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ABSTRACT

We present a full-wave Maxwell-density matrix simulation tool including c-number stochastic noise terms for the modeling of the spatiotem-
poral dynamics in active photonic devices, such as quantum cascade lasers and quantum dot structures. The coherent light-matter interaction
in such devices plays an important role in the generation of frequency combs and other nonlinear and non-classical optical phenomena. Since
the emergence of nonlinear and non-classical features is directly linked to the noise properties, detailed simulations of the noise characteris-
tics are required for the development of low-noise quantum optoelectronic sources. Our semiclassical simulation framework is based on the
Lindblad equation for the electron dynamics, coupled with Maxwell’s equations for optical propagation in the laser waveguide. Fluctuations
arising from the interactions of the optical field and quantum system with their reservoirs are treated within the quantum Langevin theory.
Here, the fluctuations are included by adding stochastic c-number terms to the Maxwell-density matrix equations. The implementation in the
mbsolve dynamic simulation framework is publicly available.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0183828

I. INTRODUCTION regime are quantum dots (QDs)," ' quantum dash lasers,””” inter-

band cascade lasers,” ”° and quantum cascade lasers (QCLs).””"
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An optical frequency comb (OFC) describes coherent radia-
tion with a broadband spectrum consisting of discrete, equidistantly
spaced optical lines featuring a stable phase relation with low phase
noise and low mode partition noise.' ~ Typically, such combs are
used for measurements of optical frequencies in metrology and
sensing, having revolutionized these fields by providing unprece-
dented accuracy and enabling numerous innovative applications.”
Promising semiconductor lasers (SCLs) for integrated optical fre-
quency comb technologies in the mid-infrared and terahertz (THz)

The active gain medium of the aforementioned low-dimensional
SCLs provides a large third-order nonlinearity, which gives rise to
a broadband four-wave mixing (FWM) process, resulting in mode
proliferation.”” A complex interplay of parametric gain, FWM non-
linearity, chromatic dispersion, and spatial hole burning is essential
for frequency comb formation.”'******* %" For a better understand-
ing and for improving the laser performance, noise and linewidth
characteristics of such devices have been extensively studied, both
theoretically and experimentally.'*'>"***** Stable and robust OFC

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-1


https://pubs.aip.org/aip/apq
https://doi.org/10.1063/5.0183828
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0183828
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0183828&domain=pdf&date_stamp=2024-March-11
https://doi.org/10.1063/5.0183828
https://orcid.org/0000-0003-1745-4888
https://orcid.org/0009-0007-2240-163X
https://orcid.org/0000-0002-6003-3897
https://orcid.org/0000-0002-0985-8594
https://orcid.org/0009-0006-5335-7363
https://orcid.org/0000-0002-5164-432X
https://orcid.org/0000-0001-5474-9808
https://orcid.org/0000-0003-0785-5530
mailto:johannes.popp@tum.de
https://www.ee.cit.tum.de/cph/home/
mailto:jirauschek@tum.de
https://doi.org/10.1063/5.0183828

APL Quantum

operation requires a narrow beatnote, which is a measure for the
amount of amplitude and phase noise of the comb lines. Noise
accompanying carrier transport and spontaneous emission noise
can, therefore, have a significant impact on the OFC formation and
the performance of SCLs.

Significant research efforts are devoted to the generation
and deployment of non-classical features in optical and electronic
systems.”” "' Recently, intensity correlations in QCL harmonic
frequency combs (HFCs) have been experimentally investigated
to develop a new generation of semiconductor devices for gen-
erating light with non-classical properties.”” Endowing commer-
cial devices with outstanding quantum features would pave the
way for practical and high performance applications in the field
of quantum networks,”””’ _including quantum computation,
quantum communication,” quantum metrology,” *’ and quan-
tum simulation.”""” Notably, photonic systems are quite attrac-
tive for the investigation and employment of non-classical fea-
tures, such as the generation of the so-called quantum combs,””
corresponding to non-classical states of light with a multimode
squeezed and/or an entangled output. As the emergence of nonlin-
ear and non-classical features in SCLs is directly linked to the noise
properties,”** the development of low-noise SCL sources based on
detailed simulations is an important prerequisite.

For the modeling of the optical dynamics in nano-
optoelectronic devices, the Maxwell-Bloch equations are widely
used since they form a relatively compact and numerically efficient
model and thus allow for spatiotemporal simulations of the laser
dynamics over many optical round trips.”” " Here, the Bloch
equations are used for simulating the evolution of the quantum
system and its coherent light-matter interaction with the optical
field in the active medium. In addition, the optical field propagation
is treated classically within Maxwell’s equations, where the coupling
with the quantum system arises from the macroscopic polarization
term.®” The density matrix formalism can be extended and adapted
by adding further quantized states in addition to the laser levels and
tunneling between states.

Within the Maxwell-density matrix equations, the dissipation
processes can be modeled on a microscopic level, by including
relevant mechanisms such as carrier—carrier and carrier—phonon
scattering. Based on the specific Hamiltonian, relaxation and
dephasing rates can be derived within the second-order Born-
Markov approximation.””""* Typically, the dissipation in the
Maxwell-density matrix equations is treated by phenomenological
dephasing rates and electron lifetimes, which are either empiri-
cally chosen or estimated based on experimental data. Alternatively,
advanced carrier transport models of different levels of complexity
and numerical efficiency can be used to determine the scattering
and dephasing rates self-consistently. The ensemble Monte Carlo
(EMC) method, for example, is a widely used statistical method
for the numerical evaluation of the carrier transport in SCLs, such
as QCLs.”” ’® Since the semiclassical EMC model cannot cover
quantum coherence effects, such as resonant tunneling across thick
injection barriers, e.g., in THz QCLs, quantum corrections based on
the density matrix (DM) formalism have been incorporated.”” “A
more general quantum transport approach, which has been applied
to the simulation of QCLs, is given by non-equilibrium Green’s
functions (NEGFs).”"””** Both are self-consistent 3D approaches
not relying on empirical or fitting parameters as an input and tak-
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ing into account intrasubband processes between different kinetic
energy states within a subband. In general, the NEGF approach
contains the full quantum information of scattering and dephas-
ing effects and is, therefore, superior to semiclassical methods
such as the EMC method. However, the numerical simulation of
the NEGF solution is expensive, if incoherent scattering within
the self-consistent Born approximation is taken into account. To
reduce the numerical costs, NEGF simulations are typically exe-
cuted by neglecting electron-electron scattering beyond the Hartree
approximation.”*

Typically, the Maxwell-density matrix equations are treated in
the so-called rotating-wave approximation, where a coarser spa-
tiotemporal grid can be used, and thus, the numerical load is greatly
reduced. This approximation is, however, only valid for relatively
narrowband (and not too strong) optical fields.””*”*’ Meanwhile, for
frequency comb sources, a broadband spectrum with a high num-
ber of modes is desired, and the QCL even offers the potential for
generating spectra extending over a full octave and beyond.** In
several studies, dynamical simulations of different nonlinear opti-
cal phenomena in nanostructured devices, e.g., QCLs”*7% and
QD lasers,””"”" were conducted. Motivated by these developments,
over the recent years, our group has developed the open-source
codebase mbsolve for the numerically efficient simulation of full-
wave Maxwell-density matrix-type equations, i.e., without invoking
the rotating-wave approximation.”® "

As pointed out above, this work aims to implement noise
sources into mbsolve, enabling a realistic simulation of the noise
characteristics in low-dimensional SCLs, which is, for example,
important in the context of OFC operation. In a semiclassical
framework, noise can generally be included by adding stochas-
tic terms.'”"'"” These are typically numerically implemented by
using a pseudorandom number generator producing uncorrelated,
Gaussian-distributed random numbers for every grid point.'”*'"’
The resulting Maxwell-Bloch equations are then commonly solved
numerically with the finite-difference time-domain approach.'”'"!
The magnitude of the stochastic terms can be systematically derived
from the quantum Langevin equations,’”” " which are then rep-
resented by equivalent stochastic c-number equations,”mw’I e,
evolution equations for operator expectation values with additional
stochastic terms. The c-number Langevin equations have also been
used to calculate the intrinsic linewidth and estimate the intensity
noise in SCLs."""****!">"1"" gpontaneous emission obviously plays
an important role in optoelectronic devices. While the resulting
recombination can simply be included by nonlinear rate terms for
the carrier occupations,””''® the noise contribution is not included
in the Maxwell-Bloch model due to its semiclassical nature. This
effect can, however, be considered in terms of a Gaussian white
noise source in the optical propagation equation.'””'”'"¥ In a
different model, dipole fluctuations are also included by adding
Langevin noise terms not only to the propagation equation but also
to the off-diagonal density matrix elements."'“'"”"'*’ By virtue of the
fluctuation-dissipation theorem, a decay of populations, coherences,
or the optical field is generally accompanied by fluctuations, and a
Maxwell-Bloch equation model that includes such decay-induced
fluctuations has been presented.'”"'**'”> We extend this approach
by including incoherent tunneling. From this, we can derive the
semiclassical noise terms for our Maxwell-density matrix Langevin
approach, which we then incorporate in our open-source tool

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-2

L0°2Z:¥1 920T Udlen L


https://pubs.aip.org/aip/apq

APL Quantum

Laser system Reservoirs

Semiconductor host,
e.g., lattice vibration

Quantum system
p

Vacuum fluctuations
(Spontaneous emission)

Hi

Optical field
E H

s

Cavity walls,
blackbody radiation

FIG. 1. Schematic illustration of the coupling of a SCL quantum system and a field
system and the interaction with their associated reservoirs.

mbsolve. Notably, an extension of the stochastic c-number approach
to incorporate non-classical effects has been discussed,''"'*® which
might enable a direct investigation of non-classical light generation
in the presence of noise.

In detail, this paper is organized as follows: In Sec. II, we cal-
culate the stochastic noise terms of the quantum Langevin equations
and derive the generalized description of the Maxwell-density matrix
Langevin equations for a quantum-optoelectronic structure, such as
a QCL. Our model is schematically illustrated in Fig. 1. Here, the
structure is described in terms of the optical field represented by
the electric and magnetic field vectors E, H and the density operator
p, which are coupled to each other by the interaction Hamilto-
nian Hj. For the calculation of drift and diffusion operators in the
quantum Langevin theory, we take into account the influence of var-
ious reservoirs in our structure. Regarding the quantum system, the
reservoir interactions with the semiconductor host, which, for exam-
ple, includes phonons associated with (longitudinal- and transverse-
optical and transverse-acoustic) thermal lattice vibrations, lattice
imperfections in the form of impurities (such as dopants), interface
roughness or atomic disorder in alloys, as well as vacuum fluctu-
ations arising from spontaneous emission are considered. For the
optical field, the interaction with noise arising from thermal radia-
tion (blackbody) entering the active waveguide from the cavity walls
can be taken into account by external noise sources.'”’” In this paper,
we rather focus on the fluctuations arising from the quantum system
and dedicate the investigation of thermal noise influences, which
can, for example, play a role in THz QCL active waveguides, to
future studies. In Sec. 11, we give an overview of the simulation
tool and the implementation of the noise terms and validate the
model by presenting the simulation results for a superfluorescence
(SF) setup. '’ 128 Burthermore, we present the simulation results for a
THz QCL harmonic frequency comb and discuss the effects of noise
contributions on the comb characteristics. This paper is concluded
in Sec. IV.

