustrate the capabilities of the system, three exemplary scenarios are examined in which
multiple faults occur simultaneously.
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Introduction
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Control technqiue
(Chapter 3)

Approach

Subdomain Model
(Chapter 4)

Modeling

Optimal control
(Chapter 5)

Development

Multi-fault tolerance
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(Chapter 7.1)
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Conclusion
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Figure 8.1: Structural overview of the work, with this chapter 8 highlighted.

8.1 Open phase and demagnetization
A realistic multi-fault scenario could be the following one: due to a short circuit in one phase
or coil the corresponding fuse has been triggered, resulting in an open phase condition. There
is always a small latency between the occurrence of a short circuit and the triggering of the
fuse. In this time high currents may occur. This can cause demagnetization of the magnet
which is near the short circuited coil because the magnetic field is strongest there. In the
following analysis, it is assumed that the affected magnet is fully demagnetized.
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Feedforward control
To evaluate the performance of the feedforward control compensating simultaneously an
open phase and a partial demagnetization fault, it is used to predict the optimal desired
currents and voltages at two different operating points1. In both operating points the
desired currents exhibit a relatively complex waveform (Fig. 8.2c and Fig. 8.2d). On the
one hand this results from the uneven spatial distribution of the remaining healthy coils,
and on the other hand from the partial demagnetization, which causes a drastically increase
in the cogging torque (Fig. 8.2e) and noticeable drops in the torque capabilities at the
angular positions where the affected magnet passes by (Fig. 8.2f). By comparing the field
weakening LUT in Fig. 8.2a, with the one considering solely an open phase in Fig. 6.2a, it
can be seen that the resulting operating area is only marginal smaller, demonstrating an
efficient compensation of the additional partial demagnetization fault.

Overall control system
The simulation results of the overall control system under dynamic conditions are displayed
in Fig. 8.31. It is assumed that the open phase fault and the partial demagnetization occur
simultaneously at tfault = 2.0s and that the control system is adapted to the fault after
a delay of 10ms (tadapt = 2.01s). Since the control is no longer able to follow the desired
trajectory shown in Fig. 5.10 due to the decreased operating area (see Fig. 8.2a), the desired
rotational speed is scaled down by a factor of 0.9.
By observing the actual torque during simulation (see Fig. 8.3a), it can be seen that there
are some high peaks in the torque ripple at t = tfault. Similar peaks are also visible in
the deviation of the rotor angle, see Fig 8.3c. These are in both cases a consequence of
the simulated delayed fault adaptation. At t = tadapt, larger deviations between the actual
currents, shown in Fig. 8.3e, and the desired ones, shown in Fig. 8.3g, can be observed. This
is a result of the feedback control re-stabilizing the machine. Following this transient phase,
the control system operates close to pre-fault conditions, demonstrating full compensation
of the open phase and partial demagnetization.

1In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities
`π
µ0
~P , the open phase is represented by the green curve.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 8.2: Open phase and demagnetization fault tolerant operation of the feedforward
control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Actual currents ~ides at the time period of
fault occurrence.

(h) Actual currents ~ides at a time period after
fault adaptation.

Figure 8.3: Open phase and demagnetization fault tolerant operation of the overall
control system.
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8.2 Interturn short circuit, high resistance
connection and demagnetization

The second scenario considers the simultaneous occurrence of an interturn short circuit in
one phase, a high resistance connection in another phase, and a partial demagnetization.
Although such a fault combination is unlikely in practice, the objective is to evaluate the
robustness of the control system under these challenging fault conditions. Thereby the
parameters for the interturn short circuit correspond to those listed in Tab. 6.2. Due to
the increased current demand required for extinguishing the PM flux linkage, the maximum
permitted RMS of each phase current used for calculating the field weakening LUT is raised
to 120A (instead of 60A). For the partial demagnetization, it is assumed again that one
magnet has been completely demagnetized and for the high resistance connection that the
effective resistance of one phase increased to four times the value of a healthy phase.

Feedforward control

To evaluate the performance of the feedforward control in the described multi-fault scenario,
it is used to predict the optimal desired currents and voltages at two different operating
points2.
Fig. 8.4a shows the resulting field weakening LUT. Compared to the one considering

solely an interturn short circuit (Fig. 6.9a), it is noticeable that the operating area is only
marginally smaller. However, the required values of the field weakening coefficient α to
reach an operating point in the field weakening area are clearly increased in the multi-fault
scenario. Since the current limit is still taken into account, these higher α values do not
negatively affect the operation. Fig. 8.4c illustrates the desired currents at an operating
point where no field weakening is necessary. It can be observed that the desired current of
the faulty coil affected by the interturn short circuit is the highest, due to the large current
required to extinct the PM flux linkage. Between rotor positions 144◦ < θR < 216◦, the
demagnetized magnet passes the coil with interturn short circuit, which accordingly leads
to a temporarily reduction in the desired current. The current waveforms of the other coils
are complex, caused by the asymmetrical phase shift of the extinction current in the faulty
phase (see also section 6.3). This asymmetry also results in a highly complex trajectory of
the desired voltages, as shown in Fig 8.4b. When field weakening is required (Fig. 8.4d), the
asymmetry, and thus the complexity of the current waveforms is reduced. In both operating
points, the current amplitude of the coil with the high resistance connection is reduced to

2In the plots of this section showing the desired currents ~ides, the actual currents ~imes or the torque capabilities
`π
µ0
~P , the phase with interturn short circuit is represented by the green curve and the phase with high resistance

connection by the orange curve.
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minimize the copper losses.

Overall control system
The simulation results of the overall control system under dynamic operating conditions
are shown in Fig. 8.52. Thereby it is assumed that all three faults (interturn short circuit,
high resistance connection and partial demagnetization) occur at tfault = 2.0s and that the
control system is adapted to the fault after a delay of 40ms (tadapt = 2.04s).
The curve of the short circuit current is at the time of fault occurrence is depicted in

Fig. 8.5g. There, a strong increase in the amplitude can be seen for 2.0s < t < 2.04s,
which results in an increased torque ripple (Fig. 8.5a). This is the time period where the
control system is not yet adapted to the fault. After the fault adaptation of the control
at t ≈ 2.04s the short-circuit current is rapidly reduced from about 400A to 50A, leading
to a mitigation of the torque ripple. Nevertheless, compared to the pre-fault conditions,
an increased level of torque ripple remains present. This is a result of the highly complex
current waveforms required for this multi-fault compensation, which cause larger deviations
between the actual and the desired currents. By comparing the actual torque with the curve
of the field weakening coefficient α, it strikes out that this increased torque ripple mainly
occurs at the time intervals where no field weakening is required. This is a result of the
more complex current waveforms in the base speed range (as described above).
Overall, it can be shown that the developed control system is still full operational (in-

cluding the field weakening strategy) even in the event of three simultaneously occurring
faults.
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(a) Field weakening LUT. (b) Desired voltages in the complex plane.

(c) Desired currents ~ides at operating point 1. (d) Desired currents ~ides at operating point 2.

(e) Predicted cogging torque. (f) Predicted torque capabilities `π
µ0
~P .

Figure 8.4: Interturn short circuit, high resistance connection and demagnetiza-
tion fault tolerant operation of the feedforward control.
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(a) Actual and desired torque. (b) Field weakening coefficient.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
fault adaptation.

(g) Short circuit current at the time period of
fault occurrence.

(h) Short circuit current at a time period after
fault adaptation.

Figure 8.5: Interturn short circuit, high resistance connection and demagnetiza-
tion fault tolerant operation of the overall control system.
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8.3 Adaptation of phase short circuit and
demagnetization

In the third scenario, the performance of the developed control system in combination with
the introduced adaptation algorithm (see section 7.1) is evaluated under the presence of a
phase short circuit and a partial demagnetization. It is assumed that the control system is
in a steady state with a (constant) desired rotational speed of ndes = 1000 1

min , a (constant)
load torque of Tm = 40Nm and the phase short circuit as well as the partial demagnetization
appearing simultaneously at tfault = 1.0s. The real value of the short circuit resistance is
set to Rps = 0.4Ω and the initial estimate to R(i=0)

ps = 5Ω. For the partial demagnetization
it is assumed that one magnet is fully demagnetized, that it is diagnosed when the fault
occurs and that the Fourier coefficients of the magnetization are adapted accordingly.
The simulation results of the overall control system are displayed in Fig 8.63. By observing

the real short circuit torque (see Fig. 8.6g and 8.6h), it can be seen that there are periodic
drops in the ripple. This is caused by the demagnetized magnet each time it passes the
faulty coil with phase short circuit. While this drop does influence the spectrum of the
torque ripple, the harmonic v = 2p still remains dominant (see Fig. 6.5). Thereby, the
estimated short circuit resistance still successively adapts after fault occurrence its real value
(see Fig. 8.6b), improving the prediction (Fig. 8.6g) and thus the compensation (Fig. 8.6a)
of the faulty torque ripple Tps. Since the demagnetization is considered in the feedforward
control by the adapted Fourier coefficients, the estimated waveform of the faulty torque
ripple is predicted accurately after the adaptation is converged (Fig. 8.6h). The slight
increased ripple in the actual torque after convergence compared to the prefault conditions
is again a result of the more complex current waveforms required under the multi-fault
scenario (Fig. 8.6f), which result in higher deviations of the actual currents to the desired
ones. Furthermore, demagnetization is not explicitly accounted for in the algorithm used to
adapt the short circuit resistance (see section 7.1), which results in a slightly less optimal
convergence of the estimated short circuit resistance compared to the scenario shown in
Fig. 7.3, involving only a phase short circuit4.

3In the plots of this section showing the actual currents~imes, the phase short circuited phase is represented by the
green curve.

4Since the estimated PM flux linkage is assumed to be higher than the real one (see Tab. 5.3), the estimated faulty
torque ripple would be higher as well compared to the real one at the same short circuit resistance. For this
reason, the optimal estimated short circuit resistance is slightly larger than the real one, as evident in Fig. 7.3b.
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(a) Actual and desired torque. (b) Estimated and real short circuit resis-
tance.

(c) Deviation of the rotor angle (∆θel = p∆θR). (d) Actual and desired rotational speed.

(e) Actual currents ~imes at the time period of
fault occurrence.

(f) Actual currents ~imes at a time period after
convergence.

(g) Estimated and real faulty torque ripple at
the time period of fault occurrence.