Il. THEORETICAL MODEL

In the following, we restrict ourselves to optoelectronic devices,
where the optical field can be well modeled using 1D Maxwell’s

ARTICLE pubs.aip.org/aip/apq

equations. This, for example, applies to semiconductor lasers
with longitudinally invariant waveguide geometries, where the 3D
Maxwell’s equations can be reduced to an effective 1D model.””
The focus lies on the inclusion of noise arising, for example, from
spontaneous emission and fluctuations associated with the electron
transport. First, we introduce the quantum Langevin equations using
a simple three-level resonant tunneling QCL system. Here, the reser-
voir variables are eliminated and replaced by drift and fluctuation
terms within the Heisenberg equation of motion. The quantum
Langevin equations can be transformed into associated c-number
Langevin equations, which are then used to derive the stochastic
noise terms incorporated into the full-wave Maxwell-density matrix
equation system.

A. The quantum Langevin equations

The quantum Langevin equations are introduced by using a
simple three-level resonant tunneling QCL system as depicted in
Fig. 2.7 The QCL exploits optical transitions between quantized
states in the conduction band of a quantum well heterostructure,
where the properties can be controlled by quantum design rather
than being determined by the bulk material. This not only applies
to the gain and lasing wavelength but also to the nonlinear opti-
cal properties, such as FWM. Besides confinement provided by
the quantum wells, another important quantum effect is tunnel-
ing through the separating barriers, which significantly influences
the carrier transport, in addition to the incoherent scattering-
induced transitions due to phonons, crystal imperfections, and
electron—electron interactions.”"”” Regarding non-stationary QCL
operation as is the case for OFC emission, coherent light-matter
interaction as a further quantum effect plays a significant role in the
dynamic behavior, e.g., leading to Rabi flopping,'* i.e., oscillations
of the electron population between the upper and lower laser lev-
els driven by the resonant optical field. Dephasing due to incoherent
scattering has to be taken into account for a realistic description, as
it greatly affects tunneling and coherent light-matter interaction.

]
]
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: " ‘\ QI,S * ‘2
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'~.~ ]
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FIG. 2. Schematic conduction band profile and probability densities of a two-well
THz QCL structure, where the upper laser level 3 is populated via resonant tunnel-
ing from injector level 1. Depopulation occurs through LO-phonon scattering from
lower laser level 2 to depopulation level 1.
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For the structure shown in Fig. 2, the lasing transition occurs
between the upper laser level |3) and the lower laser level |2). Depop-
ulation takes place via level |1), and electrons are injected from the
depopulation level |1’} of the adjacent period via resonant tunnel-
ing. The resonant tunneling across thick injection barriers in THz
QCLs is treated within the tight-binding model.”*"*"*'**""'** Here,
the tunneling between a doublet of states at the thick injection bar-
rier is described by the coupling strength Q;; = ~i™"(i| Vet — Vio|j),
with the extended conduction band potential Vex and the tight-
binding potential V. The coupling strengths Q;; between the states
13),]2), 1) within the active period are zero."*!

In general, the QCL system is then described by the reduced
system Hamiltonian,"'*"**"**

HS :HF +I:I()+Ath+HI
= hawoar"a + Y eili) (il - 1y (11)(3] + 3)(1'])
i

+hg(13)(2] +2)(3]) (a + "), (1)

where Hy is the Hamiltonian of the optical field, Hy is the Hamil-
tonian of the quantum system with AVy, describing the coupling
of electron states in two adjacent periods within the tight-binding
model, and H constitutes the interaction Hamiltonian between the
quantum system and the optical field. Here, % is the reduced Planck
constant, wo is the single mode lasing angular frequency, a' (&)
denotes the creation (annihilation) operator of the radiation field,
€ is the energy of level |i), and hQ,/; the anticrossing energy gap
between levels |1’) and |3). The dipole coupling constant g can
be written in terms of the dipole matrix element, u;23 = q(2|£|3),

asl()5,133
wo
=/ , 2
g 2herenVp Ha2s @

where ¢ is the relative permittivity, €, is the vacuum permittivity,
and V,, is the volume of each quantum system associated with an
active QCL period.

The Heisenberg-Langevin equation of motion for an operator
Au(t) reads as' 1071015

O Au(t) = —ih ' [Au(), Ho(t)] + Du(t) + Eu(t)

. R (3)
= M, (t) + Fu(t).

Here, the drift operator D,(t) and the fluctuation operator F,(t)
account for the influence of the reservoirs on the system. [-,-]
denotes the commutator [X, Y] = XY - YX. For the drift operator

A . . . . 134,135
Dy, we can, under the Markovian approximation, write

Dy = =37 8(wi-w){[Aw Q] Qi - QAw Qlws}, @)
if

where w* are the reservoir spectral densities and Q; is a function of
system operators. For a detailed description and derivation of this

pubs.aip.org/aip/apq

theory together with the calculation examples for specific operators
Ay, we refer to Refs. 134 and 135.

The reservoir average of the fluctuation operator vanishes,
(P‘;)R = (F,)r = 0. The diffusion coefficient for a Markovian system
is defined as

2D ())r0(t ~ ') = (Fu())Ey(t))r ()

and can be calculated by applying the fluctuation-dissipation
theorem. Here, the §-function indicates the very short memory
period of the reservoirs. The generalized Einstein relation for the
calculation of the diffusion coefficient is given by’ "%

2Dy (1))r = O{ A () Au (1) )r — (M (DA (1)) - (Ay(t)Mv(t))(lé-)
From Eq. (3) together with Egs. (1) and (4), the quantum Langevin
equations for the three-level QCL quantum system can be derived.
Therefore, we introduce the electron population operators &;; = |i)(i|
and the coherence operators 4;; = |i){j|. The term 634" describes
the creation of a photon accompanied by an electron transition
from the lower to the higher lying energy level, and 6,34 describes
the annihilation of a photon accompanied by an electron transi-
tion from the higher to the lower lying energy level. At this point,
we drop these counterrotating energy non-conserving terms in the
interaction Hamiltonian Hj as in the commonly used rotating wave
approximation.'”>"”’ This simplifies the following calculations of the
noise terms. A more complete calculation should also include more
than one mode of the optical field in the system Hamiltonian. How-
ever, these concessions do not affect the form of the specific noise
terms that are ultimately used in our simulations. The corresponding
equations of motion are given by

8 a(t) = —iwoda(t) - g&(t) — gy + Fa(t), (7a)

i \ o
—gA32023(t) = y23623(¢) +1Qyr36,1 (¢)

+ig[6‘33(t) - &22(t)]&(t) + F23(t),

O &zs(t) = (7b)

O G5 (t) = _EAI'_’»USI'(t) = Y305 (1) +1Qy5[633(t) — 61y (8)]

+igbyy (t)&f(t) + F31'(t)’
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. i . . . N
Ok Gy (t) = _ﬁAl’zan’(t) = Y20y (t) +1Qy5623(1) (7d)
+igayy (t)a(t) + le’(t)»
N 1, . .
Oy 0’33(t) = —?033(1’) + 7‘320‘22(t) + r31/0111:(t)
3

+g[a' (16 (t) - a()aly (1)) (7¢)

—iQy3 [5§1'(t) - 631’0)] +Fs(1),
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N \ 1, .
0 62(t) = r2s053(t) = —G22(t) + 1y Gyye (1)
2

(79)
+ig[a(D)aly (1) 4T ()52 ()] + P (1),

. . . 1,
O 6y (t) =ry3033(t) +1y73022(1) = 7‘71’1’0)
v

) R (7g)
—iQyr3 [531’(t) - 631/(0] +Epy (1),

where « is the cavity decay rate, A;; denotes the energy separation
between levels |i) and |j), 77! = ;. jTji is the inverse population
lifetime, 7+ represents the scattering rate from level j to i, and

1({1 1
Yijzi(;i+;j)+yij,p ®)

is the dephasing rate. Here, y;, , is the pure dephasing rate, which
for QCLs mainly consists of elastic scattering contributions due
to impurity and interface roughness.”” The equivalent equations
for a'(t), 632(t), 6,,5(t), and &,,,(¢t) are given by the Hermitian
conjugates of Eqs. 7(a)-7(d).

Using Eq. (6), we can calculate the second-order correlation
function relevant for the polarization operator as

(EL () Fas(t'))r = 2(Dsas (£))r0(t — t')
= [0 (6l (D52 (D)r — (B (D2 (D)
~ (e ()M ()]0t~ 1) ©)
= [(2)’23 - %)(%3(0)1{ +r32(622(1))r
+ 13 (G (8) )R]O(E ~ t,)-

A detailed derivation of the diffusion coefficient 2{D3,3(t))r can be
found in Appendix A.

With the same procedure, we determine the other non-
vanishing second-order correlation functions, ”"'”

(EL(0)Fa(t'))r = kg (wo)3(t — t), (10a)
(Fa(O)FL())r = (i (wo) + 1)8(t — 1), (10b)

(B (1) FL,(1))r = [m(ffsa(t))R + (2)’23 - Tiz)

() + ol (O3 =), 100

(B (8) By ())r = [ﬁ's(?faa(f))R +112(022(8) )R

+ (2)’1’3 - _[lﬂ)(&l’l’(t»ll]a(t -t'), (10d)

pubs.aip.org/aip/apq

(B O (O = [ (210 - ) (om0

+132(022(1) )R + r31'571'1'(f)]5(t -1'), (10e)

(OB () = [nr;(fm(tm e {6 (®)n

(2= L v o=, aon

(ﬁzl’(t)ﬁllr(t,)ﬁ = [723(633(t))R + (2);1,2 - i)

T2

(2O + oy (D)6 = ), (109

(Fs3(t)F5(t))r = [%(&33(”)1{ +132(622(t) )R

#r o O o =), o

(Faa(t)F(t))r = [723(533(t))k + %(5220))1{

# o O fae-¢), o

(pl'l'(t)pl'l'(t,)>R = [’1’3(533(0)R +117(622(8) )R

1

F - o

-1
Here, ny(wo) = [exp (ZBL%) - 1] is the number of thermal pho-
tons in the lasing mode at temperature T, where kg denotes the

Boltzmann constant.

B. The c-number Langevin equations

In order to derive the stochastic noise terms for the semiclassi-
cal Maxwell-density matrix equations, the operator Langevin equa-
tions have to be converted into the associated c-number Langevin
equations.

The quantum Langevin equation for the operator A,(t) in
chosen order is given by

O Au(t) = - ' [Au(t), Ho ()] + DE(1) + F(r),  (11)

where we make use of the commutation relation A;Av = AVA};
- [AV,A;] to bring the equation into the chosen order. We use the
superscript c to highlight that we have put the operators in chosen
order. To explain this formulation in more detail, we use the fluc-
tuation operator F,(t) as an example, but the following description
holds for the other operators in the same way. For a chosen order
Al, . ,A,,, we can write
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By = B (An.. . Ay), (12)
where the fluctuation operator 13; in the chosen order is, of course,
equal to the fluctuation operator F, in the original order. The asso-
ciated c-number fluctuation term Fj, (Al,. . ,A,l) is obtained using
c-numbers A,. By defining a linear chosen ordering operator C, we
can further indicate' """’

E(An . A) = C(E(An . A), (13)
where the operator C has the function of replacing each A, by the
corresponding operator A, and bringing all terms into chosen order.

If we now convert the quantum Langevin equation into the
equivalent c-number Langevin equation, we may write

O Au(t) = Ly(t) + Du(t) + Fy(t)

. (14)
= M,(t) + E;(t),

with L, (t) being the coherent term corresponding to the commuta-
tion of A,(t) with the system Hamiltonian H, and D,(t) denoting
the drift term. Furthermore, by the use of Eq. (14), we obtain the
c-number equation,

O [Au(DAN(D)] = Au(DDA(E) + A()DA(E)
= A, ()M (t) + Ay (1) M, (t) (15)
+Au(1)F, (1) + Ay(t)Fu(t).

In analogy to the reservoir average in the operator case, we may write
the c-number equation as

at(A/A(t)Av(t»R:(A/A(t)Mv(l‘))R+(Av(t)MH(t))R+2(Dﬂv(t)zR,)
16
where we can make use Qf the following relation under the
Markovian approximation:'’*'**

2(Dyy () )r = (Au()F, (t) + Av(£) Fi(£) Jr. 17)

The diffusion coefficients in the c-number Langevin equations may
differ from the ones in the quantum Langevin equations, as the c-
numbers commute, whereas the operators do not. By requiring the
equivalence of Egs. (16) and (6) in both c-number and quantum
Langevin theory, it can be shown that, in general,

2Dy (1) )r # 2(C(Dr (1)) ). (18)

By taking our chosen ordered operator representation of
the system operators &', 61

s 0% 61, 610 b33, 62, Gy B,
A A A . . * * *
031/, 023, 4, we obtain the corresponding c-numbers a*, 0,3, ©

31"
0yrs 033, 022, Oyry/» Oyprs O3y, 023, . Therefore, we derive the

c-number second-order moments and obtain for the populations
differing terms compared to the operator case,

(Fss (£) Fss (£))x = {}3<ass<r)>R + 1320 () + Py oy (D)
+ig[(a” (t)oas (1) )r — (a(t)033(t))r]

10 [(a () - (e (D)a] ot 1),
(19a)

pubs.aip.org/aip/apq

(Fa(t)Faa () = {Tzs(asa(f)>R + ?12(022('?))11 + 1y oy ()R

+ig[(a (£)ax () - <a(t)a;3(t)>R]}a(t ),
(19b)

(F1’1’(t)F1’1’(tl))R = {”1’3(‘733(t)>R + "1’2(‘722(t)>R
# (o () + 103 {03 ()
(o (D)al}oe - ), (190)

As an example, we provide a detailed derivation of the diffusion
term from Eq. (192) in Appendix A. In addition, we obtain diffusion
coefficients absent in the quantum Langevin theory, e.g.,

(Fa3(£) Fas (t'))r = 2ig(a(t)oas (£) )RSt - '), (20a)

(Fyy (£)Fyyr (') )r = =210 (03, (£) )rS(t — 1), (20b)

The complete diffusion matrix D(A,t), including all relevant
cross correlation terms of the three-level QCL system with the c-
number vector A = [a*, a, o33, 03*1,, 0)r> 033,022, 01117, Oy 031r,023]T,
is illustrated in Appendix B.

In the literature,**'*’ it has been shown that a set of Ito
stochastic differential equations (SDEs) can be derived for the given
c-number vector and can serve as an efficient basis for numerical
simulations. The equivalent Ito SDEs to the Langevin theory are
given by

O A(t) = M(t) + E(f) = M(t) + B(A, 1) - &(1), 1)

where f(t) is a vector with real, independent Gaussian random
numbers. Here, a semi-definite and symmetric diffusion matrix
D(A,t) is required, which can then be factorized into the following

111,138,140
form:

D(A,t) = B(4,t)B"(4,1), (22)

where the derived noise matrix B(A, t) is not necessarily symmetric.

To calculate the full noise matrix B(A,t) for the three-level
QCL system, we can divide the diffusion matrix D(4, ) into four
different submatrices, where a correlation between the correspond-
ing terms is identified. The given subvector A, and the submatrices
B,(A,,t) and D,(A,,t) are illustrated in Table 1. Here, we include
correlations between three states by taking into account a tunneling
transition followed by an optical transition. This leads to a substan-
tial extension of the initially derived quantum theory of propagation
of non-classical radiation in a two-level system''! and is of essential
importance for the description of quantum fluctuations in THz QCL
systems, where electron transport across thick barriers is mediated
by tunneling between closely aligned energy levels. A detailed sym-
bolic derivation of the noise submatrices B,(A,, t) and the resulting
noise matrix B(A, t) for the three-level QCL system can be found in
the GitHub project mbsolve.'*!
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TABLE I. Division of the diffusion matrix into submatrices D, (A,, t) and the corresponding c-number subvectors A, and noise
submatrices Bv(ﬁv, t). In order to preserve the physical properties of the quantum system description, we have to interpret
noise matrices BV(AV, t) differently for occupation and coherence terms. The differing matrix expressions for the coherence

terms are highlighted in red.

Submatrix

Subvector A, B,(A,,t) Submatrix D, (A,, t)

[ * * B . 2
03 o 9 a —ia 0 —Zb - l;C ab2+ ac2 *2|a| X
033 033 23] -b  —ic —ab —ac b"—¢ -b" +c —a b+a ¢
02 > oy > oy ’ b ic ab + ac —b*+ [ a*b-a*c

| 023 oy 0,1 et 2\41|2 —a“b+a*c a*b-a*c 0

- =

923 % o’

022 033 033
>

oy 02 022

| 023 o 0,7

r h r o2 2
033] [ 033 ] [ 02 a a a —a ] IS |’1‘2

> > s | % 2 2P 2 *42

2 (A o7 ] —a a L4 a |al (a™)

* *
23 T3/
>
23] Loy
[ * * * 7 B B 2
033 [ 03 a ia 0 2ab 0 2|al
* * .
[ (A 011/ b —ib 2ab 0 2bc 0
0347 oy [ c ic 02 2bc 0 2a" ¢
* . *
| 023 023 03 | a —ia | 2]a] 0 2a" ¢ 0
* * . 2
1723:|’ |:031,:|’ [021,] [u m] [ 02 2a ]
023 [N % a —ia 2a 0

By calculating the operator expectation value in the
Schrodinger picture, we can demonstrate that the c-numbers
representing the quantum system can be replaced by the den-

sity matrix elements p,;, 051750517 P33 Pars P1717 P1ras P13 Pp-  Lhe
expectation value can be written as

{05) = Tr{[i)(jlp(1) }
= Tr{li)(jlz Pj',-'(f)li'>(i'|} = pii(t)-
i

(23)

Furthermore, we can write the interaction Hamiltonian Hj of the
quantum system and the optical field as

A,

Hy = —ﬂszz = —ﬁz,23f5z(532 +623), (24)

where the electrical field operator £, is defined as

A wo P P
E=\//7—— + . 25
z 2heregVp (a a)ez (25)

Here, €, denotes the unit vector in the z-direction. For devices
in which the intraband transitions between quantized states occur
within the conduction band, e.g., the QCL quantum well het-
erostructure, only the dipole matrix element i, for polarization in
the growth direction z is nonzero and relevant.

C. Generalized Maxwell-density matrix
Langevin equations in 1D

In the following, we derive the generalized Maxwell-density
matrix Langevin equations with additional microscopic fluctuation

terms and characterize the influence of spontaneous emission noise
on the optical field evolution. For the description of the coherent
carrier dynamics and the incoherent relaxation processes, as well
as the interaction with the classical optical field, the generalized
full-wave Maxwell-density matrix equations constitute a compact
semiclassical model. By combining it with the Langevin approach,
the microscopic noise characteristics can be fully taken into account.
Here, the carrier dynamics in a SCL system are described in the
density matrix formulation using the Lindblad equation,

O p =il [Ho+ AV + Hi,p] + D(p) + F(p),  (26)
which is coupled to Maxwell’s equations in one dimension,

OiE; = 871 (_GEZ - atpz,class - l—‘8tpz,qm + axH)/)a (273)

OHy =y~ O<E,, (27b)

where D(p) is the dissipation superoperator, F(p) is an addi-
tional Langevin fluctuation superoperator, and the other operators
have their usual meanings. The permittivity is given by the product
& = &&r, 0 is the material conductivity, u is the permeability, and the
confinement factor T € [0, 1] gives the spatial overlap of the trans-
verse optical field mode with the quantum system. As we focus in
this work on optoelectronic devices with an invariant transverse field
distribution, the reduction to a one-dimensional model for optical
propagation in the waveguide is justified.®” The Lindblad equation
is the general form of a time-local and Markovian linear master
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equation for a quantum system, described by its completely positive
trace-preserving density matrix, interacting with an environment.
Obviously, the conventional Bloch equations, corresponding to a
two-level system, describe the interaction of the laser levels with the
optical field E; and constitute a special case of the Lindblad equation
given in Eq. (26). The interaction with the environment is here mod-
eled by scattering and dephasing rates, r;; and y,.. Further levels can
be considered in Eq. (26), and additional effects, such as tunneling,
are included in the Hamiltonian. Moreover, quantum fluctuations
are considered in the model given by Eq. (26) by adding a suitable
Langevin fluctuation superoperator F. Maxwell’s equations capture
the optical propagation through the waveguide resonator, where the
coupling with the quantum system is described by the macroscopic
polarization P, ¢ arising from the contributions of the dipole matrix
elements. The expectation value of the dipole moment operator j is
calculated by averaging over a large ensemble of quantum systems
within an adequate volume V), around the position z, and we can
write for the macroscopic polarization

Pogm = napTr{fzp} = nsp(Uz23p32 + pz32p23)

(28)
= n3ppz23 (P32 + p23),
where n3p is the carrier number density. The two classical contribu-
tions, P, cass = €0XE, and oE;, account for the polarization caused by
bulk and waveguide dispersion as well as material losses.”
Finally, the update equations of the density matrix elements for
the QCL system depicted in Fig. 2 can be written as

i

Ocpsa(t) = =7 Bsapsa(t) = yaspa(t) +iQyspra (1)

i (29a)
+ 4 He2sBe[psa(1) = pa(£)] + Fas (1),
i .
Ok pys(t) = _EA1’3P1’3(t) = y13pr3 (1) +1Qy3[p33(t) (29b)
i
—prr(H)]+ E.”z,ZSEZPl’z(t) +Eyp (),
i .
Ok pya(t) = *EAl’zPﬂz(t) = y112p12 () +1Qyr3p32(t) (290)
) c

1

+ th,ZSEzP1’3(t) + le’(t)’

1
O p3(t) = —T—pss(t) + 132022 (8) + 1311 (1)
3
20 a3 B3 (paa(t)) (294)
=204133(py5 (1)) + F33(t)s

1

Oy p2a(t) =raapss(t) — T*PZZ(t) +1ypyy (8)
2

+2h71‘1/lz,23EZ:5(p32(t)) + Fzz(t),

(29¢)
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1
O pyry (1) = ry73p3s(t) + ryapa(t) - ?pl'l'(t)
v

+2Q,33(pyr3 (1)) + Fyrye (8).

(299)

Via the macroscopic polarization P, qm, the quantum fluctuations
added to the coherence term of Eq. (292) have an influence on
the evolution of the classical optical field. The quantum-mechanical
fluctuations are based on the symbolic evaluations derived in
Sec. II B and can be found in Appendix C. For the reduction to a
two-level system, we obtain similar noise terms as derived by Drum-
mond and Raymer.''' However, unlike Drummond and Raymer, we
can assure the preservation of the physical properties of the density
matrix, i.e., positive definiteness and unit trace. This is accomplished
by a suitable choice of the submatrices B, (A, t) depicted in Table I.

lll. SIMULATION

The density matrix equations can be used to model the carrier
dynamics in low-dimensional SCLs.'*” In QCLs, for example, opti-
cal intersubband transitions occur between quantized energy levels
in the conduction band of a multiple quantum well heterostructure.
The quantized energy state with index i refers here to a subband and
is characterized by a wavefunction v,. Due to the 1D-confinement
in the growth direction, the free electron motion is restricted to
the in-plane directions and is in carrier transport simulations char-
acterized by an in-plane wavevector k= [kx,ky]T. Various 1D and
3D density matrix models for QCL structures are available in the
literature. " >'""1 #1211 Iy THz QCLs with small energy level
spacings, we can typically neglect nonparabolicity effects and obtain
k independent optical transition frequencies wij. In addition, Pauli
blocking and Hartree-Fock renormalization effects, which occur in
interband SCLs, play a subordinate role in QCLs due to the typi-
cally low doping levels.””'** Since dynamic simulations of nonlinear
optical effects, such as the generation of frequency combs, have to
run over thousands of cavity round trips to achieve convergence,
a complete 3D Maxwell-density matrix simulation is not feasible
from a numerical point of view. If we take into account the k con-
servation of the dipole matrix elements, we can sum over k, which
yields density matrix equations of the form in Eq. (29). Under
the assumption of moderate temporal variations in intersubband
electron distributions P the averaged scattering rates r;; can be
69,76

calculated by

0 0
rij = Z T}k7~>ilzp]j,k7/z P]j,];’ (30)
k

kK

where p(;]_ ¢ is the steady-state electron distribution in the subband j.