(h) Estimated and real faulty torque ripple at
a time period after convergence.

Figure 8.6: Phase short circuit and demagnetization fault tolerant operation of the
overall control system, including the algorithm for adapting the short circuit
resistance.
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8.4 Concluding discussion

In this work it was demonstrated that the developed control system is capable of handling
complex fault scenarios involving both single faults (chapter 6) and multiple simultaneous
faults (chapter 8). Through selected, representative simulations, it was shown that the
control strategy maintains stable operation and successfully compensates open phase faults,
phase short circuits, interturn short circuits, demagnetization faults, and high resistance
connections by leveraging the fault-handling strategies developed in chapter 6. Furthermore,
the field weakening strategy was shown to remain fully functional under consideration of
the electrical limitations.

Despite its strengths, some challenges and limitations exist in the practical application
of the proposed control system. The accuracy of the control relies on the knowledge of
the relevant physical fault parameters. This can be challenging in practice, particularly
for faults like interturn short circuits as well as combinations of simultaneous faults, where
the fault parameter estimation is inherently difficult. To address this, a suitable diagnostic
system would be required, which may not yet be available and would therefore need to be
developed as part of future work.
Although the mathematical formulation is computationally efficient due to the ability to
precalculate and store constant components of the relevant equations, the overall compu-
tational effort remains higher than that of conventional control methods. This increased
complexity may lead to higher demands on the processing hardware, which must be taken
into account for real-time applications. However, a major advantage is the formulation of
the Subdomain Model equations using Fourier series. This allows the number of considered
Fourier coefficients to be increased or decreased as needed, making it possible to optimally
adjust the computational effort to the processing capabilities of the target hardware. Nev-
ertheless it should be noted that this also directly affects the accuracy of the control.
Another challenge is the determination of the load torque, which in this work is assumed to
be extracted through a direct measurement of the PMSM’s produced torque. In practical
applications torque measurement shafts are rarely used due to their high cost and mechani-
cal sensitivity. An alternative approach could involve an estimation of the load torque based
on a detailed model of the mechanical dynamics. However, the feasibility and accuracy of
such a model depends strongly on the specific application.
A notable observation in the shown simulations is the significant increase in complexity
of the desired current waveforms under multi-fault conditions. These waveforms deviate
strongly from sinusoidal shapes, requiring the power electronics to operate with higher pre-
cision. This imposes additional demands on the inverter design and switching performance,
which must be taken into account in practical implementations.
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Overall, the proposed control strategy is most suitable for safety-critical applications, such
as electrified aircraft propulsion systems, in which even unlikely multi-fault scenarios must
be considered while still ensuring accurate tracking of the desired trajectory. Although
the method entails increased demands on power electronics and processing hardware, these
requirements are acceptable in such environments, where elevated system robustness and
performance are essential anyway.
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9 Conclusion and outlook

The objective of this work was to develop a control system for Permanent Magnet Syn-
chronous Machines (PMSMs) with an explicit focus on the multi-fault tolerant operation,
to compensate not only a wide variety of individual faults, but also all possible combina-
tions of faults. An additional objective was to incorporate a robust field weakening strategy,
capable of remaining functional across all considered fault conditions. To this end, the Sub-
domain Model was used as the foundation. This established modeling approach based on
Maxwell equations enables a highly accurate computation of the magnetic flux distribution
within the machine. Based on this model, a feedforward control was developed in a first step
to predict optimal currents for accurately tracking a desired mechanical trajectory. It was
then extended with an iterative algorithm to determine the requirement of field weakening
in dependency of desired torque and rotational speed. The results were stored in a Lookup
Table (LUT) for efficient online access. In a second step a feedback control was designed
to compensate deviations from the desired mechanical trajectory by applying optimally dis-
tributed voltage corrections.
Overall, the strength of this approach lies in the detailed physical description of the PMSM
using Maxwell equations, combined with an efficient mathematical formulation through the
analytical solution of constrained minimization problems. This foundation enables system-
atic fault adaptation by requiring only minor adjustments in the optimization problems of
the feedforward and feedback control. As a result, the control system can compensate open
phase faults, phase short circuits, interturn short circuits, demagnetization faults, high resis-
tance connections as well as all possible combinations of faults without requiring structural
changes to the control architecture. Compared to the existing state of the art, the following
original contributions have been achieved:

1. Control for PMSMs based on the highly accurate Subdomain Model which, by means
of an efficient mathematical formulation, can be solved in real time.

2. High fault tolerance considering all relevant electrical and magnetic faults of PMSMs,
including multi-fault tolerant operation (all possible combinations of faults).

3. Robust field weakening strategy that remains fully functional in the presence of faults.
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In addition to these central contributions, a notable advancement is the compensation of
(partial) demagnetization faults. Since existing approaches in literature on this specific
topic are rare, the proposed method presents a relevant contribution. Arbitrary symmetric
and asymmetric demagnetization profiles can be addressed efficiently by merely adjusting
the Fourier coefficients of the magnetization considered in the control system.
In representative simulations it could be demonstrated that the control system is capable

of handling all considered fault scenarios in dynamic operation while maintaining accu-
rate tracking of the desired mechanical trajectory. Although the simulations are realistic
within the scope of the modeling capabilities, experimental validation remains an essential
future step to assess the ’real-world’ performance of the control system. In particular, it
is necessary to investigate the impact of magnetic saturation, which is not considered in
the Subdomain Model, on the effectiveness of the control. Additionally, the feasibility of
the complex current waveforms with actual inverter hardware and switching dynamics as
well as the real-time capability of the control on the target processing hardware must be
thoroughly evaluated. One further relevant aspect requiring experimental investigation is
the influence of the machine geometry. Since real electrical machines can deviate from the
idealized geometry assumed in the Subdomain Model, it is important to determine how
these geometric discrepancies affect the model accuracy, and consequently the precision of
the feedforward control. Moreover, the effectiveness of the feedback control in compensating
this resulting prediction error must be evaluated to ensure reliable operation in practical
implementations.
To harness the benefits of the developed multi-fault tolerant control system in practice,

it is essential to establish a comprehensive diagnostic system. This system must not only
detect single faults but also reliably identify combinations of faults and estimate the asso-
ciated physical fault parameters with sufficient accuracy. The methods presented in this
work for the algorithm to adapt the control to phase short circuits and diagnosing partial
demagnetization can be regarded as some foundational components of such a comprehensive
multi-fault diagnostic framework. Therefore they may provide a basis for future research
and development.
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A Detailed derivation of the
Subdomain Model

(The following appendix is based on [60].)
The geometry of the PMSM considered in the Subdomain Model is sketched in Fig. A.2.

The rotor, with radius rR, has 2p magnets mounted on the surface, where p is the number
of pole pairs. The magnets have a pole-arc to pole-pitch ratio of εM and are rM − rR high.
The stator, with inner radius rS, contains nSL slots, whereby each slot (a) is positioned at
ϕ

(a)
SL, has a width of βSL and a height of rSL − rS.
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Control technqiue
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Approach
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Optimal control
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(Chapter 7.1)
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Figure A.1: Structural overview of the work, with appendices A and B highlighted.

Based on this considered geometry, the following assumptions are made for the modeling:

• A1: Infinite permeable ferromagnetic material (no magnetic saturation)

• A2: Infinite axial length of the electrical machine (side effects are neglected)

• A3: Rotor magnets are assumed to be radially magnetized with a relative recoil
permeability equal to one

• A4: Each slot carries a homogeneously distributed current density oriented only in
axial (z-) direction

• A5: Idealized slot geometry with only radial (r-) and tangential (ϕ-) oriented surfaces

• A6: No time dependencies (Maxwell equations of magnetostatics)
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Figure A.2: Considered geometry and relevant parameters in the Subdomain Model [60].

All these assumptions made have in common that they drastically reduce the mathematical
complexity and by that the computational effort. The thereby considered geometry is
sketched in Fig. A.2. By neglecting the side effects at the (axial) edges of the PMSM,
the magnetic flux distribution only shows a radial and tangential dependency (A2). This
allows a two-dimensional modeling. Assuming an infinite permeability of the iron (A1),
the magnetic flux enters or leaves orthogonally such high permeable material. This, in
combination with the idealized slot geometry (A5), allows an efficient formulation of the
relevant boundary conditions.

A.1 Derivation of Poisson’s equation
Using the Maxwell equations of magnetostatics [54] (A6)

∇ · ~B = 0 (A.1)
∇× ~H = ~J (A.2)

and writing the relation between magnetic flux density ~B and magnetic field strength ~H

~B = µ0
(
~H + ~M

)
, (A.3)

where ~M is the magnetization, it can be rewritten based on Ampère’s law (A.2) to

∇× ~B = µ0
(
~J +∇× ~M

)
. (A.4)
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Because ~B is always a source-free field (A.1), it can be determined by applying the differential
operator ∇× to a (still unknown) field ~A, the magnetic vector potential, resulting in1:

~B =∇× ~A (A.5)

Inserting equation (A.5) in (A.4), one obtains:

∇×
(
∇× ~A

)
= +µ0

(
~J +∇× ~M

)
, (A.6)

∇
(
∇ · ~A

)
−∇2 ~A = +µ0

(
~J +∇× ~M

)
. (A.7)

Since the gauge fixing

~A′ → ~A+∇Λ (A.8)

with Λ an appropriate scalar function, does not influence the magnetic field ~B, an additional
condition can be demanded, which is called Coulomb-gauge2:

∇ · ~A = 0 . (A.9)

Thereby the Maxwell equation to be solved simplifies to Poisson’s equation:

∇2 ~A = −µ0
(
~J +∇× ~M

)
. (A.10)

With the vector potential showing only an axial dependency (assumption A2), the magne-
tization having only a radial orientation (assumption A3) and the current densities only an
axial orientation (assumption A4), the following partial differential equation is obtained:

1
r

∂

∂r

(
r
∂Az
∂r

)
+ 1
r2
∂2Az
∂ϕ2 = −µ0Jz + µ0

r

∂Mr

∂ϕ
. (A.11)

Using the relation between the vector potential and the magnetic field (A.5), the radial (r-)
and tangential (ϕ-) magnetic field in 2-dimensional polar coordinates can be obtained by

Br = +1
r

∂Az
∂ϕ

, (A.12)

Bϕ = −∂Az
∂r

. (A.13)

1∇ ·
(
∇× ~V

)
= 0, for any smooth vector field ~V .