The k dependent scattering rates r ;.- can be extracted, e.g., from
Jjk'—ik

self-consistent density matrix-EMC (DM-EMC) simulations where
they are calculated using Fermi’s golden rule.”* In QCLs, the elec-
tron distributions within one subband can often be well described by
Fermi-Dirac or Maxwell-Boltzmann distributions. Here, the char-
acteristic subband electron temperatures can significantly exceed the
lattice temperatures.””'"” The effective dephasing rates y;; are typi-
caHy T)Btained by averaging over the inversion between the subbands
8149
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vi= 2 vz = il / 2 Pz =Pk (31
k k

As mentioned above, the Maxwell-density matrix equations are
commonly treated in the so-called rotating-wave/slowly varying
amplitude approximation to reduce the numerical load, which is
only valid for relatively narrowband (and not too strong) optical
fields.”"*""" However, as discussed in the Introduction, in the frame-
work of this paper, a broadband frequency comb with many modes
is highly beneficial, and QCLs even offer the potential for gener-
ating spectra extending over a full octave and beyond.** None of
the available open-source platforms are suitable for our purposes,
mostly because they employ the rotating-wave approximation. Thus,
we have developed our own open-source project mbsolve, allowing
for numerically extensive simulations of multilevel systems based
on the full-wave Maxwell-density matrix equations.””""" In detail,
the development of the codebase has been based on various princi-
ples. Here, the generalized Lindblad equation [Eq. (26)] instead of
the usual, quite restrictive two-level Bloch equation model is used.
We have developed numerical methods that preserve physical prop-
erties, such as the complete positivity and trace preservation of the
density matrix.””"”" This is especially important in the context of
long-term simulations, as required for frequency comb modeling.
Furthermore, a computational speedup is obtained by using paral-
lelization techniques,'”' which is also especially important for long-
term simulations of rather complex quantum systems, e.g., intracav-
ity THz frequency comb difference frequency generation by mid-IR
QCLs."" Our scientific software package mbsolve is developed fol-
lowing sustainable software engineering strategies and includes all
common and essential best software engineering practices.””"'* It is
based on C++ for performance reasons and features an easy-to-use
Python interface facilitating the setup and active quantum system
of the low-dimensional optoelectronic structures. The central part
of the software is the mbsolve-lib base library, providing a frame-
work for defining a simulation setup and the infrastructure to add
solver and writer components. Importantly, mbsolve supports dif-
ferent numerical methods for solving the Lindblad equation,'’ as
well as different parallelization techniques, e.g., OpenMP for shared
memory systems. For a detailed package description, the reader is
referred to Ref. 98.

As pointed out above, we extended our code base considering
vacuum fluctuations due to spontaneous emission and fluctua-
tions associated with the electronic transport.””'"*'** The solver
class solver_cpu_fdtd has the method run, which executes the
simulation loop by updating the magnetic field H,, electric field
E., density matrix p, and polarization P,qn for all spatial and
temporal grid points in the Yee grid. This update procedure is
explained in detail in Ref. 98. We add a new density matrix
algorithm class, which is based on the Strang operator splitting
method,"””"” to account for fluctuations accompanying the elec-
tronic transport and vacuum fluctuations. The density algorithm
class algo_lindblad_reg cayley_qnoise contains the method prop-
agate_fluctuation, which calculates the fluctuations for an update
step by adding the product of the fluctuation superoperator and the
time interval At- F(p) to the updated density matrix p"*'/?. Here,
we investigate the active SCL gain media in lasing operation above
threshold. In the simulations, we have to find a balance between

ARTICLE pubs.aip.org/aip/apq

numerical efficiency and modeling accuracy. Most of the fluctua-
tion terms given in Sec. II arise from the operator ordering when
reducing the operator equations to c-number Langevin equations.
As it was proven in the literature, "*'** these terms are negligible
in the lasing regime above threshold with strong optical fields in
the laser cavity. The fluctuation terms for a N-level system featuring
diagonal elements F;; and off-diagonal elements F;; = F}i can thus be
significantly reduced for the numerical treatment and are described

by

j i 1jipii + Tijpjj
Fl=-F =&y /2L Ly 32
ii jj = i Noa (32a)
Fi=> F, (32b)
J#i

-1
Tj Pij + Lz linPrn + 2iipij

Fyj = (& +1&) \’ 2Neell
cel

for
i>j, (32¢)
(a) 101!
T T T
11
1.5 To = 100 ps
= 0.8
2
< = — -10.6
s ! g
<
%’ 104 g
<] [
g 05 0.2
Eo|
-0
0 | -
I I I I I ] —0.2
0 0.1 02 03 04 05
Time in ns
) oo
6 T ] )
—
] -10.8
E — 0.6
£ g
z |04 g
g 2
g 0.2
=
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FIG. 3. Simulation results for a superfluorescence test setup’® in an initially
inverted two-level system using the Maxwell-density matrix Langevin equations.
(@) Cooperative emission characteristic of superfluorescence for the dephasing
time T, = 100 ps. (b) Amplified spontaneous emission pulse for the dephasing
time T, = 14.3 ps.

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-9

L0°2Z:¥1 920T Udlen L


https://pubs.aip.org/aip/apq

APL Quantum

where Ny is the number of carriers in one grid cell. §, ;,¢, ;. and
53,1‘]‘ are real Gaussian random numbers and fulfill the correlation
function,

(Ekii (D[Emn (1)) = SuOim0jund(t —1'). (33)

For future applications, in which a more detailed fluctuation treat-
ment would be beneficial, it might be necessary to extend our
numerical model by additional noise terms derived in Sec. I1 C. Fur-
thermore, we have implemented a class ic_density_random_2lvl,
which represents random initial conditions for the common
Maxwell-Bloch two-level system. As the dipole moment operators
012, 021 and the atomic operators 011,022 do not commute, we have
to take into account a non-vanishing initial stochastic value for
the polarization term following the uncertainty principle."”*'** The
tipping angle 0 is obtained by drawing a random number from a

Gaussian distribution with a standard deviation ¢ = ZN;III/ ? and the
angle ¢ in the xy-plane is obtained by drawing a random number

from a uniform distribution.'**

A. Superfluorescence and amplified
spontaneous emission

The system was tested with a superfluorescence (SF) setup in a
two-level configuration.'"'”* This setup describes the spontaneous
buildup of a macroscopic coherent dipole moment in an initially
inverted system, resulting in a collective emission of a superfluores-
cent pulse. This behavior can be reproduced numerically within our
mbsolve framework by simulating an ensemble of excited ions and
using a dephasing time T3 = 100 ps. All other parameters required
for the simulation are taken from Ref. 104. There, an excited state’s
lifetime T = 76 ns, carrier number density n3p = 8.53 x 10" m=3,
carrier numbers per cell Nej = 3 X 10%, transition frequency
f = 477 THz, dipole length d = 6.875 x 107 nm, and equilibrium
inversion wo = —1 are specified. We further investigate a device with
length L = 7 mm using a grid discretization Ax = 70 nm.

The simulated SF pulse is illustrated in Fig. 3(a) and compares
well with previous numerical and experimental findings.'’""**'>
By increasing the collisional dephasing rate within the system, the
SF pulse is significantly disturbed and gets broadened until the
spontaneous buildup of the coherent dipole moment is prevented.
For a dephasing time T, = 14.3 ps below the critical point, the
SF pulse is replaced by amplified spontaneous emission (ASE).
The increased noise amplitude accompanying the smaller dephas-
ing time is crucial for the modeling of ASE, which cannot be
reproduced otherwise. The ASE simulation results are presented
in Fig. 3(b).

Furthermore, the degree of decoherence is studied using the

quantity p,/py, where pg = \/pi + p5 + p3 is the length of the Bloch
vector. When the dephasing time T is high [Fig. 3(a)], the pop-

ulation inversion p, is quickly depleted through the spontaneous
buildup of the macroscopic dipole moment and the SF emission,
which clearly surpasses the decay of p, and p, and results in a
rapid drop of p,/p;. In the second case [Fig. 3(b)], we have used a
smaller dephasing time T, which prevents the macroscopic dipole
moment buildup and limits the radiative decay. This decoher-
ence state indicates a very slow decay of p,/p,, which stays close
to one.

ARTICLE pubs.aip.org/aip/apq

B. Noise characteristics in THz QCL harmonic
frequency comb emission

Concerning the experimental investigation of intensity corre-
lations in QCLs,” we aim to characterize the noise properties of a
self-starting THz QCL HFC setup. Here, the THz QCL active region
is based on a homogeneous four-quantum well design with a diag-
onal transition.'”® The charge carrier transport in the active gain
medium at a bias of 50 kV/period is analyzed using our in-house
Monaco framework, consisting of a Schrodinger—Poisson solver and
a density matrix-ensemble Monte Carlo modeling tool.”"”®"" 77>
For an appropriate description of the physical properties, we con-
sider five wavefunctions in the active quantum well heterostruc-
ture. Furthermore, one incoherent tunneling transition from the
injector state into the upper laser level and one optical transi-
tion are specified for the quantum mechanical description of the
QCL system in the dynamical simulation. The Python script for-
rer_2021_50mVperperiod.py with the simulation setup to start the
mbsolve simulation is given in Listing 1 of Appendix D and is fur-
thermore included in the GitHub repository.'*' Here, all input para-
meters for the full description of the quantum system are extracted
from self-consistent DM-EMC simulations.

T
5 FSR ——
107t :

Intensity spectrum in arb.u.

-7 |
10 il | | | | | | | 1
3.3 3.4 3.5 3.6 3.7

Frequency in THz

RT/5
>

Intensity at facet in arb.u.

Instantaneous frequency in THz

0 20 40 60 80 100
Time in ps

FIG. 4. Maxwell-density matrix Langevin simulation results of HFC emission with
a mode spacing of 5 FSR in a 4 mm long THz QCL device with a metal-metal
waveguide at 80 K and for V = 50 mV//period. (a) Intensity spectra of the optical
radiation at the facet. (b) Simulated instantaneous intensity at the facet and calcu-
lated instantaneous frequency from the Hilbert transform of the simulated electric
field over a single round trip time (RT).
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In the following, we present simulation results for a 4 mm
long double-metal THz QCL with a free spectral range (FSR) of
9.94 GHz. The intensity spectrum of the THz HFC at 3.5 THz with
a mode spacing of 5 FSR is illustrated in Fig. 4(a). The THz QCL
emits a broadband HFC with a cavity repetition rate of 49.7 GHz.
In Fig. 4(b), the temporal evolution of the intensity at the facet and
the calculated instantaneous frequency are depicted. We can identify
a regular field pattern, which shows a periodic repetition with five
times the round trip time. Here, only the three strongest modes are
involved in the temporal evolution of the instantaneous frequency,
as their intensities are of similar magnitude and contribute most to
the overall comb emission power.

To specify the degree of coherence of the obtained HFC and
for comparison with the experimental findings, we investigate the
radio frequency (RF) spectrum using an observation time window
of 2 us. The obtained simulation results are shown in Fig. 5(a), and

(a)
0
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RF power in dB
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FIG. 5. (a) Simulated RF spectrum of the THz QCL HFC setup with a clear beat-
note signal at 49.7 GHz. Inset: zoom on the harmonic beatnote, indicating a narrow
linewidth below the numerical frequency resolution (500 kHz). (b) Calculated RIN
spectra associated with the total power Py (blue) and the modal power P; of each
of the five harmonic modes contributing most to the HFC emission. The colors
of the individual RIN spectra correspond to those of the individual comb lines in
Fig. 4(a).

pubs.aip.org/aip/apq

the clear appearance of the harmonic beatnote proves the purity of
the harmonic state. The linewidth is substantially below the numeri-
cal frequency resolution of 500 kHz, which is confirmed by the zoom
on the extremely narrow harmonic beatnote in the inset of Fig. 5(a).
In addition, we can identify sub-beatnotes, which arise due to the
beating of the center mode with the sub-comb lines. These sub-comb
lines are generated by FWM processes, where the strong harmonic
side modes act as pump modes and generate weak sidebands with a
frequency spacing of 1 FSR from the corresponding pump modes.
As can be seen in Fig. 4(a), the intensities of the sub-modes are
at least ~5 orders of magnitude smaller than those of the pump
modes.

To further analyze the noise characteristics of the THz QCL
HEFC setup, we calculate the relative intensity noise (RIN) for the
total output power and for the power of the five harmonic comb lines
contributing most to the HFC emission. Here, the RIN spectrum can
be calculated by

LU [P0 = (Pi())Je ™™ def?

T (p () -

RINP) - fim

where T denotes the simulation time and P; is either the power
of a specific mode i or the total power P,. By numerically filter-
ing the electric field at the facet Egce(t) using a filter with a 3 dB
bandwidth of 20 GHz, we can extract the temporal electric field com-
ponents E;(t) of the individual modes. The RIN results are depicted
in Fig. 5(b) for the total power P, and the power of the five cen-
tral harmonic modes P; with indices i = 1,...,5. The total power
RIN is around —180 dBc/Hz, while for the three central harmonic
modes having a similar power, a RIN around —-155 dBc/Hz is calcu-
lated. For the remaining two weaker modes 1 and 5, a higher RIN
is obtained. This is in very good agreement with the experimental
findings of a three-mode mid-IR HFC QCL setup.” For increasing
power, the RIN of the side modes decreases to that of the central
mode, while sidebands closer to threshold exhibit a noisier behavior.
Furthermore, we identify an overlapping RIN for side modes featur-
ing a comparable power level, which indicates a comparable noise
level. A similar result could be retrieved from the mid-IR HFC RIN
measurements.””

IV. CONCLUSION

In this paper, we have theoretically derived a c-number
Langevin approach for a three-level quantum system from the
non-classical operator description within the Heisenberg-Langevin
equations. Our approach is an extension of the well-known two-level
quantum theory by Drummond and Raymer,''’ where we addition-
ally take into account incoherent tunneling injection into the upper
laser level. Within the generalized Maxwell-density matrix Langevin
equations, we can ensure the preservation of the physical properties
of the density matrix, i.e., positive definiteness and unit trace. Fur-
thermore, by including the derived noise terms into our open-source
simulation tool mbsolve, we can model the fluctuations accompany-
ing electronic transport and spontaneous emission in the dynamical
simulations of the light-matter interaction in multilevel quantum
optoelectronic systems, such as QCLs and QD lasers. The simulation
approach is tested using a superfluorescence setup, where we prove
the validity of our implementation by obtaining an excellent match
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with previous experimental and theoretical results. In

addition, we have characterized the noise properties of a coherent
THz QCL HFC setup and obtained a good match with experimen-
tal findings.””'”® Our modeling approach based on the generalized
Maxwell-density matrix Langevin equations shows great potential
for the theoretical investigation of intermodal intensity correlations
in photonic devices and the development of low-noise integrated
light emitters, also with regard to the generation of non-classical
light.
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APPENDIX A: CALCULATION OF THE DIFFUSION
COEFFICIENT WITHIN THE QUANTUM AND THE
c-NUMBER LANGEVIN TREATMENT

By taking into account the orthogonality of the levels (i|j) = &,
we obtain

61,62 = (13)(212)(3]) = (13)(3]) = 5. (A1)

The diffusion coefficient in Eq. (9) is calculated by using the generalized Einstein relation from Eq. (6). The detailed calculation is given

by

2 D33 (£))r = 0u(633 () Jr — (M3 (£)523 () )k — (635 (£) Mas (1))

:<_Ti3a33(t) + e (1) + ryyyy (1) + igal (025 (1) ~ a0k ()] i€ 61, (1) - fm(t)]}R

({000 =yl () = iglon(t) - oma(e)]a () = i0stua0) Joma(e))

h

(o] = A (1) = ps(0) + gl (1) = am()]a(0) + 10300 (0}

=(2Y23 - %)(533(0)1% +732(022() )R + 731761717 (£) )R (A2)
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In addition, we prove the difference in diffusion coefficients, which arises through the transition from operator to c-number Langevin equa-
tions. Therefore, we calculate the diffusion coefficient D3333(¢) based on the theoretical description presented in Sec. II B. By the use of Egs. (6),
and 7(e), we obtain

0162 3a(t) = = — (Faa(Fal V) + raa [ (G2l + GaalO0522(0)) ] + 7 (G110 (DFa (D)

+ (Gaa (D11 (D)w] +ig [ (@ ()02 (D553 (D)r — (@155, (D) r + (@ (D533()F23()m
~(@(t)3s3(D)5 5 ()R] — s [ (] (V503w — (Fav (DFsa(B)r + (Fas(t)hy, (D)

- <5'33(t)5*31'(t)>R} +2(Ds333(t))m -

(A3)

Here, the terms that are underlined in red are not in the chosen order defined in Sec. I B. The commutation relations are used to bring
these terms into chosen order, and by exploiting the level orthogonality similar to Eq. (A1), we derive

[622(8), 333 ()] = 622(£)3(2) = 33 ()22 (1) = 0, (Ada)
[623(8),33(1)] = 2 (8), (A4b)
[o5(,8%,(0)] = %0, (Ado)

(630 (1), 63(8)] = =6/ (0), (Add)
[o53(0),61,.(0)] = -1, (1), (Ade)

With this, we can restructure Eq. (A3) as follows:

01(033(t)033(t))r = — 3-3(633@)&33(75»11 + 2r32(G33(t)Gas ()R + 2731/ (G33(t)F1/1/ (£))R

+ 2ig [ (@ (16331523 () — (@(0)5ks(D)o(1)r] — 20 (6], (D63() e — (Gaa(oar ()]

+ 2Dy (1) + ig (@1 (D520 () r — (@()513(0))r] + a6, (D)r — (Ga ()] -

(A5)
Here, the additional terms resulting from the operator ordering are underlined in green. With the use of Egs. (14) and (15), we can derive the
corresponding c-number equation,

A {os3(t)oss(t))r = 12 (033(1) 033 (£) )R + 2732 {033 (£) 022 () )& + 213y (033 (£) 077y (1) ) + 2ig[ (@™ (1) 033 (£) 03 (1) )r

—(a(t)a33 (1) o33 (1) )R] = 20Qy13[ (03 (1) 033(£) Jr = (033(£) 03y (1) )R] + 2(D33za (1) ). (A6)

If we now require the equivalence of the left-hand sides of Egs. (A5) and (A6), we end up with the diffusion coefficient from Eq. 19(a).
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APPENDIX B: COMPLETE DIFFUSION MATRIX FOR A THREE-LEVEL THz QCL SYSTEM

The complete diffusion matrix for a three-level THz QCL system with incoherent tunneling injection is derived within the framework of
the c-number Langevin theory and is given by

L0°2Z:¥1 920T Udlen L

0 N K 0 0 0
Nk 0 0 0 0
. * ok . * %k . * %
0 0 —2iga 033 iga oy —iga o,y
0 0 iga o3y 2iQ,1305 0
0 0 —iga“ oy, 0 0
* . * * *
0 0 —732053 —igacy,: + (r23 + 1y13) 05y —r320,/
* . * * *
A 0 0 (rs2 + 1y73) 023 1840,y — 12303y (rs2 + 1172) 03y
- * *
0 0 —1172023 —13031 —120yy
(2)}/—1‘ r =7 r)a'rr
12~ T —1317)01)
0 0 (y23 + Y12 = y13) 031/ 0
+117,022 + 1173033
(2yy3 =1y — 1317 ) Oy +
13 ~ T —7317)01
0 0 0 0
117,022 + 7173033
(2)/23 — 13—ty )0
1'3)033 *
0 0 0 (Y12 +y23 = yr3) 031/
| +732022
0 0 0
0 0 0
* * *
732023 (r32 +117) 03 —12023
. * * . * * *
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(1’23 + 1‘1/3)0'33 + 7132022 + 13,017/ —1320722 — 123033 10113(0311 - 031/)
. * * .Q * . * *
+1g(a 023 — 4023) +1 1’3(‘731’ - ‘731’) +lg(“023 —a ‘723) 131701y — 1173033 (B1)
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—117 01y — 1172022
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APPENDIX C: QUANTUM MECHANICAL FLUCTUATION

equivalent to the Langevin equations. We can factorize the diffu-
TERMS WITHIN THE GENERALIZED

sion matrix to obtain a noise matrix that can be directly integrated

MAXWELL-DENSITY MATRIX LANGEVIN EQUATIONS

The quantum-mechanical fluctuation terms for the three-level
QCL quantum system are derived within the framework of the
Langevin theory. In this paper, we have calculated the full diffusion
matrix resulting from the c-number Langevin equations. Exploit-
ing the positive semi-definiteness of the diffusion matrix, one can
show that there exists a set of Ito stochastic differential equations

into the Maxwell-density matrix approach for numerical modeling
of fluctuations in dynamical optoelectronic devices. With a suitable
choice of the noise matrix, one can guarantee a completely posi-
tive trace-preserving update map for long-term simulations. For the
three-level QCL system, the fluctuation terms will fully account for
the influence of the reservoirs and the properties of the nonlinear
coupling between the QCL system and the optical field, including the
incoherent tunneling transition, and can be represented as follows:

L0°2Z:¥1 920T Udlen L

Fas (1) = &1 (6)/F5 + E1s(£) /77 — Ena (1) 2ipams Ex (D)paa (D) — z;(t)@ N &(t)%

. p—— . iy Pt — ) 2yp3 — 1 —
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2

1/2
— Ty, — 132+ #z,23Ez(t)|P32(t)|] , (Cla)
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* 2y =y - yn " 2 T3 2 2 172
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Here, the terms &, €15, 815, §14 §1505 S150 $160 §31> §325 €33 €415 €425 €43 are complex, while &1, &55, €53, €54, €55 are real.
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LISTING 1. Code snippet of the Python script for the THz HFC QCL setup in Ref. 156.

import mbsolve.lib as mb
import mbsolve.solvercpu
import mbsolve.writerhdfb
import mbsolve.readerhdfb

import math
import time

# Hamiltonian

energies = [ 0.0097 * mb.EO, 0.0082 * mb.EO, -0.0047 * mb.EO,
-0.0083 * mb.EO, -0.0097 * mb.EO ]

off_diagonales = [ 0.0005 * mb.EO, O, O, O, O, O, O, O, O, 0 ]
H = mb.qm_operator (energies, off_diagonales)

# dipole moment operator

off _dipoles = [ 0, -2.9500e-09 * mb.EO, O, O, O, O, O, O, O, O ]
diag_dipoles = [ 0, 0, 0, 0, 0]

u = mb.qm_operator (diag_dipoles, off_dipoles)