2∇× (∇Λ) = 0, for any smooth scalar field Λ.
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The solution of (A.11) is achieved by using different Fourier expansions for each of the three
different subdomains, sketched in Fig. A.2: subdomain I(a) for the stator slot with a given
current density J (a)

z and (a) running from 1 to the total number of slots nSL, subdomain II
for the airgap and subdomain III for the rotor magnets with a given magnetization in radial
direction. The modeling is completed with the following steps:

1. Solve Maxwell equation for each subdomain

2. Incorporate boundary conditions to the high permeable ferromagnetic material

3. Incorporate continuity condition at the interface between the subdomains

4. Create the linear equation system for calculating the unknown Fourier coefficients

Step 1) and 2) are described in the next section A.2, step 3) in section A.3 and step 4) in
section A.5.

A.2 Subdomains
In this section the solution of the governing Maxwell equation for each subdomain is de-
scribed and the incorporation of the boundary conditions to the high permeable ferromag-
netic material.

A.2.1 Subdomain I: slots
The geometry as well as the relevant continuity and boundary conditions of the slots (sub-
domains I(a)) is shown in Fig. A.3. The version of the Maxwell equation that applies here
is defined by

1
r

∂

∂r

(
r
∂A(I,a)

z

∂r

)
+ 1
r2
∂2A(I,a)

z

∂ϕ2 = −µ0J
(a)
z for

rS ≤ r ≤ rSL

ϕ
(a)
SL ≤ ϕ ≤ ϕ

(a)
SL + βSL

. (A.14)

Figure A.3: Boundary and continuity conditions for subdomain I(a) (slots).
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Figure A.4: Qualitative spatial course of external flux flowing trough a slot, with the
symmetry line highlighted. The diagram shows the tangential magnetic field
component along the slot at a constant radius.

The solution of this inhomogeneous linear differential equation is based on the superposition
of a homogeneous and a particular solution. Using the separation of variables technique,
the most general homogeneous solution that fulfills (A.14) is equal to

A
(I,a)
z,hom = a

(I,a)
0 +

∑
n∈N

+a(I,a)
n

(
r

rref

)+ nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ b(I,a)
n

(
r

rref

)− nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ c(I,a)
n

(
r

rref

)+ nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ d(I,a)
n

(
r

rref

)− nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
) . (A.15)

rref denotes some appropriate constant reference radial coordinate. As sketched in Fig. A.4,
(external) magnetic flux is axissymmetrically distributed within a slot. This symmetrical
distribution is mathematically incorporated by a periodicity of 2βSL for the vector potential
(and thereby for the magnetic field), as shown by the diagram in Fig. A.4.
Hence that homogeneous solution is the sum of four different contribution series, each one
weighted by different Fourier coefficients

{
a(I,a)
n , b(I,a)

n , c(I,a)
n , d(I,a)

n

}
. Based on (A.12) and
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(A.13) the magnetic field is then equal to

B
(I,a)
r,hom =

∑
n∈N

nπ

rβSL

−a(I,a)
n

(
r

rref

)+ nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

− b(I,a)
n

(
r

rref

)− nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ c(I,a)
n

(
r

rref

)+ nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ d(I,a)
n

(
r

rref

)− nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
) (A.16)

B
(I,a)
ϕ,hom =

∑
n∈N

nπ

rβSL

−a(I,a)
n

(
r

rref

)+ nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ b(I,a)
n

(
r

rref

)− nπ
βSL

cos
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

− c(I,a)
n

(
r

rref

)+ nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
)

+ d(I,a)
n

(
r

rref

)− nπ
βSL

sin
(
nπ

βSL
(ϕ− ϕ(a)

SL)
) (A.17)

One particular solution without angular dependency that fulfills (A.14) is defined by3

A
(I,a)
z,part = −µ0

2 nturnJ
(a)
z

r2

2 + C ln(r) (A.18)

with an additional factor nturn for considering the number of the coil’s winding turns and
C the constant of integration. Due to the assumption of an infinite permeable stator iron,
the magnetic flux enters or leaves the iron orthogonally. This has as result that at each
surface of the slot either the radial component B(I,a)

r or the tangential component B(I,a)
ϕ of

the magnetic field is equal to zero (see Fig. A.3). Thereby the following boundary conditions

3 1
r
∂
∂r

(
r
∂A

(I,a)
z,part

∂r

)
= −µ0nturnJ

(a)
z

r
∂A

(I,a)
z,part

∂r
= −µ0nturnJ

(a)
z

r2

2 + C

A
(I,a)
z,part = −µ0

2 nturnJ
(a)
z

r2

2 + C ln(r)
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must be met

H(I,a)
r

ϕ=ϕ(a)
SL

= 0 ∀ rS ≤ r ≤ rSL (A.19)

H(I,a)
r

ϕ=ϕ(a)
SL+βSL

= 0 ∀ rS ≤ r ≤ rSL (A.20)

H(I,a)
ϕ

r=rSL
= 0 ∀ ϕ

(a)
SL ≤ ϕ ≤ ϕ

(a)
SL + βSL (A.21)

To enforce zero radial magnetic flux in (A.16) at the lateral surfaces of the slots (boundary
condition (A.19) and (A.20)), Fourier coefficients {c(I,a)

n , d(I,a)
n } have to be zero for all n ∈ N.

Based on the third boundary condition (A.21) the tangential magnetic field (A.17) at the
top surface of the slots has to be zero. This is incorporated by firstly equating b(I,a)

n = a(I,a)
n

and setting rref = rSL:

A
(I,a)
z,hom = a

(I,a)
0 +

∑
n∈N

[
a(I,a)
n C nπ

βSL
(r, rSL,+) cos

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)]

(A.22)

where

Ck(r, rref ,±) =
(

r

rref

)+k

±
(

r

rref

)−k
. (A.23)

And secondly by defining the constant of integration in the particular solution (A.18):
C = +µ0

2 nturnJ
(a)
z r2

SL [55]. This results in

A
(I,a)
z,part = +µ0

2 nturnJ
(a)
z

(
r2
SL ln (r)− r2

2

)
. (A.24)

The general solution for subdomain I(a) of the vector potential A(I,a)
z = A

(I,a)
z,hom + A

(I,a)
z,part under

consideration of these boundary conditions can then be obtained

A(I,a)
z = a

(I,a)
0 +

∑
n∈N

[
a(I,a)
n C nπ

βSL
(r, rSL,+) cos

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)]

+ µ0

2 nturnJ
(a)
z

(
r2
SL ln (r)− r2

2

)
. (A.25)

The radial as well as tangential magnetic field is equal to

B(I,a)
r = −

∑
n∈N

nπ

rβSL

[
a(I,a)
n C nπ

βSL
(r, rSL,+) sin

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)]

(A.26)
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B(I,a)
ϕ =−

∑
n∈N

nπ

rβSL

[
a(I,a)
n C nπ

βSL
(r, rSL,−) cos

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)]

− µ0

2 nturnJ
(a)
z

(
r2
SL

1
r
− r

)
(A.27)

A.2.2 Subdomain II: air gap

The geometry as well as the relevant continuity and boundary conditions of the air gap
(subdomain II) is shown in Fig. A.5. The version of the Maxwell equation that applies here
is defined by

1
r

∂

∂r

(
r
∂A(II)

z

∂r

)
+ 1
r2
∂2A(II)

z

∂ϕ2 = 0 for

rM ≤ r ≤ rS

0 ≤ ϕ < 2π
. (A.28)

The most general solution that fulfills this Maxwell equation is equal to

A(II)
z = a

(II)
0 +

∑
k∈N

+a(II)
k

(
r

rref

)+k

cos (kϕ) + b
(II)
k

(
r

rref

)−k
cos (kϕ)

+ c
(II)
k

(
r

rref

)+k

sin (kϕ) + d
(II)
k

(
r

rref

)−k
sin (kϕ)

 (A.29)

Again, the (homogeneous) solution is the sum of four different contribution series, this time
weighted by Fourier coefficients

{
a

(II)
k , b

(II)
k , c

(II)
k , d

(II)
k

}
and with periodicity over the full

circumference of the air gap.

Figure A.5: Boundary and continuity conditions for subdomain II (air gap).

Setting rref = rS, the magnetic field, determined based on equation (A.12) and (A.13), is
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obtained by

B(II)
r =

∑
k∈N

k

r

[
−a(II)

k

(
r

rS

)+k
sin (kϕ)− b(II)

k

(
r

rS

)−k
sin (kϕ)

+ c
(II)
k

(
r

rS

)+k
cos (kϕ) + d

(II)
k

(
r

rS

)−k
cos (kϕ)

]
(A.30)

B(II)
ϕ =

∑
k∈N

k

r

[
−a(II)

k

(
r

rS

)+k
cos (kϕ) + b

(II)
k

(
r

rS

)−k
cos (kϕ)

− c(II)
k

(
r

rS

)+k
sin (kϕ) + d

(II)
k

(
r

rS

)−k
sin (kϕ)

]
(A.31)

The boundary condition of the air gap, subdomain II, to the interface at the high permeable
inner stator (r = rS) is not considered yet, since it will be applied in combination with the
continuous condition to the slot openings as integral expression later.