# relaxation superoperator
# scattering rate matrix R
rates = [ [ 0, 1.8815e+09, 2.1290e+10, 4.0984e+09, 5.6000e+09 ]
[ 3.5006e+09, 0, 3.2437e+08, 2.2854e+10, 2.0029e+12 ]
6.5578e+10, 6.2829e+08, 0, 8.0333e+11, 6.1577e+09 1,
6.8416e+09, 3.6845e+08, 6.6107e+11, 0, 4.7378e+12 ]
5.2192e+08, 6.7259e+10, 4.7554e+09, 4.7726e+12, 0 ]

— e

# pure dephasing rates
pure_deph = [ 3.5857e+12, 9.3257e+11, 0, 0, 0, 0, O, O, 0, O 1]
relax_sop = mb.qm_lindblad_relaxation(rates, pure_deph)

# initial density matrix
rho_init = mb.qm_operator ([ 0.3705, 0.4937, 0.0741, 0.0333, 0.0285])

15e-6

60e-6

h*w

6.35e21

= 2000

evice = 4e-3

= 1_device / N_x

_noise =1

_cell = N * A * d_x * f_noise

Z ==
B X oM
o

qm = mb.qm_description(N, N_cell, H, u, relax_sop)

loss = 760

mat_ar = mb.material ("AR_Forrer", qm, 12.96, 1, loss, 1.0)
mb.material.add_to_library(mat_ar)

dev = mb.device("51v1")

dev.add_region(mb.region("Active region", mat_ar, 0.0, 1_device))

# Scenario

ic_d = mb.ic_density_const(rho_init)
ic_e = mb.ic_field_const (0.0)
sce = mb.scenario("hc _noise_forrer2021", N_x, 2200e-9, ic_d, ic_e, ic_e)

sce.add_record(mb.record("el",0,4e-3))

# run solver

sol = mb.solver.create_instance("cpu-fdtd-5lvl-reg-cayley-qnoise", dev, sce)
print (’Solver ’ + sol.get_name() + ’ started’)

tic = time.time ()

sol.run()

toc = time.time ()

print (’Solver ’ + sol.get_name() + ’ finished in ’° + str(toc - tic) + ’ sec’)

# write results
wri = mb.writer.create_instance("hdf5")
outfile = dev.get_name() + "_" + sce.get_name() + "." + wri.get_extension()
results = sol.get_results()
wri.write (outfile, sol.get_results(), dev, sce)
outfile_autosave = dev.get_name() + "_" + sce.get_name() + \
" _autosave." + wri.get_extension()
sim_data = sol.get_sim_data()
wri.autosave (outfile_autosave, sim_data, dev, sce)
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APPENDIX D: mbsolve SIMULATION SETUPS: THz HFC
QCL SETUP

Here, the Python script for setting up and running the mbsolve
simulation of the THz HFC QCL setup is given. The script includes
all input parameters for the description of the quantum system and
the simulation scenario. The quantum mechanical description com-
prises the level occupations p,, the system Hamiltonian H; with
eigenenergies E; and anticrossing energies 7();;, the dipole moment
operator d., the scattering rates r;, and the dephasing rates y;. For
the one-dimensional dynamic Maxwell-density matrix simulations,
the energy-resolved dephasing rates are simulated within the EMC
approach and have to be averaged over the population inversions of
the involved subbands, as it is described in detail in Refs. 77 and 76.

REFERENCES

1S. A. Diddams, K. Vahala, and T. Udem, Science 369, eaay3676 (2020).

2]. Faist, G. Villares, G. Scalari, M. Rosch, C. Bonzon, A. Hugi, and M. Beck,
Nanophotonics 5, 272 (2016).

3T. Fortier and E. Baumann, Commun. Phys. 2,153 (2019).

“T. Udem, R. Holzwarth, and T. W. Hansch, Nature 416, 233 (2002).

5L, Chang, S. Liu, and J. E. Bowers, Nat. Photonics 16, 95 (2022).

SE. U. Rafailov, M. A. Cataluna, W. Sibbett, N. D. I'inskaya, Y. M. Zadiranov, A.
E. Zhukov, V. M. Ustinov, D. A. Livshits, A. R. Kovsh, and N. N. Ledentsov, Appl.
Phys. Lett. 87, 081107 (2005).

7E. U. Rafailov, M. A. Cataluna, and W. Sibbett, Nat. Photonics 1, 395 (2007).
87. Ly, J. Liu, S. Raymond, P. Poole, P. Barrios, and D. Poitras, Opt. Express 16,
10835 (2008).

9. Liu, Z. Lu, S. Raymond, P. J. Poole, P. J. Barrios, and D. Poitras, Opt. Lett. 33,
1702 (2008).

'0R. Rosales, K. Merghem, A. Martinez, A. Akrout, J.-P. Tourrenc, A. Accard, F.
Lelarge, and A. Ramdane, I[EEE J. Sel. Top. Quantum Electron. 17, 1292 (2011).
S, Liu, D. Jung, J. C. Norman, M. J. Kennedy, A. C. Gossard, and J. E. Bowers,
Electron. Lett. 54, 432 (2018).

12]. C. Norman, D. Jung, Y. Wan, and J. E. Bowers, APL Photonics 3, 030901
(2018).

'35, Liu, X. Wu, D. Jung, J. C. Norman, M. J. Kennedy, H. K. Tsang, A. C. Gossard,
and J. E. Bowers, Optica 6, 128 (2019).

14C. Weber, L. L. Columbo, M. Gioannini, S. Breuer, and P. Bardella, Opt. Lett.
44,3478 (2019).

5R. Pawlus, L. L. Columbo, P. Bardella, S. Breuer, and M. Gioannini, Opt. Lett.
43, 867 (2018).

'6]. Hillbrand, D. Auth, M. Piccardo, N. Opacak, E. Gornik, G. Strasser, F.
Capasso, S. Breuer, and B. Schwarz, Phys. Rev. Lett. 124, 023901 (2020).

7K. Merghem, A. Akrout, A. Martinez, G. Aubin, A. Ramdane, F. Lelarge, and
G.-H. Duan, Appl. Phys. Lett. 94, 021107 (2009).

18R, Rosales, S. G. Murdoch, R. Watts, K. Merghem, A. Martinez, F. Lelarge, A.
Accard, L. P. Barry, and A. Ramdane, Opt. Express 20, 8649 (2012).

19K. Merghem, C. Calo, R. Rosales, X. Lafosse, G. Aubin, A. Martinez, F. Lelarge,
and A. Ramdane, [EEE . Quantum Electron. 50, 275 (2014).

20F, Sooudi, S. Sygletos, A. D. Ellis, G. Huyet, J. G. McInerney, F. Lelarge, K.
Merghem, R. Rosales, A. Martinez, A. Ramdane, and S. P. Hegarty, [EEE .
Quantum Electron. 48, 1327 (2012).

21V, Panapakkam, A. P. Anthur, V. Vujicic, R. Zhou, Q. Gaimard, K. Merghem, G.
Aubin, F. Lelarge, E. A. Viktorov, L. P. Barry, and A. Ramdane, [EEE |. Quantum
Electron. 52, 1300207 (2016).

22]. N. Kemal, P. Marin-Palomo, V. Panapakkam, P. Trocha, S. Wolf, K.
Merghem, F. Lelarge, A. Ramdane, S. Randel, W. Freude, and C. Koos, Opt.
Express 27, 31164 (2019).

2], R. Meyer, W. W. Bewley, C. L. Canedy, C. S. Kim, M. Kim, C. D. Merritt, and
I. Vurgaftman, Photonics 7, 75 (2020).

ARTICLE pubs.aip.org/aip/apq

24B. Schwarz, J. Hillbrand, M. Beiser, A. M. Andrews, G. Strasser, H. Detz, A.
Schade, R. Weih, and S. Hofling, Optica 6, 890 (2019).

25M. Bagheri, C. Frez, L. A. Sterczewski, L. Gruidin, M. Fradet, I. Vurgaftman, C.
L. Canedy, W. W. Bewley, C. D. Merritt, C. S. Kim et al., Sci. Rep. 8, 3322 (2018).
261 A. Sterczewski, J. Westberg, M. Bagheri, C. Frez, I. Vurgaftman, C. L. Canedy,
W. W. Bewley, C. D. Merritt, C. S. Kim, M. Kim, J. R. Meyer, and G. Wysocki, Opt.
Lett. 44, 2113 (2019).

271.. Consolino, F. Cappelli, M. S. de Cumis, and P. De Natale, Nanophotonics 8,
181 (2019).

284, Hugi, G. Villares, S. Blaser, H. Liu, and J. Faist, Nature 492, 229 (2012).
2M. Singleton, P. Jouy, M. Beck, and J. Faist, Optica 5, 948 (2018).

39F, Cappelli, L. Consolino, G. Campo, I. Galli, D. Mazzotti, A. Campa, M. Sicil-
iani de Cumis, P. Cancio Pastor, R. Eramo, M. Rosch et al., Nat. Photonics 13, 562
(2019).

31E. Riccardi, V. Pistore, L. Consolino, A. Sorgi, F. Cappelli, R. Eramo, P. De
Natale, L. Li, A. G. Davies, E. H. Linfield, and M. S. Vitiello, Laser Photonics Rev.
17,2200412 (2023).

32D, Burghoff, T.-Y. Kao, N. Han, C. W. I. Chan, X. Cai, Y. Yang, D. J. Hayton,
J.-R. Gao, J. L. Reno, and Q. Hu, Nat. Photonics 8, 462 (2014).

33M. Gioannini, P. Bardella, and I. Montrosset, IEEE J. Sel. Fop. Quantum
Electron. 21, 698 (2015).

34D, Burghoff, Optica 7, 1781 (2020).

35p, Bardella, L. L. Columbo, and M. Gioannini, Opt. Express 25, 26234 (2017).
36M. Dong, N. M. Mangan, J. N. Kutz, S. T. Cundiff, and H. G. Winful, IEEE ].
Quantum Electron. 53, 2500311 (2017).

57N. Opacak and B. Schwarz, Phys. Rev. Lett. 123, 243902 (2019).

38F. Cappelli, G. Villares, S. Riedi, and J. Faist, Optica 2, 836 (2015).

%9Y. Li, N. Yang, Y. Xie, W. Chu, W. Zhang, S. Duan, and J. Wang, Opt. Express
27,3146 (2019).

4%J Duan, X.-G. Wang, Y.-G. Zhou, C. Wang, and F. Grillot, [EEE . Quantum
Electron. 54, 1 (2018).

4Ty, Zhou, J. Duan, F. Grillot, and C. Wang, [EEE . Quantum Electron. 56,
2001207 (2020).

42 A.1. Borodkin, A. V. Kovalev, M. Giudici, G. Huyet, A. Ramdane, M. Marconi,
and E. A. Viktorov, Appl. Phys. Lett. 123, 041105 (2023).

“3T. Gabbrielli, F. Cappelli, N. Bruno, N. Corrias, S. Borri, P. De Natale, and A.
Zavatta, Opt. Express 29, 14536 (2021).

44Y. Mao, Z. Lu, J. Liu, P. J. Poole, and G. Liu, J. Lightwave Technol. 38, 4787
(2020).

457 Lu, J. Liu, P. J. Poole, Y. Mao, J. Weber, G. Liu, and P. Barrios, |. Lightwave
Technol. 39,3751 (2021).

“6M. Aichhorn, M. Hohenadler, C. Tahan, and P. B. Littlewood, Phys. Rev. Lett.
100, 216401 (2008).

47V Giovannetti, S. Lloyd, and L. Maccone, Nat. Photonics 5, 222 (2011).

“8p, Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson, and W. D.
Oliver, Appl. Phys. Rev. 6, 021318 (2019).

“°R. Hanai, A. Edelman, Y. Ohashi, and P. B. Littlewood, Phys. Rev. Lett. 122,
185301 (2019).

SOM. Erhard, M. Krenn, and A. Zeilinger, Nat. Rev. Phys. 2, 365 (2020).

STAL T Daley, L. Bloch, C. Kokail, S. Flannigan, N. Pearson, M. Troyer, and P.
Zoller, Nature 607, 667 (2022).

52T Gabbrielli, N. Bruno, N. Corrias, S. Borri, L. Consolino, M. Bertrand, M.
Shahmohammadi, M. Franckié, M. Beck, J. Faist, A. Zavatta, F. Cappelli, and P.
De Natale, Adv. Photonics Res. 3,2200162 (2022).

53H. 7. Kimble, Nature 453, 1023 (2008).

543, Wehner, D. Elkouss, and R. Hanson, Science 362, eaam9288 (2018).

55T D.Ladd, F. Jelezko, R. Laflamme, Y. Nakamura, C. Monroe, and J. L. O’Brien,
Nature 464, 45 (2010).

56H.-S. Zhong, H. Wang, Y.-H. Deng, M.-C. Chen, L.-C. Peng, Y.-H. Luo, J. Qin,
D. Wy, X. Ding, Y. Hu, P. Hu, X.-Y. Yang, W.-J. Zhang, H. Li, Y. Li, X. Jiang, L.
Gan, G. Yang, L. You, Z. Wang, L. Li, N.-L. Liu, C.-Y. Lu, and J.-W. Pan, Science
370, 1460 (2020).

57N. Gisin and R. Thew, Nat. Photonics 1, 165 (2007).

S8C. L. Degen, F. Reinhard, and P. Cappellaro, Rev. Mod. Phys. 89, 035002 (2017).

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-18

L0°2Z:¥1 920T Udlen L


https://pubs.aip.org/aip/apq
https://doi.org/10.1126/science.aay3676
https://doi.org/10.1515/nanoph-2016-0015
https://doi.org/10.1038/s42005-019-0249-y
https://doi.org/10.1038/416233a
https://doi.org/10.1038/s41566-021-00945-1
https://doi.org/10.1063/1.2032608
https://doi.org/10.1063/1.2032608
https://doi.org/10.1038/nphoton.2007.120
https://doi.org/10.1364/oe.16.010835
https://doi.org/10.1364/ol.33.001702
https://doi.org/10.1109/jstqe.2011.2116772
https://doi.org/10.1049/el.2017.4639
https://doi.org/10.1063/1.5021345
https://doi.org/10.1364/optica.6.000128
https://doi.org/10.1364/ol.44.003478
https://doi.org/10.1364/ol.43.000867
https://doi.org/10.1103/physrevlett.124.023901
https://doi.org/10.1063/1.3070544
https://doi.org/10.1364/oe.20.008649
https://doi.org/10.1109/jqe.2014.2308323
https://doi.org/10.1109/jqe.2012.2210389
https://doi.org/10.1109/jqe.2012.2210389
https://doi.org/10.1109/JQE.2016.2608800
https://doi.org/10.1109/JQE.2016.2608800
https://doi.org/10.1364/oe.27.031164
https://doi.org/10.1364/oe.27.031164
https://doi.org/10.3390/photonics7030075
https://doi.org/10.1364/optica.6.000890
https://doi.org/10.1038/s41598-018-21504-9
https://doi.org/10.1364/ol.44.002113
https://doi.org/10.1364/ol.44.002113
https://doi.org/10.1515/nanoph-2018-0076
https://doi.org/10.1038/nature11620
https://doi.org/10.1364/optica.5.000948
https://doi.org/10.1038/s41566-019-0451-1
https://doi.org/10.1002/lpor.202200412
https://doi.org/10.1038/nphoton.2014.85
https://doi.org/10.1109/jstqe.2015.2425537
https://doi.org/10.1109/jstqe.2015.2425537
https://doi.org/10.1364/optica.408917
https://doi.org/10.1364/oe.25.026234
https://doi.org/10.1109/jqe.2017.2756641
https://doi.org/10.1109/jqe.2017.2756641
https://doi.org/10.1103/physrevlett.123.243902
https://doi.org/10.1364/optica.2.000836
https://doi.org/10.1364/oe.27.003146
https://doi.org/10.1109/jqe.2018.2880452
https://doi.org/10.1109/jqe.2018.2880452
https://doi.org/10.1109/JQE.2020.3026090
https://doi.org/10.1063/5.0157209
https://doi.org/10.1364/oe.420990
https://doi.org/10.1109/jlt.2020.2996424
https://doi.org/10.1109/jlt.2020.3043284
https://doi.org/10.1109/jlt.2020.3043284
https://doi.org/10.1103/physrevlett.100.216401
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1063/1.5089550
https://doi.org/10.1103/physrevlett.122.185301
https://doi.org/10.1038/s42254-020-0193-5
https://doi.org/10.1038/s41586-022-04940-6
https://doi.org/10.1002/adpr.202200162
https://doi.org/10.1038/nature07127
https://doi.org/10.1126/science.aam9288
https://doi.org/10.1038/nature08812
https://doi.org/10.1126/science.abe8770
https://doi.org/10.1038/nphoton.2007.22
https://doi.org/10.1103/revmodphys.89.035002

APL Quantum

59E. Polino, M. Valeri, N. Spagnolo, and F. Sciarrino, AVS Quantum Sci. 2, 024703
(2020).

59)M. Barbieri, PRX Quantum 3, 010202 (2022).

811, Bloch, J. Dalibard, and S. Nascimbene, Nat. Phys. 8,267 (2012).

521 M. Georgescu, S. Ashhab, and F. Nori, Rev. Mod. Phys. 86, 153 (2014).

53M. Kues, C. Reimer, J. M. Lukens, W. J. Munro, A. M. Weiner, D. J. Moss, and
R. Morandotti, Nat. Photonics 13, 170 (2019).

64Z. Yang, M. Jahanbozorgi, D. Jeong, S. Sun, O. Pfister, H. Lee, and X. Yi, Nat.
Commun. 12, 4781 (2021).

M. A. Guidry, D. M. Lukin, K. Y. Yang, R. Trivedi, and J. Vugkovi¢, Nat.
Photonics 16, 52 (2022).

S6F. Rana and R. J. Ram, Phys. Rev. B 65, 125313 (2002).

67L. Allen and J. H. Eberly, Optical Resonance and Two-Level Atoms (Courier
Corporation, New York, 1987), Vol. 28.

80). Hess and T. Kuhn, Phys. Rev. A 54, 3347 (1996).

8¢, Jirauschek, M. Riesch, and P. Tzenov, Adv. Theory Simul. 2, 1900018 (2019).
7OF. Rossi and T. Kuhn, Rev. Mod. Phys. 74, 895 (2002).

7IR. C. Iotti and F. Rossi, Rep. Prog. Phys. 68, 2533 (2005).

72C. Weber, A. Wacker, and A. Knorr, Phys. Rev. B 79, 165322 (2009).

73T, Kuhn and F. Rossi, Phys. Rev. B 46, 7496 (1992).

74C. Jirauschek and T. Kubis, Appl. Phys. Rev. 1,011307 (2014).

75p. Borowik, J.-L. Thobel, and L. Adamowicz, Opt. Quantum Electron. 49, 96
(2017).

76C. Jirauschek and P. Tzenov, Opt. Quantum Electron. 49, 414 (2017).

77C. Jirauschek, ]. Appl. Phys. 122, 133105 (2017).

78H. Callebaut and Q. Hu, J. Appl. Phys. 98, 104505 (2005).

795.-C. Lee and A. Wacker, Phys. Rev. B 66, 245314 (2002).

80 A Wacker, M. Lindskog, and D. O. Winge, [EEE J. Sel. Top. Quantum Electron.
19, 1200611 (2013).

81p. 0. Winge, M. Franckié, C. Verdozzi, A. Wacker, and M. F. Pereira, |. Phys.:
Conf. Ser. 696, 012013 (2016).

82T Schmielau and M. F. Pereira, Appl. Phys. Lett. 95, 231111 (2009).

83G. Slavcheva, J. M. Arnold, 1. Wallace, and R. W. Ziolkowski, Phys. Rev. A 66,
063418 (2002).

84M. Rosch, G. Scalari, M. Beck, and J. Faist, Nat. Photonics 9, 42 (2015).

85C. R. Menyuk and M. A. Talukder, Phys. Rev. Lett. 102, 023903 (2009).

88M. A. Talukder and C. R. Menyuk, Opt. Express 22, 15608 (2014).

87p, Tzenov, D. Burghoff, Q. Hu, and C. Jirauschek, Opt. Express 24, 23232
(2016).

88X -G. Wang, F. Grillot, and C. Wang, Opt. Express 26, 2325 (2018).

89 L. Columbo, S. Barbieri, C. Sirtori, and M. Brambilla, Opt. Express 26, 2829
(2018).

20y, Wang and A. Belyanin, Phys. Rev. A 102, 013519 (2020).

91C. Silvestri, X. Qi, T. Taimre, and A. D. Raki¢, Phys. Rev. A 106, 053526 (2022).
92H. Li, W. Wan, Z. Li, ]. C. Cao, S. Lepillet, J.-F. Lampin, K. Froberger, L.
Columbo, M. Brambilla, and S. Barbieri, Opt. Express 30, 3215 (2022).

93 M. Rossetti, P. Bardella, and I. Montrosset, [EEE J. Quantum Electron. 47, 139
(2011).

94G. Slavcheva, Phys. Rev. B 77, 115347 (2008).

9%N. Majer, K. Liidge, and E. Scholl, Phys. Rev. B 82, 235301 (2010).

96W. Cartar, J. Mork, and S. Hughes, Phys. Rev. A 96, 023859 (2017).

97G. Slavcheva, M. Koleva, and A. Rastelli, Phys. Rev. B 99, 115433 (2019).

98M. Riesch and C. Jirauschek, Comput. Phys. Commun. 268, 108097 (2021).
99L. Seitner, J. Popp, M. Riesch, M. Haider, and C. Jirauschek, ]. Phys.: Conf. Ser.
2090, 012082 (2021).

1997 Popp, L. Seitner, M. A. Schreiber, M. Haider, L. Consolino, A. Sorgi, F.
Cappelli, P. De Natale, K. Fujita, and C. Jirauschek, J. Appl. Phys. 133, 233103
(2023).

191D, Polder, M. F. H. Schuurmans, and Q. H. F. Vrehen, Phys. Rev. A 19, 1192
(1979).

192K, Wodkiewicz, Phys. Rev. A 19, 1686 (1979).

103G Slavcheva, J. Arnold, and R. Ziolkowski, [EEE J. Sel. Top. Quantum
Electron. 10, 1052 (2004).

ARTICLE pubs.aip.org/aip/apq

10"]. Andreasen and H. Cao, |. Lightwave Technol. 27, 4530 (2009).

195M. Sargent I11, M. O. Scully, and J. W. E. Lamb, Laser Physics (Addison-Wesley,
Reading, MA, 1974).

196 Gardiner and P. Zoller, Quantum Noise: A Handbook of Markovian and
Non-Markovian Quantum Stochastic Methods with Applications to Quantum
Optics (Springer Science and Business Media, New York, 2004), Vol. 56.

197H. Haken, Laser Theory (Springer, Berlin, Heidelberg, 1984).

198, Haken and W. Weidlich, 7. Phys. 189, 1 (1966).

109R. Graham and H. Haken, Z. Phys. A: Hadrons Nucl. 213, 420 (1968).

T1OM. Lax and W. Louisell, Phys. Rev. 185, 568 (1969).

P Drummond and M. Raymer, Phys. Rev. A 44, 2072 (1991).

N2y Haug and H. Haken, Z. Phys. A: Hadrons Nucl. 204, 262 (1967).

V13T, Liu, K. E. Lee, and Q. J. Wang, Opt. Express 20, 17145 (2012).