A.2.3 Subdomain III: magnets

The geometry as well as the relevant continuity and boundary conditions of the magnets
(subdomain III) is shown in Fig. A.6. The version of the Maxwell equation that applies
here is defined by

1
r

∂

∂r

(
r
∂A(III)

z

∂r

)
+ 1
r2
∂2A(III)

z

∂ϕ2 = +µ0

r

∂Mr

∂ϕ
for

rR ≤ r ≤ rM

0 ≤ ϕ < 2π
(A.32)

The homogeneous solution is equal to (A.29), the solution of the airgap, besides different
Fourier coefficients

{
a

(III)
k , b

(III)
k , c

(III)
k , d

(III)
k

}
and an additional particular solution. To find

such a particular solution, it is firstly required to define a Fourier expansion that describes
the arrangement of the magnets over the rotor surface (as shown in Fig. A.6) in dependence
of the rotor angular position θR:

µ0Mr(ϕ) =
∑
k∈N

(µ0Mk) cos (k(ϕ− θR))

=
∑
k∈N

1
rR

[
−a(M)

k sin (kϕ) + c
(M)
k cos (kϕ)

]
(A.33)
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Figure A.6: Boundary and continuity conditions for subdomain III (magnets).

where

a
(M)
k = −rRµ0Mk sin(kθR) (A.34)
c

(M)
k = +rRµ0Mk cos(kθR) (A.35)

Mk = Brem

µ0

4p
kπ

sin
(
kπ

2p εM
)

(A.36)

Due to the choice of the cosine function for the (symmetric) magnetization Fourier expan-
sion, the only nonvanishing Fourier coefficients are those with index k = (1, 3, 5, . . .) p.
A particular solution, that fulfills (A.32) can be found by the separation of variables

technique and is defined by [50, 54]

A
(III)
z,part =− 1

2
r

rR
ln
(
r

rR

) [
+a(M)

1 cos(ϕ) + c
(M)
1 sin(ϕ)

]
+

∑
k∈N, k 6=1

r

rR

k

k2 − 1
[
+a(M)

k cos(kϕ) + c
(M)
k sin(kϕ)

]
. (A.37)

With this particular solution the special case k = 1 is also considered. That is relevant for
the consideration of partial demagnetization, since all Fourier coefficients k ∈ N of the asym-
metric magnetization are nonzero then. The boundary condition at the rotor surface r = rR

H(III)
ϕ

r=rR
= 0 ∀ 0 ≤ ϕ < 2π (A.38)

leads with chosen rref = rR in the homogeneous solution to following relations between the
Fourier coefficients of subdomain III and those of the magnetization

k = 1:
b(III)

k

d
(III)
k

 =
a(III)

k

c
(III)
k

− 1
2

a(M)
k

c
(M)
k


k 6= 1:

b(III)
k

d
(III)
k

 =
a(III)

k

c
(III)
k

+ 1
k2 − 1

a(M)
k

c
(M)
k

 . (A.39)
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Using these relations and setting the constant of the vector potential a(III)
0 = 0, the general

solution for the vector potential A(III)
z = A

(III)
z,hom + A

(III)
z,part is equal to

A(III)
z = +

∑
k∈N

Ck(r, rR,+)
[
+a(III)

k cos (kϕ) + c
(III)
k sin (kϕ)

]

− 1
2
r

rR

(
ln
(
r

rR

)
+
(
r

rR

)−2
) [

+a(M)
1 cos(ϕ) + c

(M)
1 sin(ϕ)

]

+
∑

k∈N, k 6=1

r

rR

k +
(
r

rR

)−k−1

k2 − 1
[
+a(M)

k cos (kϕ) + c
(M)
k sin (kϕ)

]
. (A.40)

The magnetic field, determined based on (A.12) and (A.13), is then defined by

B(III)
r =

∑
k∈N

k

r
Ck(r, rR,+)

[
−a(III)

k sin (kϕ) + c
(III)
k cos (kϕ)

]

− 1
2rR

(
ln
(
r

rR

)
+
(
r

rR

)−2
) [
−a(M)

1 sin(ϕ) + c
(M)
1 cos(ϕ)

]

+
∑

k∈N, k 6=1

k

rR

k +
(
r

rR

)−k−1

k2 − 1
[
−a(M)

k sin (kϕ) + c
(M)
k cos (kϕ)

]
(A.41)

B(III)
ϕ =

∑
k∈N

k

r
Ck(r, rR,−)

[
−a(III)

k cos (kϕ)− c(III)
k sin (kϕ)

]

− 1
2rR

(
ln
(
r

rR

)
+ 1−

(
r

rR

)−2
) [
−a(M)

1 cos(ϕ)− c(M)
1 sin(ϕ)

]

+
∑

k∈N, k 6=1

k

rR

1−
(
r

rR

)−k−1

k2 − 1
[
−a(M)

k cos (kϕ)− c(M)
k sin (kϕ)

]
. (A.42)

A.3 Continuity conditions

In the next step the aim is to impose continuity at the interfaces between two subdomains.
The resulting equations can then be rearranged to a linear equation system for determining
all unknown Fourier coefficients as function of the rotor angle and the current densities
within each slot or coil.
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A.3.1 Subdomain II and III: airgap and magnets

The continuity between the magnets and the airgap (see Fig. A.5 or A.6) can be simply
imposed by equating these two subdomains at their interface r = rM

B(II)
r

r=rM
= B(III)

r
r=rM

∀ 0 ≤ ϕ < 2π (A.43)

H(II)
ϕ

r=rM
= H(III)

ϕ
r=rM

∀ 0 ≤ ϕ < 2π (A.44)

Both continuity conditions lead to the following four relations between the Fourier coeffi-
cients in subdomain II and those of subdomain III: two for the coefficients {a(III)

k , a
(M)
k , a

(II)
k , b

(II)
k }

of the cosine/sine functions and two for the coefficients {c(III)
k , c

(M)
k , c

(II)
k , d

(II)
k } of the sine/cosine

functions:

k = 1:



a(II)
k

c
(II)
k

 =

a(III)
k

c
(III)
k

( rS
rR

)k
−

a(M)
k

c
(M)
k

 rM
2rR

(
ln
(
rM
rR

)
+ 1

2

)(
rS
rM

)k
b(II)k

d
(II)
k

 =

a(III)
k

c
(III)
k

(rR
rS

)k
−

a(M)
k

c
(M)
k

 rM
2rR

(
−1

2 +
(
rR
rM

)k+1
)(

rM
rS

)k

k 6= 1:



a(II)
k

c
(II)
k

 =

a(III)
k

c
(III)
k

( rS
rR

)k
+

a(M)
k

c
(M)
k

 rM
2rR

1
k − 1

(
rS
rM

)k
b(II)k

d
(II)
k

 =

a(III)
k

c
(III)
k

(rR
rS

)k
+

a(M)
k

c
(M)
k

 rM
2rR

(
k − 1 + 2

(
rR
rM

)k+1
)

k2 − 1

(
rM
rS

)k (A.45)

Using these relations, the vector potential A(II)
z of the air gap can be expressed by the

Fourier coefficients of the magnets {a(III)
k , c

(III)
k }:

A(II)
z =

∑
k∈N

Ck(r, rR,+)
[
+a(III)

k cos (kϕ) + c
(III)
k sin (kϕ)

]
+S1(r,+)

[
+a(M)

1 cos(ϕ) + c
(M)
1 sin(ϕ)

]
+

∑
k∈N, k 6=1

Tk(r,+)
[
+a(M)

k cos (kϕ) + c
(M)
k sin (kϕ)

]
(A.46)

where

S1(r,±) = − rM2rR

((
ln
(
rM
rR

)
+ 1

2

)
r

rM
±
(
−1

2 +
(
rR
rM

)2
)
rM
r

)
(A.47)

Tk(r,±) = + rM
2rR

(k + 1)
(

r
rM

)k
±
(
k − 1 + 2

(
rR
rM

)k+1
) (

rM
r

)k
k2 − 1 . (A.48)



A.3 Continuity conditions 143

In this way the magnetic field in the air gap is determined as well

B(II)
r =

∑
k∈N

k

r
Ck(r, rR,+)

[
−a(III)

k sin (kϕ) + c
(III)
k cos (kϕ)

]
+1
r
S1(r,+)

[
−a(M)

1 sin(ϕ) + c
(M)
1 cos(ϕ)

]
+

∑
k∈N, k 6=1

k

r
Tk(r,+)

[
−a(M)

k sin (kϕ) + c
(M)
k cos (kϕ)

]
(A.49)

B(II)
ϕ =

∑
k∈N

k

r
Ck(r, rR,−)

[
−a(III)

k cos (kϕ)− c(III)
k sin (kϕ)

]
+1
r
S1(r,−)

[
−a(M)

1 cos(ϕ)− c(M)
1 sin(ϕ)

]
+

∑
k∈N, k 6=1

k

r
Tk(r,−)

[
−a(M)

k cos (kϕ)− c(M)
k sin (kϕ)

]
. (A.50)

In the next step the continuity of the magnetic field in the airgap, described by the Fourier
coefficients of the magnets, with the magnetic field in the slots is incorporated. This is
described in the next subsection.

A.3.2 Subdomain II and I: airgap and slots

While the boundary condition between the magnets and the air gap could be simply imposed
by equating the magnetic field of both subdomains at their interface, the continuity between
the airgap and slots needs to be implemented in a different way. This has the following
reason: because the air gap at r = rS has not only interfaces to the slots, but also to
the high permeable iron of the stator, two different conditions have to be implemented
simultaneously (see Fig. A.5):

H(II)
ϕ

r=rS
=


H(I,a)
ϕ

r=rS
for ϕ

(a)
SL ≥ ϕ ≥ ϕ

(a)
SL + βSL ∀ a ∈ [1, 2, ..., nSL]

0 elsewhere
(A.51)

This continuity condition is met by a ’softer’ integral expression, projecting on a complete
set of sine/cosine basis functions

1
µ0

∫ 2π

0
B(II)
ϕ

r=rS
cos(kϕ)dϕ = 1

µ0

nSL∑
a=1

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

B(I,a)
ϕ

r=rS
cos(kϕ)dϕ+ 0 (A.52)

1
µ0

∫ 2π

0
B(II)
ϕ

r=rS
sin(kϕ)dϕ = 1

µ0

nSL∑
a=1

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

B(I,a)
ϕ

r=rS
sin(kϕ)dϕ+ 0 (A.53)
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with B(II)
ϕ defined in (A.50) and B(I,a)

ϕ defined in (A.27). These conditions are formulated in
such a way to allow extracting each Fourier coefficient a(III)

k or c(III)
k as a linear superposition

of all a(I,a)
n (see also the solution of the integral (A.61) and (A.62)). The solutions of these

two equations are equal to

for k=1︷ ︸︸ ︷
+a(III)

1 C1(rS, rR,−) + a
(M)
1 S1(rS,−) +

for k 6=1︷ ︸︸ ︷
a

(III)
k Ck(rS, rR,−) + a

(M)
k Tk(rS,−) =

+
nSL∑
a=1

∑
n∈N

n

2ka
(I,a)
n C nπ

βSL
(rS, rSL,−)f (a)

SL,s(k, n) +
nSL∑
a=1

J (a)
z

k

µ0

4π
(
r2
SL − r2

S

)
f

(a)
SL,s(k, 0) (A.54)

for k=1︷ ︸︸ ︷
+c(III)

1 C1(rS, rR,−) + c
(M)
1 S1(rS,−) +

for k 6=1︷ ︸︸ ︷
c

(III)
k Ck(rS, rR,−) + c

(M)
k Tk(rS,−) =

−
nSL∑
a=1

∑
n∈N

n

2ka
(I,a)
n C nπ

βSL
(rS, rSL,−)f (a)

SL,c(k, n)−
nSL∑
a=1

J (a)
z

k

µ0

4π
(
r2
SL − r2

S

)
f

(a)
SL,c(k, 0) (A.55)

with the solved integrals defined in (A.61)–(A.66). Besides the continuity of the tangential
magnetic field over the full circumference, the continuity of the vector potential at each slot
opening needs to imposed (see Fig. A.3):

A(II)
z

r=rS
= A(I,a)

z
r=rS

∀ ϕ
(a)
SL ≥ ϕ ≥ ϕ

(a)
SL + βSL (A.56)

This is achieved by the following condition for each slot a ∈ {1, 2, ..., nSL}

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

A(I,a)
z

r=rS
cos

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)
dϕ =

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

A(II)
z

r=rS
cos

(
nπ

βSL
(ϕ− ϕ(a)

SL)
)
dϕ

(A.57)

extracting each Fourier coefficient a(I,a)
n as linear superposition of all Fourier coefficients

a
(III)
k and c(III)

k . With the equation for the vector potential of the slots (A.25) and airgap
(A.46), the solution of this condition is equal to:

+ a(I,a)
n C nπ

βSL
(rS, rSL,+) =

+
∑
k∈N

Ck(rS, rR,+)
(
a

(III)
k f

(a)
SL,s(k, n)− c(III)

k f
(a)
SL,c(k, n)

)
+ S1(rS,+)

(
a

(M)
1 f

(a)
SL,s(1, n)− c(M)

1 f
(a)
SL,c(1, n)

)
+

∑
k∈N,k 6=1

Tk(rS,+)
(
a

(M)
k f

(a)
SL,s(k, n)− c(M)

k f
(a)
SL,c(k, n)

)
. (A.58)
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The solutions of the (non-trivial) integrals are defined in (A.63)–(A.64). With the additional
condition

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

A(I,a)
z

r=rS
dϕ =

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

A(II)
z

r=rS
dϕ (A.59)

the constant a(I,a)
0 of each slot’s vector potential is extracted:

+ a
(I,a)
0 + µ0

2 nturnJ
(a)
z

(
r2
SL ln(rS)− r2

S

2

)
=

+
∑
k∈N

Ck(rS, rR,+)
2

(
a

(III)
k f

(a)
SL,s(k, 0)− c(III)

k f
(a)
SL,c(k, 0)

)
+ S1(rS,+)

(
a

(M)
1 f

(a)
SL,s(1, 0)− c(M)

1 f
(a)
SL,c(1, 0)

)
+

∑
k∈N,k 6=1

Tk(rS,+)
2

(
a

(M)
k f

(a)
SL,s(k, 0)− c(M)

k f
(a)
SL,c(k, 0)

)
. (A.60)

The solutions of the (non-trivial) integrals are defined in (A.65)–(A.66). While this constant
a

(I,a)
0 does not contribute to the magnetic field due to (A.12) and (A.13), it is useful for

calculating the inductances, PM flux linkages and back-EMFs of the coils [57].
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A.4 Important Integrals

The following integrals are of relevance for incorporating the continuity conditions,
for {k, n} ∈ N:

∫ 2π

0
sin(kϕ) cos(kϕ)dϕ = 0 (A.61)

∫ 2π

0
sin2(kϕ)dϕ =

∫ 2π

0
cos2(kϕ)dϕ = +π (A.62)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

cos(kϕ) cos
(
nπ

βSL

(
ϕ− ϕ(a)

SL

))
dϕ =

+ βSL
2

(
1

kβSL − nπ
+ 1
kβSL + nπ

)(
(−1)n sin

(
kϕ

(a)
SL + kβSL

)
− sin

(
kϕ

(a)
SL

))
︸ ︷︷ ︸

f
(a)
SL,s(k, n)

(A.63)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

sin(kϕ) cos
(
nπ

βSL

(
ϕ− ϕ(a)

SL

))
dϕ =

− βSL
2

(
1

kβSL − nπ
+ 1
kβSL + nπ

)(
(−1)n cos

(
kϕ

(a)
SL + kβSL

)
− cos

(
kϕ

(a)
SL

))
︸ ︷︷ ︸

f
(a)
SL,c(k, n)

(A.64)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

cos(kϕ)dϕ = +βSL2

(
2

kβSL

)(
sin

(
kϕ

(a)
SL + kβSL

)
− sin

(
kϕ

(a)
SL

))
︸ ︷︷ ︸

f
(a)
SL,s(k, 0)

(A.65)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

sin(kϕ)dϕ = −βSL2

(
2

kβSL

)(
cos

(
kϕ

(a)
SL + kβSL

)
− cos

(
kϕ

(a)
SL

))
︸ ︷︷ ︸

f
(a)
SL,c(k, 0)

(A.66)
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A.5 Resulting equation system

All linearly independent equations of the solved continuous conditions (A.54), (A.55), (A.58),
(A.60) derived in subsection A.3 can be rearranged for calculating the remaining, unknown
Fourier coefficients. This results in a linear equation system of the form

o


~a(I)

~a(III)

~c(III)

 = nturnp̃ ~̃Jz + q

~a(M)

~c(M)

 , (A.67)

where vector ~a(I) contains all Fourier coefficients n ∈ N0 respectively of all subdomains
I(a) ∀ a ∈ {1, 2, ..., nSL}, vectors {~a(III),~c(III)} respectively all Fourier coefficients k ∈ N
and ~̃Jz =

(
i(a=1)
z i(a=2)

z . . . i(a=nSL)
z

)T 1
SSL

the current densities flowing through each slot.
Equation system (A.67) can then be solved by inverting matrix o:


~a(I)

~a(III)

~c(III)

 = nturn o−1p̃︸ ︷︷ ︸
P̃

~̃Jz + o−1q︸ ︷︷ ︸
Q

~a(M)

~c(M)

 . (A.68)

Assuming single layer concentrated windings, matrix Pneq×ncoil is built based on P̃neq×nSL :

P =


P̃

(a=1)
n=1 P̃

(a=3)
n=1 . . . P̃

(a=nSL−1)
n=1

P̃
(a=1)
n=2 P̃

(a=3)
n=2 . . . P̃

(a=nSL−1)
n=2

... ... . . . ...
P̃ (a=1)
n=neq P̃ (a=3)

n=neq . . . P̃ (a=nSL−1)
n=neq

−

P̃

(a=2)
n=1 P̃

(a=4)
n=1 . . . P̃

(a=nSL)
n=1

P̃
(a=2)
n=2 P̃

(a=4)
n=2 . . . P̃

(a=nSL)
n=2

... ... . . . ...
P̃ (a=2)
n=neq P̃ (a=4)

n=neq . . . P̃ (a=nSL)
n=neq

 (A.69)

where neq is the number of equations for calculating the same number of unknown Fourier
coefficients. Thereby ~Jz contains the current density of each coil:

~Jz =
(
i(c=1)
z i(c=2)

z . . . i(c=ncoil)z

)T 1
SSL

. (A.70)

Finally, the solved equation system for obtaining all unknown Fourier coefficients is defined
as follows: 

~a(I)

~a(III)

~c(III)

 = nturnP ~Jz + Q

~a(M)

~c(M)

 . (A.71)
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Since matrices P and Q only contain geometry depending parts of the equations, they can
be stored as constant during initialization to drastically decrease the computational effort.
For the calculation of the torque, only the magnetic flux in the airgap is of relevance, and
thereby the according parts of the solved equation system (A.71) for calculating Fourier
coefficients

{
~a(III),~c(III)

}
:


...

~a(III)

~c(III)

 = nturn


...

P(III)
A

P(III)
C


︸ ︷︷ ︸

P

~Jz +


... ...

Q(III)
AA Q(III)

AC

Q(III)
CA Q(III)

CC


︸ ︷︷ ︸

Q

~a(M)

~c(M)

 . (A.72)

The inductances, PM flux linkages and back-EMFs can be efficiently calculated based on
a

(I,a)
0 , the constant of the slot’s (a) vector potential. For determining a(I,a)

0 the corresponding
part of the solved equation system (A.71) needs to be utilized:

a(I,a)
0
...

 = nturn


(
~P

(I,a)
0

)T
...


︸ ︷︷ ︸

P

~Jz +


(
~Q

(I,a)
0A

)T (
~Q

(I,a)
0C

)T
... ...


︸ ︷︷ ︸

Q

~a(M)

~c(M)

 (A.73)

where

~P
(I,a)
0 =

(
P

(I,a)
0 (c = 1) P

(I,a)
0 (c = 2) . . . P

(I,a)
0 (c) . . . P

(I,a)
0 (c = ncoil)

)T
. (A.74)

A.6 Further definitions
Some of the geometry depending parts in the equation (4.14) for calculating the torque can
be summarized in vector ~G, which is defined as follows

~G = (G1 G2 . . . Gk . . . Gkmax)
T , (A.75)

Gk =

+C1(rS, rR,+)S1(rS,−)− C1(rS, rR,−)S1(rS,+) ∀ k = 1

+k2Ck(rS, rR,+)Tk(rS,−)− k2Ck(rS, rR,−)Tk(rS,+) ∀ k = {2, 3, ..., kmax}
(A.76)

with auxiliary functions Ck, S1 and Tk defined by (A.23), (A.47) and (A.48).
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B Considering flux barriers in the
Subdomain Model

(The following appendix is based on [61].)
This appendix is intended to extend the Subdomain Model derived in appendix A for

considering stator flux barriers (see Fig. B.1). To incorporate these flux barriers, a similar
machine topology can be used as reference: flux switching permanent magnet machines.
Using [84] as basis, combining it with the rotor geometry of PMSMs [54] and replacing the
stator magnets by air, the flux barriers are implemented efficiently. The resulting derivation
is described in the following.

Figure B.1: Considered geometry and relevant parameters in the Subdomain Model for a
PMSM with stator flux barriers [61].