14D E. Essebe, A. D. Mengue, and B. Z. Essimbi, Phys. Scr. 94, 115501 (2019).
ST, Gensty and W. Elsafler, Opt. Commun. 256, 171 (2005).

18, Gehrig and O. Hess, Phys. Rev. A 65, 033804 (2002).

1]7]. E. Kim, E. Malic, M. Richter, A. Wilms, and A. Knorr, [EEE |. Quantum
Electron. 46, 1115 (2010).

118, Wilkinson, B. Lingnau, J. Korn, E. Scholl, and K. Ludge, IEEE ]. Sel. Top.
Quantum Electron. 19, 1900106 (2013).

1o, Gehrig and O. Hess, IEEE |. Quantum Electron. 37, 1345 (2001).

120%_ Gehrig and O. Hess, Spatio-Temporal Dynamics and Quantum Fluctuations
in Semiconductor Lasers (Springer, Berlin, Heidelberg, 2003).

121H, F. Hofmann and O. Hess, Phys. Rev. A 59, 2342 (1999).

1224, Cerjan, A. Pick, Y. D. Chong, S. G. Johnson, and A. Douglas Stone, Opt.
Express 23, 28316 (2015).

123 A. Benediktovitch, V. P. Majety, and N. Rohringer, Phys. Rev. A 99, 013839
(2019).

124 A Pusch, S. Wuestner, J. M. Hamm, K. L. Tsakmakidis, and O. Hess, ACS
Nano 6, 2420 (2012).

"25M. Fang, Z. Huang, W. E. I. Sha, and C. M. Soukoulis, IEEE Trans.
Nanotechnol. 20, 543 (2021).

126p D, Drummond and D. F. Walls, Phys. Rev. A 23,2563 (1981).

1271 Andreasen, H. Cao, A. Taflove, P. Kumar, and C.-Q. Cao, Phys. Rev. A 77,
023810 (2008).

1287 7. Maki, M. S. Malcuit, M. G. Raymer, R. W. Boyd, and P. D. Drummond,
Phys. Rev. A 40, 5135 (1989).

1295, Kumar and Q. Hu, Phys. Rev. B 80, 245316 (2009).

30C. Y. Wang, L. Diehl, A. Gordon, C. Jirauschek, F. X. Kirtner, A. Belyanin, D.
Bour, S. Corzine, G. Hofler, M. Troccoli et al., Phys. Rev. A 75,031802 (2007).
31R. Terazzi and J. Faist, New J. Phys. 12, 033045 (2010).

32 Dupont, S. Fathololoumi, and H. C. Liu, Phys. Rev. B 81, 205311 (2010).
33M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press,
Cambridge, UK, 1997).

3%W. H. Louisell, Quantum Statistical Properties of Radiation (Wiley, New York,
NY, 1973).

35M. Lax, Phys. Rev. 145, 110 (1966).

136D, Marcuse, [EEE J. Quantum Electron. 20, 1139 (1984).

57M. Lax and H. Yuen, Phys. Rev. 172, 362 (1968).

'%8p_D. Drummond and M. Hillery, “Phase-space distributions,” in The Quantum
Theory of Nonlinear Optics (Cambridge University Press, 2014), pp. 217-255.
1395, Mandt, D. Sadri, A. A. Houck, and H. E. Tiireci, New J. Phys. 17, 053018
(2015).

14%p D. Drummond and C. W. Gardiner, J. Phys. A: Math. Gen. 13, 2353 (1980).
Y17, Popp and C. Jirauschek, “mbsolve: An open-source solver tool for the
Maxwell-Bloch equations” (2023); https://github.com/jpopp-tum/mbsolve.

2T, Kuhn, “Density matrix theory of coherent ultrafast dynamics,” in The-
ory of Transport Properties of Semiconductor Nanostructures, edited by E. Scholl
(Springer, Boston, MA, 1998), pp. 173-214.

43R, C. Iotti and F. Rossi, Phys. Rev. Lett. 87, 146603 (2001).

1""]. R. Freeman, J. Maysonnave, S. Khanna, E. H. Linfield, A. G. Davies, S. S.
Dhillon, and J. Tignon, Phys. Rev. A 87, 063817 (2013).

145C. Jirauschek, Laser Photonics Rev. 17, 2300461 (2023).

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-19

L0°2Z:¥1 920T Udlen L


https://pubs.aip.org/aip/apq
https://doi.org/10.1116/5.0007577
https://doi.org/10.1103/prxquantum.3.010202
https://doi.org/10.1038/nphys2259
https://doi.org/10.1103/revmodphys.86.153
https://doi.org/10.1038/s41566-019-0363-0
https://doi.org/10.1038/s41467-021-25054-z
https://doi.org/10.1038/s41467-021-25054-z
https://doi.org/10.1038/s41566-021-00901-z
https://doi.org/10.1038/s41566-021-00901-z
https://doi.org/10.1103/physrevb.65.125313
https://doi.org/10.1103/physreva.54.3347
https://doi.org/10.1002/adts.201900018
https://doi.org/10.1103/revmodphys.74.895
https://doi.org/10.1088/0034-4885/68/11/r02
https://doi.org/10.1103/physrevb.79.165322
https://doi.org/10.1103/physrevb.46.7496
https://doi.org/10.1063/1.4863665
https://doi.org/10.1007/s11082-017-0931-9
https://doi.org/10.1007/s11082-017-1253-7
https://doi.org/10.1063/1.5005618
https://doi.org/10.1063/1.2136420
https://doi.org/10.1103/physrevb.66.245314
https://doi.org/10.1109/JSTQE.2013.2239613
https://doi.org/10.1088/1742-6596/696/1/012013
https://doi.org/10.1088/1742-6596/696/1/012013
https://doi.org/10.1063/1.3272675
https://doi.org/10.1103/physreva.66.063418
https://doi.org/10.1038/nphoton.2014.279
https://doi.org/10.1103/physrevlett.102.023903
https://doi.org/10.1364/oe.22.015608
https://doi.org/10.1364/oe.24.023232
https://doi.org/10.1364/oe.26.002325
https://doi.org/10.1364/oe.26.002829
https://doi.org/10.1103/physreva.102.013519
https://doi.org/10.1103/physreva.106.053526
https://doi.org/10.1364/oe.444295
https://doi.org/10.1109/jqe.2010.2055550
https://doi.org/10.1103/physrevb.77.115347
https://doi.org/10.1103/physrevb.82.235301
https://doi.org/10.1103/physreva.96.023859
https://doi.org/10.1103/physrevb.99.115433
https://doi.org/10.1016/j.cpc.2021.108097
https://doi.org/10.1088/1742-6596/2090/1/012082
https://doi.org/10.1063/5.0151036
https://doi.org/10.1103/physreva.19.1192
https://doi.org/10.1103/physreva.19.1686
https://doi.org/10.1109/jstqe.2004.836023
https://doi.org/10.1109/jstqe.2004.836023
https://doi.org/10.1109/jlt.2009.2024627
https://doi.org/10.1007/bf01343315
https://doi.org/10.1007/bf01405384
https://doi.org/10.1103/physrev.185.568
https://doi.org/10.1103/physreva.44.2072
https://doi.org/10.1007/bf01326200
https://doi.org/10.1364/oe.20.017145
https://doi.org/10.1088/1402-4896/ab0c27
https://doi.org/10.1016/j.optcom.2005.07.020
https://doi.org/10.1103/physreva.65.033804
https://doi.org/10.1109/jqe.2010.2043923
https://doi.org/10.1109/jqe.2010.2043923
https://doi.org/10.1109/jstqe.2012.2233464
https://doi.org/10.1109/jstqe.2012.2233464
https://doi.org/10.1109/3.952547
https://doi.org/10.1103/physreva.59.2342
https://doi.org/10.1364/oe.23.028316
https://doi.org/10.1364/oe.23.028316
https://doi.org/10.1103/physreva.99.013839
https://doi.org/10.1021/nn204692x
https://doi.org/10.1021/nn204692x
https://doi.org/10.1109/tnano.2021.3092059
https://doi.org/10.1109/tnano.2021.3092059
https://doi.org/10.1103/physreva.23.2563
https://doi.org/10.1103/physreva.77.023810
https://doi.org/10.1103/physreva.40.5135
https://doi.org/10.1103/physrevb.80.245316
https://doi.org/10.1103/physreva.75.031802
https://doi.org/10.1088/1367-2630/12/3/033045
https://doi.org/10.1103/physrevb.81.205311
https://doi.org/10.1103/physrev.145.110
https://doi.org/10.1109/jqe.1984.1072276
https://doi.org/10.1103/physrev.172.362
https://doi.org/10.1088/1367-2630/17/5/053018
https://doi.org/10.1088/0305-4470/13/7/018
https://github.com/jpopp-tum/mbsolve
https://doi.org/10.1103/physrevlett.87.146603
https://doi.org/10.1103/physreva.87.063817
https://doi.org/10.1002/lpor.202300461

APL Quantum

1461 Waldmueller, W. Chow, E. Young, and M. Wanke, [EEE J. Quantum
Electron. 42, 292 (2006).

7M. S. Vitiello, G. Scamarcio, V. Spagnolo, B. S. Williams, S. Kumar, Q. Hu, and
J. L. Reno, Appl. Phys. Lett. 86, 111115 (2005).

48R Nelander and A. Wacker, . Appl. Phys. 106, 063115 (2009).

149W. Freeman, Phys. Rev. B 93, 205301 (2016).

150 M. Riesch and C. Jirauschek, J. Comput. Phys. 390, 290 (2019).

STM. Riesch, N. Tchipev, S. Senninger, H.-J. Bungartz, and C. Jirauschek, Opt.
Quantum Electron. 50, 112 (2018).

T52M. Riesch, T. D. Nguyen, and C. Jirauschek, PLoS One 15, 0230557 (2020).

ARTICLE pubs.aip.org/aip/apq

153G, Strang, SIAM J. Numer. Anal. 5, 506 (1968).

T54F, Haake, H. King, G. Schroder, J. Haus, and R. Glauber, Phys. Rev. A 20, 2047
(1979).

55 M. S. Malcuit, J. J. Maki, D. J. Simkin, and R. W. Boyd, Phys. Rev. Lett. 59, 1189
(1987).

158 A. Forrer, Y. Wang, M. Beck, A. Belyanin, J. Faist, and G. Scalari, Appl. Phys.
Lett. 118, 131112 (2021).

157¢, Jirauschek, [EEE J. Quantum Electron. 45, 1059 (2009).

]58]. Popp, M. Haider, M. Franckié, J. Faist, and C. Jirauschek, Opt. Quantum
Electron. 53, 287 (2021).

APL Quantum 1, 016109 (2024); doi: 10.1063/5.0183828
© Author(s) 2024

1,016109-20

L0°2Z:¥1 920T Udlen L


https://pubs.aip.org/aip/apq
https://doi.org/10.1109/jqe.2006.869813
https://doi.org/10.1109/jqe.2006.869813
https://doi.org/10.1063/1.1886266
https://doi.org/10.1063/1.3226072
https://doi.org/10.1103/physrevb.93.205301
https://doi.org/10.1016/j.jcp.2019.04.006
https://doi.org/10.1007/s11082-018-1377-4
https://doi.org/10.1007/s11082-018-1377-4
https://doi.org/10.1371/journal.pone.0230557
https://doi.org/10.1137/0705041
https://doi.org/10.1103/physreva.20.2047
https://doi.org/10.1103/physrevlett.59.1189
https://doi.org/10.1063/5.0041339
https://doi.org/10.1063/5.0041339
https://doi.org/10.1109/jqe.2009.2020998
https://doi.org/10.1007/s11082-021-02885-0
https://doi.org/10.1007/s11082-021-02885-0