B.1 Subdomains
To incorporate stator flux barriers, two additional subdomain types are required: one for
the flux barriers by themselves and one for the surrounding air. Analogously to the previous
discussed subdomains, all relevant boundary and continuity conditions must be considered.
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B.1.1 Subdomain IV: flux barriers

The geometry as well as the relevant continuity and boundary conditions of the flux barriers
(subdomains IV(b)) are shown in Fig. B.2. The version of the Maxwell equation that applies
here is defined by

1
r

∂

∂r

(
r
∂A(IV,b)

z

∂r

)
+ 1
r2
∂2A(IV,b)

z

∂ϕ2 = 0 for

rS ≤ r ≤ rFB

ϕ
(b)
FB ≤ ϕ < ϕ

(b)
FB + βFB

. (B.1)

A general solution that fulfills this Maxwell equation is equal to

A(IV,b)
z = a

(IV,b)
0 + b

(IV,b)
0 ln(r) +

∑
m∈N

+a(IV,b)
m

(
r

rref

)+ mπ
βFB

cos
(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

+ b(IV,b)
m

(
r

rref

)− mπ
βFB

cos
(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

+ c(IV,b)
m

(
r

rref

)+ mπ
βFB

sin
(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

+ d(IV,b)
m

(
r

rref

)− mπ
βFB

sin
(
mπ

βFB
(ϕ− ϕ(b)

FB)
) , (B.2)

which is similar to the homogeneous solution of the slots (A.15). To consider the boundary
condition at the surfaces of the flux barriers to the high permeable material (see Fig. B.2)

H(IV,b)
r

ϕ=ϕ(b)
FB

= 0 ∀ rS ≤ r ≤ rFB (B.3)

H(IV,b)
r

ϕ=ϕ(b)
FB+βFB

= 0 ∀ rS ≤ r ≤ rFB (B.4)

Fourier coefficients {c(IV,b)
m , d(IV,b)

m } need to be zero for all m ∈ N (similar to the subdomains
of the slots). Thereby, only two of the four Fourier coefficients remain unknown. Setting
rref to rFB and rS respectively in one of the remaining terms, the vector potential as well

Figure B.2: Boundary and continuity conditions for subdomain IV(b) (flux barriers).
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Figure B.3: Qualitative curves of the tangential magnetic field within the flux barriers and
slots in the case of one active coil (without influence of the magnets).

as the magnetic field is equal to:

A(IV,b)
z = + a

(IV,b)
0 + b

(IV,b)
0 log(r)

+
∑
m∈N

[
+a(IV,b)

m

(
r

rFB

)+ mπ
βFB + b(IV,b)

m

(
r

rS

)− mπ
βFB

]
cos

(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

(B.5)

B(IV,b)
r =−

∑
m∈N

mπ

βFB

[
+a

(IV,b)
m

rFB

(
r

rFB

)+ mπ
βFB

−1
+ b(IV,b)

m

rS

(
r

rS

)− mπ
βFB

−1
]

sin
(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

(B.6)

B(IV,b)
ϕ =− b

(IV,b)
0
r

−
∑
m∈N

mπ

βFB

[
+a

(IV,b)
m

rFB

(
r

rFB

)+ mπ
βFB

−1
− b(IV,b)

m

rS

(
r

rS

)− mπ
βFB

−1
]

cos
(
mπ

βFB
(ϕ− ϕ(b)

FB)
)

(B.7)

It can be observed that besides constant a(IV,b)
0 of the vector potential a second constant

b
(IV,b)
0 ln(r) associated with a logarithmic radial dependency is considered. This constant is
part of a more general homogeneous solution [50]. To better understand why it is relevant
in this case, the tangential magnetic field within the slots and flux barriers for the case
of one active coil is drawn in Fig. B.3. Here it can be seen that the flux within the slots
is, as already described, symmetrically distributed (see also Fig. A.4). In the left half of
the slot, the tangential magnetic field has a positive sign (’left direction’) and in the right
side it has a negative sign (’right direction’). In contrast to that, the flux within the flux
barriers shows an asymmetrical distribution, since it tends to prefer the path back to the
segment with the active coil due to a lower magnetic resistance. As a result, the flux barriers
cause a flux concentration within this segment. This concentration effect is mathematically
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incorporated by the term − b
(IV,b)
0
r

in (B.7), which shifts the symmetrical distribution from
cos

(
mπ
βFB

(ϕ− ϕ(b)
FB)

)
to obtain an asymmetrical one (see red diagrams in Fig. B.3). For

this reason the consideration of the additional constant b(IV,b)
0 is important to correctly

incorporate the flux barriers.

B.1.2 Subdomain V: surrounding air

The geometry as well as the relevant continuity and boundary conditions of the surrounding
air (subdomain V) are shown in Fig. B.4. The version of the Maxwell equation that applies
here is defined by

1
r

∂

∂r

(
r
∂A(V )

z

∂r

)
+ 1
r2
∂2A(V )

z

∂ϕ2 = 0 for

rFB ≤ r →∞

0 ≤ ϕ < 2π
(B.8)

Its general solution is similar to the one for the airgap (A.29), but with Fourier coefficients
{a(V )

t , b
(V )
t , c

(V )
t , d

(V )
t }. Since the magnetic field vanishes for r →∞, only the Fourier coeffi-

cients which are accompanied by a r−t-dependency are nonzero. This leads for rref = rFB

to the following expressions for the vector potential and the radial as well as tangential
magnetic field

A(V )
z = a

(V )
0 +

∑
t∈N

[
+b(V )

t

(
r

rFB

)−t
cos(tϕ) + d

(V )
t

(
r

rFB

)−t
sin(tϕ)

]
(B.9)

Figure B.4: Boundary and continuity conditions for subdomain V (surrounding air).
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B(V )
r =

∑
t∈N

t

−b(V )
t

rFB

(
r

rFB

)−t−1
sin(tϕ) + d

(V )
t

rFB

(
r

rFB

)−t−1
cos(tϕ)

 (B.10)

B(V )
ϕ =

∑
t∈N

t

+b
(V )
t

rFB

(
r

rFB

)−t−1
cos(tϕ) + d

(V )
t

rFB

(
r

rFB

)−t−1
sin(tϕ)

 (B.11)

Similar to the airgap (subdomain II), the boundary condition of the surrounding air to the
interface at the high permeable outer stator (r = rFB) is not considered yet, since it will
be applied in combination with the continuous condition to the flux barriers as integral
expression in the following section.

B.2 Continuity conditions

In this section the incorporation of the relevant continuity conditions for considering the
stator flux barriers are described.

B.2.1 Subdomain IV and V: flux barriers and surrounding
air

The following boundary condition needs to be fulfilled at the interface between the flux
barriers and the surrounding air:

H(V )
ϕ

r=rFB
=


H(IV,b)
ϕ

r=rFB
for ϕ

(b)
FB ≤ ϕ ≤ ϕ

(b)
FB + βFB ∀ b ∈ [1, 2, ..., nFB]

0 elsewhere
(B.12)

which is met by the following integral expressions

1
µ0

∫ 2π

0
B(V )
ϕ

r=rFB
cos(tϕ)dϕ = 1

µ0

nFB∑
b=1

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

B(IV,b)
ϕ

r=rFB
cos(tϕ)dϕ+ 0 (B.13)

1
µ0

∫ 2π

0
B(V )
ϕ

r=rFB
sin(tϕ)dϕ = 1

µ0

nFB∑
b=1

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

B(IV,b)
ϕ

r=rFB
sin(tϕ)dϕ+ 0 (B.14)

and with solution procedure similar to (A.52) and (A.53).
The continuity of the vector potential

A(V )
z

r=rFB
= A(IV,b)

z
r=rFB

∀ ϕ
(b)
FB ≤ ϕ ≤ ϕ

(b)
FB + βFB (B.15)
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is incorporated by the following expression for each flux barrier b ∈ {1, 2, ..., nFB}

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(V )
z

r=rFB
cos

(
mπ

βFB
(ϕ− ϕ(b)

FB)
)
dϕ =

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(IV,b)
z

r=rFB
cos

(
mπ

βFB
(ϕ− ϕ(b)

FB)
)
dϕ

(B.16)

with the solution procedure similar to (A.57).
The constants a(IV,b)

0 and b
(IV,b)
0 of a flux barrier’s vector potential are extracted for each

b ∈ {1, 2, ..., nFB} by

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(V )
z

r=rFB
dϕ =

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(IV,b)
z

r=rFB
dϕ (B.17)

with the solution procedure similar to (A.60).

B.2.2 Subdomain IV, II and I: flux barriers, air gap and
slots

For the continuity condition of the tangential magnetic field within the air gap now the flux
barriers need to be considered additionally:

H(II)
ϕ

r=rS
=



H(I,a)
ϕ

r=rS
for ϕ

(a)
SL ≤ ϕ ≤ ϕ

(a)
SL + βSL ∀ a ∈ [1, 2, ..., nSL]

H(IV,b)
ϕ

r=rS
for ϕ

(b)
FB ≤ ϕ ≤ ϕ

(b)
FB + βFB ∀ b ∈ [1, 2, ..., nFB]

0 elsewhere

(B.18)

This condition is met with the following integral expressions

1
µ0

∫ 2π

0
B(II)
ϕ

r=rS
cos(kϕ)dϕ = + 1

µ0

nSL∑
a=1

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

B(I,a)
ϕ

r=rS
cos(kϕ)dϕ

+ 1
µ0

nFB∑
b=1

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

B(IV,b)
ϕ

r=rS
cos(kϕ)dϕ (B.19)

1
µ0

∫ 2π

0
B(II)
ϕ

r=rS
sin(kϕ)dϕ = + 1

µ0

nSL∑
a=1

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

B(I,a)
ϕ

r=rS
sin(kϕ)dϕ

+ 1
µ0

nFB∑
b=1

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

B(IV,b)
ϕ

r=rS
sin(kϕ)dϕ (B.20)

The solutions are equal to (A.54) and (A.55) in combination with the additional terms for
the flux barriers.
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The continuity of the vector potential at the opening of a flux barriers

A(II)
z

r=rS
= A(IV,b)

z
r=rS

∀ ϕ
(b)
FB ≥ ϕ ≥ ϕ

(b)
FB + βFB (B.21)

is achieved by the following integral expression for each flux barrier b ∈ {1, 2, ..., nFB}

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(II)
z

r=rS
cos

(
mπ

βFB
(ϕ− ϕ(b)

FB)
)
dϕ =

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(IV,b)
z

r=rS
cos

(
mπ

βFB
(ϕ− ϕ(b)

FB)
)
dϕ

(B.22)

with solution procedure similar to (A.57).
The constants a(IV,b)

0 and b
(IV,b)
0 of a flux barrier’s vector potential are extracted for each

flux barrier b ∈ {1, 2, ..., nFB} by

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(II)
z

r=rS
dϕ =

∫ ϕ
(b)
FB+βFB

ϕ
(b)
FB

A(IV,b)
z

r=rS
dϕ (B.23)

with solution procedure similar to (A.59).

B.3 Resulting equation system

All resulting equations based on the continuous conditions defined in the subsection above
can be rearranged for calculating the unknown Fourier coefficients. This results in a linear
equation system of the following form

oFB



~a(I)

~a(III)

~c(III)

~a(IV )

~b(IV )

~b(V )

~d(V )


= nturnp̃FB

~̃Jz + qFB

~a(M)

~c(M)

 (B.24)

where vector ~a(I) contains all Fourier coefficients n ∈ N0 of all subdomains I(a) ∀ a ∈
{1, 2, ..., nSL} and vectors {~a(IV ),~b(IV )} all Fourier coefficients m ∈ N0 of all subdomains
IV(b) ∀ a ∈ {1, 2, ..., nFB}. Vectors {~a(III),~c(III),~b(V ), ~d(V ), } all Fourier coefficients k, t ∈ N
respectively for each subdomain. Vector ~̃Jz =

(
i(a=1)
z i(a=2)

z . . . i(a=nSL)
z

)T 1
SSL

contains the
current density flowing through each slot.
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Equation system (B.24) can be solved by inverting matrix oFB:

~a(I)

~a(III)

~c(III)

~a(IV )

~b(IV )

~b(V )

~d(V )


= nturn oFB

−1p̃FB︸ ︷︷ ︸
P̃FB

~̃Jz + oFB
−1qFB︸ ︷︷ ︸

QFB

~a(M)

~c(M)

 (B.25)

For considering concentrated windings, matrix PFB can be built based on P̃FB, analogously
to (A.69). The solved equation system for obtaining all unknown Fourier coefficients is then
defined as follows: 

~a(I)

~a(III)

~c(III)

~a(IV )

~b(IV )

~b(V )

~d(V )


= nturnPFB ~Jz + QFB

~a(M)

~c(M)

 (B.26)

For the calculation of the torque, only the magnetic flux in the airgap is of relevance, and
thereby the according parts of the solved equation system (B.26) for calculating Fourier
coefficients

{
a

(III)
k , c

(III)
k

}
:



...
~a(III)

~c(III)

...

 = nturn



...
P(III)

A

P(III)
C
...


︸ ︷︷ ︸

PFB

~Jz +



... ...
Q(III)

AA Q(III)
AC

Q(III)
CA Q(III)

CC
... ...


︸ ︷︷ ︸

QFB

~a(M)

~c(M)

 (B.27)

The inductances, PM flux linkages and back-EMFs can be efficiently calculated based on
a

(I,a)
0 , the constant of the slot’s (a) vector potential. For determining a(I,a)

0 the according
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part of the solved equation system (B.26) can be used:

a(I,a)
0
...

 = nturn


(
~P

(I,a)
0

)T
...


︸ ︷︷ ︸

PFB

~Jz +


(
~Q

(I,a)
0A

)T (
~Q

(I,a)
0C

)T
... ...


︸ ︷︷ ︸

QFB

~a(M)

~c(M)

 (B.28)

where

~P
(I,a)
0 =

(
P

(I,a)
0 (c = 1) P

(I,a)
0 (c = 2) . . . P

(I,a)
0 (c) . . . P

(I,a)
0 (c = ncoil)

)T
. (B.29)
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C Considering short circuits in the
Subdomain Model

In this appendix the required adjustments for considering phase short circuits and interturn
short circuits in the Subdomain Model are described.

C.1 Phase short circuits
(The following section is based on [72].)

C.1.1 Coefficients of the back-EMF
The equation for calculating the back-EMF (4.7) can be rearranged into the following Fourier
series

e(f)(θR) = ωR
∑
k∈N

(αk sin(kθR) + βk cos(kθR)) . (C.1)

Its coefficients {αk, βk} are calculated based on vector ~Q(I,a)
0A and ~Q

(I,a)
0C from equation system

(A.73) for a common PMSM and from (B.28) for a PMSM with flux barriers. They have
the following structure

~Q
(I,a)
0A =

(
Q

(I,a)
0A (1) Q

(I,a)
0A (2) . . . Q

(I,a)
0A (k) . . . Q

(I,a)
0A (k = kmax)

)T
, (C.2)

~Q
(I,a)
0C is defined analogously. Fourier coefficients {αk, βk} can be obtained by multiplying

vector element Q(I,a)
0A (k) or Q(I,a)

0C (k) with the derivatives { ∂
∂θR

a
(M)
k , ∂

∂θR
c

(M)
k } of the magne-

tization Fourier coefficients, excluding the trigonometric functions (sin(kθR) or cos(kθR)):

αk = −`nturnrRMkµ0
(
Q

(I,fl)
0C (k)−Q(I,fr)

0C (k)
)
,

βk = −`nturnrRMkµ0
(
Q

(I,fl)
0A (k)−Q(I,fr)

0A (k)
)
.
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C.1.2 Coefficients of the torque capability

The equation for calculating the torque (4.14) contains the torque capabilities ~P of the coils,
which can be formulated as the following Fourier series for the faulty coil (f):

P (f)(θR) =
∑
k∈N

(σk sin(kθR) + νk cos(kθR)) (C.3)

Fourier coefficients {σk, νk} are calculated based on matrices P(III)
A and P(III)

C from equation
system (A.72) for a common PMSM and from (B.27) for a PMSM with flux barriers, which
have the following structure

P(III)
A =



P
(III)
A (1, 1) P

(III)
A (1, 2) . . . P

(III)
A (1, c) . . . P

(III)
A (1, c = ncoil)

P
(III)
A (2, 1) P

(III)
A (2, 2) . . . P

(III)
A (2, c) . . . P

(III)
A (2, c = ncoil)

... ... ... ... ... ...
P

(III)
A (k, 1) P

(III)
A (k, 2) . . . P

(III)
A (k, c) . . . P

(III)
A (k, c = ncoil)

... ... ... ... ... ...
P

(III)
A (kmax, 1) P

(III)
A (kmax, 2) . . . P

(III)
A (kmax, c) . . . P

(III)
A (kmax, c = ncoil)


,

(C.4)

P(III)
C is defined analogously. By multiplying matrix element P (III)

A (k, f) or P (III)
C (k, f) with

Fourier coefficients {a(M)
k , c

(M)
k }, but without the trigonometric (sine/cosine) function, one

obtains {σk, νk}:

σk = −rRµ0MknturnGkP
(III)
C (k, f) , (C.5)

νk = +rRµ0MknturnGkP
(III)
A (k, f) . (C.6)

Since {αk, βk, σk, νk} are constant over the time, they can be calculated and stored during
initialization to drastically decrease the computational effort.

C.1.3 Faulty torque ripple

The product of the torque capability P (f) and the short circuit current density Jps, defined
by equation (6.11), gives the faulty torque ripple Tps:

Tps(θR, Rps) = `π

µ0

∑
k∈N

(σk sin(kθR) + νk cos(kθR))︸ ︷︷ ︸
P (f)(θR)

∑
k′∈N

(ζk′(Rps) sin(k′θR) + ηk′(Rps) cos(k′θR))︸ ︷︷ ︸
Jps(θR,Rps)

.

(C.7)
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By multiplying these two Fourier series one obtains:

Tps(θR, Rps) = `π

µ0

∑
k∈N

∑
k′∈N

( + σkζk′(Rps) sin(kθR) sin(k′θR) + σkηk′(Rps) sin(kθR) cos(k′θR)

+ νkζk′(Rps) cos(kθR) sin(k′θR) + νkηk′(Rps) cos(kθR) cos(k′θR)) .
(C.8)

With the trigonometric relations

sin(kθR) cos(k′θR) = +1
2 [sin ((k + k′)θR) + sin ((k − k′)θR)] (C.9)

cos(kθR) cos(k′θR) = +1
2 [cos ((k + k′)θR) + cos ((k − k′)θR)] (C.10)

sin(kθR) sin(k′θR) = −1
2 [cos ((k + k′)θR)− cos ((k − k′)θR)] (C.11)

each torque harmonic v′ ∈ Z is extracted by

Tps,v′(θR, Rps) = `π

2µ0

∑
k∈N

∑
k′∈N

[− σkζk′(Rps)(cos((k + k′)θR)δk+k′,v′ − cos((k − k′)θR)δk−k′,v′)

+ σkηk′(Rps)(sin((k + k′)θR)δk+k′,v′ + sin((k − k′)θR)δk−k′,v′)
+ νkζk′(Rps)(sin((k + k′)θR)δk+k′,v′ − sin((k − k′)θR)δk−k′,v′)
+ νkηk′(Rps)(cos((k + k′)θR)δk+k′,v′ + cos((k − k′)θR)δk−k′,v′)]

(C.12)

where δa,b is the Kronecker delta. Rearranging this equation and with the symmetrical
properties of the trigonometric functions

+ sin(−v′θR) = − sin(+vθR) , (C.13)
+ cos(−v′θR) = + cos(+vθR) , (C.14)

gives for v ∈ N0 the effective Fourier series for describing the faulty torque ripple

Tps(θR, Rps) =
∑
v∈N0

Tps,v(θR, Rps) =
∑
v∈N0

(ξv(Rps) sin(vθR) + ρv(Rps) cos(vθR)) (C.15)
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with

ξv(Rps) = `π

2µ0

∑
k∈N

∑
k′∈N

[(+σkηk′(Rps) + νkζk′(Rps))δk+k′,v + (+σkηk′(Rps)− νkζk′(Rps))δk−k′,v

−(+σkηk′(Rps)− νkζk′(Rps))δk−k′,−v(1− δk−k′,v=0)]
(C.16)

ρv(Rps) = `π

2µ0

∑
k∈N

∑
k′∈N

[(−σkζk′(Rps) + νkηk′(Rps))δk+k′,v + (+σkζk′(Rps) + νkηk′(Rps))δk−k′,v

+(+σkζk′(Rps) + νkηk′(Rps))δk−k′,−v(1− δk−k′,v=0)] .
(C.17)

C.2 Interturn short circuits
(The following section is based on [73].)

C.2.1 Particular solution
In the case of an interturn short circuit the faulty coil splits up into multiple sub-coils, leading
to three different current densities within the slot (see Fig. C.1). Therefor, the particular
solution (A.24) needs to be adjusted [55], such that these different current densities are
considered and the governing Maxwell equation (A.14) is still fulfilled. For the three partial
subdomains one obtains the following particular solutions

A
(I,a,1)
z,part =µ0

2

[
n

(a,1)
turnJ

(a,1)
z

(
r2
S,1 ln (r)− r2

2

)
+ n

(a,2)
turnJ

(a,2)
z

(
r2
S,2 − r2

S,1
)

ln(r) + n
(a,3)
turnJ

(a,3)
z

(
r2
SL − r2

S,2
)

ln(r)
]

A
(I,a,2)
z,part =µ0

2

[(
n

(a,1)
turnJ

(a,1)
z − n(a,2)

turnJ
(a,2)
z

)
r2
S,1

(
ln (rS,1)− 1

2

)
+ n

(a,2)
turnJ

(a,2)
z

(
r2
S,2 ln (r)− r2

2

)
+n(a,3)

turnJ
(a,3)
z

(
r2
SL − r2

S,2
)

ln(r)
]

A
(I,a,3)
z,part =µ0

2

[(
n

(a,1)
turnJ

(a,1)
z − n(a,2)

turnJ
(a,2)
z

)
r2
S,1

(
ln (rS,1)− 1

2

)
+
(
n

(a,2)
turnJ

(a,2)
z − n(a,3)

turnJ
(a,3)
z

)
r2
S,2

(
ln (rS,2)− 1

2

)
+n(a,3)

turnJ
(a,3)
z

(
r2
SL ln (r)− r2

2

)]
(C.18)

For each affected slot or coil with interturn short circuit, the vector potential for the complete
subdomain I(a) is thereby equal to

A(I,a)
z = A

(I,a)
z,hom +


A

(I,a,1)
z,part ∀ r ∈ [rS , rS,1]

A
(I,a,2)
z,part ∀ r ∈ [rS,1, rS,2]

A
(I,a,3)
z,part ∀ r ∈ [rS,2, rSL]

(C.19)

where A(I,a)
z,hom is defined by (A.22). For the continuous conditions to the airgap (see section

A.3 and B.2) only A(I,a,1)
z,part is of relevance, since this is the only area which has an interface
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Figure C.1: Current densities of a coil with interturn short circuit, with the area of the
functional parts (Lg) as well as the area of the short circuited part (Ls) [73].

to the airgap at r = rS.

C.2.2 Inductances
Similar to the inductance of a healthy coil, the inductance of each sub-coil can be calculated
by the magnetic energy method [62]. This leads for the inductance of the functional sub-coil
Lg = L1 + L3 + 2M13 to:

L1 = n
(f,1)
turn`

i2
∑

a∈S(f)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

∫ rS,1

rS
A(I,a)
z

J
(a,2)
z =J(a,3)

z =0; |J(a,1)
z |>0

J (a,1)
z rdrdϕ (C.20)

with A(I,a)
z defined by (C.19). The sign of J (a,1)

z = ± i
SSL,1

denotes the relative current
direction within the coil and SSL,1 is the surface of partial subdomain I(a,1). S(f) is the set
of all slots from faulty coil (f). The integrals for L3 and M13 are defined analogously:

L3 = n
(f,3)
turn`

i2
∑

a∈S(f)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

∫ rSL

rS,2
A(I,a)
z

J
(a,1)
z =J(a,2)

z =0; |J(a,3)
z |>0

J (a,3)
z rdrdϕ (C.21)

M13 = n
(f,1)
turn`

i2
∑

a∈S(f)

∫ ϕ
(a)
SL+βSL

ϕ
(a)
SL

∫ rS,1

rS
A(I,a)
z

J
(a,1)
z =J(a,2)

z =0; |J(a,3)
z |>0

J (a,1)
z rdrdϕ (C.22)

Solving these integrals gives

L1 =
(
n

(f,1)
turn

)2
`
a

(I,fl)
0 − a(I,fr)

0
i

+ µ0

(
n

(f,1)
turn

)2
`βSL

S2
SL,1

(
r4
S,1

4 (2 ln(rS,1)− 1)−
r2
S,1r

2
S

4 (2 ln(rS)− 1)−
r4
S,1

8 + r4
S

8

)

L3 =
(
n

(f,3)
turn

)2
`
a

(I,fl)
0 − a(I,fr)

0
i

+ µ0

(
n

(f,3)
turn

)2
`βSL

S2
SL,3

(
r4
SL

8 (4 ln(rSL)− 3)− r2
SLr

2
S,2(ln(rS,2)− 1

2) +
r4
S,2

2

(
ln (rS,2)− 1

4

))
M13 = n

(f,1)
turnn

(f,3)
turn`

a
(I,fl)
0 − a(I,fr)

0
i

+ µ0
n

(f,1)
turnn

(f,3)
turn`βSL

SSL,1SSL,3

(
r2
SL − r2

S,2
)(r2

S,1

4 (2 ln(rS,1)− 1)− r2
S

4 (2 ln(rS)− 1)
)

(C.23)
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Inserting (A.73) for the case of a common PMSM or (B.28) for the case of a PMSM with
flux barriers, one obtains

L1 =
(
n

(f,1)
turn

)2
`
±P (I,fl)

0 (fl)∓ P (I,fl)
0 (fr)∓ P (I,fr)

0 (fl)± P (I,fr)
0 (fr)

SSL,1

+ µ0

(
n

(f,1)
turn

)2
`βSL

S2
SL,1

(
r4
S,1

4 (2 ln(rS,1)− 1)−
r2
S,1r

2
S

4 (2 ln(rS)− 1)−
r4
S,1

8 + r4
S

8

)
(C.24)

L3 =
(
n

(f,3)
turn

)2
`
±P (I,fl)

0 (fl)∓ P (I,fl)
0 (fr)∓ P (I,fr)

0 (fl)± P (I,fr)
0 (fr)

SSL,3

+ µ0

(
n

(f,3)
turn

)2
`βSL

S2
SL,3

(
r4
SL

8 (4 ln(rSL)− 3)− r2
SLr

2
S,2(ln(rS,2)− 1

2) +
r4
S,2

2

(
ln (rS,2)− 1

4

))
(C.25)

M13 =n(f,1)
turnn

(f,3)
turn`

±P (I,fl)
0 (fl)∓ P (I,fl)

0 (fr)∓ P (I,fr)
0 (fl)± P (I,fr)

0 (fr)
SSL,1SSL,3

+ µ0
n

(f,1)
turnn

(f,3)
turn`βSL

SSL,1SSL,3

(
r2
SL − r2

S,2

)(r2
S,1

4 (2 ln(rS,1)− 1)− r2
S

4 (2 ln(rS)− 1)
)

(C.26)

The remaining inductances Ls = L2 and Msg = M21 +M23 can be determined by the same
procedure.

C.2.3 PM flux linkage & back-EMF
As shown in subsection 4.2.1, the PM flux linkage is effectively calculated based on the
spatial constant offset a(I,a)

0 of a slot’s vector potential. Since a(I,a)
0 is still constant for the

whole slot in the case of an interturn short circuit (situation as shown in Fig. C.1), the only
required adjustment in (4.5) for calculating the PM flux linkage of the partial subdomains
in the slot is the number of considered coil turns

Φ(f,x)
M (θR) = `n

(f,x)
turn

(
a

(I,fl)
0 − a(I,fr)

0

)
. (C.27)

with x ∈ {1, 2, 3}. Inserting (A.73) for the case of a common PMSM or (B.28) for the case
of a PMSM with flux barriers (with ~Jz = ~0), yields for the PM flux linkage (4.6) and for
the back-EMF (4.7), besides the adjusted number of winding turns n(f,x)

turn .
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List of Symbols

Az Axial magnetic vector potential T
m

α Field weakening coefficient –
Br Radial magnetic field T
Bϕ Tangential magnetic field T
βSL Angular width of the slots rad
βFB Angular width of the flux barriers rad
e(c) Back-EMF of coil (c) V
es Back-EMF of the interturn short circuited coil turns V
εM Pole-arc to pole-pitch ratio –
J (c) Current density flowing through coil (c) A

m2

L Diagonal matrix containing the inductances of all coils H
` Active rotor length m
`π
µ0
P (c) Torque capability of coil (c) Nm3

A
`π
µ0
Q Cogging torque Nm

λ Lagrangian multiplier –
Mr Radial magnetization (healthy) A

m

M̃r Radial magnetization (considering demagnetization) A
m

a
(M)
k , c

(M)
k Fourier coefficients of the healthy magnetization T

ã
(M)
k , c̃

(M)
k Fourier coef. of the magnetization considering demagnetization T

nturn Number of winding turns of a coil –
Jm Rotor’s moment of inertia kg m2

ωR Rotational speed rad
s

nR Rotational speed 1
min

p Number of pole pairs –
Φ(c)
M PM flux linkage of coil (c) Wb

ΦM,s PM flux linkage of interturn short circuited coil turns Wb
ϕ

(a)
SL Angular position of slot (a) rad

ϕ
(b)
FB Angular position of flux barrier (b) rad

rR Outer radius of the rotor m
rM Outer radius of the magnets m
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rS Inner radius of the stator m
rSL Outer radius of the slots m
rFB Outer radius of the flux barriers m
R Diagonal matrix containing the resistances of all coils Ω
SSL Surface of a slot m2

Tps Faulty torque ripple caused by a phase short circuit Nm
T2ps Faulty torque ripple caused by a phase-to-phase short circuit Nm
θR Angular rotor position rad
x Dynamic variable x ∈ {θR, ωR, J} [x]
xdes Desired value of dynamic variable x [x]
xmes Actual value of dynamic variable x [x]
∆x Deviation of the actual value to its desired value [x]
∆Ξ′ Required (mechanical) correction computed by the feedback control kg2m2

s4A2

ỹ Dynamic variable considering demagnetization ỹ ∈ {Φ̃M , ẽ, Q̃, P̃} [ỹ]
~z Vector containing dynamic variables of all coils ~z ∈ {~ΦM , ~e, ~P , ~J} [z]
~zh Vector containing solely the variables of the healthy coils from ~z [z]
Zh Diagonal matrix containing solely the constants of the healthy coils [Zh]

from Zh ∈ {Lh,Rh}
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